On Lattice Diameters

Anouk Brose (UC Davis) joint work with Jesis De Loera (UC Davis), Antonio Torres (UC Dawvis),
and Gyivan Lopez-Campos (UNAM)

We study lattice diameter segments, which are segments in convex bodies that contain a maximal
number of lattice points. The number of lattice points on such a segment is called the lattice
diameter of the convex body. This is a special case of studying lattice points in slices of convex
bodies, i.e., intersections with affine subspaces.

Slices of convex bodies have been studied for many years both from the analytic and combinatorial
points of view. Our knowledge about lattice diameters is still very limited, most known results are
the following works: [1], [2], [3].

For lattice polytopes, the lattice diameter bounds the total number of lattice points in the polytope
[4], and in dimension two they also bound the lattice width [2]. They are also related to the covering
problem, i.e., covering lattice points in a lattice polygon by lines [3]. Moreover, it is easy to see
that even in dimension two a lattice polygon P can have multiple lattice diameter segments, they
can exist in different directions, and can be contained in the interior of the polygon.

In dimension two we have the following contributions:

Theorem 1: There exists a polynomial time algorithm that computes a lattice diameter segment of
a lattice polygon, for every direction in which a lattice diameter exists. (The input of the algrithm
is a list of vertices.)

Let fp(k) := #{lattice diameter segments in kP}, a counting function, that counts the number of
lattice diameter segments of a lattice polygon P.

Theorem 2: For a lattice polygon P, fp eventually agrees with a quasi-polynomial.

For S C Z? define its lattice diameter segments as those of conv(S) with endpoints in S. Let 8z(S)
be the minimal number of sets in a partition of S, such that each part in the partition has smaller
lattice diameter than S does. This is a discrete version of the classical Borsuk number.

Theorem 3: For a lattice polygon P, Bz(P NZ?) < 4 and if the lattice diameter of P is 2 then
equality is attained if and only if P is affine unimodular equivalent to a square.

In higher dimensions we have the following contributions:

Theorem 4: Computing lattice diameters of semi-algebraic bodies in any fixed dimension d > 3
is NP-hard.

Theorem 5: Let P be a lattice polytope with lattice diameter two. Then P has at most (2;)
diameter directions and this bound is tight.
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