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ABSTRACT. In this paper we consider a general class of anisotropic energies in three
dimensions and give a complete characterisation of their minimisers. We show that,
depending on the Fourier transform of the interaction potential, the minimiser is either
the normalised characteristic function of an ellipsoid or a measure supported on a two-
dimensional ellipse. In particular, it is always an ellipsoid if the transform is strictly
positive, while when the Fourier transform is degenerate both cases can occur. Finally,
we show an explicit example where loss of dimensionality of the minimiser does occur.
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1. INTRODUCTION

We consider the nonlocal interaction energy
I = [ OV (@) dute) + [ 1o dufa), (11)

defined on probability measures p € P(R?), where the potential W is of the form

W (z) : 1\y<$> zeR3, z#£0, (1.2)

N
with the profile W even, strictly positive, and smooth enough. Note that W is an anisotropic

extension of the classical Coulomb potential, which corresponds to a constant profile V.
Our main result is the following.

Theorem 1.1. Let W be as in (1.2) with ¥ an even and strictly positive function in

H*(S?), for s > % Assume that W > 0 on S%. Then there exists a unique minimiser

po € P(R?) of I, which can be characterised as follows.
(a) IfW > 0 on S?, then pg is of the form
xe(z)
B

(1.3)

for an ellipsoid E C R® centred at 0.
(b) If W >0 on S?, then either ug is as in (1.3) or ug is, up to a rotation, of the form

_3
27Ta1a2

for an ellipse E C R3 centred at 0 with semi-azes of length a1 and ag on the coordinate
azes of the rixa-plane.

We refer to the measure in (1.3) as an ellipsoid law and to the lower-dimensional measure
in (1.4) as a semi-ellipsoid law.
In other words, Theorem 1.1 shows that if the Fourier transform of W is strictly positive,

then the minimiser is an ellipsoid law, hence a measure with a three-dimensional support.
1



2 J. MATEU, M.G. MORA, L. RONDI, L. SCARDIA, AND J. VERDERA

If instead the Fourier transform of W is not strictly positive, the minimiser is either an
ellipsoid law, or a semi-ellipsoid law, and both cases can occur, as we show in Example 3.4.

We recall that a similar phenomenon occurs in two dimensions. In that case, if the
Fourier transform of the potential is not strictly positive, the minimiser is either the
normalised characteristic function of an ellipse, which we call an ellipse law, or, up to a
rotation, the semi-circle law measure

pse(x) = % 2 — 2 H'L (—V2,V2) ® do(x2),

and both cases are possible. Note that in the three-dimensional case degeneracy of the
support can happen only on a two-dimensional set, and not on a set of dimension lower
than two.

Our main result Theorem 1.1 is the most general result to date for three-dimensional
anisotropic energies, and provides a full characterisation of their minimisers in both the
non-degenerate and degenerate cases, under minimal assumptions on W.

The motivation of our paper is twofold. There is a large recent literature on nonlo-
cal energies, due to the pivotal role they play in describing the behaviour of large sys-
tems of interaction particles, in a variety of applications. Traditionally, the focus of the
mathematical literature on nonlocal energies has been on radially symmetric potentials,
which model interactions depending on the mutual distance between the particles (see e.g.
[1, 3,4, 9, 13, 24]). The mathematical study of anisotropic potentials, despite their natural
occurrence in modelling interactions where a preferred direction of interaction is present,
has on the other hand been very limited until recently. The potential (1.2) is the natural
anisotropic extension of the Coulomb kernel. Our main motivation is the characterisation
of the minimisers of the corresponding anisotropic energies. In particular, the issue of
determining the dimension of the support of minimisers has so far remained elusive.

Also, ellipses and more generally ellipsoids play a special role in several problems: as
minimisers of Coulomb and dislocation energies [14, 23, 5, 6], as special solutions (vortex
patches) of the Euler equations [16], as the only bounded coincidence sets (with non-empty
interior) of global solutions of the obstacle problem [10], as special sets in Calderén-
Zygmund theory [22]. It is then natural to try and characterise the potentials for which
minimisers of energies like (1.1) are ellipsoids.

In the recent paper [7], Carrillo and Shu gave a complete answer to the minimality
of ellipses in two dimensions, and partially solved the dimensionality conundrum. It is
indeed proved in [7] that, under the two-dimensional analogue of the assumptions we
make in Theorem 1.1, if the potential has a strictly positive Fourier transform, then the
minimiser is a non-degenerate ellipse. If instead the Fourier transform vanishes in some
direction, then the minimiser is either an ellipse law or a semi-circle law measure, and both
cases can occur. In this paper we prove the analogous result in the three-dimensional case
by means of a different approach which, spelled out in the two-dimensional case, provides
an alternative proof of the result in [7]. We believe that our new approach is robust enough
to be generalised to higher dimension. This is not a line of investigation that we pursue
here, but will be addressed in a forthcoming paper.

Compared with the most recent results for three-dimensional anisotropic energies, [20]
and [8], the present paper represents a substantial improvement in several directions. In our
previous work [20] we proved the minimality of ellipsoids under the additional requirement
that the potential W is a small perturbation of the Coulomb potential W¢. Since the
perturbation assumption guarantees the strict positivity of the Fourier transform of W,
the analysis there was limited to a special case of our result in the non-degenerate case. We
now lift the perturbation assumption, and also allow for potentials whose Fourier transform
is only nonnegative, hence facing the issue of loss of dimensionality for the minimiser. As
for [8], the approach there was heavily based on the two-dimensional case [7]. Indeed,
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the authors impose strong symmetry assumptions on the potentials, which reduce the
complexity of the problem to a two-dimensional setting. By following a different approach,
in Theorem 1.1 we remove the additional symmetry assumptions in [8], and provide a full
characterisation of the minimisers in the general setting. Moreover, we also show that the
minimiser cannot concentrate on a one-dimensional set, a case that was not excluded in [8].

1.1. Literature review. The recent rise of interest in anisotropic energies has been pro-
pelled by the works [23, 5] (see also [18, 19]), where the two-dimensional energy

In(p) = /R (Was ) (@)du() + /R af? dp(a)

was considered. Here the interaction potential is Wy, (z) = We(z) +a(z1/|z])?, a € [-1,1].

The case a = 1 is motivated by the study of edge dislocations in metals, lattice defects
whose motion is restricted to a direction b € S' in the lattice. The potential W; indeed
describes the interaction among dislocations in the case b = e;, and the corresponding
energy I models their interaction at a continuum scale, where . represents the macroscopic
density of such defects.

The energy I, admits a unique minimiser, which has been fully characterised in [23, 5]:
For a € (—1,1) it is the normalised characteristic function of an ellipse, and it degenerates
from an ellipse to the semi-circle law measure on the vertical axis for a = 1, and on the
horizontal axis for a = —1.

The study of the energy I, prompted several compelling questions, and motivated the
analysis in [6, 20, 21, 7, 8] and in the current paper. A first question is whether the previous
analysis is bound to the special structure of W, or can be extended to more general
anisotropies. In [20] we gave a partial answer to this question in arbitrary dimension. We
proved that ellipsoids arise as energy minimisers whenever W is a small, even perturbation
of the Coulomb potential W with the same homogeneity of Wc. In three dimensions
this corresponds to considering W of the form (1.2), with ¥ close to 1. This additional
assumption was instrumental to the proof we provided, where we resorted to the use of
the Implicit Function Theorem, but we conjectured in [21] that the result was likely to
hold true without it.

This was indeed demonstrated, in the two-dimensional case, in the recent breakthrough
paper [7] by Carrillo and Shu. The approach followed in [7] is based on an ingenious way of
rewriting the energy in terms of a one-dimensional profile, and then deduce the minimality
of ellipses from the minimality of the semi-circle law for the one-dimensional logarithmic
energy proved in [26].

Another question of interest is what causes a loss of dimensionality for minimisers.
The result in [7] and our paper show that, in two and three dimensions, a necessary
condition for this to happen is the degeneracy of the Fourier transform. However there
is currently no criterion indicating which shape will be preferred by the minimiser in the
degenerate case. Indeed, there are explicit examples of anisotropic energies with degenerate
Fourier transform for which the minimiser has a full-dimensional support (see [15] in
the two-dimensional case and [6] in the three-dimensional case). An instance of loss of
dimensionality in three dimensions is shown in Example 3.4.

1.2. Idea of the proof of the main result. We sketch here the idea of the proof of the
main result, Theorem 1.1. The existence of a compactly supported minimiser follows by
standard methods. Moreover, the sign condition on the Fourier transform of W implies
that the energy is strictly convex, and hence there is a unique minimiser of 7. We can then
focus on the characterisation of such minimiser, which is equivalent to finding a solution
of the Euler-Lagrange conditions, due to the strict convexity of the energy.
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Motivated by the perturbation result [20] and by [8], we look for a candidate ellipsoid
E C R3 such that its normalised characteristic function x := xp/|E| satisfies the Euler-
Lagrange conditions

1
(W = x) (x)—|—§|xl2:C forx € E, (1.5)

1
(W = x) (:U)+§|:13]2 >C forzeR3\E. (1.6)

A crucial step in our approach is to resort to a Fourier representation of the potential Wy,
appearing at the left-hand side of (1.5)—(1.6) (see Section 2.5). One of the advantages of
this representation is that it shows directly that W x y is quadratic on E, which is a
necessary condition for (1.5) to hold. Moreover, in Fourier terms it is immediate to see
that if an ellipsoid satisfies the stationarity condition (1.5), then it satisfies also (1.6).
Hence it remains to find a stationary ellipsoid.

In Fourier terms, the stationarity condition (1.5) can be equivalently expressed as the
system

wlw] (w)

4,/27r sz (Mw - w)3/2

where M is a positive-definite symmetric matrix which incorporates the information about
the semi-axes of the ellipsoid and its orientation. A key observation is that a solution to

the system (1.7) is a critical point of the auxiliary scalar function f which is defined in
(3.9) for positive symmetric matrices M. To find a solution of (1.7) we then study the

dMH?*(w) = 6;5, fori,j =1,2,3, (1.7)

auxiliary function /I and show that, when W >0on S?, it admits a minimiser M.

When instead W > 0, we repeat the procedure above for a perturbed potential with
strictly positive Fourier transform, and by letting the perturbation parameter to zero,
we investigate the possible stationary shapes in the limit. Energy considerations allow
us to exclude that the limiting measure concentrates on points or on segments, hence
only the ellipsoid and semi-ellipsoid law measures are attainable. We then show that the
semi-ellipsoid law can be attained, by providing an explicit example.

1.3. Plan of the paper. The paper is organised as follows. In Section 2 we collect some
preliminary results that will be used in the paper. In particular, in Section 2.5 we compute
the Fourier representation of W x x, which is a crucial step of our approach. Section 3 is
the heart of the paper and contains the proof of the main result, Theorem 1.1.

2. PRELIMINARIES

In this section we collect some definitions and preliminary results that will be needed
in the paper. We also establish some notation.

2.1. Spherical harmonics and Fourier transforms. On L?(S?) we consider the Fourier
basis given by the spherical harmonics, which are obtained as the restriction to S? of ho-
mogeneous harmonic polynomials of degree k > 0. For k > 0, the dimension of the space
of spherical harmonics of degree k in R? is 2k + 1. In particular, any ¢ € L?(S?) can be
decomposed as

oo
p=> ar®y, (2.1)
k=0

where @, is a spherical harmonic of degree k > 0 with
[®xllL2(s2) = 1 (2.2)

and {ax}r>0 € £%. We note that [|¢l|12s2) = [[{ax}r=olle-
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We recall that for any homogeneous harmonic polynomial ®; of degree k > 0 we have
the inequality

2k +1
[Pl poo(s2) < 1 1Pllr2s2), (2.3)

see [11, Proposition 4.16].

We now recall the definition of Sobolev spaces on the sphere, see for instance [2]. Let Ag
denote the Laplace-Beltrami operator on S2. For s > 0, we denote by H*(S?) the subspace
of all ¢ € L?(S?) such that (—Ag)*?p € L*(S?). We identify H(S?) with L?(S?). On
H*(S?%), s > 0, we consider the norm

lellZres2) = lol72s2) + 1(=25)" %0l 72 s2)-
For any s > 0, the space H*(S?) can be equivalently defined as the subspace of all ¢ €
L?(S?) such that
{1+ Vk(k+ 1))Sak}k20 €L

(where {ag}r>0 is as in (2.1)) with equivalent norm

lellzrss2) = [[{ (1 + \/m)sak}po}}ﬁ'
Moreover, we have the following embedding. )
Lemma 2.1. The space H*(S?) is continuously embedded in C°(S?) for any s > 1.
Proof. It is enough to prove that
Il zese) < C)lillaeer (2.4)

for every ¢ € H*(S?) and any s > 1, where C(s) > 0 is a constant depending on s only.
Indeed, if (2.4) holds true, then it is easy to infer that ¢ € H*(S?) is continuous, since it
is the uniform limit of continuous functions, and the proof is then complete.

By (2.1), (2.2), and (2.3) we have that

oo o
1
lolleo@zy < D larll®rllroszy < —= > V2 + Llax|
k=0 VAT (2

1 — V2k + 1 s
\/E,CZO(MF l<:(l~<:+1))S(1Jr (k1))

o 1/2
oo (Z 2% + 1 ) ol
S — 3 Hs(S?)-
VAT \ = (1+ Vk(k+ 1))
Since the series above is convergent for s > 1, the proof is complete. O

The Fourier transform definition we adopt is

~

1 —i€-x
f(f):W/Rsf(x)e £ dr, £ eR?,

for functions f in the Schwartz space S. Correspondingly, the inverse Fourier transform is

the following
1
f(.’ﬁ) - (271')3/2 R3

Finally, we recall the expression of the Fourier transform for homogeneous harmonic
polynomials. If @ is a homogeneous harmonic polynomial of degree £ > 1 and 0 < s < 3,
then

Fe)esrde, = eR>.

@k(CC) Fourier (_Z)k2573/2 F(kgs) (I)k(é)
’x|3—s+k F<k+i2’»—5) ‘§|k+s’
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see [25, Chapter III, Theorem 5] where a slightly different definition of the Fourier trans-
form is adopted. In particular, for s = 2, we have

Py(x) Fourier (—i)Fv/2 T(5+1) k() _.p i ()

=: 0 .
|$‘1+k (kJrl) ’€|k+2 |£‘k+2

(2.5)

The formula (2.5) holds true also for £ = 0, and can be proved by a classical argument
based on the fundamental solution of the Laplacian operator.

2.2. The Fourier transform of W. Let W be as in (1.2) with ¥ even and in H*(S?) for
s> 2 Since VU is continuous, the kernel W is locally L' and bounded at infinity, therefore
it is a tempered distribution. We now write its Fourier transform.

To this aim, we first write W in terms of spherical harmonics, using (1.2) and the
decomposition (2.1) for . Since VU is even, the decomposition (2.1) for ¥ reduces to

U= asydy. (2.6)
k=0

Hence, for x # 0, we have
o0

o
By (2.5) we have
Dok (%) Fourier (_1)k\/§1“(k+1) Lo (6) _, Par(§)

(2.7)

|| T2k T(k+ 1) [€[+2 ~ 2k gRre
Note that, since
1 VT(2k)! B
U (k+3) = - And T(k+1) =K,
we may rewrite
2 k'K
bop = 1/ = (—1)F4kF 2 2.8
Moreover, by Stirling’s formula, |bor| ~ v/2k, hence, for an absolute constant C,
o] < C(1 + \/2k(2k +1)V/2, k> 0.
Since ¥ € H*(S?) for s > %, we deduce that
— 1 ~
W) = @‘P(E/Iél) (2.9)
where, with a little abuse of notation,
(I\/ = Za2kb2kq)2k € Hsi%(SZ). (2.10)

k=0

Note that since s — % > 1, the function U is continuous by Lemma 2.1.

2.3. Ellipses and ellipsoids. For any a = (a1,a2,a3) € R?, D(a) = diag(ay, as,a3)
stands for the diagonal matrix such that Dy = a; for i = 1,2, 3. Given a = (a1, az,a3) € R?
with a; > 0 for i = 1,2, 3, we let

2 2
Eo(a) = {2 = (o1,22,20) € B LT T 1} (2.11)
a? a3 a3
denote the compact set enclosed by the ellipsoid with semi-axes of length a1, as, and ag
on the coordinate axes. Note that
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where B denotes the unit ball B;(0) C R3. A general ellipsoid E C R3 centred at the
origin can be then obtained by rotating Ep(a) in (2.11) with respect to the coordinate
axes, namely as
E = REy(a) = RD(a)B, (2.12)
for some rotation R € SO(3).
Similarly, for given constants a; > 0 and ag > 0, we let

2 42
. T
Ey(a1,a9) := {(ml,xg) cR?: a—é + —2 < } {0} (2.13)
1 33
denote the compact set enclosed by the ellipse with semi-axes of length a; and az on the
coordinate axes of the z1xs-plane. A general two-dimensional ellipse E' C R3 centred at the
origin can be then obtained by rotating Fy(ai,a2) in (2.13) with respect to the coordinate
axes, namely as

F= RE()(al, ag), (2.14)
for some rotation R € SO(3).

2.4. The Fourier transform of the characteristic function of an ellipsoid. The
Fourier transform of the characteristic function of B in R? is given by

Tyl
XB<£>:?(§2|3/2,

where J, denotes the Bessel function of the first kind of order ov. We recall that

2 ssinr
J32(r) = *(

wr

o 2 sin|€]  cos ¢
0= (- ) (2.19)

Moreover, we have the following asymptotic behaviours:

—cosr), r >0,
r

hence

Js/2(r) ~ ! _L1/2 asr— 0F
73/2 23/21(5/2) 3V 7’ ’
and
J.
732/2 \/7 cosT, as r — +oo,

see for instance [17, Section 5.16].
Let E be an ellipsoid of the form (2.12). If we set x := xg/|E|, then it is immediate to

see that
1

| B
2.5. The Fourier representation of W x x. In this section, we assume that ¥ is even
and in H*(S?), for s > % We note that here we do not require any sign condition on V.

Let E be an ellipsoid of the form (2.12), and let x := xg/|E|. We express W * y in
Fourier terms. By [27, Chapter V1.3, Theorem 6] and by using (2.15) and (2.16), we have

Wxx(€) = @m**W©x()

A (sin(|D(a)RT cos(|D(a)R” ~
|B’ ( |l()|( gR)Tg|§|) - |l()|(a§R)T£|2£)> @‘I’(f/‘ﬂ) e L'(RY),

X(€) = 5 XB(D(a)RT¢). (2.16)

with W as in (2.6) and ¥ as in (2.10). Hence, the inversion formula holds, that is,

Wax)(@)= | WERE)e™ de = [ W(ER(E) cos(x - €) de

R3 R3
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for every x € R3. Writing this integral in spherical coordinates, we obtain

(W x)(

sin(r YRTw cos(r|D(a)RTw|)\ ~
|B\\[/S2/ r3|D RTw\g’D 7’2(11‘?((})%Tw\2))\Il(mcos(x'm)drdHQ(w)-

Setting

T W

p:=7r|D(@)RTw| and ofz,w):= D(a)RTa|’

(2.17)

we have

smp cos p \Tl(w)
(W x)( \B[ \/7/82 ( e > cos(a(x,w)p) dp) D(a)RTw] dH? (w).

By several integration by parts we obtain that for any o € R
oo : 1 0o
/ (sn;p B cos2p) cos(ap) dp = ~(1 — oﬂ)/ sin p cos(ap) dp.
0 P P 2 0 P

Computing this improper integral is a simple exercise. Alternatively, one can appeal to
formula 1.6(1) on page 18 of [12] and obtain

& sinp  cosp _ T
/0 ( S 2 )COS(aP)dp— 4(1 )X (~1,1)(@).

Finally, we have that

U (w)
(W x)(z B|\/>/S2 )X(fl,l)(a(%w))m dH*(w). (2.18)

The above formula shows that W % y is a quadratic polynomial in F, since for z in the
interior of F one has that |a(x,w)| < 1 for any w € S?. This can be seen by rewriting

a(z,w) = (D(a)'RTz) - (D(a)RTw/|D(a)RTw|) =: y - @,

where @ € S?. It is then immediate to see that x € E if and only if 4y € B. Hence, for
z in the interior of E we have that |a(z,w)| < 1 for any w € S?. We also note that for
x € OF we have that |a(z,w)| < 1 except on a set of w € S? of H?-measure zero, whereas
for x ¢ E we have that |a(z,w)| # 1 except on a set of H2-measure zero.

We conclude this section by computing the gradient and the Hessian of W * x, which
will be used in the proof of Theorem 1.1. For the gradient, since the function ¢ € R —
(1—#%)x(~1,1y(t) is a Lipschitz function, we can differentiate (2.18) with respect to . This

provides us with the following formula: for any j = 1,2,3 and any = € R3

3(W*X _ a(r,w)w; \f;( )

From this formula we deduce that W % y € C*(R3) and that for any x € R3

v @)= [T [ @ et pe ). (0.2

Finally, we compute the Hessian of W x x in the interior of E. From (2.19), for any
J,k=1,2,3 and any « in the interior of E, we have that

82(W * X \/> w]wk\IJ 9
ax]axk ~|B| /Sz RTW\3 (), (2:21)

where we used that x(_11)(a(z,w)) = 1 for every w € S2.
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3. MAIN RESULTS

In this section we prove Theorem 1.1. We start by introducing some notation.
For any ellipsoid E as in (2.12), we define the corresponding ellipsoid law as the measure

,UE(x) — XE(x> _ XEo(a) (RT‘T)
|E| |Eo(a)]
namely, as the normalised characteristic function of the ellipsoid.

For an ellipse E as in (2.14), we define the corresponding semi-ellipsoid law as the
measure

= :qu(a)(RTx)a (3'1)

/,LE(J;‘) = /’LEO(Q1’Q2)(RT;U)7 (3'2)
where we set
2 f‘/’% x% 2| F
H ig(ar a2) (%) = Blaa\' @ @ HL Ey(a1, a2) ® do(3).

We proceed as follows. In Section 3.1 we prove existence and uniqueness of the min-
imiser of the energy I, and show that it is characterised by the Euler-Lagrange conditions
for I. In Section 3/.2 we prove that there exists a minimising ellipsoid under the additional
assumption that W is strictly positive on S2, that is, we prove Theorem 1.1(a). In Sec-
tion 3.3, we consider the degenerate case and prove Theorem 1.1(b). Moreover, we show
that both cases in Theorem 1.1(b) can indeed occur.

3.1. Existence, uniqueness and characterisation of the minimiser. We have the
following result.

Proposition 3.1. Let W be as in (1.2) with U even, strictly positive, and in H*(S?), for

5> g Assume that W > 0 on S?. Then there exists a unique minimiser o of I, which is
characterised by the following Euler-Lagrange conditions:

1

(W * o) (z) + §|x\2 =C for po-a.e. x € supp po, (3.3)
1

(W * po) (z) + §|x\2 >C forx € R®\ N with Cap(N) =0, (3.4)

where supp pg stands for the support of g, C is a constant, and Cap is the capacity.

Proof. Arguing as in [6, Proposition 2.1], one can prove that a minimiser exists and that
any minimiser has compact support and finite energy. Moreover, the energy I is strictly
convex on the subset of P(R3) given by

P = {1/ € P(R3) : v has compact support and /

(W v)(@) dv(z) < +o0}.
]R3

Strict convexity immediately implies uniqueness of the minimiser. The characterisation
of the minimiser through the Euler-Lagrange conditions can then be deduced as in [23,
Theorem 3.1].

We briefly comment on the proof of strict convexity of I on P. Arguing as in [6, Propo-
sition 2.1], strict convexity is equivalent to the following inequality: for any v, 5 € P

[ WOl — )€ de > 0 (3.5)

and equality holds if and only if v; = v,. The inequality (3.5) follows immediately from

(2.9) and the assumption W > 0 on S%. To show that equality holds in (3.5) if and only if
v := 11— = 0, one can follow the proof of [7, Theorem 2.6]. In fact, since by assumption
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W > 0, its Fourier transform W cannot be identically 0. Hence, there exist ¢y > 0, 2% € R?,
and 7 > 0, with 7 < |[2°], such that W > ¢y in B,(2°). If

W(©)[P(§)[? dg = 0,
R3
then 7 = 0 on B,(z°). Since by the Paley-Wiener Theorem ¥ is the restriction of an entire
function to R3, U must be identically zero. This concludes the proof. ]

Remark 3.2. We show that there exists a constant rg, depending only on the maximum
of ¥ on S?, such that the compact support of the minimiser pg is contained in B, (0).

First note that for any r > 0, due to the positivity of the profile and the minimality of
1o, we have

) = [ We—du@dn +g [[ G+ ) du(duo)
_ IL’2
05 o (12 %) dio@liaty
pol By
> (B2 (MR 42 (1 (a(BP)
> (po(Br)? (o) +r* (1 = (no(Br))?)

where we have used the shorthand B, := B,(0). Hence, by rearranging the terms in the
inequality above, it follows that for any r > 0

(1= (uo(B1)?) (I(mo) — %) > 0.

Choosing r = y/I(uo) + 1, we infer that po(B,) = 1, so the support of pg is contained in
the closed ball B,. On the other hand, I(j) can be bounded in terms of the maximum of
U on S?, since

10 < 1(jg) < e [, e vy

1 1
W] 100 2// daxdy +1=: C,
W~ | fon e —v

thus the proof is concluded by setting ro = vC + 1.

IA

3.2. The case of strictly positive Fourier transform. In this section we assume that
W is strictly positive on S? and we prove Theorem 1.1(a).

Proof of Theorem 1.1(a). Let E be an ellipsoid of the form (2.12) and let x := xg/|E|.
For any x € R3 we define the potential
|z

P(x) == (W x)(x )+7 (3.6)

We need to show that there exists an ellipsoid E such that the corresponding function P
n (3.6) satisfies (3.3) and (3.4).

As a preliminary remark, we note that a direct consequence of formula (2.18), together
with the definition of av in (2.17), is that

P(z) = P(0) + P(z) forany x € E,

where P5 is a homogeneous second-order polynomial, whose expression can be computed
in terms of ¥ by (2.21).
We divide the proof into three steps.
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Step 1: The first Euler-Lagrange condition. By the regularity and evenness of the potential
P in (3.6), proving condition (3.3) is equivalent to showing that the Hessian of P vanishes
on E. By (2.21) this is equivalent to showing that for 4,5 =1,2,3

wlw 9

0;; being the Kronecker delta.

We need to show that there exist a = (ay, a2, a3) € R3, with a; > 0 for i = 1,2, 3, and
R € SO(3) such that E as in (2.12) satisfies (3.7). We begin by showing that (3.7) can be
written as a stationarity condition for an auxiliary scalar function defined on M, where
M is the space of positive definite symmetric 3 x 3 matrices.

Note that

|D(a)RTw|? = (D(a)RTw - D(a)RTw)*? = (D(a)RT)"D(a)RTw - w)>/?
= (R(D(a))’RTw - w)*? = (RD(A)R"w - w)?/?,

where A = (Aj, As, A3) is such that A; = a? for i = 1,2, 3. By setting M := RD(A)RT,
we observe that M € M. In terms of M, condition (3.7) reads as

U)o L
’B|\/7/S2 Muw - w3/2 dH"(w) = bij, fori,j=1,2,3. (3.8)

We define the function f: M, — R as
_V 2m /
- 1B] Je VMw-w

where M = [Mij]?,jzl- Note that f,g > 0. We observe that the first Euler-Lagrange
condition is satisfied if there exists My € M such that Vj, f(My) = 0, where we denoted,
with some abuse of notation,

VM:<6 0 0 0 0 8)'

d’H2( ) + tr(M), (3.9)

OMy1’ OMay’ OMss’ OMyo’ OMys’ OMag

Therefore, the proof of (3.7) is concluded if we show that there exists a stationary point
for f. In the next step we actually show that f has a global minimiser My on M. Since
M, is an open set in RS, this will imply that My is a solution of the system (3.8) and the
proof is concluded.

Step 2: The function f in (3.9) has a global minimiser on M. We rewrite the minimisation
problem minysen, f(M) in a simpler form. We start by analysing the behaviour of f along
lines passing through the origin. For every fixed line we characterise the minimum point
of f on the line, and we then minimise over the lines.

More precisely, let M € M be fixed, and let F : (0, +00) — R be the function defined
as F(t) := f(tM). Note that

1
F(t) \/Eg(M) + th(M),

where we have used the scaling properties of the terms g and A in f. Hence the function

F has a unique minimiser at
2/3
g(M)
tmin(M) = .
o0 = (Fin)

We now define the function f: M, — R as

FM) 5= Fltuin(M)M) = g (M),
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and we note that it is constant on rays emanating from the origin. Therefore, in minimising
f we can introduce the constraint tr(M) = 1. Moreover, under this constraint, the problem
min f(M)
MeMy: tr(M)=1
is equivalent to

i M). 3.10
yren 2 9D (3.10)

We now consider the sets
3

T = {A = (A1, A3, A3) €R?: A;>0and Y A= 1} and Q=T x SO(3),
=1
endowed with the usual Euclidean distance. For any (A,Q) € Q, we call M(4,Q) =
QT D(A)Q. This map is surjective onto the set of matrices M € M, with tr(M) = 1. Thus
(3.10) is in turn equivalent to

. ‘T’(W) 2
A e TPanan o @)

where we have neglected the positive constant factor in the definition of g.
By a change of variables, the minimisation problem we want to solve is

i A
(Af%)lég”( ,Q),

where
_ [ Q")
V(Aa Q) T 2 /7D(A)w w

Clearly the function « is positive and continuous on 2. Moreover, since
0<Co<VU(w)<Cy forallweS?, (3.11)

for some positive constants Cy and C, the function ~ satisfies the bounds

1 1
C - - - -
* e VD(A)w - w s2 /D(A)w - w
for any (A, Q) € €. Note that, since SO(3) is compact,
Q=T xSO(3)

dH*(w).

dH?*(w) < v(4,Q) < 4 dH?(w) (3.12)

is a compact set, where clearly

3
T= {A = (Al,AQ,Ag) S R?) : Al >0 and ZAZ = 1} .
i=1
Hence, if v could be extended by continuity to 2, we would directly derive the existence

of a global minimiser of v in €, and the remaining step to be proved would be that such
a minimiser is, in fact, in €. This is our strategy of proof.

Step 2.1: The function v has a global minimiser in Q. We observe that
T\T=VUE,
where V = {e1, e2,e3} and
E={(0,1-0,0),(0,0,1 -0),(0,0,1—0): 0<0o<1}.

We extend vy to V x SO(3) first, and then to € x SO(3). Let (4%, Q) € V x SO(3). We set
(A% Q) := +00 and we now show that

Eé?r v(A, Q) = 400 uniformly in Q. (3.13)
A—A°
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With no loss of generality we can assume that A% = ez, so that we can restrict our attention
to A= (A1, A, A3) € T with 0 < Ay, A3 < 6 < 1/4. Then by (3.12)

1
W(A’ Q) > CO
s2 v/0(w} + w3) + w2
where the right hand side goes to 400, as ¢ goes to 0, which proves (3.13).
Now, let (A%, Q%) € £ x SO(3). With no loss of generality we can assume that A° =
(A9, A9,0) and A9, A9 > 0. Let (A™, Q™) € Q be such that (A", Q") — (4%,Q°) as n — oc.
We define

dH? (w),

T((Q%)Tw)
> dH?(w) < 400,

7(4°%Q°) =
fwf + Aws

and we show that
lim (A", Q") = 7(A°, Q). (3.14)
Note that, for w € S?, we have that
W(@)w) | E(@")w)
D(A")w - w Adw? + AYw3

as n — 00. Let 0 < ap < min{AY, A9}. Since A" — (A?, AJ,0), there exists ng € N such
that A7, A} > ap for any n > ng, and so

WQYw _ G
D(A")w-w ~ /agw? + apw3

e LY(S?).

Hence by the Dominated Convergence Theorem we deduce (3.14).
The existence of a minimiser of v on €2 is now established.

Step 2.2: The function v attains a global minimiser in ). Assume by contradiction that
(A, Q%) € OT x SO(3) is a global minimiser. Clearly, A” € £, thus we can assume without
loss of generality that A° = (A, AY,0) with A9, A > 0. To reach a contradiction we show
that + decreases when moving from A° towards the interior of T, at least close to A°.
Let, as before, 0 < ag < min{A{, AY}, and for any 0 < r < ag let A” := (A} —r/2, AY —
r/2,7). Note that A" € T'.
We claim that for some 0 < §y < ag, we have

d
%fy(AT, Q%) <0 for any 0 < r < do, (3.15)

which contradicts the minimality of (A% QY), therefore proving that v attains a global
minimiser in . Let 0 < r < ag. We have

d - 1 V(QTw)(—w?/2 — w2/2 4 w?
W) = _2/82 ( ()é(Ai)/w -w)g//Q (o)
1 [ U(QTw)(2 - 3(w? +wd))
_4/82 (D(Ar)w,w:)[3/2 270 dH3(w)

- 1 (I\I(QTW) 3 \/I\’(QTw)(w2 +w?)
S2 /S2 (D(A")w - w)3/2 A (w) + 4 /gz (D(A™)w -1w)3/22 dH? (w)

= =[(r) + Ba(r).
Note that [1(r),B2(r) > 0. To prove (3.15) we show that $; dominates (o for r small

enough.
Using spherical coordinates, the bounds (3.11), and the fact that A9, A9 < 1, we have

Co [ [T sin v
fulr) 2 2/0 /0 (sin? b + 7 cos? 1))3/2 d do.
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As r — 07, the right hand side goes to +oo, namely

2 : 2 s 1
lim / / sy dque:CO/ / . dipdf = +oo.
r—0t 2 (sin? 4 + 7 cos? 1))3/2 2 Jo Jo sin“

lim Bi(r) = +o0. (3.16)
r—0t
Instead, by the definition of ag and since r < ag, we have
3 [T C) sin® 1) 3120
0< < - dpdd < ——— 3.17
Ba(r) < 4/0 /0 ((ap/2) sin? ¢ + r cos2 1))3/2 Yo < 2(ag/2)3/2 (3.17)

The claim (3.15) easily follows by (3.16) and (3.17), and the proof is concluded.

Step 3: The first Fuler-Lagrange condition implies the second one. To conclude we show
that, if an ellipsoid F satisfies (3.3), then it also satisfies (3.4). In fact, assume that F
satisfies (3.3). It is enough to show that for any x € R? we have

VP() -z =V(Wxx)(z) z+|z|* >0,

for P defined in (3.6). By (3.3) this property is obvious for z € E, therefore it is enough
to prove it for z € R3 \ E.
Let x € R3\ E. We write z = t2¥ with ¢ > 1 and 2° € 9F. By (2.20) and (3.3) we know

that R
1 T U(w
— |B‘\/Q/SQ a2($0’w)|D(a§R)Tw] de(W) + |.TO|2 = O, (318)

where we have used that for 2° € OF we have |a(2?,w)| < 1 except for w on a set of

H2-measure zero. By (2.20) and (3.18) we deduce that
¥ (w) >
VP(z) -z =
(@) |B,\f/82 (@)1 (0{e) s S dHP) + [

i) o
# |3 [ @@ (a0 e ) + 1

|B‘\/>/S2 (2% w)(1 - X(-1,1)(a(z, w)))| (‘l:LgR)TM dHQ(w)] > 0.

The proof is complete. We point out that Step 3 works under the weaker assumption that
W >0 on S2. O

3.3. The loss of dimension in the degenerate case. In this section we consider the

degenerate case where the Fourier transform W is nonnegative, but not strictly positive.
Let us introduce the following further notation. For a given constant a; > 0, we set

So(a1) := [—a1,a1] x {0} x {0}. A general one-dimensional segment S centred at the origin
can be then obtained by rotating Sy(a1) with respect to the coordinate axes, namely as
S = RSo(a1), (3.19)

for some rotation R € SO(3).
We associate to Sy the probability measure

™

=—_— HIL So(a1) ® 8o(z2,
HSo(ar) |Bla ( a1> o(a1) o(72, 73),
and to any segment S as in (3.19) the corresponding measure

ps(®) == pisy(ar) (R ). (3.20)
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Proof of Theorem 1.1(b). Let Wy be a potential satisfying the assumptions of Theorem 1.1,
with Wy > 0 on S?, but not strictly positive. We denote its profile by ¥ and the function
defined in (2.9) by ¥y. We denote by Iy the energy defined as in (1.1), corresponding to

the potential Wj.
T
\I’g = \I/() + \/gé’. (321)

For € > 0, we set
We call W, the corresponding potential as in (1.2), and I the corresponding energy. Note
that W, > 0 and that its Fourier transform on S? is

—~

W5:@)+5>0,

where U. is defined as in (2.9). By Theorem 1.1(a) there exists an ellipsoid, that we denote

by E¢, such that . = pge minimises the energy I.. As in (2.12), we write E° = R*D(a%)B,

where R® € SO(3) and a° = (a5, a5, a§) € R? with a > 0.

By Remark 3.2, up to subsequences, we have that, as ¢ — 07, a® — a® € [0, +00)3.

Depending on the number of zero components of a we have the following four cases.

(1) a® = (0,0,0). In this case, as ¢ — 0", u. converges narrowly to g = do.

(2) Up to a permutation of the variables, a® = (a?,0,0) with a? > 0. In this case there
exists a segment S as in (3.19) such that, as € — 0T, p. converges narrowly to g = g
as in (3.20).

(3) Up to a permutation of the variables, a’ = (a{,a9,0) with a,a9 > 0. In this case
there exists an ellipse E as in (2.14) such that, as € — 0T, p. converges narrowly to
po = pij as in (3.2).

(4) a® = (af, a9, al) with a9, a9, ad > 0. In this case, there exists an ellipsoid E as in (2.12)
such that, as e — 0T, p. converges to ug = up = xg/|E| as in (3.1).

It is easy to see that
Io(po) < liminf I (p.)
e—07t

and that
Io(p) = lim I.(p) for any pu € P(R?).

e—0t
Hence pg is the unique minimiser of Iy. In order to conclude the proof, it remains to show
that cases (1) and (2) cannot occur. This can be readily seen by showing that, in both
cases, Ip(po) = +oo. This is trivial for case (1), since Io(dg) = Wy(0) = +oo. For case (2),
it is enough to prove that Ic(pgy(a,)) = +oo for any a; > 0, where I¢ is the Coulomb
energy corresponding to We(xz) = 1/|z|. In fact, Iy is bounded from below by a positive
multiple of Ic.
For the Coulomb energy we have

To( )>/&1/1 sy (@)) —— (121 day = +
—— 1—- = )dr; = +o0
C /’LS()(al) - a RS |:17161 _ y| IU’S()(al) Y |B|CL1 (I% 1 )

where we have used that for any |z1| < a1

1 @ 1 T y?
/]1{3 |$1€1 — y| :u’So(a1)(y) Ca |JI1 — y1| ‘B|CL1 a% Y1

This completes the proof. ]

Remark 3.3. The regularity assumption ¥ € H3/2(S?) in Theorem 1.1 can be replaced
by assuming only the continuity of ¥ and ¥ on S?. However, since the continuity of ¥ on
S? implies that ¥ € L2(S?), by the argument in Section 2.2 the profile ¥ has to be at least
HY2(S?).
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We note that both cases in Theorem 1.1(b) can indeed occur. For instance, for the
potential
1 2
W(IL‘) W—FW, l’ERg,ZL‘#O,
x

whose Fourier transform is

— 8(1— 2
W(g):\/;( (él'glél))’

it is shown in [6] that the minimiser of I is the normalised characteristic function of a non-
degenerate ellipsoid, hence an ellipsoid law as in (3.1). Instead, in the following example
we exhibit an explicit profile for which loss of dimension occurs. The possible occurrence
of a two-dimensional minimiser was already shown in [8, Lemma 4.6], although with a less
explicit construction.

Example 3.4 (Loss of dimension for the minimiser). Let us consider the profile

1 /n
Uo(xy,x9,23) = 2\/g(4+ 33:;2), + 33:§), reS?

We will see below in Remark 3.5 that loss of dimensionality cannot occur for quadratic
profiles, hence a profile providing an example of a degenerate minimiser has to be a poly-
nomial of degree at least four.

Clearly ¥y is even and strictly positive. To compute \f/:), we express ¥q in terms of
spherical harmonics. The homogeneous polynomials

Py(z) =1, Py(z) = 322 — |z, Py(x) = 3523 — 3023 || + 3|z|*
are harmonic and so, being of different degrees, their restrictions to the unit sphere
Py(z) =1, Py(z) =323 -1,  Py(z)=35z3 — 3023 +3

are orthogonal spherical harmonics. It is easily seen that Wq is a linear combination of Py,
P>, and Pys. More precisely,

Uo(x) = \/?315 <98 + 625132( )+ 2P4(:v)> , zeS?

The polynomials Py, P>, Py are eigenvectors of the mapping ¥ — U with eigenvalues
\/> —24/%, 3\/%, respectively. Hence

Tol€) = o (98— 65PA(E) +4PA(E))

= 595 +445=(1-6)+401-&) = (5 + ) +4( +&)*, ¢S,

which is nonnegative on S?, but not strictly positive. Hence the potential W associated
with the profile ¥( via (1.2) satisfies the assumptions of Theorem 1.1(b).

Let Iy be the energy corresponding to the potential Wy. We claim that the minimiser
of Iy is not the normalised characteristic function of an ellipsoid and so, by Theorem 1.1,
it is of the form (3.2).

First of all, if the minimiser were of the form yg/|E|, with E an ellipsoid as in (2.12),
then by symmetry and uniqueness F would be a spheroid of equation

2 42
a +=5 + 3 <1
a? b
for some ag > 0 and by > 0. Moreover, from the first Euler-Lagrange condition for min-
imality for xg/|E|, ap and by would satisfy the system of equations (3.8), with M =
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D(a2,a?,b?), and in particul
5. ag,b3), particular

/ (W} + w3 — 2w§)\ffg(w)
S2

(o w)P dH*(w) = 0.

Using spherical coordinates and the expression of \i’\(), this condition can be written as

0= /7r (sin? ¢ — 2 cos? 9)(sin? ¢ + 4 sin* ¢)) sin g dip = p(ts)
0 (ad sin® 4 + b2 cos2 1))3/2 ag ’
where t, := b3 /a2 and the function p : [0, +00) — R is defined as
t) /’T (sin? ¢ — 2 cos? 9)(sin? ¢ 4 4 sin* 9)) sin b dip
= in
b 0 (sin? ) + t cos? 1h)3/2

for every t > 0.

We now show that p(t) # 0 for every ¢ > 0, which implies that the minimiser of Iy is
not the normalised characteristic function of an ellipsoid.

To this aim, we first note that p is a continuous function in [0, 4+00) and

p(0) = / (sin?¢) — 2cos? 1) (1 + 4sin? 1)) dyp = 0.
0
Moreover, it is easy to show that the following formula holds:

N 3 [T (sin® 1) — 2cos® )% (sin® ¢ + 4sin’ )
24+t)p'(t)=—=pt) + = /0 (52§ + fcos? )2 sin v dip

2 2

for every ¢t > 0. From this equation one can immediately see that p/(t) > 0 for t € (0, &)
for some gy > 0, hence p(t) > 0 for ¢t € (0,20). Moreover, if p(ty9) = 0 for some ty > 0, then
P (tg) > 0. We conclude that p(t) = 0 only at ¢ = 0 and this proves the claim.

Remark 3.5 (Quadratic profiles). We now show that for any quadratic profile ¥ (z) =
co + Pa(x), where ¢ is a constant and P, is a homogeneous polynomial of degree 2,
with ¥ > 0 and ¥ > 0 on S? the minimiser of the corresponding energy has always a
full-dimensional support, and hence loss of dimension does not occur in this case. This
extends the result of [6], where the profile ¥, (z) = 1+ az? was considered for o € (-1, 1].

Since ¢y = cg|x|? for z € S? and by means of a diagonalisation procedure, we can always
reduce to the canonical form where ¥(x) = aw% + agx% + a3$§, z € S?. The assumption
U > 0 on S? corresponds to a; > 0 for i = 1,2, 3.

To compute T it is convenient to rewrite ¥ as a sum of homogeneous harmonic poly-
nomials

3 3
U(z) = §Zai + 32%(2% - Zx]>
i=1 i=1 J#i
Then, by (2.10) and (2.8) we have that for ¢ € S?

3 3
U(¢) = %bo > i+ %bg > o (253 - Z@?)
=1 1

i= j#i
3
:\/EZ@Q(—O@—FZO@). (3.22)
i=1 G

Note that the condition U > 0 on S? is guaranteed by requiring that —a; + Zj# a; >0
for every i = 1,2, 3.
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To analyse the case of a degenerate Fourier transform we assume, with no loss of gen-
erality, that the coefficient of £2 in (3.22) is zero, namely, that a3 = a1 + as. In this case
we have that

U(z) = ara? + agay + (a1 + an)a?
and

T(E) = 2\/5(04251 + a163).

Under the assumption that c; > 0 and ag > 0 the profile ¥ then satisfies the assumptions
of Theorem 1.1(b).

Let I be the energy corresponding to the quadratic profile ¥. We claim that the min-
imiser of I is the normalised characteristic function of a non-degenerate ellipsoid. To prove
the claim, we first note that, if the minimiser had a lower dimensional support, then the
support would be in the plane orthogonal to the x3 axis, since the coefficient of x% in the
expression of W is larger than the coefficients of % and x3. Hence it remains to show that
a semi-ellipsoid law supported in the x;x9-plane cannot be a minimiser.

We define a perturbed potential ¥, as in (3.21) and write the system (3.7) for .. We
know that the system has a solution M. = diag(A°) with A° = (A5, A3, A5) € R? such
that A = (a$)? > 0, af being the semi-axes of the minimising ellipsoid.

In particular, we have that for any ¢ > 0

(w} - w%ﬁ (w) ) / (w} - w§><@< ) +¢) )
/S2 (A5w? + A5w3 + A5w32)3/2 () g2 (ASw? + ASw? 4 A5w?)3/? ()

By contradiction we assume that (a5, a§,a§) — (a1,a2,0), ase — 07, with a; > 0, az > 0.
Setting A; := a , by the Dominated Convergence Theorem we have that

(W% - w3)\I/(w) 2 (W% - w3)\II(w) 2
dH dH
/sa (At + Az + A2 T 7 G+ Agaye )

and

2 2
Wi 2 Wi 2
d d .
/S2 (Afjwi + Ajw] + A5w3)3/2 M = s2 (A1wf + Asw3)3/2 Hw

Since the remaining term

- / E“’% dH2(w)
s2 (A5w? + ASw2 + A5w?)3/2

is negative, we conclude that

(W] — wd) e (w) ) (W} —wd)T(w) ., p(ts)
i )3/2d7-[( w) < /82 (A1w1+A2w2)3/2dH( w) = 3

0= lim
e—0t+ Jg2 (Alwl + AQwQ + ASw

where t, := a}/a3 and the function p : (0, +00) — R is defined as

w2 w2

for every t > 0. By using spherical coordinates and the explicit expression of U we have

that
7 — w3) (aw? + ajw3
_2\/7/ 3 2wy 1 2) dzHQ(w)
s2 (tw? + w3)3/?

_ 2\/7/27r / (sin? 1) cos? O — cos? ¥) (az cos? 0 + aq sin? 9) d df

(t cos? 0 + sin? §)3/2

27
as cos? 0 + a; sin? 0 ,
_F/ (t cos? 6 + sin? 6)3/2 (cos™0 —1)db < 0.
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Hence p(t) < 0 for any ¢ > 0 and we obtain a contradiction.
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