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1 | INTRODUCTION

| Sauli Lindberg® |

Laszl6 Székelyhidi Jr.*

Abstract

We revisit the issue of conservation of magnetic helicity
and the Woltjer-Taylor relaxation theory in magnetohydro-
dynamics (MHD) in the context of weak solutions. We
introduce a relaxed system for the ideal MHD system,
which decouples the effects of hydrodynamic turbulence
such as the appearance of a Reynolds stress term from
the magnetic helicity conservation in a manner consistent
with observations in plasma turbulence. As by-products we
answer two open questions in the field: We show the sharp-
ness of the L? integrability condition for magnetic helicity
conservation and provide turbulent bounded solutions for
ideal MHD dissipating energy and cross helicity but with
(arbitrary) constant magnetic helicity.

In this paper we consider the system of ideal magnetohydrodynamics (MHD in short), which
couples the incompressible Euler equations with the Faraday-Maxwell system via Ohm’s law.
The MHD system, with nonzero viscosity and magnetic resistivity, is used in modelling electri-
cally conducting fluids such as plasmas and liquid metals (see [26] and [38]). The ideal MHD
system, where kinematic viscosity and magnetic diffusivity are set to zero, contains a wealth of
mathematical structure [4] and can be written as

diu+u-Vu—B-VB+Vp =0,
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0B+u-VB—B-Vu =0,

V.-u=V-B=0, (L.1)

Moreover, in analogy with the role of the incompressible Euler equations for hydrodynamical
turbulence [13, 36], the ideal system is relevant in the inviscid, irresitive “turbulent” limit in the
context of weak solutions [10, 18].

A key question concerning weak solutions is to understand the correct space in which to for-
mulate the problem. This question is closely related to the issue of anomalous dissipation and
conservation of energy. Let us recall the conserved quantities. It is well known that energy and
cross helicity are conserved by smooth solutions whereas magnetic helicity is preserved by turbu-
lent solutions (see Section 1.2 for the precise function spaces). To avoid technical issues concerning
the topology of the domain and boundary conditions, we will work in the 3D periodic setting T°.
Identical arguments are valid for simply connected magnetically closed domains. For a definition
of magnetic helicity in domains with non-trivial topology see [34].

1.1 | Weak solutions

The ideal MHD system is obtained by combining the Euler system for ideal incompressible fluids
driven by a magnetic field

du+diviu®@u—-B®B+ pld) =0, (1.2a)
V-u=0 (1.2b)
with the Faraday-Maxwell system
0;B+VXE =0, (1.3a)
V-B=0, (1.3b)
with constitutive law given by Ohm’s law for perfectly conducting fluids
E=BXu. (1.4)

In the formulation (1.2)-(1.4) it is apparent that solutions in the sense of distributions can be
defined for u, B € L?

loc*

1.2 | Conserved quantities
Formally, the Euler system (1.2) together with (1.3b) leads to the balance equations

20, (Jul + BP) + div<u<p + 2l + |B|2)> — B(u ~B)> —0, (1.52)

0,(u-B)+ diV(B(p - %(lul2 + |B|2)) +u(u -B)) =0. (1.5b)
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In integrated form these imply conservation of total energy and cross helicity, where
1
Ew,B) = —/ |u|® + |B|? dx, (1.6a)
2 Jps

W(u,B) = / u - Bdx. (1.6b)
E

Next, define the magnetic vector potential A = curl ' B, defined uniquely on T by applying the
Biot-Savart law to the system

curlA = B, (1.7a)
divA = 0. (1.7b)

Then formally the Faraday-Maxwell system (1.3) leads to
3,(A-B)+div(EX A — fB)=—2B-E, (1.8)

where f is a scalar function acting as “electric scalar potential” in the sense that from (1.3a) we
obtain

3A+E=Vf, (1.9)

see for example [23, Lemma 2.3]. Using (1.4), from (1.8) we deduce conservation of magnetic
helicity

H(B) :=/ A-Bdx.
‘|]'3

Indeed, in manifolds with no boundary helicity is a gauge invariant property of the n — 1 form
induced by B-see the book [4] and [3] for the precise topological meaning of helicity in relation
with the asymptotic Hopf invariant.

Concerning weak solutions, an analogous development to the pure hydrodynamic case (B = 0)
has led to the following Onsager-type criteria for conservation, formulated in terms of spa-
tial Besov spaces: in [10] is is shown that energy and cross helicity are conserved as long as
u,B € C([0,T[; B ) for a > 1/3, and the end-point result u, B € L3B1/3 is shown in [29] by
closely following [11] Magnetic helicity, in contrast, is already conserved 1f0 u,B € C([0,T]; B“ )
for o > 0 [10] or u, B € L3(T> x [0, T]) as shown by Kang and Lee in [29]. For magnetic he11c1ty
conservation in related models see for example [15]. There is also a wealth of function spaces in
which the regularity is distributed differently in u, B for which cross helicity or energy is pre-
served. Such conservation results lead to the natural flexible side of Onsager-type conjectures for
Holder continuous solutions, see for example [9, Conjecture 2.10]. In this regard our Corollary 1.3
below shows the flexibility in the realm of L* solutions (for previous works see [8] and [23] for
null magnetic helicity). The remarkable robustness of magnetic helicity as a conserved quantity
is reflected in simulations and experiments, as we next briefly discuss.
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1.3 | Magnetic helicity, Woltjer-Taylor relaxation and magnetic
reconnection

Woltjer proposed magnetic helicity conservation as an explanation of the observation that var-
ious astrophysical plasmas tend to evolve toward a force-free state V X B = aB [42]. A similar
relaxation process also occurs in many laboratory settings, even if the inital state of the system is
turbulent [37]. Woltjer suggested the variational problem of minimizing total energy under the
constraint that magnetic helicity is fixed, and he computed formally that the minimizers are,
indeed, force-free (see also [31]). Moffatt [35] interpreted magnetic helicity topologically and noted
that, furthermore, subhelicities over magnetically closed Lagrangian subvolumes are conserved
(by smooth solutions). This abundance of conserved quantities is, however, seemingly at odds
with the observed relaxation of turbulent plasmas [37].

Nevertheless, an important aspect of ideal MHD, or MHD with very low resistivity, is that the
regime is consistent with turbulence and in particular magnetic reconnection can cause the non-
conservation of subhelicities. Taylor conjectured in [41] that in the presence of slight resistivity,
subhelicity conservation would break down but magnetic helicity in the whole domain would
nevertheless be approximately preserved (see [6, 21, 22] for mathematical confirmation of the latter
hypothesis).

Taylor’s ensuing relaxation theory (an archetypical example of self-organization [27]) revis-
its Woltjer’s variational problem for magnetic energy emphasizing that magnetic reconnection
would be responsible for energy dissipation but magnetic helicity should be kept fixed. It is
a matter of discussion in the physics literature ([18] e.g.) what patterns of the MHD equa-
tion should prevail in the macroscopic variables compatible with magnetic reconnection and
indeed under which circumstances Taylor relaxation theory is valid. We look at this issue from
the perspective of mathematical relaxation, which we next describe; see the review [24] for a more
thorough discussion.

1.4 | Relaxation

In the context of nonlinear PDE arising in continuum physics, mathematical relaxation has
become an indispensable tool in large part due to the pioneering work of L. Tartar in the
1970-80s (e.g. [39, 40]). A key point in Tartar’s program is to study the behaviour of (in gen-
eral nonlinear) constitutive relations under weak convergence in combination with differential
constraints arising from conservation laws. Weak limits can be interpreted as a deterministic
analogue of averaging or coarse-graining, and thus, in many cases of interest, one is able to
obtain ’averaged’ constitutive relations. An indispensable and powerful tool in this program is
compensated compactness.

A standard example, treated for instance in [40], is the Maxwell system of electromagnetism.
In particular for the Faraday-Maxwell system (Maxwell equations in vacuum) it is shown that
B - E is a weakly continuous quantity where E, B have the natural integrability conditions. A par-
ticularly elegant way of seeing this is by using space-time differential forms - Tartar attributes
this observation to J. Robbin: The Faraday-Maxwell system (1.3) can be equivalently formulated
for the Faraday 2-form (mistakenly called the Maxwell 2-form in [23]) w € A*(R*), related to the
magnetic and electric fields B, E via

w = B]dx2 A dX3 + Bzdx?) A dx1 + B3dx1 A de + Eldxl A dt + Edez A dt + E3dX3 A d[
(1.10)
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as
dw = 0. (1L11)
The corresponding potential 1-form « can be written as
a = Ajdx; + Aydx, + Azdxs; + fdt, (1.12)

so that w = da is equivalent to (1.7a) and (1.9).

In this formalism w A @ = 0 is equivalent to orthogonality of the electric and magnetic fields
([23, Section 5.3] or [40]). Noting that then d(a A @) = @ A w, asimple argument using integration
by parts and Sobolev embedding shows that w A w is weakly continous in appropriate function
spaces. Since in the MHD system we have E = B X u, the pointwise identity

B-E=0 (1.13)

must be satisfied in the relaxation of MHD (the set of weak limits of solutions to MHD).

A central aspect of this paper is to understand what happens with the compensated compact-
ness quantity B - E below the integrability threshold where B - E is weakly continuous. The recent
constructions of irregular Jacobians (determinants of gradient maps and a prototype of differential
forms) are particularly relevant for us, see for example [2, 25, 28, 33].

Note that (1.13) is a consequence of Ohm’s law (1.4) but not vice versa - indeed, a key observation
of our analysis is that (1.13) can be thought of as a suitable relaxation of (1.4), sufficiently strong to
retain conservation of magnetic helicity but consistent with scenarios of magnetic reconnection
and Woltjer-Taylor relaxation (compare again with [18]).

In the context of weak solutions, it is easy to see using Sobolev embedding that magnetic helic-
ity H(B) is well-defined provided B € L3/2(T?). Moreover, recall that whenever 3/2 < p < oo,
solutions (E, B) of the Faraday-Maxwell system (1.3) with B - E = 0 satisfy

(B,E) e L’ x LP(T3x[0,T]) = H(B)(t)=H(B)0)a.e.t>0

[23, Theorem 2.2]. Our first result, Theorem 1.1 below, in this paper shows the sharpness of this
statement. Combining this result with the techniques introduced in [23], we are able to ’lift’
solutions of the Faraday-Maxwell system to the full MHD system in two ways:

(i) First, in the context of bounded weak solutions we show the existence of weak solutions
with arbitrary (constant in time) magnetic helicity and at the same time arbitrary time
development of energy and cross-helicity - see Corollary 1.3;

(ii) Secondly, we show the sharpness of the criteria for magnetic helicity conservation by Kang-
Lee [29]; namely, the existence of weak solutions uniformly-in-time in the spatial Lorentz
space L>* which do not conserve magnetic helicity - see Corollary 1.4.

1.5 | Main results

In order to be able to precisely state our main results, we fix some basic terminology and notation
that will be used throughout the paper.
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« Spatial domains: Q C T° or Q C R3 denotes a bounded open spatial subset whose boundary
0Q has zero Lebesgue measure;

* Space-time domains: Q C T3 X R or Q C R® x R denotes a bounded open subset of space-
time whose space-time boundary 0Q has zero 4D Lebesgue measure;

» Time slices: Given a space-time domain Q, for any fixed time ¢ the set Q(¢) denotes the time-
slice of Q, thatis Q(t) = {x : (x,t) € Q}.

* Lebesgue measure: We will frequently use the notation |A| to denote Lebesgue measure of
the set A of appropriate dimension. Thus, |Q| and |0Q| refer to 4D Lebesgue measure, whereas
|Q], |Q(t)] and |6Q| to 3D Lebesgue measure.

* Piecewise constant fields: A vector field v : Q — R3 is said to be piecewise constant if there
exists a countable family of pairwise disjoint open subdomains {Q;}; such that |Q \ Uz Qil=0
and v|, is constant for each i.

» Function spaces: The usual Lebesgue spaces will be denoted by LP(Q) or LP(Q), respect-
ing the convention above that Q is a spatial domain and Q a space-time domain. Appropriate
Lebesgue spaces of vector fields will be denoted by LP(Q; R?) or LP(Q; R?). The weak LP spaces
of Marcinkiewicz will be referred to in the Lorentz notation LP-*°(Q).

Our first main result shows that below the critical integrability, we can restore condition (1.13)
for arbitrary piecewise constant solutions to the Faraday-Maxwell system without being forced to
have constant magnetic helicity.

Theorem 1.1. Let (B,E) € L®(T° x [0, T]) be a pair of piecewise constant vector fields solving the
Faraday-Maxwell system (1.3) in the sense of distributions, and let p, p’ Héolder-dual exponents with
3/2 < p < co. Then there exist piecewise constant vector fields B,E € L*(T* x [0, T]) solving (1.3)
with

B € L®(0,T;LP>(T3), E € L®(0,T;LP*(T?))
such that B - E = 0 for a.e. (x,t) and
H(B)(t) = H(B)(¢t) for a.e. t.

The proof, presented in Section 2, relies on an anisotropic version of convex integration in L?
through staircase laminates from [1, 19] which might be of independent interest.

Our second main result states that orthogonal solutions of the Faraday-Maxwell system can be
“lifted” to weak solutions of the full ideal MHD system (1.1) whilst preserving integrability.

Theorem 1.2. There exists a geometric constant My > 0 with the following property.

Let B € L®(0,T;L2(T3))) and E € L*(0, T; L}(T?))) be a pair of piecewise constant vector fields
solving the Faraday-Maxwell system (1.3) in the sense of distributions and such thatE - B = 0.

Let {Q;} be a countable family of pairwise disjoint open sets on each of which B, E are constant,
andlet¢,,¢_ € L*(0,T; L (T?)) such that ¢, {_ € C(Q,) for each i and

My(IBI? + |E|) < min{¢?,{2}  fora.e. (x,t) € T> % [0, T].
Then there exists a weak solution (u, B) € L®([0, T]; L>(T?)) of (1.1) such that

[B+u|=¢,and |B—u|=¢_ae. (x,t) (1.14a)
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and

H(B)(t) = HB)(t) ae.t. (1.14b)

The proof, presented in Section 3, is an extension of our previous paper [23], where we adapted
the convex integration scheme from [16] to be compatible with the non-linear constraint (1.13).

Theorem 1.2 suggests that, at least at the level of merely bounded weak solutions, the dynamics
of ideal MHD is determined entirely by the behaviour of the Faraday-Maxwell system together
with the condition (1.13) replacing (1.4) - thus providing a satisfactory mathematical relaxation of
the full ideal MHD system.

There are two particular consequences of this result: First, we have a natural extension of the
main result from [23] (existence of bounded solutions which violate energy and cross helicity
conservation) to initial data with arbitrary (a fortiori constant) magnetic helicity:

Corollary 1.3. There exists a geometric constant M > 0 with the following property.
Let h € R and suppose e,w € C([0,T]) with e(t) — |w(t)| > M|h| for all t. Then there exists a
weak solution (u, B) € L®(T? x [0, T]) of (1.1) such that

E(,B)(t) =e(t), W(u,B)(t) =w(t) forae.t (1.15)
and

H(B)(t)=h fora.e.t. (1.16)
Secondly, we show sharpness of the Kang-Lee result.

Corollary 1.4. There exist weak solutions of ideal MHD with
u,B € L®(0,T; L>*(T?)),

such that neither magnetic helicity, nor energy or cross-helicity are conserved in time.

The proofs of these corollaries are quite simple, and will be presented in Section 4. Corollary 1.4
should be compared with [5, 21]. In [21] it was shown that magnetic helicity is conserved by those
solutions of ideal MHD which arise as inviscid, non-resistive weak limits of Leray-Hopf solutions.
Opposite to this result, in [5] it was shown that general L®L2 solutions (in fact C[Hf for0 < f <
1) of ideal MHD need not preserve magnetic helicity. In [32], the regularity H? nLZWfC’p was
reached, where s € [0,3/2) and p,y € [1,00) with s < 2/p + 1/y — 3/2. Corollary 1.4 solves the
flexible part of [9, Conjecture 11] (in the L? scale).

2 | WEAK SOLUTIONS OF THE FARADAY-MAXWELL SYSTEM

The purpose of this section is to develop a version of convex integration for the Faraday-Maxwell
system

aIB+VxE:0,

V.-B=0, (2.1)
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and in particular to prove Theorem 1.1, that is, construct weak solutions (B, E) withB - E = 0 a.e.,
which do not conserve magnetic helicity. Convex integration in L? in relation with integrabil-
ity issues was introduced in [1], based on the staircase laminates from [19]. Such constructions
have turned out be useful in a number of problems [12, 20] particularly to obtain lower bounds
for singular integrals [7] but have never appeared in the hydrodynamics context. As B - E is a
compensated compactness quantity, our result is inspired by construction of gradients of homeo-
morphisms with vanishing Jacobian determinant. In fact, those were inspired by the construction
of very weak solutions to elliptic equations [1, 20]. Notice that such constructions can only exist in
function spaces where the corresponding compensated compactness quantity is no longer weakly
continuous. Thus, the dichotomy between weak compactness and rigidity versus lack of compact-
ness and flexible convex integration solution arises once more. Let us further emphasize that the
construction here is anisotropic, and thus is based in a curvy staircase laminate which is a new
feature in the literature. The known convex integration constructions applied to such curvy lam-
inates yield Licf’ solutions. In order to achieve Lf°L)3(’°°, it is needed to control what happens at
almost every time slice. The innovations introduced in the paper to deal with this issue are also
of potential use elsewhere.

In modifying piecewise constant vector fields (B, E) : Q — R® x R? with divB = 0 and 3,B +
curl E = 0, a typical situation is as follows. Suppose Q, C Q is a subdomain where (B, E©) =
(By, Ey) are constant. We wish to “replace” the constant value (B, E,) by another pair of vector
fields (B,E) : Q, — R3 x R3 such that the “glued” vector fields, defined by

(BD, EW) = (Bo,Ey) outside Qo
(B5 E) ln QO

still satisfy divB™ = 0 and 8,B™ + curlE®") = 0. It is easy to check that, in general, a necessary
and sufficient condition for this is that
(By, Ey) outside Q

: N T
(B.E) in 0, satisfy (2.1) in D'(R"). (2.2)

The extensions (B, E) = {

2.1 | The basic staircase

We start by constructing a discrete “staircase” laminate in the plane R?. Recall that laminates in
the plane are defined with respect to separate convexity, that is corresponding to the wave cone
{(x,y)ER?>: x=0o0ry =0}

Lemma 2.1. Let1 < p < oo. Forany n € Nand § > 1 we define

n—1

k k
o= D [/15 '8 0,gt0-0) + 44 )5(ﬁ’<+1,0)] + 78 g prco-1ys
k=0
where
(k) 1 k) _ 1 1 k —k
A = <1__>J/k’ A = _<1_ >J/k’ }’( )=ﬁ P, (23)
! B 2 B pr-t

Then u,, is a laminate on R? with barycenter (1,1).
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{0} X RE[]

(t, 1771

(BBo, 8" ' Ey)

(B, Eo)

(8Bo,|Eo)

RBO X {0}

FIGURE 1 The basic curvy staircase laminate. Vertical and horizontal lines stand for wave cone directions.
The size of the steps is not constant.

Proof. The proof is by induction on n. The case n = 0 is trivial, since y, = &(; ;). The inductive
step n — n + 1 proceeds by the following splitting procedure:

1
>5(0,ﬁ’”<1"”) + 50(gm+1 prio-n)

™|~

5(ﬁn’ﬁn(p—l)) [ <1 -

1 1 1 1
= (1=5)80pmen + 5 (1= 57 )80y + 558 gy @)

Thus, we obtain y("*+1) = 5%)/(”). Combined with y; = 1 we obtain y = 8~"P. The expressions
for itgk) and Agk) are analogous. [l

Now given vectors B, E, we can embed the two dimensional laminate in the plane spanned by
them.

Corollary 2.2. For any 1< p < oo, any > 1, any (By,Ey) € R*xR3 and any n €N the
probability measure

n—1

(k) (k)
Z [/11 5(0”31((;:—1),30) + 12 5(/3k+130,0) + )/(n)5(5n30,ﬁn(p—1)E0),
k=0

with Aik), A;k), y(k) defined as in (2.3), is a laminate on R3 x R3 with respect to the wave cone A =
{(B,E) : B - E = 0}, with barycenter (B, E,) (Figure I).
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2.2 | Basic construction

Here we recall and appropriately adapt the basic so called “roof-construction” for localized plane-
waves, see for example [30]. in the following we denote by Lip(Q) the set of Lipschitz functions

on Q such that f=00n0Q.

Lemma 2.3. Let Bl,El,Bz,Ez S R3 with (Bz - Bl) . (E2 — El) =0 and /11,12 S (O, ].) with ll +
A, = 1. For any open bounded domain Q C R* with |0Q| = 0 and any r,¢ > 0 there exist piecewise
constant vector fields B, E € L®(Q; R3) satisfying (2.1) and the boundary conditions given by

(Bo, Eo) = A41(By, E1) + 4,(By, Ey)

in the sense of (2.2), with the following properties:

* Q admits a pairwise disjoint decomposition
Q=QWuQPuQruN (2.52)

where N a nullset, Q, Q@ and Q") gre open sets where (B, E) is locally constant, and such
that (B,E) = (B;,E;) in Q;, i = 1,2 and |B — By| + |E — Ey| < r in Q")
e Fori=1,2andanyt € R

Q@) + F1QV(O] < 1+ 91QM) (2:5b)
and moreover
|Qrron| < g]Q. (2.5¢)
* There exists a vector potential A € Lipy(Q) with
By +curlA = Band |A| <«. (2.5d)
Proof. Let B =B, — B, and E = E, — E;. Since B - E = 0, there exist vectors £,7 € R® with |{| =
[n| = 1 such that
B=IB|{xn, E=|E|§.

Let us now consider first a polyhedral spatial domain Q and space-time domain of the form

Q = Q X (ty, ty). (2.6)
Define
E(x,t) = Eg + E = Eq + |E|V fy(x,1) = |B|9;[nf (x, )],
B(x,t) = By + B = By + |B|curl (nfn(x,t)) = By + |B|Vf(x,t) xn,
where

fnGx, 1) = min {rdist(x, 0Q), fr(x, 1)}

5.0 = min { 10 = o)ty = 0 V- ©)
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and h : R — R is a 1-periodic non-negative Lipschitz function with h’(s) € {~1,,4,} fora.e. s €
R. Observe that for every ¢ the function x — ff\),(x, t) is a periodic piecewise affine Lipschitz
function such that

Vin(x, 1) €{0,—,6,1,E} aex (2.7)

with respective volume fractions u(t), 4;(1 — u(t)), A,(1 — u(t)), relative to one period.

Since Q is a polygonal domain, f is piecewise affine. Thus, by definition, there exists an open
subset Q C Q such that |Q \ Q| = 0and fy is locally affine (as well as V f is locally constant) in
Q. Let us define N' = Q \ G,

QW = {(x,1) € Q: Vfn(x,1) = =2,£},
Q(2) = {(x’ [) € é: VfN(x’ t) = 2'15}’
QU = {(x,t) € Q: Vfn(x,1) & {28, 2,£}}.
It then follows that for all ¢
QW] £ 10— IR,
Q2] < 221 = wO)IQWI,

|¢rron®)] < () +0( ) IR,

the latter following from the pointwise bound | f ﬁ,l < % Then, after eliminating u(t) and from the
above relationships and choosing N sufficiently large in terms of €, we obtain (2.5b). To deduce
(2.5c) we may again use the pointwise bound on f f, to see that in fact

Qlerron) ¢ {(x,t) €Q : rdist((x,1),80) < zlv}

so that (2.5¢) follows by choosing N sufficiently large. Finally, observe that A = |B|nfy, so that
(2.5d) also follows from choosing N sufficiently large. This concludes the proof for the case of a
cylindrical polyhedral set Q = Q X (¢, t1).

For a general open space-time domain Q we find a pairwise disjoint countable family of cylin-
drical polyhedral sets Q, C Q such that |Q \ J, Qx| = 0, apply the above to obtain (By, E) in Qy
with estimates (2.5b)-(2.5d). Defining

Q(l) — U QS)’ Q(Z) — U Qf)’ Q(error) — U Q(kerror)

k k k

aswellas N = (Q \ U, Q) U U, Ny leads to the required properties. O

Remark 2.4. We compute explicitly the change of magnetic helicity in Lemma 2.3. In the proof
above, let us denote by f the piecewise affine Lipschitz function which vanishes outside the poly-
hedral sets Q; and is of the form f = fy in each Qy, so that A = |B|fn. We denote Q(¢) := {x €
R3 : (x,t) € Q}fort € R. By integrating by parts and using the facts that Also=0andA-B=0
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we get

/[(A0+A)-B—AO-BO]=/ A-BO+/ AO-B=2/ A-BO=2|B|;7-BO/ f.
R3 Q) Q) Q) QW)

Next, we intend to implement the basic splitting (2.4) in the construction of the staircase
laminate in Corollary 2.2. To this end we fix vectors By, E,, 8 > 1 and set

B, = "By, E,=pP""E,.
Lemma 2.5 (Approximation of Steps). For any n € N, any open bounded domain Q C R* with
|0Q| = 0andanyr,e > 0 there exist piecewise constant vector fields B, E € L®(Q; R3) satisfying (2.1)
and the boundary conditions given by (B,,, E,,) in the sense of (2.2), with the following properties:
* Q admits a pairwise disjoint decomposition

Q= Q(good) U Q(inductive) U Q(error) UN (2.83)

where N a nullset, Q8004 Qlinductive) gy qlerror) gpe open sets where (B, E) is locally constant
with

IBIIE| = 0in Q&%

(B,E) = (Bn+1s En+1) in Q(inductiue)’

dist(B,{B,,,B,1}) + |E — E,| < rin Q(ron), (2.8b)
* Forallt we have
|QErron(1)| + BPIQUMHP ()] < (1 +€)|Q(1)] (2.8¢)
and
Q| <e. (2.8d)

* There exists a vector potential A € Lipy(Q) such that, for any vector potential A, of By,
By +curlA =B, |A| <ecand / [(A4g+A)-B—Ay-Byldx =0aet€R. (2.8¢)
R3

Proof. We may assume without loss of generality that € < 1. In the first step we apply Lemma 2.3
with the elementary splitting

1 1
5(,3"30,[3”(17_1)E0) [ (1 - E>5(O,ﬁn(p—1)50) + E5(ﬁn+130’5n(p—1)E0). (29)
We obtain (B, E®) and the decomposition

Q= Q(l) U Q(2) U Q(error,l) U N(l)’
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where N is a null-set,

n(p—1) in o
(B(l),E(l)) _ 0,8 Ep) inQ",
(B"*'Bo, f"P~VEy)  inQ®
and for all ¢
Qo) + B|QA®)| < 4 + /41,
'Q(error,l)’ < 5/2|Q|
Furthermore, B") = B, + curlA®Y, with |[A)| < ¢/2. We then use Remark 2.4 to compute the

change of magnetic helicity. In the elementary splitting (2.9), (3"*'B,,0) = (B,E) = |B|£ X 1,0)
for some &,7 € R® with |£| = || = 1, and so Remark 2.4 gives

/ [(Ag + AD).BD — A - Byldx = 0. (2.10)
R3
Then we apply Lemma 2.3 in Q® with the second elementary splitting

1 1
5(ﬁn+130’5n(p—1)E0) = (1 - F>5(Bn+130,0) + F5(‘@n+130’ﬁ(n+1)(p—1)E0). (2.11)
We obtain (B, E) and the decomposition
Q@ = QB y QW y Qlerror2) y N,
where M@ is a null-set,

B.E) = (8"*1By,0) in Q®,
(B.E) = (6n+1BO,6(n+1)(p—1)E0) in Q(4)

and for all ¢
(error,2) p—1{H4) (2)
|Qerrer ()| + P QW] < (1 +e/HIRPW),

‘Q(error,z)‘ < E/le(z)(t)l.

Furthermore, B = BV 4 curlA®, with |A®)| < ¢/2. Set
Q(inductive) c= Q(4) Q(error) — Q(error,l) U Q(error,Z)' (2‘12)
Then for every ¢
|Q(error)(t)| +Bp’Q(inductive)(t)| < |Q(error,1)(t)) +‘B‘Q(error,2)(t)| +,3p|Q(4)(I)|
< |QErerD)| + B + £/4)| QD))

<A +¢/4%Q)
<1 +9)Q()]
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and

‘Q<error) < Q| (2.13)

< |Q(error,l)| + ‘Q(error,2)

as required. Moreover, B = B + curl(A®) + A®), with |A® + A®)| < ¢. In the elementary split-
ting (2.11) we can write (0, 3**V(P-VE ) = (B, E) = (|B|€ x 1, |E|€) for ¢ = E/|E| and any 7 € R3
with || = 1. By letting - By = 0, Remark 2.4 and (2.10) give

/ [(Ag+ AV + A%).B—A,-Byldx=0 ae.t€R.
R3

This concludes the proof. Ol

2.3 | The staircase construction

The basic construction above has the following structure: up-to an “error set” Q""" the distri-
bution of values of the pair of vector fields (B, E) agrees with the probability measure (laminate)
arising in (2.4). There are two types of control on the size of the error set: small space-time mea-
sure (2.8d) on the one hand, and on the other hand control uniformly in time by the proportion
of mass moved to the inductive set (2.8c).

In the following we will iterate the basic construction, to inductively “push” the mass in
QUinductive) tq jnfinity. The balance between the error created at each step and the amount mass
pushed inductively further will be quantified by estimate (2.14b).

Proposition 2.6. Let By, E, € R3,1 < p < oo and Q C R* an open bounded domain with |0Q| = 0.
Forany 8 > 1 and & > 0 there exist piecewise constant vector fields B, E € L®(Q; R®) satisfying (2.1)
and the boundary conditions given by (B, E,) in the sense of (2.2), with the following properties:

* Q admits a decomposition
Q= Q(good) U Q(error) UN (2.142)
where N is a nullset, (B, E) is locally constant in the open sets Q©o0d) gpd Qrror) gnd such that
IBI|E| = 0 in Q&)
* Foralltandall s > 1 we have
(s, t) < B2P+V|Q(t) min(|By|? + |Eol?', s), (2.14b)

where

I(s,t) 1= / min{|B|P + |E|?', s}dx + s|{x € Q80D(¢) : [B|P + |E|P > s}
Q(error)(t)

and p' is the Holder dual of p.
* Furthermore,

// IBIP + |E|F dxdt < e. (2.14c)
Q(ermr)
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* There exists a vector potential A € Lip,(Q) with

By +curlA =B, |A| <cand / [(A4g+A)-B—Ay-Byldx =0aet€R. (2.14d)
R3

Proof. Based on Lemma 2.5 we define inductively a sequence B™,E" e L*°(Q; R?) satisfy-
ing (2.1) and the boundary conditions given by (B, E,) in the sense of (2.2), with the following
properties: Firstly, we have the pairwise disjoint decomposition

Q= U (Q(error) (good)) U Q(mductwe) Nn’ (2_15)

k+1 k+1

where N, is a null-set, Q(gOOd) QUinductive) and Q(ermr) are open sets where (B,,, E,,) is locally
constant, such that

|B(n)||E(n)| = 0in Q’(1good)
(B™W, EM) = (B"B,, ﬁn(p_l)Eo) in anducriw).

Secondly, B"+1) = B 4 curlA™ with |[A®| < g2~
We start by defining

BM,EW) := (B, By, Q)™ :=qQ, Q¥ =" =N, =0.
To obtain (B, E(+1)) we apply Lemma 2.5 to (B™, E?™) in Q;mdumve) with small parameters
In,€, > 0 chosen below, with ¢, < €27"~1. Then we obtain

(inductive) _ ~(good) (error) (inductive) ’
n - Qn+1 U Qn+1 U Qn+1 U Nn+1

with

(B("+1),E("+1)) Ry, (5kBO,,3k(p_1)EO) or (ﬁk-HBo, ﬁk(p_l)Eo) in che-:;ior)

for all k < n + 1, where in the last line ~,, means that the norm of the difference is bounded by
ri. In particular we may ensure by the choice of r;, that

(IBol? + |Eo|P )BKP~1 < [BIP + |EIP" < (1Bo|PBP + |Eol? B)B*P in Q7"

Then we have for all ¢

Q¥ 0] + g7jQln )| < Q") + ealeo), (216)
and furthermore
(error)
Qn+1 En-

The parameters ¢, > 0, n = 0, 1, 2, ... will be chosen below, for the moment let us merely specify
that they satisfy

o)

Z B*Pe, <B—1. (2.17)

n=0
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Such condition and (2.16) immediately imply that, for all ¢,
(inductive) —np
1Qy O] < B7*P1Q)I. (2.18)
Also, by construction, for any n > k

(B™, EMY) = (BX, E®)Y outside Q(ki"ducfi“"). (2.19)
Since the measure of Qg"dumve) tends to 0, it follows that the sequence (B", E(™) converges to a

limit (B, E) for almost every (x, t). In the following we derive properties of this limit. To start with
we observe that, declaring

©0 [o+]
Q(good) = U Qf{go‘)d), Q(error) — U Qgcerror)
k=0 k=0

the decomposition (2.14a) holds.
We turn to estimate (2.14b). From (2.16) we obtain, using (2.17),

n—1 n
BP || + Y BP0 < 10l + Y BPelQ)l < IR (220)
k=0 k=0
Now let n € N and let

sp = (IBo|PBP + | Eo|?' B)B"™. (2.21)

Then

n—1

{(x, t) e Q(error) : IBIP + |E|P < Sn} — U QI({e_:;or) ,
k=0

{(x, HeqQ: |BIP+ |E|p’ > Sn} — anductive)'

Therefore, for every ¢

I(s,,t) = / BIP + |E[P dx
{xeQErron(t): |B|P+|E|P' <s,}

+5,|x € Q(t) : |BIP + |E|P > s,}

n—1
< Z /( ) |B|p + |E|p/ dx +s, Q;mductzve)(t)’
k=0 Q error.

k+1 ®

n—1
< (IBo|PBP + |E0|P’/3)<Z BFPIQYT"| + 6"P|Q$:”d“°“"e)(r>|>

k=0
< (IBo|PBP + |Eo P B)BIQ())

< BP(IBolP + |Eol?)IQO)].
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where we have used the definition of s,,, (2.20) and that on Q(keﬁor)(t) IB|P + |E|? is bounded
by s.
Next, let s > s’. The elementary inequality min(|B|? + |E|P’, 5) < 5min(|B|P + |E|p',s’) easily
implies that Z(s,t) < 5,1 (s, t) for every t. Now, for any s > s, (the latter defined in (2.21) with
N
n = 0) there exists n € N such that s,, < s < 5,6P. Consequently

I(s,0) € —L(s,. 1) < B0 D(Bol? + |EolP)IQUO)L,
n

as claimed in (2.14b). On the other hand for 1 < s < s, we may use the trivial estimate Z(s,t) <
5|Q(t)|, from which (2.14b) also follows.
The estimate (2.14d) follows from

[ [ i lE1 dxde < (BolPg2 + Bl B) Y 1016
Qerror k:0

[s9)
< (IBo|PBP + |Eol”' B) Y &P,
k=0

and an appropriate choice of¢,, > 0,n =0,1,2,....

Finally, observe that (2.14b) implies uniform-in-time weak LP — L' bounds for (B, E), which
also clearly hold for the sequence (B™, E®™) and p, p’ > 1. We deduce that in fact (B®, E®) —
(B, E) strongly in L'(Q). This in turn implies that divB = 0, 3,B + curlE = 0in Q, and the required
boundary conditions hold in the sense of (2.2). This concludes the proof. O

2.4 | Iterating the staircase construction

In this section we iterate the staircase construction in order to successively remove the error in
gzerror.

Theorem 2.7. Let By, E, € R3 1 < p < co and Q C R* an open bounded domain with |6Q| = 0.
For any € > 0 there exist piecewise constant vector fields B, E € L®(Q; R?) satisfying (2.1) and the
boundary conditions given by (B, E,) in the sense of (2.2) with the following conditions:

* |B||E| =0 fora.e (x,t) € Q;
* Foralltandanys > 1

2 .
< <1Q()I min(Bo[? + |Elo[*', 5), (222)

{x €Qt) : |BIP + |E|Y > s}

!/
so that, in particular, B € L*LY™ and E € LELY .
* There exists a vector potential A € Lipy(Q) with

By + curlA = B, |A| < eand / [(Ag+ A)-B—Ay-Byldx=0aet€R. (2.23)
R3

Proof. We construct inductively a sequence of piecewise constant vector fields By, E, satisfy-
ing (2.1) and the boundary conditions given by (B, E,) in the sense of (2.2), and with following
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properties: there exists a pairwise disjoint decomposition
Q= Q(good) Q(error) U N-

where N is a nullset, Q(gOOd) and formr) are open sets where By, E, are locally constant, and
B,||E,| = 0in Q€°°® This will be complemented with the inductive estimates
qllEq p

’ 1 ’
//Q 1+ [Bgs 1P + |Equ P dxdt < > / /Q 1+ |By|P + |Eg|P' dxdt, (2.24)
q+1 q

Iga(s,t) < Bz(pH)I (s,t)foralltand s > 1, (2.25)

where

I,(s,0) := min{|By | + |E,|P', s} dx
Q(error) ¢

+s|{x € Q¥ (1) 1 |ByIP + |E, P > s}|.
Furthermore, By, = B, + curlA, with |4,| < £27971, We start with the constant maps (B, E,)

and set Qg""" = Q.
To obtain (B, Eg41) from (B, E,;) we consider the decomposition

Qgerror) — U Qq,i
i

with constant values (Bg, Eq) = (B! ,Efl) on Qg;. In each Q,; we replace (B! ,Eé) by the construc-
tion from Proposition 2.6 with (B, E,) given by (B! ,EfI) and small parameters 8,1 > 1,€441 > 0
still to be fixed. We obtain for each i a new pairwise disjoint decomposition
_ ~(good) (error)
Qq,i - Qq,i U Qq,i U Nq,i
with associated estimates, corresponding to (2.14b)—(2.14c):

. ’
[y miniiByal? + [yl shdxs
(error)(t)

d ’
+sltx € QEV0) 1 1Byial? + |Egal?’ > 5}

2(p+1) . ’
< ﬁq+1 IQq,iI mln(IBq,ilp + |Eq,i|p ’S) ’

/ 1 ’
[ [ oy 1+ Bual? + Byal? dxdt < 3081+ 15,011yl

where the latter is obtained by an appropriate choice of €4, in (2.14c). We set

(error) , (error) (good) _ (good) (good)
Ql]+1 : U Qq+1,i ’ Qq+1 - Q v U Qq+1 i q+1 N U U Nq+1 i
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Then we obtain

//(mm 1By P + |Egy1 |P dxdt < Z//() IBgi1|P + |Egr 1P dxdt

q+11

1 /
<3 2 |Qql(1Bgal? + | Egi1”")

1 '
== B,|P + |E,|P dxdt,
2 //;(arrur)l ql +| ql X
q

so that (2.24) is satisfied. To obtain (2.25) we calculate
Lia@D =% [ minlByal? + Byl shdet
i (3;'7‘07 (t)

d
+2s s|ix € QEV) : IByial? + 1Egsal? > 8}

+5]ix € Q)  IByIP + 1EglP > s}

2(p+1
<ph )Z|qu|mm(|Bql|P++|qu|P s)

+ S|{x € QB V(1) 1 |B,IP + |E, P > s}|

2 1 . ’
= ,3qgrp1+ )/(“""’)(t) min{|By|P + |E,|P", s}dx+

+5[tx € Q)+ IByIP + 1EglP > s}

2(p+1
< BT (s, 0).

This completes the inductive step with estimates (2.24)-(2.25).
Now observe that, because of (2.24), in particular |Qf;rmr)| — 0asq — oo.Since (Byy1,Egi1) =

(B, E,) outside Ql(;rmr), we deduce that the sequence (B, E;) converges almost everywhere to
Dpiecewise constant vector fields (B, E). Furthermore, for any g € N, s > 1 and ¢

q 2(p+1)
I,(s.0) < (Hm) Q)| min(|By| + [Elo|',5).
k=1

Thus, choosing 8, > 1in such a way that Hq 2(p < 2, we obtain the uniform bounds (2.22).

We note furthermore that, since p, p’ > 1, these estimates imply uniform L9 bounds for some
q > lonboth sequences {B,} and {E}, which, together with pointwise convergence implies strong
L' convergence. Therefore (2.1) and the boundary conditions given by (B, E,) in the sense of (2.2)
remain valid in the limit. This completes the proof. [l
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3 | PROOF OF THEOREM 1.2

Our next task is to prove Theorem 1.2. We will first modify the piecewise constant map V =
(0,0, B, E) in each space-time domain Q; to achieve a solution of ideal MHD which satisfies

|B+u|=¢, and |B—u|=¢_ae.(x,t) (3.1a)
and
HB)(t) = HB)(t) ae.t. (3.1b)

in each subdomain. In [23] is shown how to perform this operation with V = 0. The same ideas
work here but at some point we need more quantitative arguments. Then, we show that it is
possible to superimpose the perturbations to get the solution (u, B) whose existence is claimed in
Theorem 1.2.

Before embarking on the proof let us recall the relevant notions needed to set up an h-principle
in this context. We follow the notation and presentation from [23].

The relaxed Elsdsser variables (z+,z7,M) € R3 x R3 x R¥3 are defined via (u,S,B,E) as
follows:

zt i:=ux+b, ME=SE+EXE.

The wave cone conditions are written in terms of (u, B, S, E) and (z*,z~, M) as
u-§,=B-& =0, §u+SE =0, §B+E XE=0,
zt.£E=0, &zV+ME, =0, &z +ME =0

When B X u # 0, it suffices to check the conditions

SBxu)+(E-uwu=0, B-E=0. (3.2)

Recall that

M :={u,B,S,E): B-E =0},

K :={u,B,S,E) : E=Bxu,S=5,5+1I T €R},

K,s :={(u,B,S,E)eK : lu+B|=r, lu—B| =s, [II| <rs},
U,y 1= int (KI5,

where S, p '=u®u—B®Band Ki‘fs’A is the lamination convex hull.
Now the actual proof is divided into three subsections. The first one is geometrical. In [23,
Theorem 6.7] it was shown that U, ; has non-empty relative interior in ./ (more precisely, U} s =

le,A I . .
Uo<r<1K7y 7). Here we need a quantitative version of this.

3.1 | Ensuring that V takes values in the hull

Our first goal is to ensure that pointwise a.e., V = (0, 0, B, E) belongs to the relative interior of the
hull determined by ¢ and {_. The precise statement is as follows:
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Proposition 3.1. We have (0,0,B,E) € U, (v )z (x,1) for every (x,t) € Q; and everyi € N.

In fact, we prove the following more general statement where one can set §, = 1/My, r = ¢,
and s = {_ to get Proposition 3.1:

Proposition 3.2. There exists 6, > 0 with the following property: whenever r,s > 0, we have

lul® + [BI* +|S| + |E| < 8ymin{r?,s%}, B-E=0 => (u,B,S,E)€U,,.

Asmentioned above, the proof follows [23] and the various lemmas there and thus we divide the
proof of Proposition 3.2 into several steps. Some of the lemmas are straightforward modifications
of [23] and others require additional reasoning. Thus we refer to [23] and explain the differences.

The first lemma restates [23, Lemma 6.10].

Lemma3.3. If |zT| <1, |z7| < sand |T1| < rs, then

(u,B,S, 5 + I, Bxu) € K",

Below, all the parameters §; > 0 are independent of 7 and s. The next lemma adds a primitive
metric e ® e to the S-component. It is proved by following the proof of [23, Lemma 6.11] verbatim.

Lemma 3.4. There exists 5; > 0 such that if |u|?> + |B|? + |e|? + |II| < &, min{r?, s*}, then

(U, Sy +e ® e+ 111, B, B xu) € KI5,

The next lemma replaces the primitive metric e ® e by a general small symmetric matrix S. The
lemma is proved by making obvious, slight modifications to the proof of [23, Lemma 6.12].

Lemma 3.5. There exists 8, > 0 such that whenever r,s >0 and |u|> + |B]? + |S| + |IT| <
8, min{r?, s?}, we have

(u,S,5+S+TII,B,Bxu) € K.
We next get rid of the terms S;, 5 and II.

Corollary 3.6. There exists 55 > 0 such that if [u|> + |B|? + |S| < 8; min{r?, s*}, then

(u,S,B,Bxu) € K.

Proof. If |u|? + |B|*> + |S| < 8, min{r?/2,s%/2}, we denote S :=S — S, ;. Now (u,S,B,BXu) =
(u,Syp+ S, B, B X u) satisfies the assumptions of Lemma 3.5. O

In order to finish the proof of Proposition 3.2 we relax the condition E = B X uto B - E = 0. This
corresponds to [23, Lemma 6.13], but some of the details are different, and we therefore present a
proof for completeness.

Lemma 3.7. There exists §, > 0 such that whenever |u|?> + |B|?> + |S| + |E| < 8, min{r?, s*} and
B - E =0, we have

(u,S,B,E) € KM
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Proof. We first assume that B # 0 and that |u|? + |B|? + |S| < §; min{r?/2, s*> /2}. We start by con-
sidering E = B X u + B X v, where 0 < |B X v| < §3 min{r?/2, s> /2}; the proof of the case B # 0 is
then finished by arguing as in Corollary 3.6. Without loss of generality, we assume that B - v = 0.
Then |B x v| = |B||v].

We denote ¢ := (|B|/|v])'/? so that

1/2

levl = le™1Bl = (IBIIv)2 = B x v]/* < 8 min{r?/2,52/2. (33)

We then write (u, S, B, B X u + B X v) as the middle point of a suitable A-segment:
1 _
(u,S,B,BX (u+0v)) = E(u +cv,S+S,B+c'B,(1 +c HB x (u+cv))
1 _
+ z(u —cv,S—=S,B—c'B,(1 —c¢ HB x (u —cv)),

where

S=M(BXU®U+U®BXU).

IB x v|?

Notice that thanks to (3.3) we can apply Corollary 3.6 to deduce that the endpoints lie in Kifs’A. (In
particular, |S| < 2c|u||v| < 653 min{r?/2, s?/2}.) The direction of the A-segment is

V = (2cv,25,2¢7'B,2(Bx cv+ ¢ !B xu)),

which belongs to A since (3.2) is satisfied. The case B # 0, E = B X u + B X v is now proved. The
general case B # 0, E = B X v is obtained as in the proof of Corollary 3.6.
Suppose then B = 0. Choose any tiny B # 0 with B - E = 0. We may then write E = B X v as
above. Now
1

1 < 1 O 1
(u,S, O,E) = E(H,S,B,B X U) + E(M,S, —B,—B X (—U) = le + EVZ,

where V1,V, € Kﬁfs’A by the case B # 0 and V; — V, = (0,0,2B,0) € A. O

3.2 | Modifying V in a single set Q;

As the main building block of the proof of Theorem 1.2, we perturb V = (0,0, B, E) in a single
set Q;, where {Q;};cy is the family of disjoint open sets corresponding to B, E in the definition of
piecewise constant fields. Notice that as opposed to [23] the functions ¢, are not constant in Q;.

Proposition 3.8. Under the assumptions of Theorem 1.2, fixi € N. ThereexistsV = (u, S, B, E) with
u,B € L*([0,T]; L*(T?))and S, E € L®(0, T; L'(T3)) such that V solves relaxed MHD equations in
T3 |B+u|l =¢, ae (x,t) € Q;, Vsolves (1.1) in Q; and V = V a.e. outside Q;.

Proposition 3.8 follows from slight modifications of the results of [23, Section 7], but below, we
indicate the main ideas. In order to keep the notation consistent with [23] we denote Q = Q;.
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By assumption, E and B are locally constant in Q with B - E = 0. Furthermore, {,{_ € C(Q)
satisfy

My(|B|* + |E]) < min{¢2,¢2} forall (x,1) € Q.

Following [23] we write (B, E) = @ = d@ A di), where ¢ and 3 are linear. Our aim is to replace
V =(0,0,&) in Q by V = (u, S, w) which satisfies the ideal MHD equations and |B + u| = ¢, a.e.
in Q.

In analogy to [23, Definition 7.1] we define a class of subsolutions

X, :={(V =,S,w) € C®(Q,R") : there exist ¢, € C®(Q, R') such that
w=dpAdy, L(V)=0, suppu,S,p — @, — ) C Qand
Vix,t) e ‘U‘Q(x,t),{,(x,t) V(x,t) € Q}

With C* :=max e, §+(x,t) we denote the weak sequential closure of X, in
L*(T? x [0, T];co(Kc+ c-)) by X. Now X > {V} is a compact metrisable space, and we denote a
metric by dy.

We state the main step of the proof of Proposition 3.8.

Proposition 3.9. There exists C > 0 with the following property. If V = (u, S,de A d) € X, then
there exist Vy = (ug,Se,dops A dipy) € X such that dx(Vy,Vy) — 0 and

/ (e Ge, O + 1By (e, O = [uCx, ) = [BGe, 02) dx dit
Q

2 2
> C/ <§+(x,t) -;—é'_(x, 0° e O — 1B, t)|2> e

As mentioned before , [23, Proposition 7.2] is the special case of Proposition 3.9 where ¢, and §_
are constant in (x, t), and the proof of [23, Proposition 7.2] applies with relatively minor changes.
Proposition 3.9 is a perturbation property classical by now in the Baire category approach to
convex integration. With Proposition 3.9 in hand, the proof of Proposition 3.8 follows by gen-
eral methods; see for example [14, 16, 17] and specially [23, pp. 88-89] for the application in this
particular context.

3.3 | Adding the perturbations

We finish the proof of Theorem 1.2 by iterating Proposition 3.8. We need to be careful to ensure that
the magnetic helicity does not change along the iteration. This part of the proof is new compared
to [23].

Proposition 3.10. There exist u, B € L*([0, T]; L?(T?)) that satisfy the assertions of Theorem 1.2.

Proof. Given N € N, we use Proposition 3.8 to get a solution Vy = (uy, Sy, By, Exn) of the relaxed
MHD equations that solves (1.1) in Ufi ,Q; and satisfies Viy =V a.e. outside Uf\i ,Qi- The ae.
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limit V(x,t) = limy_, o, Vn(x, t) satisfies limy_, o, ||[uy — ullz2 = limy_, o ||By — Bllz2 = 0 and is
a solution of (1.1) with |[B + u| = ¢, a.e. (x,t) € T3 x [0, T]. Thus B,u € L*([0, T]; L*(T?)).

We then show that H(B)(t) = H(B)(t)a.e.t € (0,T).Since By — BinL?(T3 x [0, T]), it suffices
to show that H(By)(t) = H(B)(t) a.e.t € (0,T) forevery N € N. In fact, by setting Q = UfilQi and
defining X, and X as in Section 3.2, we approximate By weakly in L>(T> x [0, T]) by a sequence
of subsolutions Bllf] € X,. Once we show that

H(Bk,)(t) =H(B)(t)a.e.t €(0,T)forevery N,k € N, (3.4)

we get H(Bllf,)(t) = H(By)(t) a.e. t € (0,T) (see [FLS21, Theorem 2.2] and its proof).
Fix, therefore, N, k € N and recall that for each i € {1, ..., N} we can write

Blli] = V¢l X Vl,bl and B = V(bl X V(,Zl in Q;,

where ¢; and ¥; are smooth, ¢; and 1); are linear and supp (¢; — @;, ¥; — ¥;) C Q;. Given a vector
potential A of B, one vector potential of B]’% is therefore given by

N
Ay =4+ Z(¢1V¢i — ®iV).
i=1

Fora.e.t € (0,T)and eachi € {1,..., N} we denote Q;(¢) :={x € T> : (x,t) € Q;}. By integrat-
ing by parts first on T and then on each Q;(t) we get

/A]"V-B]kv=/A-B+/(AJ’€V—A)-(BI"V+B)
T3 T3

T3

N
= /1‘_1 B+ Z / (@i Vihi = @i VP - (Vo X VY + V@ X Vi)
T = oo

N
=/A'E+Z /(@iVZPi'VX(@V@)—@V#_&'VX(¢iV¢i))

i=1

T Qi)
- / A-B,
T3
which proves (3.4) and completes the proof of Theorem 1.2. O

4 | PROOF OF COROLLARIES 1.3 AND 1.4

Proof of Corollary 1.3. We need different initial vector fields for the case h > 0 and h < 0. We select
them uniformly for the sake of having unified constants.

We first select piecewise constant vector fields By, B, € L®(T?) such that divB; = 0 and
H(B;) > 0 > H(B,). This can be done for example by considering piecewise affine vector poten-
tials A = (A;, 4,,0) € L*(T*; R?) such that 6;4; = 1 in supp(A,) with [, A, dx > 0 for B, and
[ps Az dx < 0 for B,. We then fix M > 0 such that 2M|H(B))| > M, [, |B;(»)|*dy for i = 1,2,
where M, > 0 is the geometric constant of Theorem 1.2.
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Let h > 0 (The case h = 0 can be proven by minor modifications to [23].)

After scaling, we may assume that H(B;) =h. In Theorem 1.2, set B=B;, E=0
and |¢,.(x, )* = Mo|B(xX)|* + 2[e(t) + w(t)] — M, [, B(y)|* dy. Our assumptions give 2[e(t) +
w(t)] > 2M|h| > M, /Ts |B(y)|*dy for all t € [0,T], and therefore My(|B|> + |E|) < min{¢3,¢2}
for a.e. (x,t) € T3 x [0,T]. Theorem 1.2 now yields a weak solution (u,B) € L®(T? x [0,T])
of (1.1) such that &(u,B)(t) =471 /T3(|§+|2 +1¢_12)dx = e(t), W(u,B)(t) =471 fT3(|§+|2 -
[¢_1?)dx = w(t) and H(B)(t) = h for a.e. t. O

Proof of Corollary 1.4. The proof follows immediately by combining Theorem 1.1 with p = 3 and
Theorem 1.2. ]
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