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The Stefan problem describes the phenomenon of freezing and melting of a material with a solid-liquid
interphase, such as ice and water. It can be formulated as a parabolic free boundary problem where the
interface between the solid and the liquid regions evolves over time and is an unknown of the problem.
After introducing the problem and some related literature, the poster focuses on presenting some recent
techniques to obtain free boundary regularity results starting from an initial suitable flatness assumption
for the one-phase Stefan problem with the presence of a right hand side extending the result of the
homogeneous case due to De Silva, Forcillo and Savin [3].

Let Ω ⊂ Rn, T > 0 and given a heat source f ∈ C(Ω × [0, T ]) ∩ L∞(Ω × [0, T ]), the two-phase
Stefan problem is modelled by the following free boundary problem

∂tu−∆u = f in Ω+
T (u) := (Ω× [0, T ]) ∩ {u > 0},

∂tu−∆u = f in Ω−
T (u) := (Ω× [0, T ]) ∩ {u ≤ 0}0,

∂tu
+

|∇u+|
=

∣∣∇u+
∣∣− ∣∣∇u−∣∣ = − ∂tu

−

|∇u−|
on F (u) := (Ω× [0, T ]) ∩ ∂{u > 0}.

(1)

A solution u of (1) represents the temperature of the system. F (u) is the free boundary set and moves
according to the energy balance condition given by

Vν =
∂tu

+

|∇u+|
= − ∂tu

−

|∇u−|
=

∣∣∇u+
∣∣− ∣∣∇u−∣∣

Here ν = ∇u+

|∇u+| and Vν(·, τ) is the speed of the surface Fτ (u) = F (u) ∩ {t = τ} in the direction ν.
If the temperature vanishes identically in one of the phases (the zero phase now has to be understood

as the unmelted region of ice) one often speaks about a one-phase Stefan problem.
This will be based on a recent collaboration with F. Ferrari, N. Forcillo and D. Jesus.

References

[1] Athanasopoulos, I and Caffarelli, L and Salsa, S. Phase transition problems of parabolic type: flat
free boundaries are smooth. Communications on Pure and Applied Mathematics, 51(1):77-112,
1998.

[2] Athanasopoulos, I and Caffarelli, L and Salsa, S. Regularity of the free boundary in parabolic phase-
transition problems. Acta Mathematica, 176(2):245-282, 1996.

[3] De Silva, D and Forcillo, N and Savin, O. Perturbative estimates for the one-phase Stefan problem.
Calculus of Variations and Partial Differential Equations, 60:1-38,2021.

[4] Ferrari, F and Forcillo, N and Giovagnoli, D and Jesus, D. Free boundary regularity for the inhomo-
geneous one-phase Stefan problem, preprint arXiv:2404.07535, 2024.

[5] Ferrari, F and Giovagnoli, D and Jesus, D. On the geometry of solutions to the fully nonlinear
inhomogeneous one-phase Stefan problem, in preparation, 2025.

1

https://link.springer.com/article/10.1007/s00526-021-02003-8
https://arxiv.org/abs/2404.07535

