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To begin ...

These slides can be downloaded from

For a companion paper, a glossary, and a timeline of J. Huh’'s
works, replace s-KP by p-KP, g-KP and t-KP, respectively.

References to p-KP will be given in the form §4.32, where 4 indicates
the section and 32 the paragraph number (paper-wide correlative
from 1 to 53), and §4 refers to the 4th section.

The Prelude of p-KP ends with a list of Acknowledgements, which
includes my thanks to ANNA DE MIER's teachings on graphs and
matroids.

Now let me add my thanks to the organizers of this workshop:

JuAaNJO RUE and MARC MASDEU.
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We are in good company
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We are in good company Shoulders of giants

Ist row: Carl F. Gauss (1777-1855), Bernhard Riemann (1826-1866),
Henri Poincaré (1854-1912), Solomon Lefschetz (1884-1972), Oscar
Zariski (1889-1986). 2nd row: Bartel L. van der Waerden (1903-1996);
Georges de Rham (1903-1990), William D. Hodge (1903-1975), Eric
Kahler (1906-2000), André Weil (1906.1998).
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We are in good company Shoulders of giants

Hassler Whitney (1907-1989), Willian Thomas Tutte (1917-2002),
Richard P. Stanley (1944-).
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We are in good company Some Fields medalists

Ist row; Laurent Schwartz (1950), Kunihiko Kodaira (1954),
Jean-Pierre Serre (1954), John Milnor (1962), Alexander
Grothendieck (1966), Heisuke Hironaka (1970). 2nd row: Pierre
Deligne (1978), Grigori A. Margulis (1978), Curtis T. McMullen
(1998), Andrei Okounkov (2006), Terence Tao (2006), June Huh
(2022).
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We are in good company June Huh

June Huh's FM mention: “For bringing the ideas of Hodge theory to
combinatorics, the proof of the Dowling—Wilson conjecture for
geometric lattices, the proof of the Heron—Rota—Welsh conjecture for
matroids, the development of the theory of Lorentzian polynomials,
and the proof of the strong Mason conjecture.
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Index

m The notion of Kahler package (KP)

m Examples of KPs, particularly combinatorial

m Introduction to the theory of Lorentzian polynomials
m Lorentzian polynomials derived from KPs

m Combinatorial applications

® Other recent contributions
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The notion of Kahler package

Historical streams

Weil cohomologies

Grothendieck’s SCs
Ingredients and postulates for a KP

Examples
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KP  Historical streams

Complex AG §3.20, §3.21 51,52 Differential geometry

Abstract AG 431 3 Kahler geometry
‘L§4 27, §4.28, §4.29 §3.19, §3.22, §3.23, §3.24, §3.25‘L _

Weil's conjectures Lefschetz and Hodge theories

\ §4.32, §4.33, §4.34 /

Grothendieck’s standard conjectures

e ! N

Motives’ theory | Huh’s KP SCs

§4.32 §5, §6 §7.52
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KP  Weil cohomologies

X: Class of non-singular projective algebraic varieties X over an
algebraically closed field k (ground field).

ZK(X): Group of codimension k cycles of X.
K: Field of characteristic 0 (Q, Q,, R, C,...)

Weil cohomology (§4.33): A contravariant functor X — H*(X)
from varieties to finite-dimensional graded K-algebras such that

m H*(X) =0 for k <0and k >2n (n=nx =dimX),
m endowed with [, : H?"(X) ~ K (also called deg),
m and with a class homomorphism cl = cly : Z¥(X) — H?K(X),

so that the following properties are satisfied:
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KP  Weil cohomologies
Poincaré duality: The map H*(X) x H*"K(X) — K,
(o, ) = [y - o' is non-degenerate for all k.
In particular, H?>"~K(X) =~ H*(X)*, or, defining H,(X) = HX(X)",
H?"=K(X) =~ H,(X) (the duals are as K-vector spaces).

If f: X — X’ be a morphism of varieties, the adjoint of

f*: H*(X") — H*(X) with respect to Poincaré duality is a K-linear
map f. : H*(X) — H**"(X’), where r = nx, — nx (dubbed the
codimension of f).

These two maps are related by the projection formula:
f.la-fa)=fa-d (a € H(X), o € H*(X")).
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KP  Weil cohomologies

Kiinneth formula: The natural map
B (X))@ H(X') = H*(X x X'), a ® o — 7i(a) - mx: (),

is an isomorphism for any varieties X and X’ (mx and 7x are the
projection maps of X x X’ onto X and X', respectively).

Functoriality of the class map:

m clx(f*Z") = f*(clx,Z’) for any morphism of varieties f : X — X’
and any Z' € Z¥(X") (functoriality of cl);

m cly.x/(Z xZ") = clx(Z) @ clx:/(Z') for any varieties X, X" and any
cycles Z € Z*(X), Z' € Z*(X"));

m [, cl(Z) = deg(Z2) for any Z € Z"(X)
(here deg(Z) = > n; if Z =3, n;P;, P; € X).
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KP  Weil cohomologies

One instance of Weil cohomology is Grothendieck’s ¢-adic
cohomology. In this theory K is the field QQ; of ¢-adic rational
numbers, with ¢ different from the characteristic of the ground field
K. §4.33, §7.52.

The elements of H*(X) are called cohomology classes of X and the
classes in the subring A*(X) = cl(Z*(X)) € H?**(X) are said to be
algebraic.

Two algebraic cycles are said to be homologically equivalent when
they define the same algebraic class.

To note that [y o - o’ € Z for any a, o € A*(X),
with the convention that [, { = [y &, for any
{=%+&+ - +& e AY(X).
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KP  Grothendieck’s standard conjectures

We extract from Grothendieck's original paper [1] just the conjectural
statements that play a role in the description of a KP, namely:

m The hard Lefschetz property,
m The Hodge—Riemann relations,

which themselves mimic for algebraic varieties the homonymous
results for Kahler manifolds. §3.22, §3.24.

Let Y by a hyperplane section of X and & = cl(Y) € H?(X)

Let L : H*(X) € H*"2(X) be the multiplication by £. Thus
LV HX(X) — H**2(X) is multiplication by &/.
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KP  Grothendieck’s standard conjectures

Hard Lefschetz theorem
m [J: H"™J(X) — H"Y(X) is an isomorphism for all j € [n].

& Lk HR(X) — H?'7K(X) is an isomorphism for all k € [n].
Corollary: IV - H*(X) — H*t2(X) is injective for j < n — k and
surjective for j > n — k.

Indeed, in the first case, composing L : H*(X) — H**%(X) with
Lr=k=i s HKH2(X) — H? k(X)) is L™=k : HX(X) — H?"~k(X), which
is an isomorphism; so the first map must be injective.

In the second case, the map L<k=(n=) . gn=(k+2i=n)(X) — H2k(X)
followed by L/ : H*(X) — H*+%(X) = H™(k+27=n) produces the map
prU=(n=k) . gn=(k+2=n)(X) — Hr+(k+2=n)(X) which is an
isomorphism. Therefore the second map must be surjective.

S. Xambé (FME&IMTech) CRM WORKSHOP 15/7/2024 13 /47



KP  Grothendieck’s standard conjectures

Hodge—Riemann relations
For j < n/2, let AY(X) = {a € AV | "%t =0}
(the primitive part of A/(X); note that AJ(X) = A%(X)).

Then the intersection pairing A}(X) x AL(X) — Z given by
(=1 [y L""%(a - B) is positive definite.

This statement holds (Hodge theory) for complex algebraic varieties
(3.24).
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KP Ingredients

As presented by HUH, the scheme has three ingredients and three
postulates (dubbed the Kahler package by HUH, for “KKAHLER first
emphasized the importance of the respective objects in topology and
geometry").

For the Kahler geometry background that inspires these definitions,
see §3.

Ingredients

(1) A graded finite-dimensional real vector space A = @&y A/;
(2) a convex cone K of graded linear maps L : A* — A*™; and
(3) symmetric bilinear pairings Py : Ak x A9"% — R, in the sense
that P, (v, k, k) = Pr(k, ap_k) and with

Pk(LOék,Q7 O"/dfk) = Pk,Q(Oék,Q, LO/dfk)'
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KP  Postulates

Postulates
For any j < d/2,
m Poincaré Duality (PD): P; : A — (A9)* is an isomorphism;
m Hard Lefschetz Propery (HL): For any L € K, L4972 : A — A9 is
an isomorphism;
m Hodge-Riemann Relations (HR): The pairing
AxA R, (x,y) = (-1YP(x, L9 ¥y) = (x,y),

is positive definite on the kernel A{) of L9—2+1
(primitive part of A/, to borrow the name from Lefschetz theory).
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KP  Postulates

In the cases we will consider, A is a graded commutative algebra
generated by A!, with A° = R, and the maps L have the form
o a- &, for some € € AL,

Assuming that we have Poncaré duality, an element £ € A! defines
the map L: A* — A"l o+ o - &, and we say that the KP holds for
& if L satisfies HL and HR.

HR<;: It is clear that AJ = A°, for A9t1 =0, and HRy just says that
(x,x) > 0 for any nonzero x € A°. We define deg : AY — R by the
formula deg(a) = P(1,a). In particular, deg(L91) = P(1,L91) > 0
by HRy. Now A} = {x € A'|L9"1x = 0} and for any such x we have
(L1, x) = P(L1,L972x) = P(1, L9"1x) = 0, which implies that

Al = (L1) L A} with respect to the bilinear form (x,y). For any
nonzero x € A}, we have (x,x) = P(x,L972x) < 0, by HR;, while
(L1,L1) = P(L1,L972L1) = P(1,L91) > 0. In other words, (,) has
Lorentzian signature (+ — - -- —).
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KP  Postulates

Remark. When Poincaré duality for X is known, the HR for X is
stronger than HL, in the sense that for every q, HR, = HL<q, [2]
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KP  Examples

In the examples known so far, A = A(X) depends on the objects X of
some species.

m X a smooth projective variety, A(X) a cohomology ring (¢-adic, for
instance). The package agrees essentially with GROTHENDIECK's
standard conjectures. So this KP remains conjectural.

m X is a convex polytope and A(X) its combinatorial cohomology [3]
Karu (2004) / [[45]]% .

m X a matroid and A(X) can be its:

(i) Chow ring [4] Adiprasito, Huh, Katz (2018) / [[1]]%;

(if) Conormal Chow ring [5] Ardilla, Denham, Huh (2022) / [[6]]%; or
(iii) Intersection cohomology [6] Braden, Huh, Matherne, Proudfoot,
Wang (2020) / [[12]]%.

m X is an element of a Coxeter group and A(X) its Soergel bimodule
[7] Elias, Williamson (2014) / [[26]]¥. Other references: [8], [9].
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https://arxiv.org/pdf/math/0112087.pdf
https://web.math.princeton.edu/~huh/MatroidHodge.pdf
https://web.math.princeton.edu/~huh/LagrangianGeometry.pdf
https://arxiv.org/pdf/2010.06088.pdf
https://arxiv.org/pdf/1212.0791.pdf

We are in good company:
June Huh’ collaborators
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We are in good compoany June Huh'’s collaborators

E. Katz

| B. Wang

K. Adiprasito
T. Braden

J. P. Matherne

4 N. Proudfoot
{ C.Eur

P. Brandén

] F. Ardila

¥ G. Denham

K. Mészaros
A. St. Dizier
C. Crowley
M. Larson
C. Simpson
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We are in good compoany June Huh'’s collaborators

Eric Katz¥ (Stanford PhD 2004: A Formalism for Relative
Gromov-Witten Invariants, Y. Eliashberg & R. Vakil)

BoToNG WANGY (Purdue PhD 2012: Parabolic Higgs Bundles and
Filtered Local Systems, D. Arapura)

KARIM ADIPRASITOY (Freie UB PhD 2013: Methods from
Differential Geometry in Polytope Theory, G. M. Ziegler & G. Kalai)

ToMm BRADENY (MIT PhD 1995: Characteristic Cycles of Toric
Varieties: Perverse Sheaves on Rank Stratifications, R. D.
MacPherson)

JacoB P. MATHERNEY (Louisiana SU PhD 2016: Derived
Geometric Satake Equivalence, Springer Correspondence, and Small
Representations, P. N. Achar < D. A. Vogan, Jr.)
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https://people.math.osu.edu/katz.60/
https://people.math.wisc.edu/~bwang274/
http://www.math.huji.ac.il/~adiprasito/
https://people.math.umass.edu/~braden/index.html
https://jpmather.math.ncsu.edu/

We are in good compoany June Huh'’s collaborators
NicHOLAS PROUDFOOTY (UC Berkeley PhD 2004: Hyperkéhler
Analogues of Kihler Quotients, A. 1, Knutson)

CHRISTOPHER EURY (UC Berkeley PhD 2020: The Geometry of
Divisors on Matroids, D. Eisenbud)

PETTER BRANDENY (Géteborg PhD 2005: On Unimodality and
Real-Rootedness of Polynomials in Combinatorics, E. Steingrimsson)

FEDERICO ARDILAY (MIT PhD 2003: Enumerative and Algebraic
Aspects of Matroids and Hyperplane Arrangements, R. P. Stanley)

GRrAHAM DENHAM? (U Michigan PhD 1999: Local Systems on the
Complexification of an Oriented Matroid, P. J. Hanlon < O.
Tausky-Todd)
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https://pages.uoregon.edu/njp/
https://people.math.harvard.edu/~ceur/
https://www.kth.se/profile/pbranden
https://fardila.com/
https://gdenham.math.uwo.ca/

We are in good compoany June Huh'’s collaborators

KAroLA MEszZAROS” (MIT PhD 2010: Root polytopes,
triangulations, and subdivision algebras, R. P. Stanley)

AVERY ST. D1ziER? (Cornell PhD 2020: Combinatorics of
Schubert Polynomials, K. Mészaros)

CoLiN W. CROWLEYY (U Wisconsin PhD 2023: ?, B. Wang)

MATT LARSONY (Stanford PhD 2024: K-theoretic positivity for
wonderful varieties and matroids, J. Huh & R. Vakil)

ConNOR SiMPSONY (U Wisconsin PhD 2024: 7, B. Wang)
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https://pi.math.cornell.edu/~karola/
https://directory.natsci.msu.edu/directory/Profiles/Person/104261
https://www.ias.edu/scholars/colin-william-crowley
https://www.ias.edu/scholars/matt-w-larson
https://people.math.wisc.edu/~csimpson6/old/cvgen/cv.pdf

Lorentzian polynomials

Provide a link between combinatorics and KP’s
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Lorentzian polynomials Huh’s philosophy

The following quotation from [10, page 4] reveals interesting aspects
of its author research temper (emphasis not in the source):

The known proofs of the Poincaré duality, the hard Lefschetz property,
and the Hodge—Riemann relations for the objects listed above have
certain structural similarities, but there is no known way of deducing
one from the others. Could there be a Hodge-theoretic framework
general enough to explain this miraculous coincidence?

A related goal is to produce a flexible analytic theory that would re-
flect certain basic features of the unified theory: If one postulates the
existence of the satisfactory cohomology A(X), what can we say about
X at an elementary and numerical level? This is a worthwhile questi-
on because, depending on X, the construction and the study of A(X)
might be beyond the reach of our current understanding. A step in this
direction is taken in a joint work with Petter Brandén [namely [11]],
where the difficult goal of finding A(X) is replaced by an easier go-
al of producing a Lorentzian polynomial from X. Such a Lorentzian
polynomial can be used to settle and generate conjectures on various
X (Section 2) and, sometimes, leads to a satisfactory theory of A(X)
(Section 3).
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Lorentzian polynomials Combinatorial grounds

A generalized permutahedron is a polytope in RE (E a finite set) all
of whose edges are in the direction e; — e; for some i,j € E ({¢;}jce
denotes the standard basis of RE), and it is said to be integral if its
vertices belong to the lattice ZF.

Examples: the standard permutahedron P(1,2, ..., n), which is the
convex hull of all the permutations of (1,2,...,n), and the
hyperoctahedron P(£1,0,...,0), which is the convex hull of all the
permutations of (+1,0,...,0).

According to [12], all generalized permutahedra in R" are obtained
from the standard permutahedron by moving its vertices so that all
the edge directions are preserved. See also [13].
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Lorentzian polynomials Combinatorial grounds

P(1,2)

P(17 27 37 4)
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Lorentzian polynomials Combinatorial grounds

We can identify the subsets of a finite set £ with BE (also called
zero-one vectors). A subset J of the lattice ZF is said to be
M-convex if it is the set of lattice points of an integral generalized
permutohedron. A finite set J C N is M-convex when it satisfies
the symmetric basis exchange property: For any o, 5 € J and an
index i such that «; > f3;, there is an index j such that o; < [3; and
a—e;+ej,;5’+e,-—ej€J.

Examples: given a positive integer d, the set of vectors in o € NE (or
o € BE) such that Y a; = d.

Importantly, matroids on the set E can be defined as M-convex
subsets of BE (see [10]).

The set Jo C BE of spanning trees of a graph G = (V, E) is a
matroid (in other words, it is the set of lattice points of an integral
generalized permutahedron).

CX=Jde={1C LI IJZNMSNL N XXX X}
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Lorentzian polynomials Combinatorial grounds

Let £ be a geometric lattice of rank d and E = £! the set of points (or
atoms) of £ (elements of rank 1). Let J; C BE be the set of bases of £
(recall that a basis is a set of d points whose join has rank d). Then J; is
the set of lattice points of an integral generalized permutahedron.

Three graphical geometries which are not graphic. The first, the Fano
plane, has 7 points, 7 lines and (;) — 7 = 28 bases and it is realizable over
F if and only if char(F) is 2. The second, has 7 points, 6 lines, and 29
bases, and is realizable over I if and only the char(FF) is not 2. The third
has 9 points, 8 lines, and 84 bases, and it is not realizable over any field.
See [14, Prop. 6.4.8] and [15].
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Lorentzian polynomials Definition of L9

Let HY be the space of real homogeneous polynomials of degree d in
n variables.

The set of Lorentzian polynomials L9 C H? is defined as follows.

The elements of L2 are specified by two conditions:
(a2) their coefficients are non-negative, and
(by) their signature has at most one positive sign.

For degrees d > 2 the set L% is defined recursively by the following
conditions:

(aq) O;f € L2~ for all j € [n], and

(bg) the set of (exponents of) monomials of f is the set of lattice
points of an integral generalized permutahedron
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Lorentzian polynomials  Definition of L4

One of the crucial results in [[17]]¥ [11] Brandén, Huh (2020) is that

L9 is the closure of L, a set defined by the conditions:
(&2) their coefficients are positive real numbers,

(by) their signature has exactly one positive sign, and, for d > 2,
(84) 0;f € L371 for all j € [n].

Theorem 2.28 of the same paper proves that the compact set
PLY C PH? is contractible, with contractible interior PLY, and

conjectured that it is homeomorphic to a closed Euclidean ball
(proved by Brandén [[16]]¥ [16] Brandén (2021)).
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https://web.math.princeton.edu/~huh/Lorentzian.pdf
https://www.cambridge.org/core/services/aop-cambridge-core/content/view/FFF79000EDD43FEBF9156764CEF9EDA3/S2050509421000700a.pdf/div-class-title-spaces-of-lorentzian-and-real-stable-polynomials-are-euclidean-balls-div.pdf

Lorentzian polynomials Examples

Example. If C = G, ..., C, are convex bodies in RY,
volc : RZy = R, w voI(wl G + -+ w,(C,) is a Lorentzian
polynomial [10] Huh (2022) Example 6.

Example. Let D = Dy, ..., D, be nef Cartier divisors on
d-dimensional irreducible projective variety X over an algebraically
closed field. Consider the polynomial function

volp : R,y = R, wr i deg(wi Dy + - + w,D,)“.
If X admits a resolution of singularties Y and the Hodge-Riemann
relations hold in degree < 1 for the ring of algebraic cycles A(Y),
then volp(w) is Lorentzian [10] Huh (2022), Example 7.
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Lorentzian polynomials The Lorentzian ball

=

—r

The Lorentzian Ball PL!

T~

Volume polynomials in algebraic
geometry over [

Volume polynomials
in convex geometry

Every integral generalized permutathedron
appears on the boundary sphere of IP’L‘,IL

This figure intends to be a reproduction of slide number 13 of HUH's
lecture at the ICM-22. Note the statement on the boundary sphere.
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Lorentzian polynomials Strategy

The general strategy was summarized in slide number 14 of [17] Huh
(2022), while pointing out [[40]]% [18] Huh, Matherne, Meszaros,
Stdizier (2022) and [[27]]¥ [19] Eur, Huh (2020) for examples and
conjectures for various X:

(1) Given X, search for interesting multivariate generating functions
from it;

(2) Do we see any generalized permutohedra?

(3) Do we see any Lorentzian polynomials?

(4) Can we guess A(X), K(X), P(X)?
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https://web.math.princeton.edu/~huh/SchurLorentzian.pdf
https://web.math.princeton.edu/~huh/MatroidMorphism.pdf

Lorentzian polynomials On the proof of the Dowling-Wilson conjecture

Let us end by describing how the Dowling—=Wilson conjecture was
solved, after [17] Huh22-lecture.

Given a geometric lattice £ of rank d, consider the set B of its bases,
that is, subsets of size d of E = L' (the set of atoms) whose join has
rank d. Then B is the set of lattice points of an integral generalized

permutohedron, and the basis generating function g = >, c3 w” is a

Lorentzian polynomial.

1 \/ 1\./
v
4
/ 4
72 3% 79 3\
g = W1WaW3 + W1wWoWy + W1W3W4 + WaW3Wy g = WWawW3 + W1WaWy + WaW3Wy
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Lorentzian polynomials On the proof of the Dowling-Wilson conjecture

Now define H(L) = {f : L — Q} = Prc,r Qr and make it a graded
Q-algebra (the Mébius algebra of L) with the multiplication
determined by

5 5o — 5F\/F’ if f(F\/ F/) = r(F) + r(F/)
0 otherwise.

The bases generating function of L is %(ZJ-GE w;d;)?. This suggests
taking:

m A(L) = H(L);

m K(L), the set of multiplications by positive linear combinations of
the 4;; and

= P(L), multiplication in H(£L) composed with HY(L) ~ Q.
But H(L) already fails to satisfy Poincaré duality, for
dimH/ (L) = |£/| and in general |£/] # |£L97].
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Lorentzian polynomials On the proof of the Dowling-Wilson conjecture

As shown in [[12]]¥ [6] Braden, Huh, Matherne, Proudfoot, Wang
(2020), the rescue from this failure came from the intersection
cohomology of L, IH(L), which is an indecomposable graded
H(L)-module endowed with a map P : IH(L) — IH(L)* that
satisfies the following properties for every j < d/2 and every
LeK(L):

Poincaré duality P : IH/ (L) — IH?(L)* is an isomorphism;

Hard Lefschetz L9=% : IH/(L£) — IH(L) is an isomorphism; and
Hodge-Riemann relations: The pairing IH/ (L) x IH/(£) — Q,
(x,y) = (=1YP(x, L9"¥y) is positive definite on the kernel of
L4=%+1 |n addition, IH°(L) generates a submodule isomorphic to

H(L).

The construction relies on the resolution of singularities of algebraic
varieties, and in particular on [20] Concini, Procesi (1995) ‘wonderful
models' (see [21] Concini, Procesi (2010), a wonderful book).
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Lorentzian polynomials On the proof of the Dowling-Wilson conjecture

Since the composition of H/(£) «— IH/(L) with the Hard-Lefschetz
isomorphism IH/(£) ~ IH? (L) is injective, it follows that

L4=% . H/(L) — HY (L) composed with HI/ — IH? /(L) is
injective (see diagram below) and consequently

L4921 H/(L) — HYI(L) is injective, which proves that

|| < L9,

H(L) <  IH(L)
Ln—2j\l/ ¢L"_2j

HY=(L) — IHY(L)
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Ending remarks

m Find applications of HR, for g > 1.
m Lefschetz properties in algebraic contexts: [23], [24]:

m There are multiple feedbacks from the discrete to the continuous,
for example in the form of combinatorial approaches to algorithmic
learning, like graph learning in general and manifold learning in

particular: [25] (and the references mentioned there) and the surveys
[26] and [27].

m Please send corrections and suggestions to sebastia.xambo@upc.edu

Thank you!
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Worshop Abstracts
WS Introduction

Since the seminal works of the MIT professors Gian-Carlo Rota in the
1960's, and later Richard Stanley, combinatorics has become an
important branch of modern mathematics where interplay of different
areas arise. In particular, the Rota-Hero-Welsh's Conjecture,
proposed by Gian-Carlo Rota in the 1960s for graphs and later by
Hero and Welsh for matroids, has long stood as one of the most
tantalizing problems in combinatorics and algebraic geometry. It
posited a deep connection between the combinatorial structure of
matroids and the algebraic structure of projective varieties.
Specifically, it conjectured that certain relations, now known as the
Hodge Riemann relations, hold true for the intersection numbers of
divisors on a projective variety defined by the matroid. Despite
decades of effort from mathematicians around the world, the
conjecture remained stubbornly unresolved, serving as a formidable
challenge at the intersection of these two fields.
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June Huh's initial breakthrough came with his groundbreaking proof
of Rota's Conjecture [1], achieved through a novel synthesis of
techniques from algebraic geometry, combinatorics, and homological
algebra. His work unveiled the intricate connections between
combinatorial objects such as matroids and algebraic varieties,
providing a deep understanding of the underlying structures governing
their intersection. Through meticulous analysis and innovative
reasoning, Huh demonstrated that the Hodge Riemann relations
indeed hold true, thereby resolving a decades-old mystery and opening
up new avenues for exploration in combinatorial algebraic geometry.

Subsequently, Huh's collaboration with Karim Adiprasito and Eric
Katz [2] further illuminated the rich mathematical landscape that
emerged from their initial breakthrough. Together, they delved into
the study of positivity for matroids and polytopes, uncovering deep
connections between combinatorial structures and algebraic geometry.
Their research yielded not only elegant proofs of fundamental results
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but also novel mathematical objects that bridge the gap between
discrete and continuous mathematics. Through their collaborative
efforts, they uncovered new perspectives on toric varieties, matroid
theory, and tropical geometry, among other areas.

On another direction it has become nowadays more and more popular
formal logic systems used to formalize mathematical proofs. In this
context, LEAN is getting more and more popular due to its is
versatile, allowing for a wide range of applications and uses. This tool
is growing day by day and we believe it would be good to show to a
wide mathematical audience the state of the art of this tool.

Anna de Mier: An introduction to matroid theory

Matroids originated in the 1930's as an abstraction of the notion of
linear independence in vector spaces. Whereas matrices and graphs
provide the first examples and were the motivation for the developing
of the field, matroid theory has many connections to other areas,

such as matchings, optimization, geometry or criptography. In this
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talk we will give an overview of matroids, focusing on those aspects
that justify their alternative name, albeit not so common, of
combinatorial (pre)geometries.

One special feature of matroids is that they have several equivalent
definitions. We will go over the main ones (bases, indepedents sets,
flats, rank, circuits. .. ), and then we will survey the basic operations
(minors and duality) and present some important classes of matroids.
We will then move to matroid polynomials, with an emphasis on the
characteristic polynomial and its properties.

No previous knowledge of matroid theory will be assumed.

Julian Pfeifle: Matroid polytopes, tropical geometry, and
log-concavity

We continue the previous talk and examine some geometric
incarnations of a matroid M, namely matroid polytopes”, Bergman
fans, and tropical linear spaces. More algebraically, the rational
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cohomology of the complement of a certain hyperplane arrangement
associated to M is called the Orlik-Solomon algebra, whose Poincaré
polynomial is related to the characteristic polynomial of M.

We hope that these examples will build some intuition for
understanding the essence of Huh—Adiprasito—Katz's proof of the
log-concavity of the coefficients of this characteristic polynomial,
namely that the tropical variety or Bergman fan associated to a
matroid has the structure of the cohomology ring of a smooth
projective variety.

Souvik Goswami: Survey of Chow groups

The study of algebraic cycles is at the cornerstone of Algebraic
Geometry, and shares common ground with Arithmetic Geometry,
Algebraic K-theory, and Analytic geometry. The definition of the free
group of algebraic cycles is easy to understand, and can be
generalized to different categories. The non-trivial part is to define a

suitable equivalence relation, so that the quotient group becomes
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equipped with a ring structure. Such an equivalence relation is
provided by rational functions on subvarieties, and the resultant
quotient is defined as the Chow group attached to an algebraic
variety.

The purpose of this talk is to give an introduction and survey of this
topic. More aligned towards the topic of this conference, | will
introduce Chow group of a matroid.

Sebastia Xambé: Kahler packages and their combinatorial
significance

The notion of Kahler Package will be presented and illustrated with
several examples, particularly those introduced by June Huh and
collaborators with which they could prove various long-standing
combinatorial conjectures, but also including its first appearance in
Grothendieck's standard conjectures —a scheme to approach the
Weil conjectures about algebraic varieties defined over a finite field.

Then the theory of Lorentzian polynomials will be considered, with
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emphasis on its role as a bridge to Kahler packages and on how it is
used to settle or suggest conjectures. In the final part, a sample of
recent contributions in closely related themes will be discussed.

Maria Inés de Frutos Fernandez: Algebra in the Lean
mathematical library

We will start by introducing the interactive theorem prover Lean and
its mathematical library Mathlib. We will next give an overview of the
algebra hierarchy in the Mathlib library (how groups, rings, modules,
etc. are formalized, and the dependencies between these objects).
Finally, we will discuss the formalizations of several topics that appear
in Huh's work, including polynomial rings and graded algebras.

Yaél Dillies: Combinatorics in Mathlib and beyond

As the main Lean library of mathematics, Mathlib acquires new
formalisations at an increasing pace. Curiously, one area of
mathematics is lagging behind: combinatorics.
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| will first present the combinatorics that Mathlib does have (basic
graph theory, the regularity lemma, set families) before touring
significant projects outside of Mathlib (discrete Fourier analysis,
matroid theory, linear programming). Finally, | will offer some
explanations on why Mathlib is so poor at incorporating
combinatorics formalisations and how you can help.

Riccardo Brasca: Geometry in mathlib

We will give an overview of the status of geometry (both algebraic
and analytic) in mathlib, the official mathematical library of Lean.
We will explain what is already in mathlib and what is missing,
focusing on what can be added rather easily. We will also explain
what are the difficulties in formalizing geometric notions following
mathlib’s philosophy of being as general as possible and we talk
about the solutions found by the mathlib community.
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