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1. LIST OF PROBLEMS

Ezxercise 1.1. Consider M = T*R" = C" with w = %Zz dz; N\ dz;. (Sl)n acts on M by
(ewl, e ,ew") (21 ey 2n) = (ewlzl, ... ,ew”zn).

Compute the moment map of this action and find the reduced space (the symplectic quotient) by
(a subgroup of) (S1)".

Ezercise 1.2. The coupling of two harmonic oscillators gives can be modelled in T*(R?). Check
that, in this system, the energy function

1 1
H = §(yf +y3) + 5(*”% +a3)

and the angular momentum function
L = z1y2 — moyn

define a polarization. IL.e. check that {H,L} = 0.

Ezercise 1.3. Check that the complex projective line with line bundle L* = {C?\ {0} x Ciy}t/C* —
{C2%\ {0}}/C* satisfies that

dim H°(P!, L*) = dim Hps.
Exercise 1.4. Consider the torus 72 with symplectic form w = dp A dg. It is a Kihler manifold

with Line bundle L = “f-line bundle”. Prove that the dimension of H?(S' x S, L*) is equal to
dim Hpg.

FExercise 1.5. Compute the Bohr-Sommerfeld leaves of the cylinder R x S with respect to the real
polarization given by vectors tangent to the S! directions.

Ezercise 1.6. Generalizing the previous exercise, compute the Bohr-Sommerfeld leaves of a sym-
plectic manifold polarized by an integrable system with global action-angle coordinates.

Ezercise 1.7. Compute the moment map of the toric action T? on CP? given by ((61, 02), [20 : 21 : 22]) —
([z0 : €21 : €22)]). Then, construct a b-toric manifold applying symplectic blow-up and the
Gompf sum on CP? such that:

e it has 6 fixed points, or
e it has 12 fixed points.

What you will obtain is a Hirzebruch surface.
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Exercise 1.8. Take S? with the b-Poisson structure II; = ha% A % and the symplectic torus T2
with dual Poisson structure Il = SN %. Prove that

001
R 0 0 0
H—h%/\(%ﬁ-aiel)-i-rb

is a b-Poisson structure on S2% x T2.

Ezercise 1.9. Let (N?"*1 1) be a regular corank-1 Poisson manifold, X be a Poisson vector field
and f: S' — R a smooth function. Prove that the bivector field

)
M= f(0)55 A X +7

is a b-Poisson structure on S x N if the function f vanishes linearly and the vector field X is
transverse to the symplectic leaves of V.

Erercise 1.10. Consider the b-symplectic manifold (S?,Z = {h = 0},w = d—}? A df), where the
coordinates on the sphere are h € [—1,1] and 6 € [0, 27]. Compute a moment map of the S'-action
given by the flow of —% and draw its image.

Ezercise 1.11. Consider the b-symplectic manifold

do
2 - o 1
(T 4= {91 S {O,W}},w = sin 0, /\deg),

where the coordinates on the torus are 61,602 € [0,27]. Find the °C° Hamiltonian function of the
circle action of rotation on the 65 coordinate and draw it.

Ezercise 1.12. The moment image of a 2n-dimensional b-symplectic toric manifold is represented by
an n-dimensional polytope P, and the corresponding extremal polytope Ap is an (n—1)-dimensional
Delzant polytope. Describe the extremal polytope for n =1 and n = 2.

Ezercise 1.13. Compute the Bohr-Sommerfeld quantization with sign of a b-sphere, a b-torus and
higher dimensional b-symplectic toric manifold.
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