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Stochastic model for turbulent flows

Stochastic Navier-Stokes equation with transport noise on a
domain O c RY, d = 2, 3:

du = (vAu+ ((u+ @) - Vu) + Vp)dt + ¢pdW o Vu + dd W
= (vAu+ Kyu+ ((u+ @) - Vu) + Vp))dt + ¢dW - Vu + dd W,

divu = 0,

» u=u(x,t), x € O, t>0is the velocity; p = p(x, t) is the
pressure; W and W are cylindrical Wiener process and ¢, gf)
are the covariance operator (in other words, since these are
smoothing operator, ¢pdW, &dW are spatially smooth time
white noises); 7 is the Ito-Stokes drift.

» These equations are supplemented with boundary conditions:
for instance Dirichlet, periodic if O = T, or decaying at
infinity if © = R9.



Stochastic model for turbulent flows

Stochastic Navier-Stokes equation with transport noise on a
domain O C R¢:

du = (vAu+ ((u+ @) - Vu) + Vp)dt + ¢pdW o Vu + dd W

divu = 0,

» R. Mikulevicius & B. Rozovsky, E. Mémin and co-authors (see
also Z. Brzezniak, M. Capinski, , and F. Flandoli): start with
the Lagrangian description of the fluid and add a perturbation.

» D. Holm and co-authors: derive stochastic fluid equation from
variational principle, SALT model (Stochastic advection by Lie
transport). A slightly different equation is obtained. This
equation has the property to have similar conservation
properties as in the deterministic case.



Stochastic model for turbulent flows

du = (vAu+ ((u+ @) - Vu) + Vp)dt + ¢pdW o Vu + ¢d W
divu = 0,

> Write
dx = u(x(t), t) + ¢(x(t), t)dW.
The noise models the small unresolved scales.

» Do the classical derivation of fluid mechanics equation by
looking at the evolution of a volume transported by the
stochastic flow. Ito-Wentzel formula introduces the additional
terms in the Navier-Stokes equations.



Stochastic model for turbulent flows

du = (vAu+ ((u+ @) - Vu) + Vp)dt + ¢pdW o Vu + ¢d W
divu = 0,

> Write
dx = u(x(t), t) + ¢(x(t), t)dW.
The noise models the small unresolved scales.

» Do the classical derivation of fluid mechanics equation by
looking at the evolution of a volume transported by the
stochastic flow. Ito-Wentzel formula introduces the additional
terms in the Navier-Stokes equations.

» The derivation is not rigorous because: 1. The deterministic
derivation is not rigorous. 2. Some terms like the derivative of
the white noise have to be discarded.

» Many other models (quasi-geostrophic equations, primitive
equations ...) can be derived in this way.



Mathematical framework

du= (vAu+ ((u+ @) - Vu) + Vp)dt + ¢dW o Vu + ddW
dive = 0.

» Introduce
H={ue (l2(0))? divu=0, u-n=0o0n 9O},
P the Leray projector on H, the Stokes operator
A =vPA on D(A) = (H*(O)N H}(O)? N H

and b(u,v) = P(u-Vv).
> Rewrite the equation as:

du = Au+ b(u + &, u)dt + b°($dW, u) + PddW.

> Well-posedness has been studied by various authors.



A multiscale approach

Inspired by works by A. Majda, P. Kramer, |. Timorfeyev, E. Van
den Eijden, F. Flandoli proposed to study a multiscale fluid
equation:

atu = AU + b(U + v, U),
1 1

dv = (Av + =Cv)dt + b(u + v, v)dt + ~pdW,
E E

» A natural choice is C =/, this represents a friction.
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equation:

atu = AU + b(U + v, U),
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dv = (Av + =Cv)dt + b(u + v, v)dt + ~pdW,
E E

» A natural choice is C =/, this represents a friction.

» Formally, when ¢ — 0, we get v = (—C)*ld)dW and the
Navier-Stokes equation with transport noise:

du = Au+ b(u, u) + b°((—C) " LpdW, u).

This misses the [to-Stokes drift.



A multiscale approach
Inspired by works by A. Majda, P. Kramer, |. Timorfeyev, E. Van
den Eijden, F. Flandoli proposed to study a multiscale fluid
equation:

Otu = Au+ b(u + v, u),
1 1
dv = (Av + ng)dt + b(u+ v, v)dt + g(/>dW,

du = Au + b(u, u) + b°((—C) " LpdW, u).

» F. Flandoli and U. Pappalettera studied the 2d case without
viscosity: A = 0. They use the vorticity form of the equation
and characteristic method. The solutions of the characteristics
of the fast equations " converge” to a white noise and they
obtain a sort of Wong-Zakai result.

» The same result would be obtain without the nonlinear term
in the fast equation.



Remark: Another scaling

» The scaling

I

{ Oru = Au+ b(u + v, u),
o1/2

1
dv = (Av+ =Cv)dt + b(u + v, v))dt + opdW,
€

is also very natural. This is the averaging regime.

» The limit does not contain any trace of the small scales or of
the noise: 0yu = Au+ b(u, u)



Remark: Another scaling

» The scaling

Oru = Au+ b(u + v, u),
ddW,

1
dv = (Av+ =Cv)dt + b(u + v, v))dt + 1/2
€

is also very natural. This is the averaging regime.

» The limit does not contain any trace of the small scales or of
the noise: 0yu = Au+ b(u, u)

» A non trivial limit would be obtained from:
{ Oru = Au+ b(u+ v, u),

1
dv = E(Av+b(u+ v,v))dt + pdW,

1/2

~ Opu = Au + b(u, u)+/ b(v, u)dvy(v).
H



Generators
Consider first the simpler case:

Oru = Au+ b(u + v, u),
1 1

dv = = Cvdt + =¢dW,
£ 5

~1/2 1/2

» v is of order ¢ ~ w = ¢e*/“v and

1
Elﬁb(wa U),

dw = 1CWdt + igde,
e £1/2

Oru = Au + b(u, u) +



Generators
Consider first the simpler case:
Oru = Au+ b(u + v, u),
1 1
dv = = Cvdt + ~pdW,
€ €

» v is of order £ 1/2 ~s w = /2y and
1
Oru = Au + b(u, u) + Wb(w, u),
€
1 1
dw = — Cwdt + —5pdW,
e £1/2

» The generator:

Leo(u,w) = (Au+ b(u, u), Dyp(u, w)) + 511/2 (b(w, u), Dyp(u, w))

1 1
+g <CW7 DW¢(U7 W)> + ?STr(¢2DEVW@(U7 W))



Perturbed test function method

Otu = Au+ b(u, u) + ﬁb(w u),

L aw,

1
dw = ngdt+ =Y

» The generator:

Lo, w) = (Au-+ b(u, ), Dup(u,w) + 75 (b(w, ), Dup(, W)

1
+g£w¢(uv W)

where

Lapl, W) = (Cow, Dap(, w)) + 5 TH(6 D, )

> Use correctors: o (u, w) = p(u) + /201 (u, w) + e@a(u, w)
~ @1(u, w) = (Dusp(u), b((—C) " w, u)).



Perturbed test function method

2172
1 1
> oc(u,w) = p(u) + 201 (u, w) + epa(u, w)

Lopelu,w) = (Au+ blu,u), Dyspe(u,w)) + 75 (b(w, ), Do, w)

{ Oru = Au+ b(u, u) + ib(w, u),

1
+g[zw90£(u7 W)
— <AU =+ b(U, U), Du@a(uv W))

[ (D), (=€) Ly, bly. ) ()
H

+ [ (D@ by ). b((~C) Py, ) d(y)
H

+0('?)
= Lop(u) + O(£*/?).

~ du = Au+ b(u, u) + b°((—C)"LpdW, u).



The proof
» Take ¢(u) = (u, h) and apply lto formula to ¢.(u, w):

t t
o(uf) = o(uo) + / Cop(u)ds + / (b((—C) L QY2dW,, uS), h)
0 0
2 (o1 (o, wo) — on(ufy wE)) + € (9a(uo, 0) — waluf, w)

t t
+€1/2/ ¢1(u§,ws€,w§)ds+e/ &y (ug, we)ds
0 0

t
e [ (Dupalus, wi), @V2aw),
0

where

®1(u, w, w) = (Au+ b(u, u), Dup1(w)) + (b(u, w), Dyp1(u))
+ (b(w; u), Dupz(w)),
®z(u, w) = (Au + b(u, u), Dypa(w)).

» The control of the various remaining terms is delicate due to
A and b. Recall that ¢1(u, w) = (Dyp(u), b((—C) 1w, v)).



The proof
» Take ¢(u) = (u, h) and apply lto formula to ¢.(u, w):

t t
o(uf) = o(uo) + / Cop(u)ds + / (b((—C) L QY2dW,, uS), h)
0 0
1+ 12 (i1 (s wo) — r (s wE)) + € (02(t0, 0) — a(u wE)

t t
+el/2/ Cbl(ug,wse,wse)ds—i—e/ &y (ug, we)ds
0 0

t
e [ (Dupalus, wi), @V2aw),
0

where

®1(u, w, w) = (Au+ b(u, u), Dypr(w)) + (b(u, w), Dwep1(u))
+ (b(w, u), Dyp2(w)),
®o(u, w) = (Au+ b(u, u), Dypa(w)).
» The control of the various remaining terms is delicate due to
A and b. Recall that ¢1(u, w) = (Dyp(u), b((—C) 1w, v)).
We cannot take C = /, except when d = 2 on T?.



The proof
» Take the test function ¢(u) = (u, h):

(1) = p(uo) + /0 Lop(uS)ds + /0 (b((—C) 1 QY2dWs, uf), h)
(1)
+ €2 (1 (uo, wo) — p1(ug, wf)) + € (pa(uo, 0) — a(uf, wf)

t t
+€1/2/0 <I>1(u§,wsf,w§)ds+e/0 o (ug, wy)ds

t
e [ Dupalus, wi), Q2w
0

» Prove tightness of (u:)-~0 and take the limit for a
subsequence above.

> A limit point is a weak solution of the stochastic
Navier-Stokes equation.



The proof
» Take the test function ¢(u) = (u, h):

wwﬂzﬂm)ﬁéﬁww&k+40ﬂQIQWMMMQM
(1)

+ €2 (1(uo, wo) — p1(uf, wi)) + € (w2(uo, 0) — o (uf, wf)
ot

t
+al2 [ o wiwyds e [ 0a(uswi)as

t
e [ Dupalus, wi), Q2w
0

» Prove tightness of (u:)-~0 and take the limit for a
subsequence above.

> A limit point is a weak solution of the stochastic
Navier-Stokes equation.

» If pathwise uniqueness holds for the limit problem, the whole
sequence converge in probability.



The full problem

Oru = Au + b(u + v, u),
dv = e Y(eAv + Cv)dt + b(u + v, v)dt + e LpdW.

> Split v =r+c/2w:

deu = Au+ b(u+e 2w+ r,u),
dw = e HeAw + Cw)dt + e Y2¢pdW,
Orr = e Y (eAr + Cr)dt + b(u + e 2w + r e 2w+ 1).

» An averaging phenomenon appears for r, we expect that it
converges to

F(—C)I/Hb(w7 w)dv(w).

» This is a lto-Stokes drift.



Assumptions
> Tr(—C) 1¢? < oo.
» There exists [ > > 1/4 such that for s € R, 5 > 0:

2 2,02 2
Xlgerin S N(=CY2xl1fs S xlssr-

> v =N(0, %(—C)_lgbz). It is supported by H* for some sp
depending on d, I":

[ Iwlisar(d) < .

» C and ¢ commute.



Theorem

Let ug, vo € H be given. For € > 0 there exists a weak solution
to:

Oru = Au+ b(u + v, u),
dv = e Y (eAv + Cv)dt + b(u + v, v)dt + e LpdW.

with initial data ug, vp which is uniformly bounded in

(LOO(Q, c([o, T], H)NL2([o, T], Hl))) X <L2(Q, c([o, T], H)NL2([o, T], Hl)))

The laws of (u.).~¢ are tight in L%(0, T, H) N C([0, T], H=?) for
£ > 0 and every limit point is a weak solution of

du = Au+ b(u + F,u) + b°((—C) LopdW, u).

For d = 2, the solutions are probabilistically strong and
convergence holds in probability.
Moreover on the torus, if uy € (H*(T?))?, we can take C = |/,



» Similar ideas are used in a recent work of J. Garnier and L.
Mertz for finite dimensional SDEs and in the context of the
limit from stochastic Zakharov to stochastic Nonlinear
Schrédinger equation by A. de Bouard, A.D. and G. Barrué.

» In finite dimension, it is possible to obtain an order of
convergence. In our case, it requires a lot of smoothness.



Similar ideas are used in a recent work of J. Garnier and L.
Mertz for finite dimensional SDEs and in the context of the
limit from stochastic Zakharov to stochastic Nonlinear

Schrédinger equation by A. de Bouard, A.D. and G. Barrué.

In finite dimension, it is possible to obtain an order of
convergence. In our case, it requires a lot of smoothness.

The model obtained by E. Mémin also contains an additive
noise which we do not capture here. This would be captured
by the system:

Oru=A(u+v)+ b(u+v, u)+gz5dW
dv = e HeA(u+ v) + Cv)dt + b(u + v, v)dt + e LpdW.

Another difference is that the divergence of the velocity is not
zero in Mémin’s model.



Vanishing noise
Following ideas of F. Flandoli and D. Luo we consider:
Oru = Au+ b(u + v, u),
dv = e (eAv + Cv)dt + b(u + v, v)dt + e LpndW.

and assume that the noise in the limit equation vanishes:

Tim 3™ énel}1a = 0.

.k .
» If we let N — oo first and then € — 0, we obtain the
deterministic Navier-Stokes equation. No trace of the high
scale v at the limit.



Vanishing noise
Following ideas of F. Flandoli and D. Luo we consider:
Oru = Au+ b(u + v, u),
dv = e (eAv + Cv)dt + b(u + v, v)dt + e LpndW.

and assume that the noise in the limit equation vanishes:

nln;o Z Hd)nek”i/—l—h =0.
> If welet N — oo firstkand then ¢ — 0, we obtain the
deterministic Navier-Stokes equation. No trace of the high
scale v at the limit.
» If first e — 0 and then N — oo, it may happen that the noise
disappears but not the Stratonovitch corrections

() =3 K b(ey, blex, u)

2
keN 2X

P [t is easy to check that « is symmetric and

an, k an k
> (b(ex, b(ex, u)),u) = — > Y. [Ib(ex, u)l3-
k

2 2
keN Ak keN




Vanishing noise

Theorem Let ¢ satisfy the assumptions of the previous result
and kp is continuous from H? to H for some og, and
kn(u) = k(u) in Has N — oo for u € H? . Finally, assume

I Z 1/2 2 —
N'_inoo HQN ekHH 1-2y

keN

Then {u“N} o nen are tight in L2([0, T], H) N C([0, T], H~7),
and every weak accumulation point v as e — 0and N — oo is a
weak solution of

Oru = Au + b(u, u) + k(u).

If up € H and (k(u), u) < —rol|ul7,, for every u e H' for some
ko sufficiently large (depending on wg, T). Then u is the unique
strong solution on [0, T], and the whole sequence {u"} .o yen

converges to u as € — 0 and N — oo.



Vanishing noise

» For any o > 0, it is possible to construct an example of noise
such that
k(u) = alu
(from F. Flandoli and D. Luo)

» We can choose ¢ = ¢). The same result holds under the
condition:

)
Ef\;l—w) Tr((_A)90/2(_C)—1 le/2) N 07

for some § € (0,7 —1/4).

P> With the noise constructed by Flandoli and Luo, this amounts
to:
E/\/N‘B —0

for some 5 > 0.



2D Surface Quasi-Geostrophic equations
In vorticity form on T?:

1

gt =~ ((vB26 4 iV Ve

1 1
= ((FOE+ (w20t = (- Vi = 005 V) o

1

+617th7
up= —VH(=A) Vg,
Vs VH(a)

> H=L3(T%), Au= (—vA)'2, b(&,n) = V(=A) 12V,
> We obtain convergence to:

d&t = A&dt + b(&, & )dt + b((—C)_lQl/2 o dWt, &) + b(r, & )dt

with r = /(—C)_lb(w, w)dpu(w).



The primitive equations

du§ = vAuidt — (uf - Vy)uidt — vid,uidt
—e V2 (yi - Vy)ugdt — € V2 wio,updt + Vpidt,
dyf = e 1Cyfdt + vAycdt — (uS - Vy)ysdt — vid,yfdt
—e V2(yg - Vy)yfdt — e Y2wi0 yfdt + eV 2dW + Viqsdt,
9zp; =0, 0zq; =0,
divxug + 0zvi = 0, divkyy + 0wy = 0,
We define:

H = {u e [L3(T9))9 1 /Td u(x, z)dxdz = 0, /01 diveu(x, z)dz = o} :

and with v(x,z) = / diveue(x, 2')dz":
0 1
(Mu)(x,z) = u(x,z) — / u(x,z')dz,  Au=vAu,
0

b(u,u') = —N(u-Vy)u' — v,  QY?*W =nw,



We prove convergence to

du; = Aupdt + b(ug, ug)dt + b((—C) QY2 o dW,, u;) + b(r, u;)dt
= vAuedt — M(ue - Vy)updt — Ny, updt
—N((—=C)7*QY2 o dW; - Vy)u; — Mdw,; 8, uydt
— N(r - Vx)urdt — Nqo,u.dt,

with the Ito-Stokes drift r = [(—C)~'b(w, w)du(w) and where
v, w, q are defined implicitly by the incompressibility conditions

divgue + 0;ve = 0, divg(—C) L QY2 W, 4 8,wy = 0,  diver + 0, = 0.

We need stronger assumptions on C.



