Construction of Bolzmann and Mc Kean Vlasov
flows

(the sewing argument)

Viad Bally and Aurelian Alfonsi

University Marne-la-Vallée

3 june 2022

In honor of Marta



1. Bolzmann type equations

| 4 #(@)fs.(da) 1)
= [ e@o@)+ [ (Vo). bz, for), ) da

[ Fd) o) [ (et (w2, 02)) — 0(@) A(0, 2, )u(d=)dr

We look for a family of probability measures fs ¢;(dv), s < t which verify the above weak
integro differential equation.

a. If the coefficients does not depend on f ¢ this is a Bolzmann type equation.

b. If fsr(dv) is a given (known) gsr(dv) and the coeffieints depend on fs; this is a
McKean Vlaso type equation



2. Stochastic equation

We consider the stochastc equation

t
Xop= X + / b(Xs.r, £(Xsr))dr (2)
S

t
* /S /RdXEXR+ C(/U, “ XS’T_’ E(XS’T))1{US’Y(U>Z7XS,T—)}NE(X57T)(dv7 dZ, d’U,, d’l“)
(3)

With NE(XS,T) a Poisson point measure with compensator

]/V\E(XS (dv, dz, du, dr) = L(Xs,r)(dv)p(dz)dudr

This represents a "probabilistic representation" (Tanaka) for the solution of the weak
eqaution :

fs;r(dz) = L(Xs,r)(dx)



3. Flow solution (a new formulation of the problem)

P1 = {p probailiy, /Rd |z| u(dx) < oo}

Wi(uv) = sup | [ fdu— [ fdv

[V fI<1

Folws of endomorphisms

E€={0:P1— P},
W1(6 o’
d*(e,el) — Sup 1( (p)7 (10))
pcP; 1 + fRd x| p(dx)
Then (P1, W1) and (&, d«) are complete metric spaces.




One step Euler scheme : Given p € P; we take X ~ p and construct
Ys,t(p) = X +b(X, p)(t — s)

t
i /s /Rdex]R+ c(v, 2, X, p)L{u<y(v,2,x)} Npldv, dz, du, dr)

Then define ©5+: P; — P by

p — Os1(p) = L(Ys,1(p)).

Theorem (flow solution) There exists a unique flow 05 € £, s < t, such that

Ost = 0rt00sy s<r<t (flow property)
and

di(0s.t,Os.1) < C(t — 5)°.

Moreover, 0 +(p) solves the weak equation (1) and admits the stochastic representation
(2). We call 05+ the "flow solution"



Remark 1 A simlar point of view has been introduced by Devie in the framework of rough

path equations.

Remark 2 The construction of the flow solution is done as limit of the Euler schemes :
@Zt = esn_l’sn O ....0 @30731 7) = {S — S0 < ....< 8p = t}

Then
d«(0s5¢,©;) < CO(t — s) x max (si11 — 5;).
1=1,n

Remark 3 : Uniqueness of the solution of the weak equation is a difficult problem -
for the flow solution we have uniquenss easely : there exists a unique solution constructed
as limit of Euler schemes (but this produces just "one possible solution" of the weak

equation).

Remark 3 : Stability

W1(0s,t(p), 0s,t(£)) < C(t — s)W1(p, §).



Sewing Lemma (Feyel De la Pradele, et independement Gubinelli 2004) Take V' abstract
set and consider the endomorphisms

E(V)={©:V —- V} endomorhisms
d« = metric on £(V) such that (£(V), dx«) is complete.

In our case : V' = P; and O ¢ is the one step Euler scheme. We construct Euler schemes

@Et = esn_l’sn O ....0 @50,31 7’-) = {S — 50 < ....< 8p = t}

We consider ©5+ € £(V'), s < t which has the following two properties :
Lipschitz d«(©,0U,07, 0 U') < Cdu(U,U’) VU, U’ € £(V).
And SEWING property

dx(©s,t,Ort00syr) < C(t — 5)1Jrg Vs < r < t.

Sewing Lemma Under the above hypothesis there exists a unique 05, € £(V),s < t,
which has the flow property 05+ = 0.t 0 05+ and such that d(©s ¢, 0s ) < C(t — 8)1+€.



Proof of the main result : X ~ p

Ys’t(p) =X + b(X7 p)(t T 8)
t
i / /IR{dex]R+ c(v, 2, X, ) {u<y(v,2,x)} Npldv, dz, du, dr)

Then define @, : Py — Py by p — O54(p) = L(Ys(p))-

Lipschitz Take INM(p, p) optimal coupling of p and p and (X, X) ~ M(p,p). Then
W1(©s,1(p), ©s.(p)) < E |Ya 1(p) — Ye1(p)|
<E|X -X]| +C/:E|X — X| + Wa(p, p)dr
< Wilp; p) x (1 + C(t — s)).

We concatenate

W1(©ZF4(p), ©F1(p)) < Wi(p,p) x e“l17)



Sewing Property One takes s < r < t and writes

t
YVii(X) =X -|—/8 /Rdex]R+ c(v,z,X)l{ug,y(v,z,X)}Np(dv,dz,du, dr)

t
=7 —|—/T /RdexIR{+ (v, 2, X) 1y <y (0,2, x 3 Np(dv, dz, du, dr)
with
.
Z =X —I—/S /IRidexIR%+ c(v,z,X)l{u§7(07z,X)}Np(dv,dz,du, dr)
Notice that
4~ @3,7“(,0).

Then write
t
Yr,t(Z) =/ + /T /]RdexR_F C(’U, 7 Z)l{ugfy(fu,z,Z)}N@s,r(p)(dv7 dz, du, d?“).

Then, standard computations give

t
B[Ys(X) = Yit(2)| < C | BIX = 2]+ Wi(p, ©ar(p))

<Ct—r)E|X—-Z| <C@{t—-r7)(r—-s).




Since
Ys,t(X) ~ es,t(p) and Yr,t(Z) ~ er,t O esﬂ“(ﬂ)
we get

W1(©s,4(p); Ort 0 Osr(p)) < E |Ys 1(X) — Yri(2)
<C(t—r)(r—s)<C(t—s).

Remark Finite variation :

E

VarX) Yaron(Z) ~ b xR

If a maritgale term appears then

E

Yo X) = Yy ppn(Z)| ~ b2 = B2 xpM2=p



Particle systhem approximation. For s = 1,.... N

. | N
X1 = X+ 0(Xps 7 2 5xi)(skr1 — i)
=

N
Sk+1 ;1 | | .
+Lk /IRdXEX]R+ C(,U7Z7Xk’N;5X£)1{U§’Y(U,Z,XIZ€)}Nk(d,U’dz7du7 d?“)

with
. 1 N
Ni(dv,dz,du,dr) = (N Z 5Xli(dv)) X p(dz)dudr
1=1
Theorem
1 & 0 C C
By 32 1060) = [ £@)0ule)da)| < i+ -




Homogenous Bolzmann equation

vi o — i / / A(2)(VE — v)1 . aw Ni(dv, dz, du, d
L N NV — Oy Vil s €2, s, )
with
]/V\]i(dv, dz,du,dr) = Ly,i(dv) X p(dz)dudr
k

Inhomogenous Bolzmann equation
X1 = X+ Vi(sk41 — s)
and
i 1/ S’f+1/ i | | i
Vi1 = VkJr/sk, Rix ExR. AR V=V fug|vi—o | X —a| < Ry V{0, 7), d2, du,.
with

Ni(d(z,v), dz, du, dr) = (£ xp,vip(d(z, ) X p(d2)dudr



Inhomogenuous equation with min field interaction

- . Sk+1 -

Vi, = Vit / / A(2)(VE — )1 i lenl _xJ

1 = Vet [ Jramsr, T T O g vimo 0 st S ne(xi-x))
Ni(d(v,x), dz, du, dr)



