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1 Basic elements of stochastic

calculus via regularization

1.1 The covariation.
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Remark 1 Let X,Y (cadlag) semimartingales.
1. |X,Y] is the usual (square) bracket.

2. If X is such that | X, X| exists then X is said to be a
finite quadratic variation process.
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Remark 2 One defines also various stochastic
integrals (via regularization).

P, ommm mmd VImdlmim [40N04 40NN

Russo and Vallois [1991, 1993]

The calculus is pathwise in the spirit, still probabilistic in
the facts.

In this talk we avoid the complications due to
multidimensional aspects.

Connections with rough paths integrals (Gubinelli, Friz and
coauthors ). see Ohashi et al. [2021].
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2 Weak Dirichlet processes

2.1 History and notion

In the case of continuous processes.

M. ERRAMI AND F. Russo (2003) n-covariation, generalized
Dirichlet processes and calculus with respect to finite cubic
variation processes. Stoch. Process. Their Appl.

F. Gozzl AND F. Russo (2006) Weak Dirichlet processes with
a stochastic control perspective. Stoch. Process. Their

Appl.
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C%1-chain rule of It6 type, when X continuous with finite
quadratic variation.

Path-dependent framework

N ) -~ NNA4N] | ~nZm b ~I [AN40O
Di usso [2012], Leao et al. [2018],
Bouchard et al, [2021]
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In the case of cadlag processes.
F. COQUET, A. JAKUBOWSKI, J. MEMIN, L. SLominskI (2006)
Natural decomposition of processes and weak Dirichlet

processes.
Lecture Notes in Mathematics. They have introduced the

notion of what we call Special weak Dirichlet processes without
mentioning it.
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Definition 3 Bandini and Russo [2017].
We consider a "usual’ filtration T, which will be often
omitted, when self-explanatory.

A process X is said to be a weak Dirichlet process (resp. a
(special weak Dirichlet process) if it admits the following.

1. X =M+ A,
2. M local martingale,

3. A adapted (resp. predictable) and martingale

orthogonal, i.e., |[A, N| = 0 for every continuous local
martingale N.

4. Ay = 0.
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Remark 4 Basic examples of martingale orthogonal processes.

A purely discontinuous local martingale.

A cadlag bounded variation process.
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Remark 5 1. The decomposition of a special weak
Dirichlet process is unique.

2. Generalization of the notion of special semimartingale.

3. Generalization of the notion of Dirichlet process
([A7 A] — O) .

4. The notion of Dirichlet process not adapted in the jJump
case. Indeed [A, Al = 0 implies that A is continuous.

5. The decomposition of weak Dirichlet is generally not
unique. As for cadlag semimartingales one has
uniqueness only after cutting big Jumps.
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2.2 A new unique decomposition

This decomposition is also new and useful for
semimartingales.

Remark 6 Any local martingale M can be uniquely
decomposed as the sum of a continuous local martingale
Mc¢ and a purely discontinuous local martingale M¢ such
that M@ = 0, see Theorem 4.18, Chapter I, in

Jacod and Shiryaev [2003].

A decomposition for weak Dirichlet processes is not

unique, but the result below proposes a particularly natural
one, which is unique.
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Proposition 7 Let X be a cadlag F-weak Dirichlet
process. Then there is a unique continuous IF-local
martingale X°¢ and a unique F-martingale orthogonal
process A vanishing at zero, such that

X =X"+A. (1)
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Proof. Existence. Since X is an F-weak Dirichlet process,
it is a process of the type X = M + I', with M an F-local
martingale and I' an F-martingale orthogonal process
vanishing at zero. Recalling Remark 6, it follows that X
admits the decomposition

X =M+M'+T, 2)

that provides (@) by setting A := M? + T and X¢ := M¢.
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Uniqueness. Assume that X admits the two
decompositions

X=M+A" X =M+ A*

with M*, M? continuous F-local martingales and A*, A*
[F-martingale orthogonal processes vanishing at zero. So
we have 0 = M! — M? + A — A2, Taking the covariation of
previous equality with M — M?, we get

(MY — M? M' — M?] = 0. Since M' — M? is a continuous
martingale vanishing at zero we finally obtain M*! = M?
and so Al = A2, n
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3 Motivations and examples

Irreqular Markov processes solutions of SDEs with
distributional drift with jumps.

Solutions of (even continuous) path-dependent SDEs

with distributional drift, see Ohashi et ai. [2020D0].
(Path-dependent) Bessel processes, see Onashi et ai.

NANNN ~
[20204a].
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Applications in verification theorems in stochastic
control, see Gozzi-and Russo [2006b], in the
continuous framework.

ldentification problem in BSDEs driven by random
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4 Stochastic calculus for
discontinuous weak Dirichlet

processes

4.1 Some preliminary notations

Let X be a cadlag process.

1x Will denominate its jump measure)

pX(dtdr) = Y Tiax,op O(s.ax,)(dt dx).

O<S<T
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We denote by v* = v*" the compensator of u*, see
Jacod and Shiryaev [2003] (Theorem 1.8, Chapter Il).
The dependence on P will be omitted when
self-explanatory.

For a random field (W;(x)) one denotes

W, = / Wi(z) X ({t} x dx), W, = / Wi(x) X ({t} x dz) — W,

If previous integral make sense.
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A™ (resp A ) the collection of all adapted integrable

iIncreasing (resp. adapted locally integrable)
processes.

P: predictable random fields on Q x [0, 7] x R.
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For every ¢q € |1, o[, we also introduce the linear
spaces

G'(%) = {W e P Vs 20 [ [W(s.0)|v (s} ¥ B) < .

Giro (™) = {W € P+ Vs >0 /R!W@,a:)\vX({s} X R) < o0,

e e}
s<.
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We also introduce the norm ||W || z2(,.x) == E[|W]* % v7]
and the space £*(pX) == {W e P HWHEQ ) < 00}
We have

L. C Give C Gioe
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Given a random measure v We define

W*V—/ Ws(x) v(ds x dx).

If W € G _then the purely discontinuous local
martingale W x (ux — vx) is well-defined.

I |W| % pux € A (locally integrable) then |W|xv € A
and

loc

W*(MX_VX) :W*IMX—W*VX.

If W e G2 then W % (ux — vx) is a square integrable
local martingale and it admits an oblique bracket.
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4.2 Truncation functions

Similar to the case of a semimartingale.

IC: the space of truncation function. Typical example of
keKis

k(CIZ) — :Cl{xéa},
for some a € R.
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4.3 Some typical assumptions

Let X be a cadlag process, v : [0,7] x R — R locally
bounded.

Assumption 1 (Square-jumps)

Y |AXP < oo as. (4)

s<-

Notice that condition @) is equivalent to ask that
(1A |z)?) % u™ € A, where u* is the jump measure related
to X defined in @).
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Assumption 2 (Basic-G1)

v(t, X;) is a cadlag process, and for every t € |0, T1,
Av(t, Xy) = v(t, Xi) —v(t, Xi-); (5)

1k e K st (v(s, Xs_ +2) —ov(s, X)) Mz) € Goo(1t™).

T
(6)
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Remark 8 1. Ifv is continuous, then the pair (v, X)
obviously fulfills (5).

2. Ifv e C% ([0, T] x R) then Assumption (Basic-G1) is
fulfilled.

3. Nevertheless Assumption (Basic-(GG1) is verified in
many other situations, for instance if (v(t, X;) has
bounded variation (vanishing continuous local
martingale component).
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4.4 Characteristics of a weak Dirichlet

process.

Subtraction of large jumps.

Let X be an F-weak Dirichlet process with jump measure
u” satisfying Assumption (Square-jumps). Given k € K, by
Corollary

XF =X =) [AX, - k(AX,)]

IS an [F-special weak Dirichlet process with unique
decomposition
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XF =X+ kx(u* =0+ B, (7)
where

X ¢ 1s the unigue continuous F-local martingale part of
X introduced in Proposition [7; we set C* := (X¢).

B*% is a predictable and F-martingale orthogonal
process.

(B®*, CX,v*): Characteristics of the weak Dirichlet
process X.

Remark 9 When X is a semimartingale, B** is a
bounded variation process, so in particular F-martingale
orthogonal.
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4.5 Characteristics and Ito formula for

semimartingales.

Classical framework. X IS a semimartingale with
characteristics (B**,C*, v*) and v € C12(]0,T] x R).

Proposition 10 (1t6 formula.) Let f : [0,T] x R be a

bounded function of class C1'#, X a cadlag
semimartingale. Then
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f(t, Xy) f(O,XO)+/O c?sf(s,XS)ds—k%/O &mf(s,Xs)dC';X

t
i / D, f(s, X,) dB*X
0

S, Xe +x) — f(s, X4
I NUCCESECR S
+ k(2)0,f(s, X,_))v™(dsdz), tel0,T).

Underlying idea. To find substitution tools when f is not
smooth and X is not a semimartingale.
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4.6 A first fundamental chain rule

Theorem 11 (First-chain-rule) Let X be a cadlag and
[F-adapted process satisfying Assumption (Square-jumps).

Letv: R, x R — R be a locally bounded function such that
(v, X) satisfies Assumption (Basic-G1).

LetY, = v(t, X;) be an F-weak Dirichlet process. Then, for
every k € K, one can write the decomposition

Y = VMR () (s, X, ) —o(s, X, ) R
(8)
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with

M*F = (v(s, Xo_ + 1) — ”U(S,XS_))%@ * (s —v)  (9)

and I'*(v) a predictable and F-martingale orthogonal
process.
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Remark 12 (i) Sufficient conditions forY to be weak
Dirichlet are given in Theorem (Stabllity-weak-Dir).

(i) Notice that, T*(1d) = B**.
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Taking k(z) = zlf;<q in Theorem (First-chain-rule) we get
the following result.

Corollary 13 Let X be a cadlag F-adapted process
satisfying Assumption (Square-jumps). Letv : R, xR — R
be a locally bounded function, such that (v, X) satisfies

Assumption (Basic-G1). Assume moreover that, for some
a < R_|_,

IAX;| <a, VteR,. (10)

Then, ifY; = v(t, X;) is an F-weak Dirichlet process, then it
Is an [F-special weak Dirichlet process.
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Corollary 13 with v = Id gives in particular the following
result.

Corollary 14 Let X be a cadlag and F-adapted process
satisfying Assumption (Square-jumps) and [{0). Then, if X
Is an IF-weak Dirichlet process, it is an F-special weak
Dirichlet process.
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In fact it is also not difficult to prove the following.

Theorem 15 Let X be cadlag and F-adapted process with

bounded jumps satisfying Assumption (Square-jumps).
Letv: R, xR — R be a locally bounded function such that

(v, X) satisfies Assumption (Basic-G1).
SetY, = v(t, X;), and assume that Y is an IF-weak Dirichlet
process. ThenY is an F-special weak Dirichlet process if
and only if

Assumption 3 (Cond-Special-Weak)

Ja € Ry s.t. (s, Xs— +2) — v(s, Xo—| Ljjz>ar * € A|oc
(11)
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Remark 16 /fv is bounded and X is a cadlag and
F-adapted, then Assumption (Cond-Special-WeakK) is
satisfied.

Theorem 13 with v = Id gives in particular the following
characterization.

Corollary 17 Let X be an F-weak Dirichlet process
satisfying Assumption (Square-jumps) Then X is an
F-special weak Dirichlet process if and only if

Jda € R, s.t. $H{|m|>a} *,uX c .AF;C. (12)
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Theorem 18 (First-chain-rule-special) Let X be a cadlag
and F-adapted process satisfying Assumption
(Square-jJumps).

Letv: R, xR — R be a locally bounded function such that
(v, X) satisfies Hypothesis|Basic-G1. LetY, = v(t, X;) be
an F-weak Dirichlet process.

Assume moreover that the pair (v, X') satisfies Assumption
(Cond-Special-Weak). Then the F-special weak Dirichlet
process Y; = v(t, X;) admits the unique decomposition

Y =Y+ (u(s, Xoo +2) —v(s, X)) * (" —v) + T,
(13)

with I' a predictable and F-martingale orthogonal process.
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Remark 19 Let X be a cadlag and IF-adapted process
satisfying Assumption (Square-jumps). Letv : R, xR — R
be such that (v, X') satisfies Assumption (Basic-G1)). Ifv is
moreover a bounded function, by Remark |18 Assumption
Cond-Special-Weak) is satisfied as well, and Theorem
First-chain-rule-special) holds true.

—

—
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Theorems (First-chain-rule) and (First-chain-rule-special
with v = |d give in particular the following result.
Corollary 20 Let X be an F-weak Dirichlet process
satisfying Assumption (Square-jumps). Let X° be the
continuous martingale part of X. Then, the following holds.

(I) Letk € IC. Then X can be decomposed as

X = X4k(x) »(1X =) +TFId)+ (2 —k(2)) xp 5. (14)

(i) If @2) holds, then the F-special weak Dirichlet process
X admits the decomposition

X=X4zx(u*—v*)+T (15)

withT' := Fk(ld) -+ xs]liﬂr%nL?leI * VX,
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4.7 A relaxed notion of finite quadratic

variation

Definition 21 A cadlag process X is said to be a weakly
finite quadratic variation process If there is ¢, > 0 such that
the laws of the random variables | X, X|“?(T), 0 < ¢ < &y,
are tight.

Below, £ > 0 will mean 0 < ¢ < ¢, for some 5 small
enough. For instance, a family (Z.).-, of random variables

will indicate a sequence (Z.)p<-<<, for some ¢, small
enough.
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Remark 22 A finite quadratic variation process is a weakly
finite quadratic variation process. Indeed, if

(X —X)? '
[; Eetan=2 45 converges u.c.p., the random variable

X, X|“P(T) converges in probability, and so it also
converges in law.
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Remark 23 We set, fore > 0,

/T (X(8+6)/\T - Xs)QdS
0 € |

Suppose that either
(I) sup..gZ. < 00 a.s.

(i) sup.-o E|Z.] < o0.
Then the family of distribution of (Z.).~q is tight, so X Is a

weakly finite quadratic variation process.
Proposition 24 If X is a weakly finite quadratic variation
process, then Assumption (Square-jumps) holds true.
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4.8 (C"!-chain rules for semimartingales and

weak Dirichlet processes.

Below we give a significant generalization of Proposition
3.10 in Gozzi-and Russo [2006a], where the result was
proven when X is continuous and of finite quadratic
variation.

When X is cadlag, even in the case when X is a finite
quadratic variation process, the result is new.
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Theorem 25 (Stability-weak-Dir) Let X be an F-weak
Dirichlet process with weakly finite quadratic variation. Let
v: R, x R — R be a function of class C"'. Then

Y, = v(t, X;) is an F-weak Dirichlet with continuous
martingale component

Y¢ =Y+ / 0,v(s, Xs) dXE. (16)
0
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Idea of the proof.

We aim at proving that, for every F-continuous local
martingale N,

(-, X), N|; = /Ot o,v(s, Xs)d| X, Nl,, tel0,T]. (17

As a matter of fact, this would imply that

A(v) :=v(-, X) — Y*°is martingale orthogonal, and
therefore by additivity v(-, X') is a weak Dirichlet process.
Then (@) would follow by the uniqueness of the continuous
martingale part of Y.
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A consequence of Theorem (First-chain-rule) and Theorem
((Stability-weak-Dir)) is the following.

Corollary 26 (Stab-Special) Let X be a weakly finite
quadratic variation weak Dirichlet process.

Let v of class C"! fulfilling Condition (Cond-Special-Weak).

ThenY = (-, X) is a special weak Dirichlet process and

Y = Y, +/ 0, v(s, Xs)dX®
0
+ (s, Xoo +2) —v(s, X,_)) * (u* — ™) + T,

with I" a predictable and F-martingale orthogonal process.
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5 BSDEs: the identification problem.

5.1 General mathematical context

Probabillistic tool for representing semilinear PDEs
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PDE:

Osu(s,x) + Lsu(s,x) + f(s,z,u(s,z),00,u(s,z)) =0
18
u(T,z) = g(z), 5 € [0,T],2 € E =R, "o
where L, is the generator of a diffusion of the type
dX, = o(t, Xy)dW, + b(t, Xy)ds, X, = . (19)
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BSDE: (19) is coupled with

T T
Y, = g(X7) + / f(r, X,,Y,, Z.)dr — / Z.dW.,.. (20)
/ /

The link is the following.
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1. If v is a classical solution of ([I8) then
}/t = U(t, Xt)a Zt = U(t, Xt)axU(t, Xt)

provide a solution to (20) (It formula).

2. Viceversa if, given (s,z) € [0,T] x E'and X** is given
by @9), (X%, Y** Z5%) is a solution to (20), then
u(s,x) = Y?>" is a viscosity solution t0 (18).
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What about v(s, z) := Z5*7
If u is of class C%! then v(s,z) = o(s, x)d,u(s, x).

What happens in the case of a BSDE driven by
continuous martingale (for instance a Brownian
motion) and a random measure?
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5.2 BSDEs driven by a random measure.

More specifically

BSDE driven by a compensated random measure and a
continuous martingale /V.
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Let ¢ be a non-decreasing, adapted and continuous
process, and a predictable random measure A on
(2 x [0,7T] x R. Given a BSDE driven by a random measure

1 — v and a continuous martingale M of the type

~

f(s,Ys_, Us(e))\(ds de)

1t, T]xR

Y, =¢ +/ g(s,Ys—, Zs)d(s +/
Jt, 1]
_ / Z.dM, — U (e) (i — v)(ds de), 1)
16,17 ¢, T]xR

its solution is a triple of processes (Y, Z,U(-)).
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5.3 The identification proble

m

Suppose that the component Y of the solution can be

expressed as Y; = v(t, X;) for some v
cadlag process X, the identification p
expressing Z and U(-) in terms of v.

(i) Being Y; = v(t, X;) a solution to a

and some adapted
roblem consists Iin

BSDE, it is a special

weak Dirichlet process, and therefore (v, X) satisfies

Assumption (Cond-Special-Weak)).

Then, if Assumption (Basic-G1)) h

olds for (v, X), then

Theorem (First-chain-rule-special

) allows to identify

U(-).
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More precisely, this provides

Ue)x(p—v) = (v(s, Xe— +2)—v(s, X)) (™ —v7™), a.s.
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(ii) Suppose now for simplicity © = ¢, even though this
can be generalized. This provides

H(x)*(p* —v*)=0, a.s.,

with H(z) :=U(zx) — (v(s, Xs— + ) —v(s, Xs_)). If
H € G2.(1), then the predictable bracket of
H(e)  (u* — v*) can be calculated.
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AI n. TW_N_N_N

This gives (see Proposition 2.8 in Bandini-and
[2018]) that there is a predictable process (/) such that

Hy(x) = Ig(s) dPv*(dsdz) a.e.

where
K :={(w,t): v*(w,{t} xR) =1}.
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(iii) If v € C%! then one can show (by Corollary
Stab-Special)) identifying the continuous local
martingale component of the BSDE) that

d[X, M]
d[MyM]>s’

Zs = 0v(s, Xy) (

d|M] x dP a.e.
(iv)
If M is a Brownian motion and [X, X|, = [ 0(s, X,)ds

0
then
Zs = 0v(s, Xs)o(s, Xy), dsdPa.e.
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6 General (possibly path-dependent)
martingale problems with jumps.

6.1 Definition

D(0, T'): cadlag functions on |0, 7.
D_(0, T): caglad functions on [0, T'.
B(]0,T]): bounded functions on [0, 7.
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Givenn e D_(0, T), (resp. ¢ € D(0, T')), we will use the
notation

i(s) = { n(s) ifs<t,

n(t) ifs>t

and
n, =n(s—),s€[0,T]
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We will make use of the following for a triplet (D, A, ).

Assumption 4 LetD C C", A: D — D_([0, T]; B([0,T])
be a linear map, together with the map

v:10,T] xD_(0, T) — R be such that, for every
neD_(0,T),~(-,n) is of bounded variation.

We also suppose the non-anticipating property holds for A
and~, i.e, foreveryv € D,n € D0, T),t € [0,T],

(Av)(t,m) = (Av)(t, "),
y(tm) = y(t 7).

where we have denoted

(Av)(t, ) := (Av)(n)(t).
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Definition 27 Fix N € N. Let
D:=D, C CY,

A; : Dy — D_(0, T); B([0,T]) and
v : [0, T] x D_(0, T) = R, i=1,..., N, satisfying
Assumptionl4. Foreveryv € Dy, n e D_(0, T), we set

N

(Av)(ds,n) := Z ANv(s,m) vi(ds,m). (22)

1=1
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Definition 28 Let (Av)(ds, ) as in Definition27. A process

X Is said to solve the martingale problem (under a
probability P) with respect to A, D, and x, if the following

conditions hold:
(i) Assumption (Square-jumps) holds under IP;

(i) for any v € D4 and bounded, the process

M} = v(t, Xy) —v(0,x9) — /Ot(Av)(ds,Xs) (23)

is an (F*)-local martingale under P.
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When the problem is "Markovian” (non path-dependent)
then

(Aw)(dt,n) = Owu(t,n(t)) + Lu(t,n(t))
and
Da=C'([0,T};Dy),

where £ : D, C C(R) — C(R) and D, is equipped with the
graph topology.

Remark 29 Solutions of martingale problems: typical
examples of weak Dirichlet processes.
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6.2 Examples

6.2.1 Semimartingales

Let B* be an predictable process with bounded variation
on the canonical space, with finite variation on finite
intervals, and BY = 0, C be an adapted continuous process
of finite variation with C, = 0, and v be a predictable
random measure on R, x R with decomposition

v(w,dsdx) = ¢s(w, dx)x(w, ds).

Let X be an adapted cadlag real semimartingale with
characteristics (B*,C, v).

Semimartinaales with iumps. weak Dirichlet orocesses and nath-dependent martinaale problems. — n. 70/83



Then (X, P) is a solution of the martingale problem in

Definition 28 with respect to A, D4 and x,, with D4 = C,?
and

(Af)(ds,n)

00 f (5 1)ds + 502,/ (5,1,) d(C o),
axf(S, 773) d(Bk O 77)3
/R (F(sms + ) — f(s,m5)

—  k(z)0.f(s8,m5)) ¢s(n,dx)dxs(n), neD_(0,T).

+ -
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6.2.2 Weak Dirichlet processes derived from

semimartingales

Let X be a weak Dirichlet process with characteristics
(B*,C,v).

Assume that there exists h € C%!, h(t, -) bijective and
h(t, X,) is a semimartingale with characteristics (B*, C, v).

Then (X, P) is a solution of the martingale problem in
Definition 28 with respect to A, D4 and x, with

Di={feC): for'teC*

and, for every v € D_(0, T,
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(Af)(ds,)

Os(f o h™") (s, (s, 7s))ds

%aﬁx(f o h™1)(s, h(s,7s)) (Ouh(s,75))* d(C o),

Ox(f 0 h™1) (s, h(s,7s)) d(B" o h(-,7))s
(f(s,7s +2) — f(5,7s)
k(h(8778 =+ ZC) o h(Svfys)

_ 0. (s, s (7, dx)dy
o5 ) f(5,7s)) &s(v, dx)dx.(

+ 4+ +
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6.2.3 Discontinuous Markov processes with

distributional drift

We have studied existence and uniqueness for a
martingale problem with distributional drift in a
discontinuous Markovian framework.

Let £ € K be a continuous function. Let 5 =38 : R - R
and o : R — R be continuous functions, with ¢ not
vanishing at zero. We consider formally the PDE operator
of the type

1
Lip = 5079 + 5 (24)
in the sense introduced by Flandoli-et-al. [2000, 2004]. In

particular we suppose the following.
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Assumption 5 1. There is a function

X(x) =2 / %(y)dy (25)
o O
In some sense, generally by smoothing.

2. The function X in @25) Is upper and lower bounded, and
belongs to C}3..
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Let D;, be the set of f € C' such that there is ¢ € C! with
f'=e*¢. Forany f € D, we set
2

Lf = ?(ezf/)/e—z.

This defines without ambiguity L : D, c C* — C°. We also
define

DL = DL M O|1+a M C(?, (26)

oC
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equipped with the graph topology of L, the natural topology

of C .t and the uniform convergence.

Then we consider a transition kernel (-, dx) from

(R, B(R)) into (R, B(R)), with Q(y,{0}) = 0, satisfying the
following condition.

Assumption 6 The mapy — [(1 A |z|'™) Q(y,dz) is
continuous in the total variation topology.
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For every f € D,, we finally introduce the operator

LFy) = Lfy) + / (Fly+2)— F) - k(@) ') Qy. do),

R\0
(27)
that we assume to take values in CV.
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Theorem 30 Under Assumptions |5 and 6, the martingale
problem in Definition28 with respect to D 4, A and x, € R
admits existence and uniqueness.
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6.2.4 Continuous path-dependent SDEs with
distributional drift

In Ohashi et al, [2020b] one investigates the martingale
problem related to a path-dependent SDE of the type

dX, = o(X)dW,(8(X,) + (¢, X1))dt, (28)

where I' : [0,T7] x D(0, T') — R is a bounded Borel
functional (for o and 3 we refer to the notations of previous
example).
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Consider the operator L : D;, — C(R), with D, as before.

Proposition 31 Let (X, P) be a solution to the martingale
problem above. Then (X, P) is a solution to the martingale
problem in Definition 28 with respect to

D4 = CY(]0, T); D), A and xq, with

(Av)(ds,n) = (Osv(s,n(s) + Lu(s,n(s)) + I'(s,n°)Ozv(s, n(s)) ds.
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6.2.5 The PDMPs case

We omit the detalils.
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