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Abstract

KAM theory owes most of its success to its initial motivation: the application to problems of
celestial mechanics. The masterly application was offered by V.I.Arnold in the 60s who worked out a
theorem, that he named the “Fundamental Theorem”, especially designed for the planetary problem.
This is the problem of 1 4+ n point masses, one “sun” and n “planets”, undergoing gravitational
attraction. However, Arnold’s Fundamental Theorem could be really used at that purpose only when,
about 50 years later, the “right” canonical set was discovered. In these lectures I shall talk about the
complex interplay between perturbation theories and canonical coordinates in problems of celestial

mechanics.
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1 Some sets of canonical coordinates for many—body prob-
lems

1.1 (14+n)-body problem, Delaunay—Poincaré coordinates and Arnold’s
theorem

In the masterpiece [1], a young a brilliant mathematician, named Vladimir Igorevich Arnold,
stated, and partly proved, the following result.

Theorem 1.1 “Theorem of stability of planetary motions”, [1, Chapter III, p. 125]
For the majority of initial conditions under which the instantaneous orbits of the planets are
close to circles lying in a single plane, perturbation of the planets on one another produces, in
the course of an infinite interval of time, little change on these orbits provided the masses of the
planets are sufficiently small. [...] In particular [...] in the n-body problem there exists a set of
initial conditions having a positive Lebesque measure and such that, if the initial positions and
velocities of the bodies belong to this set, the distances of the bodies from each other will remain
perpetually bounded.

Let us summarize the main ideas behind the statement above.
After the symplectic reduction of the linear momentum, the (1 + n)-body problem with masses

Mg, M, ..., My, is governed by the 3n-degrees of freedom Hamiltonian (see Appendix A)
ey Z (|Yi|2 NiMi> Z (Yi Y m;m; ) (1)
1<i<n 24 | l| 1<i<j< 0 | i j|
< Jj<n

where x; represent the difference between the position of the i*" planet and the mass mg, y; are
the associated symplectic momenta, x-y = >, .5 2;%; and |x| := (x-x)'/2 denote, respectively,
the standard inner product in R? and the Euclidean norm;

mom;
= — s i= ; 2
pi= e Mi=mo (2)

The phase space is the “collisionless” domain of R3™ x R3"
{(yvx) = ((ylu"'7yn)a(xlw~~vxn)) st. 0 #Xi 7é Xj Vi 7&.7} ) (3)
endowed with the standard symplectic form
n n 3
w = Zdyl /\dXZ' = ZZdij A dxij
i=1 i=1j=1

where y;;, x;; denote the 4t component of y;, x;.
The planetary case is when my, ..., m, are of the same order, and much smaller that mg. In such
a case, letting m; — um;, y; — py;, with 0 < y < 1, one obtains

_ lyil> M Yi'yi  mimy
o= Z( ) 2 m Ixi — x| @

1<i<n 24 1<i<j<n 0

with e

01
= — M;:=m m; 5
mo + m; ’ [ an My ( )

Consider the two—body Hamiltonians
yil*> M

hi(y:,x;) := — . 6
Z(yl7xl) 2#1 |Xz| ( )



Assume that h;(y;,x;) < 0 so that the Hamiltonian flow ¢7;u evolves on a Keplerian ellipse &; and
assume that the eccentricity e; € (0,1). Let a;, P; denote, respectively, the semimagjor axis and
the perihelion of &;. Let C; denote the i*" angular momentum

Ci(y;,xj) ==%i X yi. (7)
Define the Delaunay nodes

and, for u,v € R3 lying in the plane orthogonal to a vector w, let ., (u,v) denote the positively
oriented angle (mod 27) between u and v (orientation follows the “right hand rule”).

The Delaunay action—angle variables
Detaa = (2, G, A, (8, £) 9)
with
Z=(Z1,...,7y), ¢=(C,--5Cn)
G=(Gr,....Gn), g=(91,--,9n)
A=(A1,...,Ay), L= (l1,...,0)

are defined as

{ Ai := piv/Mia; { Gi = |Ci| = Ain/1 — €7

¢; == mean anomaly of x; on &; gi := ag,(n;, P;)

Ci = Oék(i/fbi) (10)

The Poincaré variables
Poine := (0, p, A), (£,9,A))
with
=M M) &E=(&,..-, &)
P=(P1--Pn); 4= (d1;--5dn)
A=Ar Ay, A=)
with the A;’s as in (10) and

0G0 ni = v/2(Ai — Gi) cos (G +gi)
NE G { &= —2(A — Gy) sin (G + gq)
(11)

pi = V2(Gi — Z;) cos(;
4 = —v/2(Gi — Z;) sing¢;

In Poincaré coordinates the Hamiltonian (4) takes the form

HP(Aa >\a Z) = hK(A) + MfP(A7A7Z) y L= (nﬂp7 Ew q) € R47‘L (12)
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Figure 1: Delaunay coordinates Z;, (;, G;.
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Figure 2: Delaunay coordinates G, g;, ¢;.



where (A, A) € R™ x T"; the “Kepler” unperturbed term hy, coming from hp in (1), becomes

n n 3 2
i iy M;
he ==Y A (A) = — - (13)
1=1 i=1 ?

Because of rotation (with respect the k—axis) and reflection (with respect to the coordinate
planes) invariance of the Hamiltonian (1), the perturbation fp in (12) satisfies well known sym-
metry relations called d’Alembert rules, see [4]. By such symmetries, in particular, the averaged

perturbation

1
W fe(A, A z)dA (14)
T’V‘L

is even around the origin z = 0 and its expansion in powers of z has the form'

v (A z) =

.n2+£2
2

PP+
2

v = Co(A) + Qn(A) +Qu(A) +0(2*) , (15)

where Qy,, Q, are suitable quadratic forms. The explicit expression of such quadratic forms can
be found, e.g., in [8, (36), (37)].

By such expansion, the (secular) origin z = 0 is an elliptic equilibrium for f& and corresponds
to co—planar and co—circular motions. It is therefore natural to put (15) into Birkhoff Normal
Form (BNF, from now on) in a small neighborhood of the secular origin; see, e.g., [10] for general
information on BNFs for Birkhoff theory for rotational invariant Hamiltonian systems.

As a preliminary step, one can diagonalize (15), i.e., find a symplectic transformation defined by
A — A and

A=A+9(A7), n=pu(M7, &= pr(M)E, p=p,(A)P, a=ps(A)F, (16)
with pp,, p, € SO(n) diagonalizing Qp,, Q,. In this way, (12) takes the form
Ho(M A7) = hi(A) + pf(AA,7) (17)

with the average over A of f & given by

m

F (A7) = Co(A) + ) Qu(A)

=1

a2 + 92 i
S o), 2= (@) = ((p), G@).  (8)

with m = 2n, and the vector Q(A) := (o1(A),...,00(A),c1(A),...,6,(A)) being formed by the
eigenvalues of the matrices Qp and Q,,.

Theorem 1.2 (Birkhoff) Let H be a Hamiltonian having the form in (17)-(18). Assume that
there exists € > 0 A C R™ and s € N such that H is smooth on an open set MZmTn —
A x T x B2™ and that

DMk #£0 V= (ki,..., kn) €Z™: 0<|kly<2s, VAEA. (19)
i=0
Then there exists 0 < ¢ < & and a symplectic map (“Birkhoff transformation”)
Dy s (AL W) € M2 5 (AN, 7) € Dy(METF2m) C pEZmtn (20)
which puts the Hamiltonian (17) into the form
Hu (AL, W) := Hp 0 By = hy(A) + pufu(A, L w) (21)

19 . 4?2 denotes the 2—-indices contraction > j Qijuiu; (Qij, u; denoting the entries of Q, u).



where the average f2¥(A,w) an fsdl is in BNF of order s:

av 2s+1 u? + Ui2
V(A w)=Co+Q-r+Py(r) + O(Jw| ) w:i=(u,v) 1= 5 (22)
Py being homogeneous polynomial in v of order s, with coefficients depending on A.

In particular, if (19) holds with s = 4,

(A w) = Co(A) + Q(A) 747 7(A)r +O(wf) wi= (o) rii= " (23)

with some square matriz T(A) of order m (“torsion”, or “second-order Birkhoff invariants”).

Theorem 1.3 (“The Fundamental Theorem”, V. I. Arnold, [1]) If the Hessian matriz of
h and the matriz 7(A) do not vanish identically, and if p is suitably small with respect to ¢, the
system affords a positive measure set K, . of quasi—periodic motions in phase space such that its
density goes to one as € — 0.

Remark 1.1 (Arnold, Herman) It turns out that such invariants satisfy identically the fol-
lowing two secular resonances

n

w(h) =0, S (0i(A) +(A) =0 (24)

i=1
Such resonances strongly violate the assumption (19) of Theorem 1.2.

We remark that the former equality in (24) is mentioned in [1], while the latter been pointed
out by M. Herman in the 1990s. Note that (24) do not appear in the planar problem, because
the matrix Q,, hence the ¢;’s, do not exist in that case. Being aware of such difficulty, Arnold
completely proved Theorem 1.1 via Theorem 2.2 in the case of the planar three-body problem,
checking explicitly the non vanishing of the 2 x 2 torsion matrix for that case. However, in the case
of the spatial problem, the question remained open until 2004, when M. Herman and J. Féjoz [8]
proved Theorem 1.1 via a completely different strategy, which does need Birkhoff normal form.
We refer to [6] for more details.

1.2 The rotational degeneracy

In [1], Arnold wrote — without giving the details — that the former resonance in (24) was to be
ascribed to the conservation of the total angular momentum of the system:

C:ZCJ', Cj:Xijj. (25)

An argument which clearly shows this goes as follows. Using Poincaré coordinates, the planets’
angular momenta have the expressions

S MiHER pitad
SN/

C;, = ni+&2 pitq?
J _pj A _ J J _ J4 J
m-&-&z pj-s—qJ

\Fq]JrO |z|?)
= —/A pj+O|z

Ay +0(12f?)




In particular, the two former components of the total angular momentum (25) are given by
Ci==Y VAq+0(d*),  Co=-> /Ap;+0(z) (26)
Jj=1 Jj=1

On the other hand, it is possible to find a canonical transformation

(A77\7ﬁ7p> é? Q) - (A7)\7T]7p7 En q) (27)

having the form (16) with pp, = id and p, € SO(n) chosen such in a way that the last raw of
—1 :
py s

N (VAT - . V) (28)

where N(A) = éj\ fixes the Euclidean norm of (28) to 1. With such choice, we have
i=1""
b1 n
Pon=0p," | =N VAp;
Pn =t

n

and, similarly, .
dn=N(A) > /Ajq;
j=1
Therefore, (122) become
Cr==N@A)""g +0(z°),  Co=-NA)""pn+O0(lz) (29)

Now, as the projection of the transformation (27) on A’s is a A-independent translation, the aver-
aged perturbing function using the new coordinates can be obtained applying such transformation
to the function in (15). We denote it as

ﬁ2+52
2

with Qp(A) = Qu(A) and O, (A) = po(A) "1 Qy,(A)py(A). Note that Q,(A) has the same eigenval-
ues as Q,(A), as p, € SO(n). Let us now use

{fav701} =0= {‘]Eav702} (30)

which hold because they are true for f, and C is A-independent. Using (29), it is immediate to
see that (30) imply that the quadratic form

f2 = Co(A) + On(A) -

22 | -2
+0,(8) - E L o),

is independent of p,,, 4, Hence, the nt* raw and column of 9, (A) vanish identically. This implies
that Q,(A), hence Q,(A), has an identically vanishing eigenvalue, which is ¢, (A) in (24).

1.3 Jacobi reduction of the nodes

In the case n = 2, Arnold in [1] suggested to get rid of the rotation invariance (described in
the previous section) by means of the classical so—called Jacobi reduction of the nodes. This is a
classical procedure with a remarkable geometric meaning, which goes as follows. Let us consider



a reference frame (i, j, k) whose third axis k is along the direction of the total angular momentum
C = C; + C,, while i coincides with the intersection of the planes orthogonal to C;, Cs. Such
intersection is well defined provided that C; || Cz, namely, when the problem is not planar.
With such a choice of the reference frame, one cannot fix Delaunay coordinates completely freely.
Indeed, by the choice of i, we have that the (; satisfy

Q-G =m. (31)

Moreover, a geometrical analysis of the triangle formed by C;, C5 and C shows that the coordi-
nates Z; satisfy

Figure 3: The construction underlying Jacobi reduction of the nodes.

G GI-G3 G Gi-G3
Zo= 4 71 T2 Too— — 1 72
1Tt T T 2G
where G := |C| = \/C? + C2 4+ C% is the Euclidean norm of C. As i moves, the following fact is

not obvious at all — in fact proved by R. Radau.

(32)

Theorem 1.4 (R. Radau, 1868, [15]) Replacing relations (31)—(32) inside the Hamiltonian
(1) with n = 2 written in Delaunay coordinates, one obtains a function, depending on (A;,¢;,G;,g;)
(7 =1, 2) and G, whose Hamilton equations relatively to (A;,¢;,G;,g;) generate the motions of
the coordinates (Aj,¢;,G;, g;) referred to the rotating frame under the action of the Hamiltonian
(1) with n = 2. The motion of Z; and ¢; can be recovered via (31)—(32).

1.4 Deprit coordinates
Arnold commented on the general problem of rotational degeneracy as follows:

[1, Chap.III, §5, n. 5] In the case of more than three bodies [n > 2] there is no such [analogue
to Jacobi reduction of the nodes| elegant method of reducing the number of degrees of freedom

.

However, exactly 20 years later, in 1983, A. Deprit [7] discovered a set of canonical coordinates
which, after a simple transformation, do the desired job and reduce to Jacobi’s when n = 2. Let
us describe them.

Consider the “partial angular momenta”



with C; as in (7). Notice that S,, = C is the total angular momentum of the system. Define the

“Deprit nodes”

Vi+1I:Si+1XCi+1, 1<i<n-1
Vi Z:SQX01:—V2
Vpt1 =k xC=v.

If n > 2, Deprit’s coordinates
Dep = (Ra G7 \Ija r,e, 1p)
with

R=(Ri,....Ry), ¥ =(¥1,...,0,), G=(Gy,...,Gn),
r:(rlw--ar'n)v 1/’2(1/)17---,1/%)7 30:(()01’7()071)

are defined as follows (compare also Figures 4, 5 and 6):

Ri:=yi IZI Gy = |Cy|
ry o= |x] pi = ac, Vi, Xi)
[Sit1] 1<i<n-2(n2>3)
v, = C :=|C]| i=n-—1
Z:=C-k i=n
as,,, (Vig2,Vig1) 1<i<n—-2(n>3)
=< vi=ac(,v,) i=n-—1
¢ = ax(i,v) i=n

We have
Theorem 1.5 (A. Deprit, 1983, [7]) > | yi-dx;=R-dr+ ¥ -dyp+ G -

(34)

(36)

de for all n € N.

For later need, we formulate an equivalen statement of Theorem 1.5. We consider the coordinates

De[ = (Zv Gv Ra Cv d)v I')
with

Z=(Z1,....7), G=(G1,...,Gn), R=(Ri,...,Ry)
C:<Cla"'7<n)a (ﬁ:((ﬁl,...,(ﬁn),I':(T’l,...,T'n)

where Z;, G;, (;, are as in (10), R;, r; are as in (37), and, finally,

¢7; = Qg (IIZ',Xi) .

Let
1 0 0 cosf) —sin0
Ri(i)=1 0 cosi —sini , R3(0) = | sinf cosé
0 sin? cost 0 0

(38)
(39)
0
0 (40)
1



Figure 4: Deprit coordinates Z, C and ( fix the angular momentum in the initial reference frame
(i,j, k).
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Figure 5: Deprit coordinates ¥;, ¥;_1, G;41 and ;.
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Figure 6: Deprit cdOrdinates g;, G, ¥;.



and

1 0
X:Rg(a)Rl(i)i, y:Rg(G)Rl(Z)y, C .= XXy, C = XXy, i= 0 s k= 0
0 1
with x,%,y,¥ € R3. The proof of the following fact is left to the reader.
Lemma 1.1 y -dx = C-kdf + C -idi + y - dx.
Lemma 1.1 immediately implies
Lemma 1.2 y; - dx; = Z;d(; + Gjd¢; + Rjdr; VY ji=1,...,n, VneN.
Indeed, we have
{ x; = Ra(G)R1(5)x50 .
e % j=1,..., n
Yi = Ra(G)R1(5)yj
where ¢} is the convex angle formed by k and C; and, finally,
Tj COS @ Rjcospj — %’ sin ¢;
Xj; = | rjsing; ) Yj; = | Rjsing; + %’ oS @ (41)
0 0
verify, as well known,
y];l . de:;l = Rjd?”j + do¢j . (42)
Then, by Lemma 1.1, (42) and as Cj; -i=0, we have
N de = Cj . dej + Cj; . lej + yj:;1 . de;

= Zijj + do¢j + Rdej . O

We denote as 5
¢Dzj i D= (Z, G,R, Cy d)v I‘) — Dep = (‘I’a Ga Rad’v SO,I‘)

the map which relates D., and D, and as
~D., ~ ~
d)Dd : Dep = (Z7G7C7¢) — DGP = (‘I’,G,’l,bﬁp)

is the natural projections on the coordinates above. It is easy to check that ag;’ is independent

of R and r. Indeed, zgg:j has the expression

G = G,
v, = ¢;+ac,(vj,p;) witho; =k x Cj,
v { )4l j#n
J i+ ...+2Z, j=n
v o= { ospirer) a7 (13)

where the right hand sides are to be written as functions of D.y. As the right hand sides are
defined only in terms of Cj, so they are functions of Z, ¢ and G, while are independent of R and
r.

11



Theorem 1.6 Theorem 1.5 is equivalent to stress that

&ng’ verifies: Z-d(+G-dp=V -dp+G-dp forallneN. (44)

£

Proof Use Lemma 1.2 and that the coordinates (R, r) are shared by D., and Dep. O
We prove Theorem 1.5 (<= (44)) by induction on n, with n > 2, as in [11].

Base step We prove the statement 1.5 with n = 2. We first observe that, in such case, (y;,x;)
are expressed, through (R, ¥, G,r, 1, ¢) via the formulae

{ x;j = R3(QOR1()R3(V)R1 ()%, i=1.2
yi = R3(QR1(1)Rs(V)R1(45)y ’
where i is the convex? angle formed by k and C; i; is the convex angle formed by C and C; and,
finally, Xj,p» ¥jp are as in (41), with ¢; replaced by ;.

Using Lemma 1.1 twice, one easily finds

yj'de: C]de'FCJle"‘CJkd’Y"‘ ijl'id(i]‘)
+yjpl .dxjpl
= Cj -kd¢ + Cj -e1di + Cj -eszdy+ Yipl depl (45)

We have used C; ,-i=0, C; = R3(¢)R1(i)C; and we have let
e = R3(C)R1 (Z)i, e3 = Rg(C)Rl (Z)k . (46)
Taking the sum of (45) with j = 1, 2 and using (42) and recognizing that
(C1+Cy)-k=C-k=2Z7
(C1+Cg)'el =C-e; =0
(Cl+Cg)'93:C'63:C

we have the proof. i

Induction The inductive step is made on the statement (44). The map ag“ in (44) will be

el

named ¢,,. We assume that (44) holds for a given n > 2 and prove it for n + 1. Consider the map
i1t Detnin = (.G ¢) & Depnir = (¥7,G", 97, 9)
defined as follows. If
Z=(2,Zns1), G=(G,Gns1), ¢=(CCut1), &= (b, bns1)
where the tilded arguments have dimension n + 1, we let
(¥.G., @) = 6x(2.G.C. 9)
and then

¢;:+1(Z7 G7 C7 ¢) = (({137 Z’ﬂ+1)> (é7 G’ﬂ+1)> (12;7 CTL+1)> (957 ¢n+1)) = (‘I’*a G*v '¢*a 90*)

2The expressions of i1, 42 and i — not needed here — can easily be deduced by the analysis of the triangle formed
by C1, Ca and C: see Figure 5

12



By the inductive assumption, ¢,, verifies
Z-dC+G dp=T -dp+G-dp

and hence ¢, | verifies

Z.d¢+G-dp — W dp*+ G- de*
v d’lp +G- d@ + Zn+1d<n+1 + Gn+1d¢n+1
n—2
= Z U, dipj +G-dp | + V1 - dpp_1+ ¥y - dbp + Zpi1dCrir + Grpr1dd4AD)
i=1

having split
;Iv’: ({Ivlla"w{fln)7 ’J’;: (1;17"'712;77,)'

We moreover define a map ¢, 41 on (¥*, G*, ¢*, p*) acting as

(\Il*, G*ﬂ/’*» 90*) = ¢2((\I'n7 Zn—&-l)» (\I'n—la Gn+1)a ({/;nygn+1)v ({/;n—ly ¢n+1))

on the designed variables, and as the identity on the remaining ones. Note that the arguments at
left hand side have dimension 2, that G, = (V,_1,Gp+1), and put @, = (P 1, P4 2). Again by
the inductive assumption, we have

\I’n—l : d{ﬁn—l + {f/n . d'(Zn + Zn+1dgn+1 + Gn+1d¢n+1 = \I’* : diﬂ* + G* : d‘P* (48)

Let us now look at the composition

Gs,n+1 0 ¢;kz+1 (49)
It acts as
(Z5G5C7¢) - ((Ejla"'aCI;n—Qvijn—h\Il*))(é7Gn+1)7(QZ17"'7Jn—2a¢*1;¢*)7(¢a¢*2)
= (‘Ilv G7 ’dja (P))

and, by (47) and (48), verifies

n—2 N _ _

Z-d{+G-dp = |> U;-di;+G-dg |+, dp, + G, - dp,
j=1
= V.-dyp+G-dey.

It is not difficult to recognize — using (43) — that the map (49) coincides with ¢, 1. For the
details, we refer to [11, 3]. O

1.5 The map K

The K—coordinates have been described in [12] for n = 2 and generalized to any n € N, n > 2
in [14]. Here, for sake of uniformity with the coordinates D.,, we change® notations a little bit
compared to [14]. We let

K=(0,%,R,9,k,r)

3The main changes regard the coordinates that in [14] are called o, Xn—1, which here al called xn, ©1. The
other coordinates just underwent a different numbering: (©;)1<j<n—1, X0, (Xj)1<j<n—2, Aj here are denoted,

respectively, as (©p—j+1), Xn—1, (Xn—j+1), An—j+1. An analogue change of notations holds of course for the
conjugated coordinates.

13



Figure 7: The reference frames ﬁ‘j and the K-—coordinates ~;_1, rj, B; j =2, ...

, .
C,
A
S
n;
\ us
2 ~
/ > Cl X V1
\/ X1
191 — g

Figure 8: The reference ﬁl and the K—coordinates él, 191.

Figure 9: The reference frames Gj and the K—coordinates 1§j, (;)j7 Xj-1,J=1,...,n. When j = 2,

take xo := O1; when j = 1, disregard Sy, Py and x_1.
14



where R, r are as in (37), while

O©=(64,...,6,), O=(D,....9,)

X:(Xla"'af(n% ’%’:(Kflw"?“n)
are defined as follows. Let S; be as in (33). Define the K-nodes

k xC j=n
v; = flj ZZSjXX]’ j:l,,n (50)
Xj+1><Sj j=1...,n—1

and then the Ccoordinates as follows.

6, T 5, e, (R, 1) 2<j<n

|C| ac, (01, ny) j=1

Z:=C-k ¢ = aucli, ) j=n (51)
Xj = C:=|C| Rj=1q 7v:=oas, (@ 0,) j=n-1

IS;+1] as,, (Djp1,041) 1<j<n—2(n>3)

Remark 1.2 Note that the node &, coincides with ¥ = v,,11 in (34); the coordinates Z and ¢
are the same as in (37) and, finally, the coordinates x coincide with the coordinates ¥ in (37). In
particular, D., and K share the construction in Figure 4. The geometrical meaning of the other
K—coordinates is pointed out in the next section.

A chain of reference frames We consider the following chain of vectors

k - S,=C = x, — -+ — S = x5 — Sj-1 — - —= S$=C
¥ \’ ¥ \ \ \ (52)
Un ni . l)j flj 19]'71 . 121

where ©;, 1 are the IC-nodes in (50), given by the skew-product of the two consecutive vectors
in the chain.

We associate to this chain of vectors the following chain of frames

Gpp —- F, - G, - -+ = F;, - G — Fj1 = - = G (53)

where G, 1 = (i,j, k) is the initial prefixed frame and the frames, while Fj, Gj are frames defined
via

Fj= (@, 8;) Gj=y, ~x;) j=1-,n (54)

By construction, each frame in the chain has its first axis coinciding with the intersection of
horizontal plane with the horizontal plane of the previous frame (hence, in particular, &; L S;
and n; L x;).
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Explicit expression of the K—map We now derive the explicit formulae of the map which
relates the coordinates (51) to the coordinates (y1,...,¥Yn,X1,...,Xn). We shall prove that such

map has the expression

where

R;l =TnSn - 7}+1 j+17} 5

ST Rk = Xy2SiTiak) =% x§;  i=2...n

where 7}, §; have the expressions

R3(QORi(tn)  j=n Ra(kj-1)Ra(iy),
T = R Sj = R -
R3(Wj+1)R1(y;) 1<j<n-—1 Rs(W)Ra(5),
with
A
COS Ly, = —
n—1
cosgz?j+1 2<ji<n-1(Mm=>3)
Xji—-1
O
COSL] = —
S
0.
cosij:=—2, 2<j<n
Xj—1
. T
11 = 5

(55)
(56)
2<3<n
(57)
j=1
(58)

Indeed, ’f} is the rotation matrix which describes the change of coordinates from Gj+1 to ﬁj,
while S; describes the change of coordinates from F; to G;, as it follows from the definitions of
(©,x,9, %) in (51) (see also Figures 7, 8 and 9). The formulae (55)—(58) are obtained considering

the following sequence of transformations

7. S, S; Tio1

Gpy1 =+ Fp = G, = -+ = F; = Gy —>13“j_1—>
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connecting G,, to any other frame in the chain. From this, and the definitions of the frames (54),
one finds

Sj=4 . xj = rTa8n - TS T;Sik
0178y -+ T2S52Tik J=1
whence
S;—Sj—1="TaSn Aj+1SAj+17A}(>2j—1k - )Zj—23j7}—1k) J=2,...,n
C, -
S1 = 017,828 Tik J=1
and finally
R; 1
Yy = Tj]Xj + ECJ X X

Collecting such formulae, one finds (55)—(58).

Canonical character of

Lemma 1.3 K preserves the standard Liouville 1-form:

> yj-dx; =©-dd+x-dik+R-dr. (59)
j=1

The proof of Lemma 1.3 again relies in Lemma 1.1.

Proof We use the expression in (55). We also define

jod —-—n n

o D . g1
C? :=RjC;, C, =R;C;, R;:=7T, R}
Applying Lemma 1.1 twice, we get
y) -dx} =C} -kd¢+Cj -idi + C} -kdizy_y + C} 7 - idiy +y0 " - dx) "

Continuing in this way, after n — j 4 1 iterates we arrive at

yjdx; = C7-kd(+C; idi,+C; kdin_1+C " idi,

n—1
+ > (Chkdiss + T -idu + T - Kdig + Ch ! idiy)
k=j

with
T — Il (O % v
11-75,50-7191, G =G =xxy;.

We take the sum of (60) with j =1, ..., n. Exchanging the sums
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and recognizing that

STy ST T Sk =xeaTik 1<k<n—1
j=1 ' S, = Xn_1Tnk k=n

ST ST T Sk =Stk 1<k<n—1
i=1 l SIS, = xn_1S 'k k=n

77@_131;42172111 SIS = o1k 1<k<n-1

=1 7718, = xn1k k=n
with X := ©; and that, by (56), the last term in (60) is
yj . df(j = Rjd?“j

we get

n
Zyi cdx; =
j=1

M-

<
I
P

(7 Xd¢+Cj vidin + T Kdiv + C) " -idin)
1—1 kK

3 =k . —k A B .
+ (CY kdiyss +C) -iduy + C; - Kdi—y + C5 - idiy )

Jj=1

s

o>~
Il
-

+
M=

Rjd?“j
1

<.
Il

= Xno1Tnk -kd¢+ X1k - idi, + Xno1k - kdin_1 + Xn1k - Spidiy

n—1
+ Y (y(k_mk kdDp1 + fpork - idus + Qeik - kdRp_1 + Qe_ik - S‘kidik)
k=1
n
+ ZRjd’l“j
j=1

= ) Odip+ > Rudix + Y Rydr;
k=1 k=1 j=1
having used . .
Tik-k=cosy, Spi-k=0, k-k=1, i-k=0

and cos ¢ as in (58). In the following section, we shall use the following byproduct of Lemma 1.3.
Recall the coordinates D, in (38) and denote

¢5., 0 De=(Z,G,R,(,¢,r) = K =(0,x,R,9,k,t)
Consider the family of projections
.t Det=(2.G.C.0) > K=(0,%,9,k) (61)
which, as it is immediate to see, is independent of r and R.
Lemma 1.4 The projections (61) verify
Z-dC+G-dp=0O -dd+x-dk Vr
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1.6 The reduction of perihelia P

The P—coordinates have been described in [14]. Here, as in the case of K, we change® notations
a little bit and denote them as

P=(0O,x,A9,Kk,£) cR" xR} xR} xT" xT" xT" (62)
where A, £ are as in (10), while

©=(01,...,0,), 9=©1,...,0)

X:(le"';Xn)a K’:("{lv"wﬁn)

are defined as follows. Consider a phase space where the Kepler Hamiltonians (6) take negative
values. Let S; be as in (33) and P; the perihelia of the instantaneous ellipses generated by (6),
assuming they are not circles. The coordinates A, £ are the same as in Delaunay, while, roughly,
(©,x,9, k) in (62) are defined as the (0, %, 9, &) of K, “replacing x; with P;” (see Figures 10,
11, 12). Exact definitions are below.

Define the P-nodes

kxC j=n
Ej = ﬁj IZSjXPj ]:17,77, (63)
Pj+1XSj j:l,,n—l

Then the P—coordinates are

S; - P; ap, (0, V1) 2<j<n
@] = 19] =

|Cl| acl(ﬁlaﬁl) Jj=1

Z:=C-k ¢ = axc(i, ) j=n (64)
x;j =4 C:=|C| Kj =< 7:=as, (Uy,0y,) j=n—1

IS;+1l os,,, (Vjr1,n541) 1<j<n-2(n2=3)

To prove that (62) are canonical, we consider the map
¢g Dee,aa = (Z7G7A7C7g7£) —>P: (65X7A7197K’7’e)

relating action—angle Delaunay (9) and P and its projection

el,aa

.y Detaa = (Z,G,¢,8) =P =(0,x,9,K)
which is independent of A, £ (even though this will not be used).
Lemma 1.5 qggctaa coincides with the map (ﬁgd in (61).
Combining Lemmas 1.4 and 1.5, we have
Lemma 1.6 The map
0B, .. Detaa=(Z,G,AC g ) =P =(0,xA1,KkKE)

verifies

@ d+x-di+A-db=7-d¢+G-dg+A-de.

4The coordinates named in [14] O, (95)1<j<n—1s X0, (Xj)1<j<n—2, Xn—1, A; here are denoted, respectively,
as Xn, (On—j+1), Xn—-1, (Xn—j+1); ©1, An_j4+1. An analogue change of notations holds for the conjugated coor-
dinates.
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vj

Figure 10: The references F; and the P—coordinates x;_1, j =2, ..., n.
Cy
O
n
> - > Cl X V1
\_/ Pl
191 — g

v

Figure 11: The reference F; and the P—coordinates ©1, 9.

Figure 12: The references G; and the P-coordinates ©;, 9;, xj—2, j =1, ..., n. When j = 2,
take xo := ©1; when j = 1, disregard Sy, vy and x_1.
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Explicit expression of the P—map We now provide the explicit formulae of the map which
relates the coordinates (64) to the coordinates (y1,...,¥n,X1,...,Xn). We shall prove that such
map has the expression

(65)
yi=y; =Rjy;
where

R;L = %Sn ce 7}+1Sj+17}8j

X; = a; ((coséj —ej)k+ /1 —e? sinngj) (66)
N T G [{_ 2 A

yj = = sing, ( sin&;k+4/1 €; cosﬁjQ])

where T;, S; have the expressions

Ra(ORi(tn)  j=n Ra(rj-1)Ra(iy),  2<j<n
7;' = Sj = T . (67)
R3(Vj+1)R1(y;) 1<j<n-1 Ra(91)Ra(5), j=1
with
Z
COS Ly =
Xn—1
cosi; 1= I 2<ji<n
Oj11 . Xj—1
costj = 2<j<n—-1(n=>3) (68)
Xj—1 . T
11 = —
cost ©: i
1= =
O
and ~
.G,
Qj=-xk
J Cj
with
\/X?_l +X5 o —2@?—1—2\/)(?_1 _@?\/X?—2 — O3 cosV; j=2,...,n
Cj =G| =
©, j=1
B Sj_l(Xj_lk—Xj_QSjﬁ_lk) :5(]' XS’]‘ i:2,...,n
Cj =
0,5 'k j=1
C?
e =4/1- 43
A

a; as in (10), n; =, /% the mean motion, and §; the eccentric anomaly, solving
J

fj — €5 Sinfj :Ej.
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These formulae are easily obtained using the well-known relations

X; = aj ((cosfj —e;)P;j+4/1— 6? Sinﬁij)

NG .
Yi= g 736jJSiIJ1€j ( —sing;P; +4/1— e? COS€ij)

with P; the 4 perihelion and Q; = % x P, and the relations which relate C;, P;, Q; to P,
J
which, similarly to how done for K, are:

C;=R!C;, P;=Rlk, Q;=R}Q;.

1.7 The behavior of X and P under reflections

The maps K and P have a nice behavior under reflections, which turns to be useful if they are
applied to Hamiltonians which are reflection—invariant.

We denote as
x* = (21, —22,x3) (69)
the vector obtained from x = (z1, 22, x3) by reflecting its second coordinate, and as
R (Vo) Geaseeox) ) = (0 wa)s (3o x3))

the simultaneous reflection of the second coordinate of all the y; and all the x; in the system of

Cartesian coordinates (y,x) = ((yl, ey ¥n)s (X1, ,xn)). We aim to show that

Lemma 1.7 Using K, the reflection R is obtained by changing
((ég,...én7Z), (192,... ,19”,()) — ((—ég,... —(“)n,—Z), (—1@2,... ,—@n,—g))
Similarly, using P, it is obtained by changing

((@2,...@n,2), (s, .. ,19n,g“)) - ((—@2,... —On,~2), (V... ,—ﬁn,—g))

Proof We prove for K. We write (69) as

1 0 0
x*=I,x I,=[10 -1 0

0 0 1

Now use the formulae in (55)—(58) and that
I, Rs(a) = Rs(—a)Iy , Iy Ra(B) = Ralm — B) Iy
and finally that the change
(02,...6,,2) = (—62,... —0,,-2)
acts on the functions in (58) as
(L1yeeestpydo,eidy) 2> (T—t1y e T — by, T — o, T —1p).

The proof for P is similar. [

Lemma 1.7 reflects on the Hamiltonian (1) as well as in all Hamiltonians which are R; —invariant
as follows.
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Lemma 1.8 Let H(y,x) be Ry —invariant. Using the coordinates K, the manifolds
6;,=0, 9;€{0,7r} j=2,....n Z=0, Ce{0,n}

are equilibria. Similarly, using the coordinates P, the manifolds
©,=0, 9,¢{0,n} j=2,...,n Z=0, (e{0,n}

are equilibria.

2 Applications
2.1 Arnold’s Theorem

Here we retrace the main ideas of the proof of Theorem 1.1 given in [5]. Such proof uses on the
coordinates (35). The first step is to switch from the coordinates (35) to a new set of coordinates
which are well fitted with the close-to—be—integrable form of the Hamiltonian (4). Then we modify
the coordinates (35) to the following form

De;maa = (A7 G7 ‘Ilv Ea Y w) (70)

which we call action—angle Deprit coordinates, where ¥ = (Uy,...,¥,,), ¥ = (¢1,...,1¥,) are
left unvaried, while A = (Ay1,...,A,), G = (T1,...,T0),, £ = (b1,-. ., 8n), ¥y = (V1,--+,Vn)
are obtained replacing the quadruplets (R;, G;, 74, ;) with the quadruplets (A;, Ty, 4;,7;) (with
G; =T;), through the symplectic maps (depending on pu;, M;)

(Ri, Giyriy pi) = (Aiy Ty by i)
which integrate Kepler Hamiltonian (6). This step is necessary to carry the integrable part in (4)

to the form 302
R M
ww = ¥ (55)-

1<i<n

Recall that the new angles v; provide the direction of the perihelion of the instantaneous ellipse
generated by (6), however they have a different meaning compared to the analogous angles g;
appearing in the set of Delaunay coordinates (10), as, by construction, the ~;’s are measured
relatively to the nodes v; in (34) (because the p; were), while the angles g; in the Delaunay set
are measured relatively to n; in (8).

The 3n—2 degrees of freedom Hamiltonian which is obtained is still singular. Singularities appear
when the coordinates are not defined and in correspondence of collisions among the planets. The
latter case will be later excluded through a careful choice of the reference frame. The singularities
of the coordinates appear when the some of the convex angles (Deprit inclinations)

’L; = (Sj,Sj+1) j:17...,n7 Sn+1 =k (71)

take the values 0 or 7, because in such situations the angle v; is not defined (see Figures 4, 5, 6)
and when the instantaneous orbits of some of the Kepler Hamiltonians (6) is a circle, because in
that case, the corresponding ~; is not defined. Such singularities are important from the physical
point of view, because the eccentricities and the inclinations of the planets of the solar system are
very small, hence the system is in a configuration pretty close to the singularity. To deal with this
situation, a regularization similar to the Poincaré regularization (11) of Delaunay coordinates has
been introduced in [5]. Note that, in principle, there are 2" singular configurations (corresponding
to any choice of if € {0, 7}, besides e; = 0 for some j). Here we discuss the case i; = 0 for some
j. Another regularization will be discussed in Section 2.3.
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RPs coordinates and Birkhoff normal form The RPS variables are given by (A, A, z) :=
(A, A, m, & p,q) with (again) the A’s as in (10) and

; = /2(A; — T;) cos (v + ¢ )
)\Z:€z+’}’z+w?, {Th : . . an
1 fz = — 2(/\1 — Fz) Sin (’Yl + '1/12‘,1)
(72)
pi = \/2(P1+1 + \I’i,1 — \Ijl) COS 'I/J;n‘
g =—2(Tip1 + ¥y — ;) sing
where
Vo =T, Thup1:=0, =0, = Y ;. (73)
i<j<n
Let ¢pps denote the map
F (y,x) > (AAZ) . (74)

The main point is that

Lemma 2.1 ([5]) The map ¢§*™ can be extended to a symplectic diffeomorphism on a set PSR
where the eccentricities e; and and the angles i} in (71) are allowed to be zero. In particular,

. ¢; = 0 corresponds to the RPS coordinates n; =0 =§;;
o 17 = 0 corresponds to the the RPS coordinates p; = 0 = g;.

From the definitions (72)—(73) it follows that the variables
Pn =2V 1 —\I’n)COS% =V 2(C_Z) cos ¢
Gn = —v/2(Vp1 _\Ijn)Sinwn:_\/ 2(C = Z)sin¢

are integrals (as they are defined only in terms of the integral C), hence, cyclic for the Hamiltonian
(4). Therefore, if Hyps denotes the planetary Hamiltonian expressed in RPS variables, we have that

7'[RPS(*/X7 >‘7 Z) = H o (Z%PS = hK(A) + :u’fRPS(A7 >‘7 Z) (76)

(75)

where H is as in (4) and @gps as in (74) has 3n — 1 degrees of freedom, as it depends on A, X, z,
where

z= (77713a€a(i) with f) = (pla s 7pn—1)

2
We denote as a; = ﬁ (%) the semi—major axis associated to A;. The next result solves the

problem of the construction of the Birkhoff normal form for the Hamiltonian (4), mentioned in
Section 1.1.

Theorem 2.1 ([5, 4]) For any s € N there exists an open set A C {a; < -+ < an}, a set
MO =2 C Ax T x R™ containing the strip M§" 2 = A x T" x {0}gan, a positive number ¢ and
a symplectic map (“Birkhoff transformation”)

Dy: (ALw) e M52 5 (A N 2) € By (ME2) (77)
which carries the Hamiltonian (76) into
Ha(AL,W) = Fups 0 By = hic(A) + pufo (A, 1, ) (78)
where the average f2¥(A,w) := an frdl is in BNF of order s:

av —\ — 12s+1 — . U? +U12
V(A,W)=Co+ Q-1+ Py(r) + O(|w] ) wi=(uv) 7 =, (79)
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P being homogeneous polynomial in r of order s, parameterized by A. Furthermore, the normal
form (78)—(79) is non—degenerate, in the sense that, if s > 4, the (2n— 1) x (2n — 1) matriz 7(A)
of the coefficients of the monomial

2n—1

Z T(A)Z'j’l"iTj (80)

,j=1

with degree 2 in Ps(r) is non singular, for all A € A.

Denote by B. = B2"2 = {y € R?™ : |y| < €} the 2ny—ball of radius € and let
P.:=VxT" x B.. (81)

The second ingredient is a KAM theorem for properly—degenerate Hamiltonian systems. This has
been stated and proved (with a proof of about 100 pages) by Arnold in [1], who named it the
Fundamental Theorem. Here we present a refined version appeared in [2].

Theorem 2.2 (Fundamental Theorem, V.I.Arnold, 1963) Let

H(Iacpapaq) = HO(I) +NP(I,‘PapaQ) 5 (82)
be real-analytic on Pe and assume

(A1) I €V — 01Hy is a diffeomorphism;

no 1 no 2+ 2
(A2) Pu(paiD) = Po(D+Y_ u(Dri+; > By (Driry+os wherer; := Pt andoy/|(p.q)|* =
i=1

ij=1
0 as (p,q) — 0;

(A3) The matriz f(I) = (Bi; (X)) is non-singular for allT € V.
Then, there exist positive numbers €y, ps, Cix and b such that, for

1

C(loge—1)2b ’ (83)

O<e<e,, O0<pu<ps, p<

one can find a set T C P formed by the union of H—invariant (nq + ng)-dimensional tori, on
which the H-motion is analytically conjugated to linear Diophantine quasi—periodic motions. The
set T is of positive Liouville-Lebesgue measure and satisfies

meas P, > measT > (1 - C, (\/ﬁ (loge 1) + \ﬁ)) meas Pe . (84)

An application of Theorem 2.2 with ng = n, n; = 2n — 1 to the system in (78) with s = 4 now
leads to the proof of Theorem 1.1.

2.2 Global Kolmogorov tori

The quasi—periodic motions of Theorem 1.1 provide almost circular and almost planar orbits. This
is because the normal form of Theorem 2.1 is constructed around the strip Mgn—z, and the origin
corresponds to zero eccentricities and zero mutual inclinations. The question whether similar
motions may exist outside such regime is therefore natural and important from the physical point
of view. To this end, one has to understand that the Birkhoff normal form (assumption (A2) of
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Theorem 2.2) is used in the proof only to construct a reasoning integrable approximation for the
whole Hamiltonian, in fact given by

Hine(I,v) = Ho(I) + o | Po(I) + ZQi(I)H + % Z Bij(L)rir;
=1

ij=1

Therefore, a possible construction of full dimensional quasi—periodic motions outside the small
eccentricities and small inclinations regime should start from a different integrable approximation.
In this section we describe an approach in such direction, where we look at the first terms of the
series expansion of the €—averaged f with respect to a small parameter. The small parameter
will be taken to be the inverse distance between the planets (the idea goes back to S. Harrington
[9]). In addition, the use of the coordinates P will allow to construct (3n — 2)-dimensional quasi—
periodic motions without singularities when the inclinations become zero. Recall that the tori of
Theorem 1.1 may be reduced to (3n — 2) frequencies (as shown in [5]), in a almost co—planar,
co—centric configuration, but away from it, due to singularities.

Here we show discuss the following result.

Theorem 2.3 (Global Kolmogorov tori in the planetary problem, [14]) Fiz numbers(0 <
e; <€ <0.6627...,i=1,--- ,n. There exists a number N depending only on n and a number

o depending on e;, €;, and n such that, if « < ag, p < o, in a domain of planetary motions

where the semi-major axes an < Gn_1 < --- < ay are spaced as follows

+

_ ) + . + . Ay
a; <a; <a; with a; = orE 2 i) (%)

there exists a positive measure set K, «, the density of which in phase space can be bounded below
as

dens(K,.o) > 1 — (loga™')Pv/a,

consisting of quasi-periodic motions with 3n — 2 frequencies where the planets’ eccentricities e;

verify
€; < €; < €;.

Let us consider a general set of coordinates C = (A, £,u,v) which puts the Kepler Hamiltonians
(6) into integrated form and hence carries the Hamiltonian (4) to

"B M2
He(A, L,u,v) :=Hol = —]Z::l éAi; + pfe(A u,v),
where
fe(A L,u,v) = Z (Yryj — > oC.
1<icj<n N O [xi — %]

We denote .

fe(A,u,v) = fe(A, L,u,v)de, (85)

(2m)"™ Jgn

so that

fe= Y 17, o= Y 17

1<i<j<n 1<i<j<n
g (YYi T )oc 7= /f”jdé dt
= — s = 1 .
c ( mo |X1'7Xj| ¢ (2’/T)n T ¢ "
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For such any C one always has, as a consequence of the motion equations of (6), the following
identities

1 1 1

—dl; =
2r J1 X a;
1 My .

dt; = =2 idl; =

o y] 27r/-|—xj i=0
1 X 1 .
— dt; = dl; =0 86
2 Jr %137 QWuij/TyJ / (86)

with a; the semi-major axes. Consider now the average fc(A,u,v) in (85) with respect to £.
Due to the fact that y; has zero-average, one has that only the Newtonian part contributes to

= mim idl;
fe== 2. Tonp / x|

1<i<j<n

We now consider any of the contributions to this sum

?:_mimj/ de,de 1§i<j§’fl
(2m)% Jr2 [xi — %5

and expand any such terms
— Tj(o) Tj(l) Tj(Q)

L

¢ = e c c
where " .
AU U S BT
¢ (2m)2 /r2 Rl deh |x; —exj|le=0 "7

is proportional to (%) Then the formulae in (86) imply that the two first terms of this
a a;
expansion are given by
T](O) - m;m; 7(1)

= - = 0.
c a; ¢

Namely, whatever is the map C that is used, the first non—trivial term is the double average of
the second order term, which is given by

—=(2) mym; 3(x; 'Xj)2 - |Xi‘2|xj|2
7 () - -1 /T - d;de,.

Using Jacobi coordinates, S. Harrington noticed that

Lemma 2.2 ((9]) Ifn = 2, [

inner planet, hence is mtegmble

depends on one only angle: the perihelion argument of the

When n = 2, Lemma 2.2 provides an effective good starting point to construct quasi—periodic
motions without the constraint of small eccentricities and inclinations, because in that case one
can take, as initial approximation,

M5 mym —13(2)
Hitarr = _Z 2A2j —|—,u< 1 + [ (A1,A27F17F27W’1)> (87)

The motions of Hgar have indeed widely studied in the literature, after [9]. When n > 2, the
argument does not seem to have an immediate extension using Deprit coordinates (which, as said,
are the natural extension of Jacobi reduction). The generalization of (87) for such a case is

HDepow = — Z 2A2 +,u Z ( mmg f >
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It turns out that, even looking at the nearest neighbors interactions

/”' mZmH_l i,i+1(2)
Hon = — Z §A2 +p Z( Do (88)

Jj=1

——1®
the terms fZ ST with 1 < i < n — 2 depend on two angles: 7; and ¥;_1, so the effective study
of the unperturbed motions of (88) is involved. Using the P—coordinates

K mimig1 | @
o= =S (e ) ®)

=1

— 72
one has that the terms fl T with 1 <4 < n—2 depend on 3 angles: r;_1, ¥; and Ji41, but the

dependence upon k;_1 and ¥; is at a higher order term. This is shown by the following formula,
discussed in [14]:

- 2 3

i,i+1(2) A1 A
P MiMit17 3" 73 3
ai Xi—1(Xi-1 — Xi—2)

3407, — X7 1 [ 5 2 2 2 2 2 2
- §A27 (Xi +Xi—1 — 207, + 2\/(Xi —07)(xi —©7,)cos 191‘+1)

3(x71 —07)(xF —071)

5
[5(3912“ - X?ﬂ)

+ = Sil’l2 191' 1
2 A%y !
+ 0(@$+(19i_199)2)} i=1,...,n—1 (90)

where xq := O1, x_1 := 0, 9? € {0, 7} and the O(©2 + (J; —¥?)?) term vanishes identically when
1 =1.

The proof of Theorem 2.3 is based on two steps: in the first step the Hamiltonian is transformed
to a similar one, but with a much smaller remainder. In the second step, a well fitted KAM theory
is applied. Note that, as the terms of the unperturbed part are smaller and smaller as and when
the distance from the sun increases, such KAM theory will be required to take such different
scales into account.

Step 1: Normal Form Theory

Definition 2.1 Given m, vy, «-+, vy € N, v = vy 4+ - + VU Y1, - Ym, T € Ry. We call
m-scale Diphantine set, and denote it as D, . -, -, the set of w = (w1, -+ ,wy,), with w; € R
such that, for any k = (ki1,--- ,km) € Z¥ \ {0}, with k; € Z"7, the following inequalities hold:
71 .
if k‘l 75 O;
|7
‘ZTT if k=0, kyO;
o k= | Yy k| 2 (o1)
j=1
\lZm|T if kv=-=kn-1=0, -, ky #0.

.....

Diophantine set was proposed by Arnold in [1] with m = 2.

The set D, ... ..~ reduces to the usual diophantine set taking v; = v V j. The first multi-scale

28



Proposition 2.1 Let p;, M; be as in (2) and m; := 2;11 m;, with 7 = 2,--- ,n. There exists
a number c, depending only on n, mq, -+ , My, a{t, €, €5, and a number 0 < ¢ < 1, depending

only on n such that, for any fized positive numbers ¥ <1 < K, a > 0 verifying

_ c
K< PETE (92)
and
1 at K22 24D,
~ max {ﬂ(% > —— — } <1 (93)
ay Y Y
there exist natural numbers vy, -+ ,vop—1, with Zj vj = 3n — 2, open sets B} C BEQ]_,X* C X,
positive real numMbErs Y1 > -+ > Yon_1€1," " 1Ene1,T1,""* sTne1,T1,""" ,Tn, @ domain
Dy := B = % X x Az x Tg, x Tg,
a sub-domain of the form
Dy = Bl x Xp x Ay x Tg, x TE,
verifying ~
meas D} > (1 — l) meas D), (94)
c

a real-analytic transformation
¢n: (p@ X, Ak 0) € Dy — Dp
which conjugates Hp to
Hu (D, 4 X, Ay £, 0) := Hp © ¢ = hpastsec(Dy @, X A) + 1 feap(D, @5 X5 A, K, £)
where fexp(D, ¢, X, A, K, £) is independent of kn—1, and the following holds.
1. The function hfqst sec(D,q, X, A) is a sum

hfast,sec(pv 9, X A) = hfast(A) + /J'hsec(p7 q, X5 A)

where, if
2 2 2 2
. + Dit1 + 4 :
yi::<p22(]27...,2+12”1, X0s ** s Xis A17"'7Ai+1> 7,:1’_”77’5—1
then hyest and hgee are given by
" m3M? 3 Mym2mym; o
hfast(A) = - Z QJAQJ - /’LZ #7 hsec(p,CLX’A) = Z hiec(}”t)
j=1 J j=1 J i=1

i

where the functions h’,_,.

have an analytic extension on D, and verify

(a/1)? -
Cﬁ < ‘hgec(YJN <
J

2. The function feqp satisfies
1e K
|fewp| S - —

cC a

n
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3. IfC isy1 deprived of xo, the frequency-map

C — wfast,sec(() = 8Chfast,sec(C)

is a diffeomorphism of HC(Bf/ﬁ X XX x A%) and, moreover, it satisfies (91), with m = 2n — 1,
T=7>2, and

1 j=1,---,n
2 j=3, n=2
vi = 3 j=n+1,n>3
2 n+2<757<2n—-2, n>4
1 j=2n—-1,n>3
8A]-hfast,sec _j = 1, e ,n
a(p%_;_qg x0) hfast,sec j=3 n=2
wj = a(‘pg;zrq% ,X15X0) hfaSt’sec j=n+lnz3
8(w’mﬂl htgstsee NM+2<j<2n -2, n>4
ap%+q% hfast,sec j =2n — 17 n > 3
7
1 =
Tl 1<5<n
aj 9]‘
YT ar (95)
a , _
Plongitl 7 pii<j<on—1
(a2n7j) Oj—n

4. The mentioned constants are

9]' _ 97")/ ~

gji=c =g T = cl;

with 7 > 2.

Step 2: KAM theory

Theorem 2.4 (Multi-scale KAM Theorem, [14]) Let m,l, vy, -+ ,vm €N, vi=1v1 + -
U 20, T >0, 712> 279 >0,0<4s <5< 1, pryee  pesT1yr e sTy—g, €1, ,E0 >
By, B, CR? D; = {4 ¢ R: (z,y) € Bj} CR, B =By x---x B, C R¥, D
Dyx---xDyCRL, CCRE A= D, x C,. Let

H(p,q,I,%) =h(p,q,I) + f(p,q,1,%)

be real-analytic on B 55 x Cp X Tg;f, where h(p,q,I) depends on (p,q) only via

S+

2 2 2 2
pit+4q Py +4q
J(qu) = (%’ cee %)
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Assume that wo := 0j(p,qnh is a diffeomorphism of A with non singular Hessian matriz U :=
a(%,(p qAI)h and let Uy, denote the (v, + - - + vp,) X v submatriz of U, i.e., the matriz with entries

(Uk)ij =Usj, forvi+ - +vp_1+1<i<v,1<j<v, where 2 <k <m. Let

MZSHP|U‘7 My, Zsup|Uk|, MzsuplU_l‘v E> |f|p,§+s
A A A

T
My >sup |[Ti| if U '=| : 1<k<m.
A T
Define
6 EM2L\ '
K :=— log, <21> where log, a :=max{l,loga}
s 71
P a— pi=min{p1, o, Pms Ple cc s Ply T e Ty}
3MkKT*+1’ 3 ) Ly ) 7 C ) ) )
L= maX{M, ML, M;;}
A EL
p

Then one can find two numbers ¢, > ¢, depending only on v such that, if the perturbation f is
so small that the following “KAM condition” holds

6B < 1,
for any w € Q. :=wo(D) N Dy, ... 4,7, One can find a unique real-analytic embedding

bo: V=009 €T = (0(0;w), 9+ a(0;0), Rgyaww) Wi, » Ropasw)We)
€ ReC, x T * x Re B>/

where r := c,,E,é such that T, := ¢,(T") is a real-analytic v-dimensional H-invariant torus, on
which the H-flow is analytically conjugated to ¢ — 9 +wt. Furthermore, the map (¥;w) — ¢, (9)

is Lipschitz and one-to-one and the invariant set K := U T, satisfies the following measure
wEN,
estimate

meas (Re (Dy) x T\ K) < (meas (D\ Dy, ..oy re X T7) + meas (Re (D) \ D) x T”),

where Do, ... . 1. denotes the wg-pre-image of D, ... .. . in D. Finally, on TV xS, the following
uniform estimates hold

M Mgy ~
qw) = I9 < Vctf+44>EA
i)~ )| < (3 + 31 ) B
lu(sw)| < e, E's
; ; —_ N 1% 12 Vi ] —— |1'Uk|2
where vy, denotes the projection of v = (0,0) € R x -+- x R¥™ over R¥¢, 7j, := > and

I%(w) = (I%(w), -+, I%(w)) € D is the wy-pre-image of w € Q.

Theorem 2.4 generalizes Theorem 3 in [2] and hence the Fundamental Theorem of [1], to which
Theorem 3 in [2] is inspired.
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Proof of Theorem 2.3 Let
_ _ 1 1
7 :=cv/a(loga )™, K= Elog o

where € is as in (94) and ¢ will be fixed later. We aim to apply Theorem 2.4 to the Hamiltonian
‘H, of Proposition 2.1, with these choices of 4 and K. To this end, we take

1
— 1<j<n
“1a; Y5 2(,4+13
- 1 0%(af
R W Y
a . C2 12 a’nfl
& 21"3“)2 n+l<j<2n-1
Cl(a2n7]) 9]
1 1 1 (an)?® e\
E= ’u_e*CK K = —log, (52 (C_L ) 7CK)
C3 an Cq Y (an—l)g
70; :
€5 oma 11 1<j<n 0.5
. .y
Pj p ~ T T >3n—2
Wo]_n ) K7+
C5KT*+1 n+1<j53<2n—-1
3 _
E— i;z (C_ln) 3€7CK}:{’2(T*+1)
Ce Y (anfl)
where K := max{K, K}. The number Wlﬁ% can be bounded by O%N for a sufficiently large N

depending only on n. Hence, if ¢ < £ and a < cg, we have F < 1 and the theorem is proved. [

2.3 On the co—existence of stable and whiskered tori

In this section we discuss how the use two different sets of coordinates may lead to prove the
co—existence of stable and unstable motions. Specifically, we deal with the following situation,
which we shall refer to as outer, retrograde configuration (ORC):

Two planets describe almost co—planar orbits, revolving around their common sun, in opposite
sense. The outer planet has a lower angular momentum and retrograde motion, as seen from the
total angular momentum of the system.

We aim to discuss the following

Theorem 2.5

1. There exists a region Dy in the phase space almost completely filled with a positive measure set
of five-dimensional KAM tori, in ORC configuration;

2. There exists a region Dy in the phase space including an invariant region DO consisting of
co—planar, retrograde motions for the outer planet as a hyperbolic equilibrium manifold for the
three—body system;

3. Dy and DY have a non-empty intersection.
Theorem 2.5 leads to the following conjecture, which is likely to be proved somewhere.

Conjecture 2.1 Full dimensional quasi—periodic motions and hyperbolic 3—dimensional tori co—
exist in Dy.

The proof of statements 1. and 2. in Theorem 2.5 relies on the use of two different sets of
coordinates for the Hamiltonian (4) with n = 2:

T il My y2l? pebMo n (Y1 Y2 mumg > (96)

24 %1 2412 x| mo  |xi — x|
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Proof of 1. We consider the coordinates (70) with n = 2. It will turn to be useful to work with
regularizing complex coordinates, which we denote as

RPS% = (Aa )‘7 ta t*v Tv T*) - (Alv A2; >\17 )\27 tlv t27 t37 tia t;a t;a Tv T*) (97)
and define via the formulae

A1:A1 )\2:£2+’V2+’V+<
Ao = A5 )\1=£1+71—’Y—C
t; = —iv/A] — 7 et +0) f=—VA —T, e—i(=mn+7+0)

ty = \/Ag — T3 ei02+7+0) £ = —iy/Ay =T e—i(+1+0) (98)
tg = 71\/0 — FQ —+ Fl ei('erC) t§ = — C — FQ + Fl 671(’\/+<)
T =+\C—7¢e¢ T = —i/C —Ze ¢
We also define, for later need, 1, 172, p, &1, &2, q Via
ty = N2 — i&o tl_:im—& ts.:ip—q T_:P—iQ
. N2 +i&2 . _Im+& «._iptgq .. P+iQ
ty = — t] i= ——— ts 1= T = . 99
2 \/éi 1 \/ii 3 \/§i \/ii ( )
Observe that
My = {(A A 6,67 (£,87) =(0,0)} (100)

corresponds to co—circular, co—planar orbits for the two planets, with the outer planet in retrograde
motion.
We denote as

piME M3

oA 2A2

HRPS& = -

+,ufRPs$(A7)‘atat*) (101)

the expression of the Hamiltonian (96) using the coordinates RPSC in (97), which, similarly to
the prograde case, Hypsc is independent of (7', 7). Abusively, we shall continue calling RPSC the
coordinates (97) deprived of (T, T%*).

We now define a domain where letting the RPSS coordinates vary. First of all, we observe that ORC
configuration can be realized only if the planetary masses are tuned with the semi—major axes.
More precisely, that, if we denote as “2” and “1” the inner”, outer planet; as as, a1, the semi-major
axes of their respective instantaneous orbits around the sun; a_, a4, with 0 < a_ < ay < 1,

two numbers such that the semi—axes ratio o := Z—f verifies

a_ <a<aoy, (102)

then the following inequality needs to be satisfied
T2 Jam>1. (103)
my

Indeed, since the motions are almost—circular, the lenghths of the angular momenta of the planets,
C1, Cs are arbitrarily close to the action coordinates Aj, As related to their semi—major axes,
which in turn are related to the semi—axes and the mass ratio via

Cl A1 N M1 M,

5Compared to [13], here “2” and “1” are exchanged, in order to keep uniform notations along the paper.
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where p;, M; are as in (5). This inequality does not make conflict with (102) if one assumes that

p2 [ Mo
kyi=—\/—ay>1. 104
T owm VT (104)

whence the necessity of (103).
We then fix the domain as follows. The coordinates A1, Ao will be taken to vary in the set

£i={A= (A A2): A S A S AL koA S A SEyA (105)

with k4 as in (104), and 0 < A_ < A, to be chosen later.
The coordinates A = (A1, A2) will be taken to run in the torus T2.

As for the coordinates (t,t*), we take a domain of the form
U = {(t,t*) eCcs: |(t,tY) < s}
The domain for RPSS will then be
Dy=LxT? xU. (106)

The following statement is a more precise version of statement 1. in Theorem 2.5.

Theorem 2.6 ([13]) There exist two numbers 0 < ey < €9, 0 < ay < 1, such that, for any 0 <
e<eq, 0<a_ <ag, 0<A_ <Ay, one can find py(g) > 0 such that, for any 0 < p < py(e),
in the domain Dy there exists an invariant set F. , C Dy with density going to 1 as ¢ — 0 which
is foliated as

-Fs,u = U’Tw,s,p (107)

w

where T,z is diffeomorphic to T3, where T := R/(2nZ) is the standard, “flat” torus. Moreover,
on Tu.ep the motions are quasi-periodic, in ORC configuration, with suitable (“diophantine”)
irrational frequencies.

Theorem 2.6 extends Theorem 1.1 to ORC motions. As we briefly discuss below, even though the
setting is similar, the extension is not completely trivial. Here we provide a sketch of the proof.

In [13] it is shown that Hppse is related to the Hamiltonian Hyps in (76) with n = 2 by a simple
relation. If, in order to avoid confusions, we equip with “tildas” the coordinates (72) with n = 2
and denote as

their complex version, defined via

P Mo g ki g poid 5 PoiQ
Tx 7]1 + lé Tx 772 + ng Tk ﬁ+ la Tk ﬁ + 1@
] = ——— ty = ——— t5 = T = 108
1 \/ii 2 \/ii 3 \/ii \/ii ( )
and, finally, introduce the involution
¢17 (Ah A27 >\17 )\Qa t, t*a Ta T*) = ( - A17 A27 _)\17 )\27 ta t*v T7 T*) . (109)

Then we have
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Proposition 2.2 ([13]) H,psc = Hypsc © 67 -
In particular, the coefficients of the expansion
f;;’sg = Co(A) + ity - o(A)t™ +ic(A)tsth + O4(t, t™; A) (110)

of f& . are obtained from the corresponding coefficients o(A), (A) computed in [5] by applying

RPSZ

the pI‘OJeCthIl on (A, A) of the transformation in (109). This immediately provides

(A1, Ag) = G(—A1, Ag) = ( N VAR )

5 s
Ve (111)
1 1
(A =¢(—A,A)=—(——— s
(L L)
with
o az

s:= —m1m22a bél/)z( ) 8 = mymy g b§2/)2( ) a= o (112)

where bgj)(oz)’s being the Laplace coefficients®. It is to be remarked, from the formulae in (111)-
(112) that the matrix o is symmetric but not real. This is a remarkable difference with the
prograde case studied in [8, 5], which, in particular, does not ensure “a priori” the reality of its
eigenvalues. However, the following turns true:

Lemma 2.3 The eigenvalues of the (2x2) matriz o(A) in (110) are real. Hence, (t,t*) = (0,0) €

R3 x R? is an elliptic equilibrium point for f RPbC

Proof The eigenvalues of o can be explicitly computed:

t 1
al,agz%ii (tro)2 —4deto . (113)

Since tro = (A% — A%)s is real, we have to check that the discriminant

1 1 4
A = 2_4 — (— 2.2 (22
(tro) deto (A2 Al) s° + A, (s* —3%)

is positive. Recalling that the Laplace coefficients verify
b (B) > bUtV(B) forall s>0, jeZ, 0<|f] <1,

(see Ref.[8] for a proof), one has
=% = (mima ) ((b5(0))° — (0575())%) > 0. (114)

and we have the assertion. [J

The formulae in (111)—(112) show that, as in the prograde case, the eigenvalues of o(A) and the
number ¢(A) verify, identically

o1+01+s=0 (115)

6The Laplace coefficients defined via the Fourier expansion

L _ (R) () k0 C_
(1720{0059+o¢2)S o st (@) b= V(=D
kezZ
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By analogy with the latter identity in (24), we shall refer to (115) as Herman resonance. The
asymptotic values of the eigenvalues o1, 02 and ¢ in the well-spaced regime (105) can be computed
directly from (113)—(114), or from the corresponding ones in [8, 5] applying the transformation
(109). In any case, the result is

3a3 (1 1 a3
=-2(—_- = O(—2
N 4a% (A2 A1> + (G%AQ)
It shows that there is no other resonance besides Herman resonance in (115), provided the semi-
axes are well spaced. Recall the definition of £ in (105).

Lemma 2.4 For any K > 0, there exist Ay, ay such that the triple Q°(A) := (o1(A), 02(A),<(A))
verifies

Q°A) - k#0 VEeZ3 0<|k|<K, k#N(1,1,1) VAcL (116)
with some N € Z.

At first sight, Lemma 2.4 might seem an obstruction towards the construction of the Birkhoff
normal form for the Hamiltonian (101). However, as in the prograde case, the conservation of the
angular momentum lenghth

C=AMAy— Ay —it-t* (117)

is of great help. Indeed, by the commutation of fypsc and C, it turns out that, in the Taylor

expansion (110), only monomials with literal part 272 verifying
Z a; = Z a; (118)
i i

appear. In [4] it is shown that, because of (118), then (116) is sufficient for constructing a Birkhoff
normal form (i.e., Theorem 2.1 with n = 2) for the Hamiltonian (101). Moreover, the torsion
matrix (i.e., the matrix 7(A) defined via (80)) for this case can be computed from the analogue
one from the prograde case again applying (109) to the torsion of the prograde problem. The
computation is omitted (see [13] for the details), apart for stating that it is non-singular. An
application of Theorem 2.2 then leads to the proof of Theorem 2.6.

Proof of 2. As a second set of coordinates, we use the P—coordinates defined in Section 1.6.
In the case n = 2, they reduce to

P = (Z7 C7 ®a Aa <7 K2195£)

with
A= (A1, Ag), ®=(01,02), £=(l1,0z), 9= (V1,72)
We denote as
2 2

M?*M-
Hp == ~gx T nfp(A.©.£9:C)

Jj=1
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the four—degrees—of—freedom Hamiltonian (96) written using P—coordinates, which is independent
of Z, ¢ and ks.
The manifols

D)= {(A,©,£,9:C): (62,02) = (0,0)} (119)

corresponds to retrograde motions. It is invariant as fp has an equilibrium on it and includes, in
particular, the manifold M in (100).

We establish a suitable domain (including D9) for the coordinates P where Hp is regular. We
check below that the following domain is suited to the scope:

Dp(C) = {(A,@l) € A(C)} x {(wl) € T3} X {(92,192) € 8(91,0)} (120)
where
A©C) = {(A8,01) 1 (A1, s) € £(0), 01 € G(A1, A, O) )
B(©,,C) = { G2, 1) : |0s] < lmln{C’ 01}, [0s] < }
£(C) {A Acl, Ay>C+ \/@Al}
G(AL, As, C) = (c_,c+), O = E@Al O := min {A2 - C,Al}. (121)

with £ is as in (105), while ¢ is an arbitrarily fixed number in (0,1). We need to establish two
kinds of conditions.

a) existence of the perihelia We need that the planets’ eccentricities ey, es stay strictly
confined in (0, 1). Namely, that the following inequalities are satisfied:

0<0O; <A, 0<Cy <Ay (122)

with Cy := |Csy|, Cq as in (25). The expression of Cy using P is

Co = \/02 + 0% — 203 + 2\/(02 — 032)(0% — ©3) cos V2
We observe that C may vanish only for (02, 92) = (0, 7). Since we deal with the equilibrium (119),
the occurrence of this equality is automatically excluded, limiting the values of the coordinates

(O©2,72) in the set B in (121) since in this case

Cs > %(12. (123)

Moreover, the two right inequalities in (122) are satisfied taking
O, < min {A2 - C,Al} ~C,
where we have used the triangular inequality Cy = |C — C1| < |C| 4 |C1| = C + ©;.

b) non—collision conditions We have to exclude possible encounters of the planets with the
sun and each other. Collisions of the inner planet with the sun are excluded by (121). Indeed,
using (123),

c3 _3C?
l—e2=-2>""

27 A2 T 4 A2
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whence the minimum distance of the inner planet with the sun as(1 — e3) is positive. In order to
avoid planetary collisions, it is typical to ensure the following inequality:

az(1+ez) < ay(l —e;)

with 0 < ¢ < 1. A sufficient condition for it is
2

91 > *w/aJrAl =C_.
c

Indeed, if this inequality is satisfied, one has

@2 2
az(1+ e2) < 2a9 < 4 1;: = ﬂ(lfe%)c2 <ay(1—e))c
2 A2 2

The hyperbolic equilibrium [13] By the formulae (89)—(90) with n = 2, the € of Hp
is given by

_ Wi M; mime  —5(2) m a3
= — _— io -y
Hp==) i +u< o) oo o

j=1
with
e mlWﬁfg? [2(393 —0?)
- 3OO0 (0 a0 2 (07— 0507 - 0P o)
I g(@% - @%)\(%OZ - 03) sin? s .

We shall now prove that, restricting the domain (120) a little bit, so that the manifolds (119) are

—(2
hyperbolic for 7132( ), We fix the following domain

Dy = Ay x By x T3 (124)
with
AC) = {(Al,Ag) € Lo(C), ©¢ gu(Al,Ag,C)}
Bo(C) = {(62,192) L 10, < % 195] < g} (125)
where
Lo(C) = {A = (A1, As) € £: 5A2C — (C + %\/aAg)?(w + %MAQ) >0,
A1 > O, Ay > max{C + %\/aAl, 20}}
Gu(A1, A, O) = (6_,6+) (126)

where £ is as in (105) and, if C*(Ay,C) is the unique positive root of the cubic polynomial
Cy — 5A§C — (O + 02)2(40 + CQ), then

C_:= max{%‘/aJrAl, C} C4 = min{A;,C*}. (127)
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Implicitly, we shall prove that o o

C_ <Oy . (128)

We check that the coefficients in front of ©3, ¥3 in the Taylor expansion about (©2,92) = (0,0)

have opposite sign in the domain (124), so that the equilibrium manifold (119) is hyperbolic.
Indeed, the part of degree 2 in such expansion is

a2l A3 [SA

2 2 2 4 4
mlm2;§§@ X ?@2 +3C@13192+O(®2+192)

where

A:=5A3C — (C+61)*4C +0©;) and B:=C - 0. (129)

Both ©7 — a(A1,01;C) and ©1 — b(©1;C), as functions of ©; decrease monotonically from
a positive value (respectively, C'(5A3 — 4C?) and C) to —oco as O increases from ©; = 0 to
©1 = +00. The function a(A1,01; C) changes its sign for ©; equal to a suitable unique positive
value C*(Ag, C), while b(01; C) does it for ©; = C. We note that (i) inequality C' < min{C, C*}
follows immediately from the assumptions (126) (in particular, the two last ones) and (ii), more
generally, that C* < C'is equivalent to Ay < 2C'. Since, for our purposes, we have to exclude C* =
C (otherwise, a(A1,01;C) and b(©1;C) would be simultaneously positive and simultaneously
negative, and no hyperbolicity would be possible), we distinguish two cases.

(a) C > %\/@Al and C + %\/@Al < Ay < 2C. In this case C* < C. We show that no such
G, can exist in this case. In fact, since C* < C, in order that the interval (C*,C) and the
set G have a non-empty intersection, one should have, necessarily, C;. = supG > C*, hence,
in particular, Ao — C > C*. Using the definition of C*, this would imply Ay > 2C, which is
a contradiction.

(b) Az > max{2C,C + 2,/a;A1}. In this case C < C* < Ay — C. In order that the interval
(C,C™*) and the set G have a non-empty intersection, we need

c_<cCr and Cy>C (130)

and such intersection will be given by the interval G, as in (126). Note that the definition
of C'; does not include Az — C in the brackets because, as noted, C* < Ay — C. But (130)
are equivalent to (126).

Proof of 3. Here we prove that

Theorem 2.7 Let a; < 1—16 There exist universal numbers 1 < k < k such that, if

K k M.
o < 0oy, <& —2<7

k
\/ﬁ 1 M, \/I

then Ds N DY is non—empty. The following values work:

1 —
k= 1 %(69+ 11@) ~157, k=2. (131)

Proof The sets Ds in (106) and DY in (119) are expressed with different sets of coordinates. To
prove that Dy and DY have a non—empty intersection, we need to use the same set for both. We
choose to use the coordinates P, so we rewrite Dy in terms of P.

Using P, the set Dy becomes (at the expenses of diminishing ¢, if necessary)

D= A x By x T3
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Figure 13: The blue curve is C; the orange line has slope k, the green one has slope k
(MATHEMATICA).

Figure 14: The blue strip corresponds to the set £1, the green one to L5 (MATHEMATICA).

Figure 15: £;: the blue region; L5: the green region; L3: the violet region (MATHEMATICA).
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where, if

L(C) = {A = (AL, As) € Lo: [As— A1 —C| < g} . Go(Ay) = {@1 L 0< A —O < 5},
(132)
then
A= {(M,82,01) (M, 82) € £y, ©1 € Go(An) b, Boi= {(02,02) ¢ [(B2,02)| <2 . (133)

All we have to do is to check that the intersection Ag N A, is non—empty.
Recalling the definition of A,, in (125)—(126) and the definition of Ay in (132)—(133), asserting
that A; N A, # 0 is equivalent to asserting that

L(C)NL(C) #0
and
Gs(A1) NGu(A1,A2,C) # 0V (A1, Az) € L(C) N Ly(O) .
It will be enough to check that
L(C)NLu(C) N Lau(C) # 0 (134)
and
gS(Al) n gu(A17A2> C) 7é @ v (A17A2) € Es(c) n ‘Cu(c) N Esu(c) ) (135)
where, if C'y are as in (127), L, is defined as
Lsu = {(Al,Ag) : 6+ = Al} . (136)
Note that (135) is certainly satisfied provided (134) is, since in fact, for (A1, A2) € L5(C)NL,(C)N
Lo (C),
Go(A1) N Gu(Ar, A, C) = {@1 : max{C_,A; —¢} <O, < Al}

which is well-defined by (127)—(128).

On the other hand, in view of the definition of C'y in (127), and of C* a few lines above, Lg, in
(136) is equivalently defined as

Low = {(A1,A2)  5A3C = (C+ M)P(AC + A1) > 0} . (137)

Therefore, in view of this definition and the definitions of Ly, £, in (126) and (132), one sees that
the set on the left hand side in (134) is determined by inequalities

A <A <Ay

koA <Ay < ki

5A5C — (C + 2y/az A2)*(4C + 2\ /atAs) > 0

A >C

Ay > max{C + 2\/a; Ay, 2C}

[Ao — A1 —C|<ce

5A3C — (C 4 A)?(4C 4+ A1) >0 (138)
We observe that no phase point” (A1, As) with Ay — A; — C < 0 will ever satisfy (138), and that

inequality A > 2C is implied by A; > C and (137). Then, we divide such inequalities in three
groups, so as to rewrite the set (134) as the intersection of the sets

"Inequalities A1 < C, (which is equivalent to (137)) and Cx < A2 — C (which is equivalent to ©1 > C, in turn
implied by the definition of Gsu above) imply As — A1 — C > 0.
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L = {(Al,Ag): Al <A <Ap, A >C, Ay > 20,

A0+ A,
5C
{(AI,AQ); 0<As— A —C<e Ay>C+20a5A;, A >C}

max{k_Ay, (C+ A1) } < As < k+A1}

[ V)
|

Ly = {(Al,Ag) : 5A2C — (C +2/azAs)2(4C + 2/azhs) > 0, Ay > 20}

We now aim to choose the parameters AL, k+ and a so as to find a non—empty intersection of
the sets a above.

Let us denote as C the curve, in the (Ag, Aj)—plane, having equation

4C + Ay

CZ AQZ(C+A1) 50

(139)

Let
A =EkAy

be any straight line through the origin. The straight line intersecting C into the point (Aq, As) =
(C,2C) has k = 2, and intersects this curve, also in the higher point

(A7) = (%(13 +VIRS), (13 + VI85))C .

Any other line with k > k has a lower intersection (A;’, Ag’), with Ay’ < C and Ay’ < 2C and a
higher intersection (/Tl/, /Tgl) with /Tl/ > Ay and /TQI > As.

The last straight line, in the plane (A1, As), through the origin intersecting C is the tangent line,
and it is easy to compute (see below) that such a tangent line has slope has slope k as in (131)

(Figure 13). We then conclude that, as soon as we choose k_ < k, ky >k, A_ < A, AL > Ay,
we have the inclusion

4C + Ay

21 DLy = {(Al,Az) : (C+A1) G

}<A2§2A1}.

Let us now turn to 22. Since we are assuming o < %7 we conclude that the strip

L= {(Al,AQ); O<Ao—A—C<e, A >c}
is all included in the region
ZQ = {(Al,Ag) : A2 > C+2\/EA1 3 Al > C}

and this allows to conclude R _
Lo=LoNLy=Ly.

Since the sets £1 and L2 have a non—empty intersection, independently of a (see Figure 14), a

fortiori, El and 22 have one: R
£1ﬂ£23£1ﬂ£27&®.

Observe, in particular, that £1 N Lo (hence, LN 22) has non—empty intersection with any strip
R x [QC, y}, with y > 2C (see Figure 15).
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On the other hand, it is immediate to check that 23 includes the horizontal strip

C 1
£3-={(A1,A2)-2C<A2<27@,A16R} O<ay <1

and so we conclude
L(C)NLW(C)N Low(C)=L1NLyN L5 D L1NLyN Ly D

In order to complete the proof, it remains to prove that the tangent straight line to C through
the origin has slope has slope k as in (131).
We switch to the homogenized variables

A Ay
Ti=— ==
c YT ¢
so that the curve C in (139) becomes
> 4
C: y=(1+2z) ng .

We look for a straight line through the origin y = kx with k£ > 0 which is tangent to C at some
point (a,b), with a > 0.

The intersections between C and any straight line through the origin y = kz are ruled by a
complete cubic equation, given by

234+ (6 —5k%2? +924+4=0. (140)

In order that such an equation has a double solution x = a for k = k, one needs that, when k = k,

it can factorized as
(x—a)?(x—c)=0 (141)

Therefore, equating the respective coefficients of (140) and (141) one finds the equations
—(c+2a) = 6 — 5k*
2ac+a? =9

—a’c=4

Two last equations, allow to eliminate b so as to obtain the equation for a
a’—9a—8=0
which has the following three roots:
ag = -1 ) atr =

The only admissible (positive) value is then

a=ay = 5
and it provides the values
—17+v/33 1 /3
=— k=-4/—(69+11v33). O
¢ 52 Eeqy 0t )

43



A The my—centric reduction

The Hamiltonian of 1 4+ n masses my, ..., m, interacting through gravity is
" w2 m;m;
H=>» — — — 142
Z 2m; Z lvi — vyl (142)
=0 0<i<j<n

We switch from the position coordinates v; to new new ones, denoted x;, where x¢ is the coor-
dinate of mg, while x; is the coordinate of m; relatively to mg. The change is

o X0 =20
vz_{X@ﬁ*Xo ’L:17,TL (143)

As the change does not involve the u;’s, the coordinates y; conjugated to x; may be computed
imposing the conservation of the standard 1-form

n

A:Zyi~dwi:iui-dvi.
=0

=0

We find

n n
E u; v = u0'X0+§ u; - (x; + %)
i=0

i=1

n n
(Zui>~x0+2ui-xi.
=0 =1

So we identify
n
uw i=0
Yz': i=0
u; i:l,...7n.

We recognize that yq is the total linear momentum, which keeps constant along the motions of
‘H, as H is translation—invariant. Fixing a reference frame moving with the the centre of mass of
mg, .., My, we have yg = 0 and hence

*iyi‘ =0
i=1

Yi 1=1,...,n.

(144)

u; =

Replacing (144) and (143) into (142) we arrive at (1), with p;, M; as in (2).
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