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A European option is a contractwhich gives the buyerthe right to sell (put option) or to buy (call option) an underlying asset at a specified strike priceon a specified date (expiry)Options can be used, mainly, for insuring against price movements (hedging) or speculating.Black-Scholes Model                                       [F. Black and M. Scholes, 1973](Chicago Board Options Exchange) According to data compiled by the Options Industry Council, the total volume ofoptions contracts traded on U.S. exchanges in 1999 was about 507 million. By 2007, that number had grown to an all-time record of more than 3 billion.No arbitrage opportunitiesInformation is instantaneously widespreadThe market is efficient and  frictionless: no transaction costs, it is possible to borrow and lend any amount, even fractional, of the stock  and of cash at the riskless rate …The asset price satisfies the following stochastic differential equation (SDE)is the constant risk-free interest rateis the volatility constant for the asset priceis a Wiener processAssumptions:



Over the past three decades, the academic literature has highlighted the strong limitations of this modeldue to the fact that it is based on restrictive and unrealistic assumptions.Therefore other models have been later introduced:1. models with time-dependent parameters;2. stochastic volatility models, such as the Heston model, in which the value of the option depends ontime, on the stock price and on the volatility of the underlying asset.But also, the model has been adapted to other kinds of option contracts:3. Asian Options4. Basket OptionsFor these more advanced models, the pricing is traditionally based:• Monte Carlo methods: very simple and flexible, but also very slow to converge• Finite element methods: very accurate and fast and capable of handling discontinuous solutions;However, quite difficult to implement, especially if a high-degree polynomial basis are employed and withsome troubles in unbounded domains (as Finite Difference methods);• Binomial/trinomial lattices: relatively easy to implement, but not particularly efficient.• Finite difference schemes: easy to implement. However, standard high-order implementations fail toachieve true high-order accuracy, due to the non-smoothness of the options’ payoffsHere a different numerical approach to the European Option Pricing will be presented for the particularcase of application of Barrier Conditions in the contract (Semi-Analytical method for Barrier Option)following Black-Scholes model



The mathematical model problem 1.: time dependent parametersUnder the simple Black-Scholes paradigm, still very common in use,with time dependent parameterswith final condition (payoff)European put option differential model problemThe option’s payoff is the amount of money receivedby the holder at maturity.For Put Option with exercise (strike) price E:At maturity T, if S(T) ≤ E, the holder can buy theunderlying asset at S(T) and exercise the right to sell itat E, and thus the option’s payoff is equal to E - S(T).On the contrary, if S(T) > E, why sell something at aprice E that is lower than its market price? Thus, ifS(T) > E, the option is not exercised and the holderreceives a payoff equal to zero. The payoff is not a differentiable function



The mathematical model problem 1.: time dependent parametersUnder the simple Black-Scholes paradigm, still very common in use,with time dependent parameterswith boundary conditions on the assetwith final condition (payoff)European put option differential model problemnormal cumulative distribution;For this problem the analytical solution is known:



The mathematical model problem 1.: time dependent parametersUnder the simple Black-Scholes paradigm, still very common in use,with time dependent parameterswith boundary conditions on the assetwith final condition (payoff)European vanilla option differential model problemFor this problem the analytical solution is known:where is the payoff and is the fundamental solution of the forward PDE



Our financial model problem: European barrier option pricingA knock-out barrier option is an option whose price extinguishes when the underlying assetbreaches a pre-set barrier levelIn particular, I will illustrate here the case of aEuropean put up-and-out barrier optionwhose price extinguishes when the underlying asset breaches a pre-set upper barrier levelbut the method is analogously applicable also to call option, other payoffs and othercombinations of barriers too.In order to limit profits and losses…But we will take into consideration a slightly different problem whose analytical solution isgenerally not known in a closed formA knock-in barrier option is an option that comes into existence when the price of theunderlying asset reaches a specified barrier during the option's life



The mathematical model problem: European put up-and-out optionPerforming these classical changes of variablesand definingwith boundary conditions on the assetwith initial condition European put up-and-out option differential model problemIs there a closed form solution? 



Semi-Analytical method for the pricing of Barrier OptionsAnalytical Integral Representation of PDE solutionBoundary Integral EquationNumerical Resolution of the Boundary Integral Equation by Collocation MethodNumerical approximation of the option priceSABO: Semi-Analytical method for the pricing of Barrier Options, under general dynamics.Foundations:



Integral Representation Formula of the PDE Solutionfollowing PDE theory…the related transition probability density (Green fundamental solution)PDEMultiplying the PDE by integrating by parts (Green’s Theorem) and using initial/boundary conditions for each  solves RF
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Boundary Integral Equationanalytical INTEGRAL REPRESENTATION FORMULARF unknown density



Boundary Integral Equationanalytical INTEGRAL REPRESENTATION FORMULARF unknown densitysolve the equation… numericallybut on the boundary, letting BOUNDARY INTEGRAL EQUATIONBIE
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Boundary Integral Equationanalytical INTEGRAL REPRESENTATION FORMULARF unknown densitysolve the equation… numericallyNote!: whenthe method reduces to the evaluation of the payoff expected valuebut on the boundary, letting BOUNDARY INTEGRAL EQUATIONBIE



Numerical Resolution of the Boundary Integral Equation
• uniform decomposition of the time interval with time step  
• approximation of the BIE unknownwith for
• evaluation of BIE at the collocation nodes:by COLLOCATION METHOD:BIE
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Numerical Resolution of the Boundary Integral Equationas the Green’s function is defined for N.B.:   if then Toeplitz structure
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Boundary Integral Equationanalytical INTEGRAL REPRESENTATION FORMULARF unknown densitysolve the equation… numericallybut on the boundary, letting BOUNDARY INTEGRAL EQUATIONBIE



Numerical Approximation of the option priceapproximated INTEGRAL REPRESENTATION FORMULARF approximation



Numerical Example: test with constant parameters
closed-form solutionclosed-form solution [J.C. Hull, 2011]



Numerical Example: test with constant parameters
FINITE DIFFERENCES

(implicit in time and centered in space)

SABO

[C. Guardasoni - S. Sanfelici, A boundary element approach to barrier option pricing in Black–Scholes framework, 
International Journal of Computer Mathematics, 2016]

Max Abs Err Max Rel Err CPU time

0.0125 8.1 10-4 2.0 10-3 2.4 10+0 s

0.00625 2.0 10-4 4.9 10-4 6.1 10+1 s

Max Abs Err Max Rel Err CPU time

0.1 7.4 10-4 9.6 10-3 7.8 10-1 s

0.05 2.0 10-4 2.6 10-3 1.4 10+0 s

0.025 5.2 10-5 6.8 10-4 2.5 10+0 s

0.0125 1.5 10-5 1.9 10-4 4.9 10+0 s

0.00625 5.3 10-6 6.4 10-5 9.7 10+0 s

Max Abs Err Max Rel Err CPU time

k=1 5.0 10-2 5.7 10-1 5.1 10+0 s

k=2 3.4 10-2 4.4 10-1 2.7 10+1 s

k=3 2.7 10-2 3.2 10-1 7.2 10+1 s

MONTE CARLO

[L.V. Ballestra – G. Pacelli, 2014]



[Guardasoni. Semi-Analytical method for the pricing of barrier options in case of time-dependent parameters (with 
Matlab codes), CAIM, 2018]

Numerical Example: time varying interest rate



HedgingThis numerical strategy is very useful and efficient for hedging that needs computing Greeksbecause it is sufficient to evaluate the derivative of the Representation Formula



HedgingThis numerical strategy is very useful and efficient for hedging that needs computing Greeksbecause it is sufficient to evaluate the derivative of the Representation Formulawithout computing the primary unknown



The mathematical model problem 2.: Heston modelStochastic differential equations: [S.L. Heston (1993)]



The mathematical model problem 2.: Heston modelPartial differential equation: [S.L. Heston (1993)]



The mathematical model problem 2.: Heston modelPartial differential equation: [S.L. Heston (1993)]with final condition (payoff)



The mathematical model problem 2.: Heston modelPartial differential equation: [S.L. Heston (1993)]with final condition (payoff)
closed-form solutionclosed-form solution to be numerically evaluated     [P.Carr-D.B.Madan (1999)][S.L. Heston (1993)]
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is the payoff 

is the joint transition probability density (or fundamental solution) that expresses the probability to 

move from at time to at time 

[C. Guardasoni, S. Sanfelici, SIAM journal on Applied Mathematics 2016 ] 



with final condition (payoff)European DOWN-and-OUT CALL option differential model problem

[C. Guardasoni, S. Sanfelici, SIAM journal on Applied Mathematics 2016 ] 

The mathematical model problem 2.: Heston model



The mathematical model problem 2.: Heston modelon the asset lower barrier with boundary conditionwith final condition (payoff)European DOWN-and-OUT CALL option differential model problem

[C. Guardasoni, S. Sanfelici, SIAM journal on Applied Mathematics 2016 ] 
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Boundary Integral Equationanalytical INTEGRAL REPRESENTATION FORMULAunknown densityRF



Boundary Integral Equationanalytical INTEGRAL REPRESENTATION FORMULAunknown densitybut on the boundary, letting BOUNDARY INTEGRAL EQUATIONsolve the equation… numericallyBIERF
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[C. Guardasoni, S. Sanfelici. Fast numerical pricing of barrier options under stochastic volatility and jumps, SIAM
Journal on Applied Mathematics, 2016]

Numerical example



• The mathematical model problem 3.: Asian optionsAn Asian option is an option whose payoff depends the average of the stock price over a time intervalarithmetic Asian option average
[A.Aimi, L.Diazzi, C.Guardasoni, Mathematical Methods in the Applied Sciences 2018]

[A.Aimi, C.Guardasoni, L.A.Terranova, in preparation]



• The mathematical model problem 3.: Asian optionsgeometric Asian fixed strike call up-and-out optionwhose price extinguishes when the underlying asset breaches a pre-set upper barrier levelgeometric Asian optionAn Asian option is an option whose payoff depends the average of the stock price over a time intervalaveragearithmetic Asian option average
[A.Aimi, L.Diazzi, C.Guardasoni, Mathematical Methods in the Applied Sciences 2018]

[A.Aimi, C.Guardasoni, L.A.Terranova, in preparation]



If the stochastic process is modeled by the usual geometric Brownian motion,is a geometric Brownian process too
geometric Asian option differential model problemwith final condition (payoff)with boundary conditions deduced from payoff and put-call parity- on the asset- on       - variable• The mathematical model problem 3.: Asian options

[A.Aimi, L.Diazzi, C.Guardasoni, Mathematical Methods in the Applied Sciences 2018]



geometric Asian option differential model problemwith final condition (payoff)with boundary conditions deduced from payoff and put-call parity- on the asset- on       - variableIf the stochastic process is modeled by the usual geometric Brownian motion,is a geometric Brownian process too• The mathematical model problem 3.: Asian options
[A.Aimi, L.Diazzi, C.Guardasoni, Mathematical Methods in the Applied Sciences 2018]



[J. Hugger , Wellposedness of the boundary value formulation of a fixed strike Asian option, J. Comput. Appl. Math. 2006]If the stochastic process is modeled by the usual geometric Brownian motion,is a geometric Brownian process too• The mathematical model problem 3.: Asian options
geometric Asian option differential model problemwith final condition (payoff)with boundary conditions deduced from payoff and put-call parity- on the asset- on       - variable

[A.Aimi, L.Diazzi, C.Guardasoni, Mathematical Methods in the Applied Sciences 2018]



[J. Hugger , Wellposedness of the boundary value formulation of a fixed strike Asian option, J. Comput. Appl. Math. 2006]If the stochastic process is modeled by the usual geometric Brownian motion,is a geometric Brownian process too• The mathematical model problem 3.: Asian options
geometric Asian option differential model problemwith final condition (payoff)with boundary conditions deduced from payoff and put-call parity- on the asset- on       - variable

[A.Aimi, L.Diazzi, C.Guardasoni, Mathematical Methods in the Applied Sciences 2018]

CLOSED-FORM SOLUTION? 



Transition probability densityIntegral representation formula for up-out callIntegral representation formula
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Transition probability densityIntegral representation formulaIntegral representation formula for up-out call



RF unknown densityanalytical INTEGRAL REPRESENTATION FORMULABoundary Integral Equation
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• uniform decomposition of the - domain with time step  
• approximation of the BIE unknownwith for• uniform decomposition of the time interval with time step  
• evaluation of BIE at the collocation nodes:by COLLOCATION METHOD:Numerical Resolution of the Boundary Integral Equation



BIENumerical Resolution of the Boundary Integral Equation



as the Green’s function is defined only forand depends on  as the Green’s function depends on   Numerical Resolution of the Boundary Integral Equation



[A.Aimi, L.Diazzi, C.Guardasoni. Numerical Pricing of Geometric Asian Options 

with Barriers, Mathematical Methods in the Applied Sciences, 2018]

[A.Aimi, C.Guardasoni. Collocation Boundary Element Method for the pricing of 
Geometric Asian Options, EABE, 2018]

Numerical example



• The mathematical model problem 4.: Basket options[R. Seydel, Tools for Computational Finance 2006]
Two-assets option differential model problemwith Basket call final condition (payoff)with double knock-out boundary conditions
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• The mathematical model problem 4.: Basket options
Integral Representation Formula



Numerical example
Thanks to S. Dallospedale, G. Geroldi, M.A. Leoni, master students in Mathematics



Observations
Advantages of SABO:

• implicit satisfaction of asset infinity boundary conditions

• reduction of the discretization domain of one dimension

• high precision and stability

• direct evaluation of derivated functions (greeks)

Costs of SABO are due to: 

• discretization in time and of domain boundary 

• numerical quadrature for linear system entries 

Needs of SABO: 

• Green fundamental solution in a closed or approximated form



.Thank you for the attentionA. Aimi, G. Di Credico, C. Guardasoni, S. SanfeliciUniversity of Parma, ItalyThank you for CRM invitation



Numerical Example
[C. Guardasoni, S. Sanfelici. Fast numerical pricing of barrier options under stochastic volatility and jumps, SIAM
Journal on Applied Mathematics, 2016]



The mathematical model problem 2.: Heston modelon the asseton the variancewith boundary conditions [E. Miglio-C. Sgarra (2011)]with final condition (payoff)European CALL option differential model problem



The mathematical model problem 2.: Heston model
European CALL option differential model problemon the asseton the variancewith boundary conditions [E. Miglio-C. Sgarra (2011)]with final condition (payoff)


