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Given a group-like space X, we write ϕX,1 = ιX , ϕX,2 : X ×X → X for
the basic commutator map and ϕX,n+1 = ϕX,2 ◦ (ϕX,n × ιX) for n ≥ 2. The
nilpotency class nilX of the space X is the least integer n ≥ 0 for which the
map ϕX,n+1 ' ∗ is nullhomotopic. If no such integer, we put nilX =∞.

With any based space X, we associate its loop space Ω(X), being a group-
like space, to state

Theorem. 1. Let m ≥ 1, n1, . . . , nm ≥ 2 and M(Ak, nk) be Moore spaces
of type (Ak, nk) for k = 1, . . . ,m. Then:

(1) nil Ω((M(A1, n1) × · · · × (M(Am, nm)) < ∞ if and only if if Ak are
torsion-free groups with rank

r(Ak) = 1 for k = 1, . . . ,m;
(2) nil Ω((M(A1, n1) ∨ · · · ∨M(Am, nm)) < ∞ if and only if m = 1 and

A1 is a torsion-free group
with rank r(A1) = 1.

In particular, we derive

Corollary. 1. If M(A,n) is a Moore space with n ≥ 2 then

nil Ω(M(A,n)) <∞
if and only if A is a torsion-free group with rank r(A) = 1 or equivalently,
A is a subgroup of the rationals Q.
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