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Call Option Prices

£ Maturity (days)
7l a0 | s0 | s0 | 70 | s0 | s0 | 100 | 110 | 120 | 130 | 140 | 150
80 |20.372(20.495(20.611[20.690|20.800(20.91620.972[21.063[ 21.166 21.220[21.329| 21.408|

82 |18.383(18.510|18.632|18.716)18.832(18.956|19.019|19.118)19.228(19.291|19.409|19.498|

84 |16.396|16.528|16.660|16.751|16.876/17.010|/17.081|17.191/17.311|17.383|17.511|17.611)
86 [14.414]14.557]14.700]14.803[14.937]15.08515.170]15.290[15.425[15.506 15.645[15.758|
88 |12.445(12.602(12.760|1 13.029(13.195/13.299|13.431|1 0/13.675|13.827|13.957
90 |10.501|10.681(10.860/11.010/11.178/11.362|11.490|11.634/11.801|11.911{12.077|12.226)
92 [ 8605 | 8:818 |9.030]9.206 [ 9.404 | 9.605 | 9.760 | 9.924 [10.107[10.230]10.413[10.580]
94 |6.794 | 7.051|7.303 | 7.508 | 7.729 | 7.953 | 8.140 | 8.319 | 8.520 | 8.659 | 8.852 | 9.032
96 |5.128 | 5.426 | 5.720 | 5.950 | 6.194 | 6.441 | 6.656 | 6.847 | 7.059 | 7.209 | 7.411 | 7.604
98| 3.666 | 4.001[4.328[4.576 | 4.836 | 5.100 | 5325 [ 5.529 [ 5.739 | 5.904 | 6.114 | 6.309
100 |2.4732.820|3.151|3.415|3676 | 3.945 | 4171 | 4.384 | 4.585 | 4758 | 4970 | 5.171
102 |1.577|1.898 |2.215)2.479 | 2.721 | 2.981 | 3.202 | 3.413 | 3.609 | 3.780 | 3.985 | 4.186
104 |0.960 | 1.228 | 1.502 | 1.743 | 1.969 | 2.208 | 2.414 | 2.615 | 2.797 | 2.963 | 3.145 | 3.345
106 [ 0.560 | 0.768 [0.993 [ 1194 [ 1.396 [ 1612 | 1.793 | 1.974 [ 2137 [ 2.202 | 2.456 [ 2645
108 |0.324 | 0.469 | 0.645 | 0.806 | 0.969 | 1.157 | 1.317 | 1.475 | 1.620 | 1.753 | 1.899 | 2.079
110 [ 0.185 | 0.285 | 0.410 [ 0535 [ 0.662 | 0.823 | 0.958 [ 1.096 [ 1.222 [ 1.337 | 1.461 [ 1.624
112 {0103 [ 0.171 [ 0.260 0351 [ 0.449 [ 0.580 | 0697 | 0810 [ 0919 [ 1.019 | 1119 [ 1.260
114 |0.057 | 0.102 | 0.166 | 0.232 | 0.306 | 0.408 | 0.506 | 0.598 | 0.688 | 0.771 | 0.856 | 0.976
116 | 0,032 | 0.061 | 0.108 | 0153 [ 0.208 | 0.289 | 0.370 [ 0.443 [ 0:511 | 0.581 | 0.654 [ 0.756
118 [0018]0.039 [0.071] 01000142 [ 0.204 | 0.271[ 0330 [ 0.381 [ 0.430 | 0.501 [ 0.584
120 |0.010 | 0.024 | 0.047 | 0.064 | 0.097 | 0.145 | 0.201 | 0.246 | 0.287 | 0.334 | 0.383 | 0.451
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Moneyness

® The moneyness of an option is a measure of it's worth if it were
exercised now

® Exact definitions of moneyness differ by author — e.g. some use an
approximate definition S; — K, others discount these quantities and yet
others use a (discounted) ratio of S; and K

® When moneyness is defined as a ratio we distinguish moneyness > 1, 1,
< 1 according as:

® Calls are in-the-money (ITM), at-the-money (ATM), or
out-of-the-money (OTM)

® Puts are out-of-the-money (OTM), at-the-money (ATM) or
in-the-money (ITM)
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1. Options Fundamentals

® A standard European option is like a ‘ticket’ that gives the holder the
right to buy (call option) or sell (put option) an ‘underlying’ financial
instrument with market price S at time ¢
® at a fixed price called the strike price, /'
® on the maturity date, T years after its issue

® Running time from issue of the option (time 0) until the option expires

is denoted t, so T'— t denotes the time to expiry in years

e If the option is held to expiry (but few are), the pay-off is
® max{S, — K,0} for a standard call option

® max{K — S,,0} for a standard put option
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Option Price vs Underlying Price

Call Option Price,

fusa S
As the option approaches expiry,
or alternatively as the volatility
decreascs, the grey price curves
tend towards the pay-off
Pay-off,
Max (St - K, 0)
0 v;
K
P N
’
’
’
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Market Prices vs Model Prices

® Options may be traded on the secondary market at any time ¢ between
the time of issue and the maturity date T'

® Like any other traded asset, in a liquid market their market price is set
by supply and demand

® The model (or fair) price of an option depends on the underlying
asset’s volatility — unlike the price of a futures

® Hence, the fair price of an option depends on the model we choose for
the stochastic process for the underlying

® Parameters of an option pricing model are (usually) calibrated by

equating the market and model prices for vanilla options
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Fair Price of a Futures Contract

® Denote by S; the spot market price of a risky asset time t. We assume
the asset is (a) tradable both long and short, and (b) may pay
dividends or have carry costs

Fy 7 is the time ¢ forward price of this asset for exchange at some
future maturity 7'

Standard ‘no-arbitrage’ arguments show that there is a unique
theoretical or model (or ‘fair’) price

Fop = er=0(T=0g,

where 7 denotes the risk-free rate of return (also called the discount
rate) and y denotes the dividend yield/carry cost — both r and y are
assumed constant throughout this course
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Risk-Neutral Measures

A risk-neutral investor's beliefs about a risky asset price are captured
by a risk-neutral measure i.e. a measure under which the the expected
total return on any risky asset is the risk-free rate r

Harrison and Kreps (1984) = in a complete, no-arbitrage market there
is a unique risk neutral measure, @

Sometimes holding the underlying pays a dividend with yield y > 0
(e.g. a stock)

Sometimes it incurs a carry cost so y < 0 (e.g. a commodity)

A price process S; for the risky asset is measured without
dividends/costs so its expected return under a risk-neutral measure will
be r —y.
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6. Speculation with Perpetuals

Review of the Black-Scholes Model

® The Black-Scholes (BS) model assumes that the underlying S; follows
a GBM:

A5,
L _ (r —y)dt + ocdW,
S
® The price process measure for log returns is normal, i.e. as seen from

time 0:
In(S;) —In(S,) ~ N ((r—y— %02) t,O’Zt)

® Equivalently the measure for the price S; is a lognormal density:

Sy~InN (InS, + (r—y— %02) t, crzt)
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Fair Prices for Options

® A form of ‘no arbitrage’ may also be used to price options, but now the
model price is not unique because the price of an option depends on the
volatility of S; so different volatility models give different option prices

In a complete market we can add other traded assets or instruments to
an option so that the resulting portfolio is risk free — in other words the
option can be perfectly hedged. So the portfolio should return the
risk-free rate

Since it has no risk, this risk-free portfolio will have the same value
today for all investors regardless of their attitude to risk

® And because the hedging instruments have market prices, which are the
same for all investors, the option must also have the same value for all
investors. So we use the value we derive for a risk-neutral investor
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Option Price Derivation

® In a complete, no-arbitrage market the price of any option may be
derived using the principle of risk-neutral valuation (RNV):

RN Option Price at time t = ¢ (") ER [Pay-off]
® The model price of the option uses the pricing measure M induced by
the stochastic volatility model
Model Option Price at time t = ¢ """ EM [Pay-off]
® Popular volatility models yield measures M where the above

expectation for a vanilla option may be written in closed-form

Carol Alexander 10 / 66
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Black-Scholes(-Merton) Formula

Call option price:
C(K,T) = e VT8, (dy) — e " T DK (dyy)
Put option price:
P(K,T) = —e Y T08,0(—dy) + e " T Kd(—dy)

where @ denotes the standard normal distribution function and C (K, T)
and P (K, T) are the BS price of a standard European call and put option

The variables dy and dy reflect the log moneyness of the option......

Carol Alexander 12 / 66
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Moneyness

® We define the moneyness of an option as

’ Spe~v(T—1)
M = Ke—r(T—1)

and My is > 1, = 1 or < 1 depending on whether a call/put option is
ITM/OTM, ATM or OTM/ITM

® The log moneyness is m; = In M,

® For calls, my is > 0 for ITM, 0 for ATM, < 0 for OTM (and conversely
for puts)

® And d; and dy may be written

! VT —t
du=%+%, dzAIdlb—J\/T—t
o —
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Transformations of Option Prices

e Consider a set of market (or model) prices f(K,T|S,o) for vanilla
options of various strikes and maturities, all on the same underlying
asset with spot price S and price process volatility o

® Each such set of smoothed prices may be transformed into:

® An implied volatility surface
® A set of implied densities for S

® A local volatility surface

® For simplicity of notation, in this section we assume there are no
dividends and the discount rate r is zero

Carol Alexander 15 / 66
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Market vs Model Implied Volatility

The market (model) implied volatility (K, T’|S) of a vanilla option is
the constant volatility which equates the BS price of the option to its
market (model) price

By put-call parity, a call and a put of the same strike and maturity
should have identical market implied volatilities

A set of vanilla option prices with different strikes and maturities yields
an implied volatility surface

Standard features include a negative volatility skew and a convergent
volatility term structure
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2. Implied Volatility Smile Surfaces

Implied Volatility Surface

Time to Matutity T Moneyness M = £

Carol Alexander 14 / 66
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Market Implied Volatility

To obtain a BS option price, one needs to forecast an average value o
for volatility over the life of the option. The other inputs to the BS
model (current underlying price Sy, risk-free rate r, dividend yield y
and the parameters 7' and K) are observable

But in practice, we actually observe the market price for the option and
not the average volatility

The option’s market implied volatility is the o that equates the BS
price with the observed market price of the option

It is the average volatility of the underlying, over the life of the option
that is implicit in the market price of the option, according to the BS
model

Carol Alexander 16 / 66
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How to Compute the Market Implied Volatility
Denote the market price of a vanilla European option with strike K and
maturity T by f™(K,T)

Denote the market implied volatility of the option by (K, T')

To find 0(K,T) we use a numerical method to back-out the implied
volatility from an equation which sets the market price of the option
equal to its BS model price:

[ T) = f7% (0 (K, T))
E.g. set as objective the difference between the model price and the

market price of the option and use the Excel solver to set the objective
value to zero

Carol Alexander 18 / 66
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Interpolation Methods

® Strike dimension typically represented by moneyness

ilation

with Perpetuals

® Over a long period, range of strikes varies considerably but range of
moneyness is fairly constant

® |atest methods favour piecewise cubic Hermite splines because of their
shape preserving properties

® Maturity dimension:

® Interpolation usually done over implied variance

® Typically linear but could use a parametric form

® Resulting surface must be checked for no-arbitrage constraints

Carol Alexander
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Call Option Prices
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o Maturty (days)
“ a0 | s0 | e | 70 | & | o0 | 100 110|120 | 130 | 240
80 [20372[20.495 2061 0.972[21.063(21.16621.220[21
82_|18.383]18.510]18.632]18.71618.83218.95610.019]10.118]10.228]1.291]10.409]
84 [16.396]16.525(16.66016.751(16.87617.010[17.08117.191[17.311]17.383[17.511
86_|14.414]14.557]14.700]14.80314.937]15.085]15.170[ 15 290 15,425 15,506 15.645|
88 _|12.405(12,602]12.760]12.88213.029]13.195 13.290]13.431]13 58013675 13 827]13.957
90_[10:501]10,681]10.860[11.010[11.178]11.362]1.490[11.636]11.801[12.911]12.077]12.226
92 |8605 88189030 | 9.206 | 9.404 | 9.605 | 0.760 | 9924 [10.107(10.23010.413]10.580
94| 6794 | 7051 7.303 | 7508 [ 7.720 | 7953 [ 5.140 | 8319 [ 8.520 | 8659 | 8852 [ 9,032
96 | 5.128 | 5.426 [ 5.720 | 5950 6,194 | 6441 | 6656 | 6847 | 7.059 | 7209 [ 7.411 [ 7.604
98 | 3.666 | 4001 4.328 | 4576 4836 | 5100 5.325 | 5529 5.739 | 5.904 [ 6.114 | 6.309
100 | 2473|2820 3151 | 3415 | 3676 | 3945 | 4.171 | 4384 | 4585 | 4.758 | 4970 [5.171
102 [ 1577 | 1898|2215 2479 [2.721 | 2981 | 3202 | 3013 | 3609 | 3780 | 3985 | 186
104 [ 0960 [1.228 [ 1.502 [ 1743 [1969 | 2208 [ 2414 | 2615 [ 2.797 | 2963 [ 3.5 [ 3,305
106 [ 0560 [ 0768 [0.993 | 1194 [1.396 | 1612 1.793 | 1074 [2.137 | 2292 2.056 | 2605
108 (0324 [ 0.469 [ 0645 | 0806 [0.969 [ 1157 [ 1317 | 1475 [ 1.620 | 1753 | 1899 [ 2079
110 [0.185 | 0285 [0.410 0535 [ 0.662 | 0823 [ 0.958 | 1096 [1.222 | 1337 | 1461 | 1624
112 [0.103 (0171 0.260 [ 0351 [ 0,449 [ 0.580 | 0.697 [ 0810 [ 0919 | 1019 1.129 [ 1.260
114 {0057 [0.102 [ 0.166 | 0232 [ 0.306 | 0408 | 0.506 | 0.598 [ 0688 | 0771 | 0856 [ 0.976
116 0032 | 0061 | 0.108 | 0153 [ 0.208 | 0289 [0:370 | 0.443 [ 0511 | 0581 | 0654 | 0.756
118 [0018 [0039 | 0071 0100 [ 0142 | 0.204 | 0.271 [ 0330 | 0381 | 0.439 | 0501 | 0584
120 0010 {0024 [0.047 | 0064 [0.097 [0.145 [ 0.201 [ 0246 [0.287 [ 0334 [ 0383 [0.a51
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underlying asset

Why the Smile?

Participants believe log returns are heavy-tailed

predicts, so its market price > BS model price

tion

The BS price can only match the market price by increasing the

ulation with Perpetuals

with Perpetuals

If traders believed BS assumptions, market prices = BS model prices

i.e. BS implied volatility would be same for all options on the same

So the market does not believe in the assumptions of the BS model.

An OTM option has more chance to become ITM than the BS model

volatility — this is the only parameter that the BS model is free to

change, hence:

OTM implied volatility > ATM implied volatility

Carol Alexander
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We almost always find that we cannot replicate the market prices for all
options on the same underlying using a single, constant volatility in the

That is, the market implied volatility depends on the strike and

The smile effect refers to the empirical fact that for most underlying
assets a plot of implied volatility against strike (or moneyness) has a

The smile often has a strong negative skew especially in equity markets

L]

BS formula
L]

maturity of the option
L]

smile shape
L]
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Implied Volatility Surface
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Why the Skew?
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In equity markets a large price fall is bad news for the shareholders, and
tends to be followed by further price falls, whereas a price rise is good

So, in turbulent periods, equity returns have negatively skewed

distributions

Market makers are able to charge a particularly high price for an OTM
put (higher than the corresponding OTM call) because there is a high
demand for the insurance offered by these puts from risk-averse

investors

This highly-priced, limited supply of OTM puts will be met by heavy
demand as long as investors hold pessimistic views about the possibility

of a price crash

Carol Alexander
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3. Trading Volatility

An option is a trade on both the price of the underlying and the
implied volatility

An ATM straddle attempts to isolate the volatility component so that
the trade is a pure volatility trade

But as soon as the underlying price moves it is no longer ATM, and the
straddles becomes a directional trade

Thus, options strategies for trading volatility require frequent
rebalancing. Unfortunately, options are also relatively expensive to
trade

The innovation of variance swaps is because they, and their derivative
products, are relatively inexpensive pure volatility trades

Carol Alexander 25 / 66
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Variance Risk Premium

The variance risk premium (VRP) is the reward required by a
risk-averse investor to compensate for the risk of both stochastic
volatility and jumps in price of the underlying asset

Every stochastic volatility-jump model has parameters which are
calibrated in the risk-neutral measure by equating the model price of a
standard European option to its market price

We may also estimate the model parameters in the physical measure by
applying advanced econometric techniques (e.g. particle filter) to time
series data on the underlying

Then attribute the VRP to different features of volatility e.g.
mean-reversion speed or long-term volatility by taking the difference
between the two parameter estimates

Carol Alexander 27 /66
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Variance Swaps

A variance swap of maturity 7" is an OTC instrument that exchanges realised
variance, RV, (typically as the sum of squared daily log returns over the life
of the swap ) with a fixed swap rate, K, with pay-off [RV,. — K] per $ per
% point

Fair-value swap rate K7 is fixed so that ]E})Q [RVT - K;} =0

Market swap rates K. can differ considerably from fair-value swap rate K7,
especially during excessively volatile markets

The variance risk premium of maturity 7" can be defined as the pay-off to a
long position on a variance swap of maturity 7’

Usually the variance risk premium is small and negative, but before a period of
unexpectedly high volatility it becomes very high and positive = writing

variance swaps is a very risky business

Carol Alexander 29 /66
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Why Trade Volatility

Reasons to trade volatility as an asset class in its own right:

1. Options 2. Implied Vol 3. Trading Volatility 4. Bitcoin VIX 5. Hedging with Pe

Diversification: e.g. equity volatility is highly negatively correlated with
the equity price

Hedging: e.g. trading forward volatility provides a vega hedge for
forward start options

Arbitrage: e.g. taking opposite positions on volatilities of different
underlyings

Speculation: e.g. a pure bet on realised volatility

Carol Alexander 26 / 66
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Model-Free Approach

An alternative ‘model-free’ approach to measuring the VRP equates it
with the expected P&L on a variance swap

A variance swap is an OTC instrument which exchanges:

® A realised variance (RV), measured over the life of the swap
® A fixed variance swap rate (VSR)

Market VSRs are set by supply and demand

Model VSRs are based on a ‘model-free’ formula which determines the
VSR as an integral of vanilla option prices

This approach is called ‘model free’ because the (approximate)
fair-value VSR doesn't depend on the specification of the model for the
underlying price and volatility processes — much!

Carol Alexander 28 / 66
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Example

Suppose the 30-day variance swap rate is 18% and the expected 30-day realized
variance is 20%, both quoted as annual volatilities. What is the expected pay-off to
a long position of $100 per basis point on this swap?

The point value of $100 per basis point is the same as $10,000 per percentage
point. Hence the expected pay-off is

(20% — 18%) x $10,000 = $760, 000

Remarks: The realised variance ( typically defined as the sum of squared log
returns over the life of the swap) can only be calculated ex-ante, and the T&C of
the swap will specify the day-count convention for annualisation.

Carol Alexander 30 /66
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Fair-Value Swap Rates

The log contract of maturity 7" has pay-off In(S,. /S,) where S, is the
underlying price today

Neuberger (1994): If the underlying price follows a GBM then the expected
pay-off to a short position on the log contract of maturity 7" is the
continuously-monitored realised variance

T
71 / o2dt
0

The fair-value swap rate K* is the risk-neutral expectation of the
discretely-monitored realised variance

So an approximate formula for K* is obtained by replicating the pay-off to the
log contract

Carol Alexander 31/66
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Replication of the Short Log Contract

Replication of a pay-off profile g(.S,T") may be achieved using a gamma
weighted portfolio of vanilla calls and puts on S of the same maturity
as the pay-off (Carr and Madan, 2001)

That is, the time 0 value of a replication portfolio is
n
> Akigssls - hf(kﬂ T)
i=1

The gamma of the short log contract is S~2, and we set

Ak =12 (kg1 — ki-1)

So the replication portfolio for a short log contract has value

Ve =10 (kipr — ki) k72 f (i, T)

i

Carol Alexander 33 /66

1. Options 2. Implied Vol 3. Trading Volatility 4. Bitcoin VIX 5
J o 000000000080 0

ledging with Perpetuals 6. Speculation with Perpetuals
Fair Value for a Continuously-Monitored Variance Swap

T
K:~EQ 771 /ozdt =2r — 2T 'E®[In(S,/S,)]
0
=2r+277'V,

Thus, assuming 7 = 0 the variance swap rate is approximated as:

K m TS (kipr — kioa) k72 f (ki T)
i

Alternatively
K:m 2Ty Ak k72 f (i, T)

We use OTM options (low strike puts and high strike calls) because their prices are
more liquid
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Gamma Replication

) 3

Slope s,

Slope s,

Slope s,

Buy s1 calls at strike K1, so — s1 calls at strike K3, s3 — so calls at strike
Kg,
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Derivation of the Volatility Index Formula

Use Ito’s lemma to write the GBM as:

dInS; = (r — 1k 02) dt + odW;

T T
rT — 1/2/02dt+/0dW/,
0 0

Integrate:

(8, /5,)

That is,
T T

7! /Uth =2r — 2771 n(S,/S,) + 2/ath
0

Now take expectations under the risk-neutral measure and use

T
ER {foth] =0...
0
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The VIX and Other Volatility Indices

The VIX index is the (annualised) volatility of the 30-day fair-value variance
swap rate on the S&P 500 index

It is nick-named the ‘investor's fear gauge’ because it represents the implied
volatility smile on the main large-cap US stock index

Similar 30-day fair-value variance swap rate indices are quoted on most
major stock indices

* VFTSE

* VDAX

® VSTOXX

e VCAC, etc....
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2. Bitcoin Options and Variance Swaps Example — Deribit Option Prices in April 2020

B e - T Strike | Ty Price in
Algorithmic Crypto Trading Firm GSR 402005 trike Pype 6 f.; s
Launches Crypto Hedging Product T Strike | Type | Pricens o s
4250 P 8.967
4250 P 3331
2 productfor hedging against volaiy. 4375 P 10.25
4375 P 48.69
129 e e 4500 P 20.5
4500 P 67.91
4625 P 32.03
4625 P 94.81
4750 P 49.97
4750 P 126.84
4875 P 76.86
4875 P 169.13
5000 P 11531
5000 P 220.375
5125 C 180.66
5125 P 285.72
5250 C 130.69 5350 T 330.56 .
5375 C 9353 - Deribit
5375 C 193.47
5500 C 69.19
5500 C 156.31
5625 C 4484
5625 T 124.28
5750 C 30.75
5750 C 98.66
5875 C 23.06
5875 C 78.16
6000 C 15.375
SPI < 102 6000 C 58.94
[ S p—— 0125 025
6125 C 48.68
6250 C 8.97
oot s s plhed oo e 24, 6250 C 38.44
- 6375 C 7.69
6375 C 30.75
6500 C 6.41
5625 T 641 6500 C 23.06
Alexander, C. and A. Imeraj (2020) The Bitcoin VIX and its Variance Risk Premium. Journal of 6625 C 205
Alternative Investments DOI: 10.3905/jai.2020.1.112 6750 C 16.66
Alexander, C. and A. Imeraj (2020) BVIN: The Bitcoin Implied Volatility Index. CryptoCompare
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Implied Volatility Surfaces Alexander and Imeraj (2020)
Implied VIX from traded options:

Implied volatilities from out-of-the-money options of different strikes and maturities on 15
April 2019 at 02:00:00 UTC (left) and 16 June at 13:00:00 UTC (right). Surfaces K* ~o7! Z Aki k72 f (ki T)
T K3

interpolated using shape-preserving splines. .

Interpolation to constant maturity gives fair-value variance swap rate:

VXBT, = \/leK;l +(1-w) K,

with
ng —n
wWw=————
n2 —m
f(K;,T) is the price of OTM option with maturity T and strike K;
F). is the price of the futures contract with maturity T'
Hime o atuitor K is separation strike, i.e. puts for strikes K; < Ko and calls for strikes K; > Ko
N is the number of seconds in a year
n; is the number of seconds until maturity 7}, for i = 1,2
n is the number of seconds until maturity T'

09 01

2
Moneyness 09 Tine to Matutity T Moneyness
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Variance Swap Rate Term Structure (Short End) Bitcoin Variance Risk Premium per $1 Notional
s
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Reverse Leverage Effect in Bubble Regime CryptoCompare Live-Streamed BVIN Index

Carol Alexander
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5. Optimal Hedging with Perpetuals Alexander, Deng and Zou (2020
)
oo
R — e Perpetuals have no expiry date
g ® Spot and futures converge via funding rate mechanism
™
100 ® A positive (negative) rate = P2P payment long — (+) short
b
Siom V ® Fluctuates +ve/—ve in contango/backwardation of futures curve
29,000 o-20%
70w
o . N
oo - ® e.g. funding rate of —0.05% implies payment of $50 on $100,000
7] .
w dhi HW et h” l i | ‘ \Hl il notional short = long
]f:ﬁff, I/!”JIJ‘,U"‘UMTJ Il IHH IIHHH H il i [ -
7o ® Perpetuals are ideal hedging instruments for miners
octber Noverber becember oy Februry worch
® But default risk cannot be ignored due to ultra-high leverage
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M argin Mecha nism Figure 1: Short and Long Forced Liquidations of biteoin Perpetual Fubures
Settiements take place every day at 8:00 UTC. Realized and unrealized session - - Spat ot [ shor Il Long - - Spoi| ot
profits (profits made between settlements) are always added in real-time to the 800
o | s mansen et | e Leverage on AL
the settlement, session profits/iosses will be booked to the BTC cash balance. f z ;P8 Ew
T ) perpetuals is Y FoLe 3
‘The inital margin starts with 1.0% (100x leverage trading) and linearly increases by H H — e ra g g 5
R e e exceedingly high e ) R e = 8
Intial Margin olulllacad MDA Tl s Ll b -
around 100X RorZ020 2620 O 020 dan 2021 W20 Sep2020  Nov202o - danzcel
Inital margin = 1% + (Position Size in BTC) * 0.005% A BIMEX Perpotuals B: Bybit Perpetuals
The maitenance margin sats with 0.525% and Ineary nreases b 05% pr 100
BTC ncrease n the postion . When the acconts margn balanc s ower than ° ; oxexco
e e e If trading losses
crde 5 e the maltmn margn v thn te sy e ezt : . i
Maintenance Margin | ) vtenance margin requirements can be changed without pior notice f marbiet exceed the £ . 8
ircumstances demand such action. maintenance margin, 5 < J———
g 2§
Maintenance Margin= 0.525% + (Position Size in BTC) * 0.005% most exch anges B E Bybit: 47%
The mark price is the price at which the perpetual contract will be valued during the o [ 1
trading hours. This can (temporarily) vary from the actual perpetual market price in emp|oy a platform API2020 2020  Oct2020  Jan 202t
order to protect market participants against manipulative trading. . C: OKEx Perpetuals D: Relative Weight of Liquidations
that automatically
Mark Price = Index price + 30 seconds EMA of (Perpetual Market Price - Index R Note. We plot both the short (in red) and long (in blue) forced liquidations of bitcoin perpetual futures on Bit©MEX in
Mark Price Price) and |ncrementa|ly 1(’»\(;.:1 \(\[‘luml Jm.u:;;‘) zrmbﬂ to l‘e‘j‘ljuarv 2021), Bybit in l’zmlel[ Lu (humJ\:l}:e 2020(-,.. lm) ]20?1& zl;m oi(:u“ul 1;”&1
rom March 2020 o February i i ths size (volume) o the Foreed liuidutions
P iu million (1m) USD, while the right g-sxis s the bilcoin spot. price in USD, with the black dsshed line denoting the
VIR (20 |'ql“date5 the spot price. The pie chart in Panel D plots the relative weight of forced liquidations among the three perpetual futures
best bid and best ask. Otherwise, the market price will be the best bid. If the last .. h during the overlapping period (from June 2020 to February 2021). We obtain data from coinalyzenet
traded priceislower than the best bid, or market price wil be the best ask, I the position to cover the
s e price i igher than the st ok . I
No Delver / Bprotion margin ca
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Probability of BitMEX Margin Call

Table 1: Historical Probability of Margin Call for BitMEX Perpetual Futures

Leverage 8h 1d 2d 15d
5X 001%  017%  0.63% 21.68%
20X 5.08% 16.84% 29.46% 70.72%

Short 50X 95.87% 4T21% 6L41%  88.17%
100X 48.13% 69.02% 79.11% 93.41%
5X 0 0.22%  1.20%  3.20%  22.27%
20X 7.54% 18.66% 29.02% 62.11%

Long

50X 25.87% 44.64% 56.72% 80.88%
100X 46.33% 64.76% 74.01% 88.47%

Note. Here we suppose the trader opens a long or short position at the inception and holds it over the hedge horizon.
We define a margin call as an event when losses from trading futures exceed the initial margin over the hedge horizon.
We use the 1-min historical data of bitcoin perpetual futures on BitMEX from January 1, 2017 to January 31, 2021
to compute the probability of margin calls. We perform computations under different leverage levels, ranging from
5X to 100X, and different hedge horizons, ranging from 8h(hour) to 15d(day).

Carol Alexander 49 / 66

1. Options 2. Implied

X 5. Hedging with Perpetuals 6
00000080000000 I

ulation with Perpetuals

Margins and Liquidations
Hedger deposits b bitcoin in margin account (0 < b < 1) = leverage is b"

So b = initial margin requirement (e.g. 1%) plus buffer

Margin account marked each At so that at time ¢ + nAt:
. A"ﬁ < 0 = marked gain 9A,J'A“, from t to t + nAt
o Anﬁ > 0 = marked loss of GA"E from t to t + nAt

0A, F, is cumulative unrealised gain or loss (settlement is daily)
Upper constraint m = b — M on hedgers ability to meet margin calls
M is maintenance margin

Forced liquidation occurs if OAnﬁ > m for some n, with 0 <n < N

= Hedger wants to minimize:
P(m,0) = Prob(default event) := Prob (0 max A, F; > m)
0<n<N
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tion with Perpetuals

Sensitivity Analysis of Optimal Strategy

m=20%,7 =1,pasaF = 09 m = 20%, 7 = 0.2, pasar = 0.9

Strategy 6°
>
> N

imal Strategy 0*
oo o o
2 @

op
Opti
s o
s o

05 1 15 2 o5 1 15 2 25 3 35
Tail index Default aversion y
=027 =1,pasar = 0.9 m=20%,7=027=1
L 03
8025
H
3 o2
E
£o1s
)3
S o1
02 04 06 08 1 02 04 06 08
Margin constraint m Correlation coefficient pas,ar
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1. Options 2 ation with Perpetuals

Basic Problem Formulation
Suppose the platform monitors the margin at discrete intervals At

The hedger holds 1 bitcoin at time ¢ and shorts 6 units of the futures to
hedge spot price volatility until hedge horizon t + NAt

Suppose the direct and inverse perpetual futures prices are F; and ﬁt = F[l
Set A, Sy = Syinat — Sy (in USD) and A, Fy = Fy — Fyynas (in BTCQ)

Why is AL F, [start — end] price? So that a short inverse perpetual position
profits from a decrease in its USD value

Need to multiply —6 Anﬁt by Si4na¢ to convert into USD
Realised P&L on the hedged portfolio is A S; — «9ANE - SieNat

Basic hedging problem is to choose 6 to minimize:

0An(0) := Var(AS; — 0 A Fy Sinat)
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Hedging Problem and Solution

Introduce a default aversion factor «y to obtain final objective:
min {oAn(6) +yohs P(m,60)}
Solution: 0* = w 1o,
where w = SF2 at the time of the hedge and 6 is positive real root of

a@)zrl+z—-b=0

2 2 1 1 N
aw) = LW IRS o |- (1 TS il 3) (1 PP E— @> .
TAF a a
Here v = oas/oar is the ratio of n-period spot P&L volatility to that of the direct
futures Fy = F' and b = ZA$AE where the numerator is the covariance.

AF

The constants «, 3 and 7 are scale, location and right tail index parameter of the
distribution of extreme values of AF.
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Figure 2: Trading Volumes of bitcoin Perpetual Futures on BitMEX, Bybit and OKEx
X X
BIMEX: 50%
Bybit: 34%

1 BItMEX, Bybit
data spans from

Table 3: Data Information of bitcoin Spot and Perpetual Futures
ge _Start Date _End Date _# of Obs.

Excl

Bitstamp  2017/1/1  2021/1/31 2,148,480
bitcoin Spot  Coinbase  2017/1/1 2,148,480

W 2017/8/20 2 1,822,230

BitMEX  2017/1/1 2,148,480

Perpetual Futures  Bybit /10/1 704,160

OKEx 812,160
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Correlations Estimation of Tail Parameters

Consider results for 30-minute monitoring and hedge horizon of 5 days

Table 4: Correlations of Spot and Perpetuals 1-min Price Changes

Spot | Futures
Variables_Bitstamp _ Coinbase _Gemini | BitMEX _ Bybit OKEx We estimate GED parameters based on 210 daily extreme values assumed to
Bitstamp  1.00 0.77 0.74 0.79 0.90 0.0 : o o L. o
Spot  Coinbase 0.77 1.00 079|084 095 096 be maximum of (AFHN’ ABaar, ’AFtHSA‘)
Gemini 0.74 0.79 1.00 0.78 0.88 0.87
Estimation of tail parameters @, 8,7 Hedge Period N
BitMEX ~ 0.79 0.84 078 | 1.00 095  0.96 | |
Perpetuals  Bybit 0.9 0.95 088 | 095 100 095 Y
OKEx 0.90 0.96 0.87 0.96 0.95 1.00 1d 2d 210d 215d
Note. This table reports the correlation cocfficient between AS and AF, and between themselves for different choices —— t
of bitcoin spot and perpetual futures exchanges. All the results are computed using the 1-min data over the full Current time t+NAt
available sample period (see Table 3). ¢=30min
Most important parameter for optimal hedge ratio is right tail index
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Right Tail Index Results Hedging Effectiveness
bl : Hodge Effctivenss (%) of i Perpetusl Ftures
" P BOvEX [T OREx
Figure 3: Rolling Estimation of 7 for A% S, AR F, and Af F e I e e
oo a7 006 300
- Gemini — Bitstamp —— Cainbase| - BMEX — Bybit —— OREx] [==-BiMEX —Bybit — OKEx 01 1 1017 831015

187 52809 1123 1106
33 8193 6806
Bistamp 02

97,51
9420 7501
8301 6450 5208

7032 4419 3037 | 7862
5031 2537 1805 | 5810
216 845 | 2820

Tail Index
Tail Index

Coinbase 0.2 4132

3208 2141
02 02 02 9320 86.26 | 0
05 S181 7465
6206 5477
o
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Brragr TS

Note. This figure plots the rolling estimation of the tail index parameter 7 for A} S, AR F and A F using a rolling

window of 210 days. The full sample data are specified in Table 3. For illustration we set the monitoring frequency Genmini
At = 1 minute and the hedge horizon NAt = 1 day. Panel A plots the estimated 7 of A} S for Bitstamp, Coinbase

and Gemini. Panels B to C plot the estimated 7's of A} F and AjF for the bitcoin perpetual futures traded on

BitMEX, Bybit and OKEx, respectively.

o4
7391

Nat
Gemin
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6. Speculation with Crypto Perpetuals USD Perpetuals

Average of 12-hour volume and open interest (both in $ billion)

Average of 12-hour volume and open interest (both in $ billion) d forced liquidations ($ million)
and forced liquidations ($ million

and forced liquidations ($ million)

USDT Denominated Bitcoin Perpetuals

USD Denominated Bitcoin Perpetuals Binance Bybit OKEx
Binance  BitMEX  Bybit  Deribit  OKEx -
Volume(B) 1.06 1.09 1.20 0.24 0.37 Vog'l'zggB) g‘zﬁ g'?(l) gﬁ
0I(B) 0.22 0.61 0.55 0.18 0.16 Mean o U 1080 189 200
Mean  Short Liq.(M) 3.86 5.12 3.46 0.54 134 hort Liq. (M) - : o

Long Liq. (M) 144 .80 6.96 0.67 0.97 Long Lig.(M) 14.63 2.19 L.60
Liquidation(M)  5.30 14.92 10.42 121 231 Liquidation(M) ~ 25.52 4.01 3.60
Volume(B) 0.37 0.92 0.58 0.12 0.27 Volume(B) 1.40 0.07 0.23
OI(B) 0.15 0.59 0.37 0.11 0.14 Median OI(B) 0.40 0.07 0.09
Median ~ Short Liq. (M) 0.86 174 1.08 0.10 0.40 Short Liq.(M) 355 047 0.60
Long Liq. (M) 0.36 2.38 1.54 0.14 0.39 Long Liq.(M) 4.33 047 0.53
Liquidation(M) 122 112 262 0.23 0.80 Liquidation(M) 7.8 0.94 114

Start Period  2020/8/17 2020/1/20 2020/4/4 2020/3/7 2020/3/28 Start Period  2020/1/26 2020/4/4 2020/3/28

End Period  2021/3/9  2021/3/9 2021/3/9 2021/3/9 2021/3/9 End Period  2021/3/9 2021/3/9 2021/3/9
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VOL/Ol USD Perpetuals Every 12 hrs

Panel A: Speculative Index (BTCUSD)
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Panel B: Speculative Index Ratio to Deribit (BTCUSD)
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Note. Panel A plots USD denominated bitcoin perpetual speculative index for Binance, BitMEX, Bybit, Deribit, and
OKEx. Panel B plots the speculative index ratios to Deribit. The USD denominated ST indices of BitMEX, Bybit
and OKEx are about double of Deribit and Binance is nearly four times of Deribit.
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Table 2: Summary Statistics for Bitcoin Perpetuals Speculative Index

th mpwms 6. Speculation with Perpetuals
00080000

USD Denominated Bitcoin Perpetuals

Full Sample Common Date: 2020/8/17-2021/3/9

Binance BitMEX _Bybit _Deribit OKEx | Binance BitMEX Bybit Deribit _OKEx

min 0.53 0.26 0.21 0.13 0.41 0.53 0.39 0.32 0.19 0.43
p25 3 099 112 063 133 | 223 L4 112 066 140
median 3.43 155 1.74 Lot 1.89 343 1.74 L.69 1.02 191
mean 411 180 208 120 210 | 411 206 208 123 223
prs 5.02 2.39 248 1.54 2.62 5.02 2.52 2.38 1.49 2.62
max 2231 1021 1109 860 1075 | 2231 772 946 508 830
std 2.84 1.34 1.53 1.05 1.32 2.84 1.32 1.45 0.83 1.29
Obs 408 811 678 734 693 | 408 408 408 408 408

USDT Denominated Bitcoin Perpetuals
Full Sample Common Date: 2020/4/4-2021/3/0

Binance BitMEX _Bybit _Deribit OKEx | Binance BitMEX Bybit Deribit _OKEx

min 0.15 052 | 060 0.15 0.52
p25 0.56 1.84 2.44 0.56 1.79
median 3 1.04 2.86 3.68 104 2.82
mean 472 146 363 | 436 1.46 362
prs 5.69 1.91 4.48 5.38 1.91 1.48
max 3027 10.90 2726 | 21.93 10.90 27.26
std 3.52 1.35 2.84 2.87 1.35 2.87
Obs 818 678 693 | 678 678 678

Note. This table reports simmary statistics for USD and USDT denominated bitcoin perpetual speculative index on
Binance, BitMEX, Bybit, Deribit, and OKEx exchanges. The USD speculative indices of BitMEX, Bybit and OKEx
are almost double of Deribit aud Binance is nearly four times of Deribit
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00008000 00000800
Binance USDT Perpetuals Binance USD Perpetuals
Common Date: 2020/8/22 - 2021/3/9 Common Date: 2020/9/9 - 2021/3/9
ADA BCH BNB BTC DOGE DOT ETH LTC TRX XRP ADA BCH BNB BTC DOT ETH LTC TRX XRP
min 057 056 047 098 025 031 099 035 034 039 min 077 038 056 053 021 074 007 017
p25 153 157 LIl 118 232 176 105 136 p25 118 179 215 099 1.91 144  1.08
median  2.27 235 1.61 1.91 324 265 153 223 median 179 264 332 158 271 237 187
mean 291 297 234 238 376 317 229 3.71 mean 383 335 394 201 3.26 4.44 2.77
p75  3.50  3.69 263 2.88 455 405 252 419 p75 . 326 429 491 256 391 373 3.09 .
max  6.65 1391 16.53 685 5850 11.66 1040 6.59 37.69 14.31 max  33.85 87.18 15.60 16.27 10.05 17.36 113.32 23.09 138.79
std 207220 226 261 1130 179 220 202 270 439 std 428 758 231 261 154 217 1114 305 1228
Obs 308 308 3098 308 308 398 398 308 308 308 Obs 332 332 332 332 332 332 332 332 332
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Correlation of VOL/OI Between USD Perpetuals

ADA ETH LTC TRX XRP ADA BNB BTC DOT ETH LTC TRX XRP
ADA  1.00 0.62 051 026 042 ADA 1.0 028 045 035 053 021 038 024
BCH 051 0.70 073 029  0.36 BCH 0.18 0.39 -0.02 0.08 006 091 044 0.56
BNB 0.0 020 016 0.7 009 BNB  0.28 100 019 017 019 032 041 0.20
e o oSl et o BTC 045 019 100 044 08 008 017 0.15
DOT 095 045 018 041 000 DOT 035 017 044 100 054 009 0.6 0.08
ETH 062 L0 073 044 031 ETH 053 019 082 054 100 013 025 0.16
LTC 051 073 1.00 024 051 LTC 021 0.32 000 013 100 0.33 0.71
TRX 026 044 024 100 021 TRX 038 0. 041 017 0.6 025 033 100 0.28
XRP  0.42 031 051 021 100 XRP 024 056 020 015 008 016 071 028 1.00
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