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ZEROTH POISSON HOMOLOGY, FOLIATED COHOMOLOGY
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Abstract. We prove that for regular Poisson manifolds, the zeroth homology
group is isomorphic to the top foliated cohomology group and we give some
applications. In particular, we show that for regular unimodular Poisson manifolds top Poisson and foliated cohomology groups are isomorphic. Inspired by
the symplectic setting, we define what is a perfect Poisson manifold. We use
these Poisson homology computations to provide families of perfect Poisson
manifolds.
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1. Introduction
The description of geometric and algebraic properties of infinite dimensional
groups and algebras is an important mathematical problem. Some of these groups
are linked to physical problems, giving an additional motivation to pursue their
study. An important example is that of the group of volume preserving transformations of a manifold. By Arnold’s work [1] their Riemannian geometry is deeply
related to fluid mechanics. Another relevant example is the group of Hamiltonian
di↵eomorphisms of phase spaces. Since Calabi’s proof on the perfectness of the
Lie algebra of Hamiltonian vector fields on a symplectic manifold [8], much has
been done on the study of the group of Hamiltonian transformations of a symplectic manifold [3, 21]. However, little is known on the structure of the group of
Hamiltonian transformations of a Poisson manifold.
In this paper we address Calabi’s question for a regular Poisson manifold,
that is, the study of the subalgebra of commutators of its Poisson algebra. It is
well-known that such subalgebra is captured by the zeroth Poisson homology of
the Poisson manifold. Poisson homology and cohomology groups are the main
algebraic invariants of a Poisson manifold. However, it is in general very difficult to discuss their structure, and even less to provide explicit computations
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[14, 16, 18, 22, 26]. The characteristic foliation of a regular Poisson manifold is
the (regular) foliation integrating the Hamiltonian directions. Thus, properties
of the the commutator subalgebra are necessarily tied to properties of the characteristic foliation. Our main result in this paper follows closely Calabi’s original
arguments to prove that the zeroth cohomology group of a regular Poisson manifold is entirely controlled by the behaviour of the characteristic foliation:
Theorem 1. Let (M, ⇡) be a Poisson regular Poisson manifold of rank 2n, and
let F⇡ denote its characteristic foliation. Then there is a canonical isomorphism
of vector spaces:
H0⇡ (M ) ! H 2n (F⇡ )
Our result provides a de Rham approach of the zeroth Poisson homology group
which is more amenable to explicit computations. Also under the unimodularity
assumption1 it identifies the top Poisson and foliated cohomology groups:

Corollary 1. Let (M, ⇡) be an orientable unimodular regular Poisson manifold
of dimension m and rank 2n. Then then there is an isomorphism of cohomology
groups:
H⇡m (M ) ! H 2n (F⇡ )

It has been recently shown [6, 13] that unimodular Poisson manifolds appear
as geometrical model for the critical set (collision) of several problems in celestial
mechanics which were largely studied by Arnold [2] (see also [10]).
The structure of the paper is as follows: in Section 1 we prove Theorem 1.
In Section 2 we discuss applications of Theorem 1 and exhibit various examples
where the group H0⇡ (M ) is computed. This provides families of examples of
perfect Poisson manifolds.
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2. Commutators and foliated cohomology
Notation. In this paper H⇡k (M ) will denote the degree k the Poisson cohomology group [18], Hk⇡ (M ) with denote the degree k-homology group as defined by
Brylinski [7], and H k (F⇡ ) will denote the degree k foliated cohomology group of
(M, F⇡ ). When we refer to top foliated cohomology groups we will mean H m (F⇡ ),
where m the rank of the (characteristic) foliation.
We begin with the proof of theorem 1:
Proof. We regard the Poisson structure ⇡ as a closed, non-degenerate foliated
2-form !F⇡ 2 ⌦2 (F⇡ ), where closedness is with respect to the foliated de Rham
di↵erential dF⇡ .
Recall that by definition:
C 1 (M )
H0⇡ (M ) :=
.
{C 1 (M ), C 1 (M )}
1Poisson

manifolds admitting an invariant measure with respect to Hamiltonian vector fields
are called unimodular (unimodularity can be captured using Poisson cohomology).
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We define the map:
: C 1 (M ) ! ⌦2n (F⇡ )
!n
(1)
f 7 ! f F⇡ .
n!
Hence to prove the theorem we must show the equality
C 1 (M ), C 1 (M )

= dF⇡ ⌦2n 1 (F⇡ ) .

To check the inclusion ({C 1 (M ), C 1 (M )}) ⇢ dF⇡ (⌦2n 1 (F⇡ )) we use Leibniz’s rule (which holds in the foliated setting whenever they involve vector fields
tangent to the foliation):
✓ n ◆
!
!n
!n
LXf g F⇡ = (LXf g) F⇡ + gLXf F⇡ .
n!
n!
n!
!n

F⇡
Since the leafwise Liouville volume form n!
is Hamiltonian invariant the following equality holds
✓ n ◆
✓
◆
!Fn ⇡
!F⇡
!Fn ⇡
{f, g}
= LX f g
= d F ⇡ iX f g
,
n!
n!
n!
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as we wanted to prove.
To prove the other inclusion we consider 2 dF⇡ (⌦2n 1 (F⇡ )). Let us choose
a locally finite open cover Ui , i 2 I, such that each Ui is in the domain of
Weinstein local coordinates (as the splitting theorem guarantees [29]) and let us
fix a partition of unity j , j 2 J, subordinated to this open cover.
By setting j := j , then it is clear that our problem reduces to showing that
dF⇡ j can be written as a sum of commutators supported in Ui(j) .
If we let x1 , . . . , x2n 2 C 1 (Ui(j) ) be the (symplectic) Weinstein local coordinates, then in Ui(j) we can write:
j

=

2n
X
i=1

Therefore:

hi dx1 ^ · · · ^ dx̂i ^ · · · ^ dx2n ,

d F⇡
We define hi := xi , where
j . Then
n
X
i=1

( 1)

2i 1

j

=

2n
X

( 1)i 1 n!

i=1

hi 2 C 1 (Ui(j) ).

@hi !Fn ⇡
@xi n!

is supported in Ui(j) and equals 1 in the support of

n!{h2i1 , h2i } +

n
X

( 1)

2i 1

i=1

and this finishes the proof of the theorem.

n!{h2i , h2i 1 } =

2n
X
i=1

( 1)i 1 n!

@hi
,
@xi
⇤
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Theorem 1 has an interesting consequence: let (M, F) be a foliated manifold
and consider the set of Poisson structures whose characteristic foliation is F.
Observe that this subset of the leafwise closed and non-degenerate 2-forms is
open in the compact open topology. The interesting observation is that any
Poisson structure on this set has zeroth Poisson homology group canonically
isomorphic to H top (F) so the zeroth Poisson homology group only depends on
the characteristic foliation.
Remark 1. Our strategy to prove Theorem 1 is analogous to that of Calabi
[8]. Lichnerowicz [18] also used the same approach to prove that if U ⇢ M is
contractible and contained in the domain of Weinstein coordinates, then C 1 (U ) =
{C 1 (U ), C 1 (U )}. However, his proof is entirely local and does not make any
reference to the foliated de Rham di↵erential.
Our result can also be derived from a spectral sequence argument to compute
Poisson homology [26]. We believe our proof is more transparent and direct.
Remark 2. This isomorphism generalizes Brylinski’s isomorphism [7] at any
⇡
degrees Hm
(M 2n ) ⇠
= H 2n m (M 2n ) for symplectic manifolds.
Remark 3. A di↵erent connection between foliated cohomology and Poisson cohomology already appears in [27] where the modular class (see subsection 3.1) is
related to the Reeb class of the symplectic foliation. This is made more precise
by [4] where an injection H 1 (F) ! H⇡1 (M ) is exhibited.
3. Applications
In this section we describe several applications of the main theorem.
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3.1. Unimodular Poisson manifolds. For a given volume form ⌦ on an oriented Poisson manifold M the associated modular vector field is defined [27] as
the following derivation:
LXf ⌦
.
⌦
It is a Poisson vector field and it preserves the volume form. Given two di↵erent
choices of volume form ⌦, the resulting modular vector fields di↵er by a Hamiltonian vector field thus defining the same class in the first Poisson cohomology
group. This class is known as the modular class of the Poisson manifold. A
Poisson manifold is called unimodular if its modular class vanishes.
We recall from [28] the duality between Poisson cohomology and homology for
this class of Poisson manifolds.
C 1 (M ) ! R : f 7 !

Theorem 2 (Evens-Lu-Weinstein [28]). Let (M, ⇡) be an m-dimensional orientable unimodular regular Poisson manifold then,
H k (M ) ⇠
= H m k (M ).
⇡

⇡
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As a consequence of Theorems 1 and 2 we obtain the following theorem which
relates Poisson and foliated cohomology of top degree:
Corollary 2. Let (M, ⇡) be an orientable unimodular regular Poisson manifold
of dimension m and rank 2n. There is an isomorphism of cohomology groups:
(2)

H⇡m (M ) ! H 2n (F⇡ ).

As we remarked in the introduction, for a general Poisson manifold little can
be said on its of Poisson (co)homology groups. However, the are some important
types of Poisson structures for which much more can be said, and, in particular,
isomorphism (2) holds true. As these types of Poisson manifolds are unimodular,
isomorphism (2) can be obtained by simply applying Corollary 2. We illustrate
this with two examples:
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3.1.1. Example 1: Cosymplectic structures. Cosymplectic manifolds have
widely been studied related to di↵erent problems in Di↵erential Geometry and
Topology (see for instance de survey [9] and [5]). They are also ubiquitous in
Poisson Geometry since their geometrical data determine a codimension-one symplectic foliation. Examples of cosymplectic manifolds can be found in [15] and
[16] since the critical set of a b-symplectic manifold has naturally cosymplectic structures associated to them. In particular so are the collision set [13] of
the geometrical models for the n-body problem and other problems in celestial
mechanics [6] as studied by Arnold [2].
A cosymplectic structure on a manifold M 2n+1 is given by a pair of closed
forms (✓, ⌘) 2 ⌦1 (M )⇥⌦2 (M ) for which ✓^⌘ n is a volume form on M . Cosymplectic manifolds are naturally endowed with a corank-one regular Poisson structure
whose characteristic foliation integrated the kernel of ↵.
Theorem 3 (Osorno, [23]). The Poisson cohomology of the Poisson structure
⇡ associated to a cosymplectic manifold can be given in terms of the foliated
cohomology as follows:
H⇡k (M ) ' H k (F⇡ )

H k 1 (F⇡ ).

For the top Poisson cohomology group the above theorem gives: H⇡2n+1 (M ) ⇠
=
H 2n (F). Since for a cosymplectic manifold ↵ ^ ⌘ n is a Hamiltonian invariant
volume form, we can obtain this isomorphism by simply applying Corollary 2.
3.1.2. Example 2: Poisson manifolds of s-proper type. A Poisson manifold is said to be of compact type the Lie algebroid A = (T ⇤ M, ]) associated to the
Poisson structure ⇡ with anchor map ] : T ⇤ M ! T M, ](↵) := ⇡(↵, ·) integrates to
a compact-like symplectic Lie groupoid [11]. There exist several natural compact
type conditions one of which defines the so-called Poisson manifolds of source
proper type (they are integrated by some source proper symplectic groupoid).
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Hodge-type isomorphisms hold for Poisson manifolds of source proper type
[11]:
top k
H⇡k (M ) ⇠
= H⇧ (M ).
As Poisson manifolds of compact types are unimodular [11], one deduces:
Theorem 4 (Crainic-Fernandes-Martinez, [11]). For orientable Poisson manifolds of source proper type there exist isomorphisms:
H ⇡ (M ) ⇠
= H k (M ).
k

⇡

H0⇡ (M )

Theorem 4 in degree zero says that
is isomorphic to the Casimirs of
(M, ⇡). As the characteristic foliation of a Poisson manifold of source proper type
is compact and has finite holonomy [11], the Casimirs are isomorphic to the foliated cohomology group of top degree, this giving (2). Once more, unimodularity
suffices to obtain Theorem 4 (for all compact types).
3.2. Perfect Poisson manifolds. We would like to finish this note by going
back to the discussion in the introduction. Calabi’s original motivation was proving that the Lie algebra group of symplectomorphisms is perfect.
If we consider the Lie algebra of Hamiltonian vector fields we may want to see
that it is perfect in a direct way. Because it is easier to study Poisson brackets
of functions rather than Lie brackets of vector fieldsl we will compare the set of
Hamiltonian vector fields with the set of functions in the symplectic setting.
For a symplectic manifold (M, !) the Lie algebra of Hamiltonian vector fields
is perfect. The mapping that sends a function to its Hamiltonian vector field,
f 7! Xf , defines the short exact sequence of Lie algebras,
0 ! R ! C 1 (M ) ! ham(M, !) ! 0.

It follows that ham(M, !) is perfect if and only if

C 1 (M ) = C 1 (M ), C 1 (M ) + R.
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1

C (M )
We may use the quotient {C 1 (M
as a first approach to this equality.
),C 1 (M )}
This quotient coincides with the zeroth Poisson homology H0⇡ (M ). From Brylinki
[7] the zeroth Poisson homology of a symplectic manifold is isomorphic to the top
de Rham cohomology class which, in turn, is of dimension 1 in the compact case.
Thus a symplectic manifold satisfies the equality above and a symplectic manifold
is perfect.
For a Poisson manifold (M, ⇡) the analogous question is whether the Lie algebra
of Hamiltonian vector fields associated to a given Poisson structure ham(M, ⇡)
is perfect. From the discussion above in the symplectic setting we adopt the
following definition of perfect Poisson manifold.

Definition 1. A Poisson manifold is perfect if and only if, the following equality
holds:
C 1 (M ) = C 1 (M ), C 1 (M ) + R.
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Thus perfectness of the set of Hamiltonian vector fields is connected to the
zeroth-Poisson homology group H0⇧ (M ) of a Poisson manifold.
In particular the discussion above proves.
Theorem 5. If H0⇡ (M ) = 0 then (M, ⇡) is perfect.
This provides a wide class of examples. Let us construct one of them:
3.2.1. Example: A corank one Poisson manifold which is perfect and
not unimodular. We consider the 3-dimensional Poisson manifold with symplectic foliation defined as follows:
• Following [17] we denote by T3A the mapping torus associated to the
di↵eomorphism on T2 given by a matrix in SL(2, Z). In other words,
on the product T2 ⇥ R consider the action: (m, t) ! (A(m), t + 1) for
A 2 SL(2, R) and we identify (m, t) with (A(m), t + 1). For this construction we assume A to be a hyperbolic matrix i.e., |T r(A)| > 2.
• In T3A consider the 2-dimensional foliation as follows: For an hyperbolic
element A there are two real eigenvalues with irrational slope. We denote
by one of the eigenvalues and by ↵ the irrational slope. The foliation
by lines of irrational slope ↵ on the torus T2 is invariant by the action
described above and thus descends to the quotient T3A . Denote by F the
foliation generated in this way on T3A .
• Observe that T3A is naturally endowed with a Poisson structure whose
induced symplectic structure on each of the leaves is given by the area
form.
• In [17] the foliated cohomology of T3A is computed. In particular:
Theorem 6 (El Kacimi, [17]). H 2 (F) = 0.
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As a consequence of theorems 1 and 6 we obtain the following Poisson homology
computation,
Corollary 3. For the Poisson manifold T3A described above, H0⇡ (T3A ) = 0 and, in
particular, the Poisson manifold T3A is perfect.
Remark 4. As observed already in [17] since the top foliated cohomology group
of this foliation does not vanish then it does not admit any transverse density. In
particular, the codimension-one foliation constructed above is not unimodular.
For unimodular Poisson manifolds the restrictions on the zeroth homology
group for the Poisson manifold to be perfect are weaker.
Recall that an unimodular Poisson manifold admits a Hamiltonian invariant
volume. In [27] it is shown that that for µ any Hamiltonian invariant volume
form and Cµ1 (X) the hyperplane of C 1 (X) of zero mean functions with respect
to µ, one has
(3)

C 1 (X), C 1 (X) ⇢ Cµ1 (X)

In particular, for unimodular Poisson manifolds we obtain,
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Theorem 7. If a Poisson manifold (M, ⇡) is unimodular and satisfies
dim H0⇡ (M ) = 0, 1 then it is perfect.
From this theorem we may recover that any compact symplectic manifold is
perfect (as we already proved above) because it is unimodular and dim H0⇡ (M )
= 1.
Example 1. In particular, as an application of theorem 7 a Poisson manifold
(M1 , ⇡1 ) given by any cosymplectic manifold in dimension 3 with a compact symplectic leaf which is a 2-sphere S 2 (and thus all of them are, [16]) is perfect.
We may produce product-type examples (and counter-examples) from the ones
above using a Künneth-type formula for foliated cohomology.
The following statement was proved for sheaf cohomology in the context of
Geometric Quantization [20]. When applied to the limit case ! ! 0 it yields
the following Künneth formula for foliated cohomology of the product foliated
manifolds (M1 , F1 ) ⇥ (M1 , F2 ).
Theorem 8 (Miranda-Presas [20]). There is an isomorphism
M
H n (F1 ⇥ F2 ) ⇠
H p (F1 ) ⌦ H q (F2 ),
=
p+q=n

whenever the foliated cohomology associated to F1 has finite dimension, M1 is
compact and M2 admits a good covering.
From this theorem we deduce:
Example 2. The product of two di↵erent cosymplectic manifolds (M1 , ⇡1 ) in
example 1 is perfect.(This includes the product of cosymplectic manifolds with
symplectic manifolds).

CRM Preprint Series number 1235

Example 3. The product of (T3A , ⇡) constructed in section 3.2.1 with any symplectic manifold is perfect.
Example 4. The product of any cosymplectic manifold with the Poisson manifold
(T3A , ⇡) constructed in section 3.2.1 is perfect.
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