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Abstract. The objective of this paper is to explore possible impacts of nonlinearity of the functional responses and the number of compartments in an
infection disease model on principal qualitative properties of the optimal controls for the model. In order to address this issue, we consider optimal controls
for a SEIR model of an endemically persisting infectious disease. In this model,
we assume that the incidence rate is given by an unspecified nonlinear function constrained by a few biologically motivated conditions. For this model, we
considered five controls (which comprise all controls possible for this model)
with a possibility of simultaneous acting of all of these. For this model, we
found principal qualitative types of all possible controls. A comparison with a
similar SIR model is provided.
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1. Introduction
The need of optimizing controls in problems such as pest control, antiviral and
anticancer therapies and processes in bioengineering frequently arise in biological
and biomedical applications. Control of infectious diseases is probably the most
important of all these problems. Naturally, such a diversity of control problems
attracted attention of mathematicians working in the optimal control theory, and
for the last two decades a substantial progress was made in application of this
theory to control problems in biology and medicine. The most notable progress
was done for the problems where the objective functionals are formulated as an
explicit function of the control. The most commonly used form of such functionals
includes a sum of the weighted squares of the controls [1, 2, 5, 6, 9, 10, 21,
23, 24, 32, 35]. For such objective functionals, it is possible, by the virtue of
the Pontryagin maximum principle, to obtain the optimal controls as explicit
functions of the phase and the adjoint variables. As a result, the optimal control
problem can be reformulated as a boundary value problem, which then is solved
numerically. The optimal controls provided by the Pontryagin maximum principle
are usually continuous functions of the phase and adjoint variables, and hence the
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resulting boundary value problem is well posed and very convenient for numerical
solving.
While the described approach is mathematically convenient and transparent, it
also has a number of drawbacks. The most obvious and probably most important
of these is that in the majority of biomedical applications the actual forms of the
dependence of the objective functionals on the controls are uncertain. The most
commonly used form of this dependence, namely the sum of weighted squares of
the controls, has its origin in engineering applications, where it has a clear meaning of the energy spent on the control action. Hence the motivation for such type
of objective functionals in engineering is minimizing this energy. In biomedical
applications, this type of the objective functionals also implies minimizing of certain costs or side-effects. However, in the biological and biomedical applications
the financial costs of controls most likely grow linearly with the magnitude of the
corresponding control action (with a possible deviation from the linear growth
in both directions). The same is most likely true for possible non-financial sideeffects of large-scale epidemiological actions, such as massive vaccination. For
antiviral or anticancer therapies, possible side-effects are most likely nonlinearly
increasing with an increase of a dose. However, in this case an actual form of the
increment depends on patient’s tolerance, which is highly individual and varies
for patients as well as for therapies. Besides, the optimal controls are extremely
sensitive to a specific form of the dependence of an objective functional on the
controls. For the medical and biological problems, this sensitivity, combined with
the above mentioned uncertainty of this dependence, leads to a controversy.
For biological and medical problems, the relative values of the costs and side
effects of control policy on one hand, and the outcomes achieved by the policy on
another hand, and hence the relative weights of the controls and the outcomes in
the objective functionals, are also debatable. In a real-life situation, the costs of
a massive vaccination or a quarantine are usually considerably smaller than the
potential loses that can be inflicted by an epidemics or an epizootic. The financial
costs and side-effects of a therapy are also usually small compared with the expected consequences of an untreated disease. Besides, for a real-life control policy,
the magnitudes of controls are usually restricted by external pre-determined factors such as the allocated funding or the health system capacities. For a therapy,
the maximal doses of drugs or other treatments are also pre-determined.
Furthermore, the above mentioned approach does not guaranty the optimality
of the solution obtained. Instead, it ensures only necessary conditions of the
optimality and local extremum of the functional. Finally, for the functionals
dependent on the controls, the boundary value problems obtained by the virtue
of the Pontryagin maximum principle is usually solved numerically. The use of a
numerical procedure implies a specific parametrization of all functional responses,
making any generalization or extension to other parametrization hardly possible.
There are also a number of other issues of mathematical nature which are related
to a form of the objective functional. A comprehensive discussion of mathematical
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aspects of this problem can be found in recently published book by H. Schättler
and U. Ledzewicz [39].
The above mentioned considerations, combined with the mentioned sensitivity
of the optimal controls to a particular form of the functions, motivate the formulation of optimal control problems where the objective functionals are independent
of the controls and the controls are bounded. However, for such formulations an
explicit form of the optimal controls cannot be directly found, and the problem
itself is usually more difficult to handle. Thus, singular regimes are common in
this sort of problems. Despite a significant advance in dealing with the singularities, in particular for the biomedical problems, which was recently done by
H. Schättler and U. Ledzewicz (see [33, 38, 39] and bibliography therein), detecting the singular regimes and establishing their optimality remains to be a highly
nontrivial mathematical problem.
Biological systems are extremely complex and their behavior is influenced by
a very large number of factors. The majority of these factors are neither studied,
nor even understood with a sufficient degree of certainty. Under these circumstances, one hardly can expect that the available information on a bio-system is,
or will be, sufficient. Among other complications, this implies that any (mathematical or of any other kind) model of a biological process involves a significant
number of assumptions and hypotheses, many of which are implicitly assumed.
This, in turn, leads to a question about the reliability and relevance of the results
obtained employing these models formulated with specific form of functional responses and parametrization. This problem was realized fairly early. One way
of dealing with this problem was suggested in 1930s by A.N. Kolmogorov, who
suggested to “reverse” the problem [25]: instead of studying properties of a biological system using a specifically defined parametrization, Kolmogorov suggested
to formulate a model where the functional responses are given by unspecified
functions and then establish the properties (such as positivity, monotonicity or
concavity/convexity, etc.) which these functional responses should have in order
to ensure that a considered system possessing certain properties.
This concept was successfully used in the global analysis, in particularly in
combination with the direct Lyapunov method [26, 27, 28, 29, 30, 31]. It is
obvious, however, that this concept hardly can be employed in a combination with
numerical analysis, as the latter requires a specific parametrization of functional
responses. This makes the use of Kolmogorov’s concept in combination with the
traditionally formulated optimal control problems with the control-dependent
objective functionals rather problematic.
Nevertheless, the problem was recognized in optimal control theory as well.
Horst Behncke was probably the first who made use of the Kolmogorov’s concept in combination with an optimal control problem in epidemic models [3].
He considered the classic SIR Kermack-McKendrick model and SEIR model for
an isolated epidemic (that is, the demographic processes were neglected) assuming that the incidence rate (which is believed to be the most important of all
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functional responses in epidemic models) was given by an unspecified function
constrained by a few conditions. For these models, Behncke considered three
controls, namely vaccination (or removal) of the susceptible individuals, isolation
of the infectious individuals and education (that is, indirect measures leading to a
reduction of the incidence rate), which apparently comprise all controls possible
for such a simple model. Considering arguments as above, that is taking into
consideration the disproportionality of the costs and financial losses inflicted by
a full-scale epidemic compared with the costs of the implementation of a control
policy, Behncke employed objective functionals independent of the controls. In
this particular case he considered the minimization of the cumulative number
of the infected individuals for a given time interval as the objective. For this
objective and assuming that the controls are bounded and that only one of the
controls is employed in every case (that is, there is no interference of the controls), he found qualitative forms of the optimal controls for each of these three
controls.
The control problem considered in [3] was to large extent simplified by the
simplicity of the system dynamics and the phase space structure: it is known
that the phase trajectories of this system form a one-parametric family of arches
in the phase space (and hence the system has a first integral). The starting and
ending points of these arches belong to the coordinate axis where the infection
level is equal to 0, which is composed of fixed points. Along these trajectories, the number (or concentration) of the susceptible individuals monotonically
decreases, whereas the level of infection (the number, or concentration of the
infected individuals) initially grows and then, after a critical point is reached,
strictly decreases to 0. An SIR (or an SEIR) model where demographic processes
are incorporated has a considerably more complex dynamics: it the simplest case
of an SIR model with the birth and death of the individuals, the system has a
positive fixed point (a node or a focus), and the phase trajectories wind on this
point. The analysis of the optimal controls even for this simplest case presents a
considerable challenge. The optimal controls for an SIR model with demographic
processes and with the incidence rate was given by an unspecified function were
considered in [19]. In this paper, four controls, which, in contrast to [3], were
assumed acting simultaneously, were considered, and their principal qualitative
types were found.
The principal objective of this paper is to address a question whether and
how the number of compartments of a model affects the optimal controls. The
practical importance of this issue is clear: any mathematical model comprises a
number of hypothesis and assumptions, and division of a population into classes
or compartments is one of the most important of these. Obviously, all models of a
process must represent, within certain degree of accuracy, the underlying biology
of the system. Therefore, if the corresponding optimal controls exhibit sensitivity
to a particular scheme of such a division, then employing these optimal controls
in real-life practice is unbearable.
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To address this issue, in this paper we consider optimal controls for a SEIR
model of an endemically persisting infection, which, compared to a SIR model,
has an extra compartment of the “exposed” individuals. As in [3] and [19], in
this model the incidence rate is assumed to be given by an unspecified function constrained by a few biologically feasible conditions (such as positivity and
monotonicity). The model incorporates up to five bounded controls, which cover
all possible for this model controls and which are assumed to be able to act simultaneously. To analyze the optimal controls for this model, the authors use
an approach that was initially developed to study the optimal control for a biochemical process [11, 12, 13, 17], and later extended to controls for endemically
persisting infectious diseases (such as childhood infection, e.g., measles) [15, 19]
and antiretroviral (HIV) therapy [14, 16]. A major feature of this approach is that
the objective functional is assumed to be independent of the (bounded) controls.
For such problems, the optimal controls are likely to be of the bang-bang type.
(This hypothesis has to be proved in each particular case.) For the bang-bang
controls, a number of switchings for each control can be analytically estimated
from above and then the values of controls on each of the subintervals can be
found.
For a real-life problem, having the number of switching found, one can immediately reduce the optimal control problem to a considerably simpler problem of
the finite-dimensional optimization. Then the exact moments of switching can be
found numerically using any of the available solvers. A crucial for our objectives
feature of this approach is that the estimations for the number of switchings and
the values of the controls on the subintervals can be found analytically. This
implies that there is a significant flexibility with respect to particular forms of
the functional responses of the model and hence a possibility to use this approach
in combination with the Kilmogorov’s “reversion of a problem” concept.
The paper is structured as following: in next Section we formulate the problem. In Section 3, using the Pontryagin maximum principle, we find differential
equations for the adjoint variables and switching functions and show that the
optimal controls are bang-bang controls. Section 4 contains the main mathematical results; in this Section we establish estimations for the numbers of switchings
of the optimal controls. Having the estimations, in Section 5 we describe the
corresponding optimal controls. The last Section contains some discussion of
the results. In Appendix A we show that for objective functionals depending
on the controls the optimal controls depend on a particular form of non-linearity
of functional responses in the model. In Appendix B we show that one of the
constraints on the model parameters, which we imposed for the sake of mathematical convenience only, can be omitted. We show how the corresponding proofs
can be done in the case when this constraint is not valid.
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2. Model and problem formulation
The spread of an infectious disease with a latency in a population can be
described by a SEIR epidemic model. In this paper, we consider the following
SEIR epidemic model with a nonlinear incidence rate:


 Ṡ(t) = µ − f (S(t), I(t)) − µS(t),

Ė(t) = f (S(t), I(t)) − (θ + µ)E(t),
(2.1)
˙ = θE(t) − (σ + µ)I(t),

I(t)


Ṙ(t) = σI(t) − µR(t).
In this model, S(t), E(t), I(t) and R(t) are, respectively, the fractions of susceptible, exposed (in the latent state), infectious and removed (recovered and
immune) individuals; that is
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(2.2)

S(t) + E(t) + I(t) + R(t) = 1.

We assume that the population size is constant. The constant population
size assumption is typical in mathematical epidemiology and is based on the
hypothesis that the time scale of the epidemic process is considerably faster than
that of demographic one. This assumption and equality (2.2) enable us to omit
the fourth equation and reduce the system to three equations for S(t), E(t) and
I(t).
The model assumes that births and natural (that is, not associated with the
infection) deaths occur at a per capita rate µ. (The birth and death rates equality is just a matter of convenience and is not of principle importance for further
analysis.) All the newborns are susceptible and enter the susceptible compartment S. The susceptible individuals can be infected by the infectious with rate
f (S, I). After an instance of infection, the individuals immediately enter the exposed compartment E. The exposed individuals (those in the latent state) are
not infectious and eventually move to the infectious compartment I at per capita
rate θ (that is, an average duration of the latency is 1/θ). The infectious individuals can infect the susceptibles and are removed (recover or die of the infection)
at per capita rate σ.
In this paper we assume that the rate of infection is given by function f (S, I)
which satisfies the following set of assumptions:
(A1) f (S, I) is a continuous differentiable function for all S, I ≥ 0;
(A2) f (S, I) > 0 holds for all S, I > 0, and f (0, I) = f (S, 0) = 0 for all S, I ≥ 0;
(A3) partial derivatives fS0 (S, I), fI0 (S, I) are positive for all S, I > 0 and nonnegative for all S ≥ 0, I = 0 and S = 0, I ≥ 0;
(A4) there are constants: MS = max fS0 (S, I), MI = max fI0 (S, I), where
(S,I)∈Ω

(S,I)∈Ω

Ω = {(S, I) : S ≥ 0, I ≥ 0, S + I ≤ 1};
(A5) the inequality 4MS2 − 3MI2 + 1.5µ2 + 3(θ + µ)2 + 0.5(σ + µ)2 − θ2 > 0 holds.
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It is noteworthy that these assumptions are considerably less restrictive than
those that are usually imposed on the incidence rate. Thus, an usual set of
assumptions for incidence rate f (S, I) includes the positiveness of both partial
derivatives (as we mentioned earlier, in our case this positiveness is a consequence
of other assumptions), the monotonicity of the function (which usually required
to ensure the uniqueness of a positive equilibrium state in the model) and the
concavity of function f (S, I) with respect to I (together with the monotonicity,
this is sufficient to ensure the global asymptotic stability of the unique equilibrium
state of the model [27, 28, 30]). In this set of assumptions, (A5) is the only one
which biological interpretation is not transparent. However, we have to stress
that (A5) is not of principal importance and is introduced for convenience of the
analysis: we need this assumption to simplify the reduction of an auxiliary system
to a triangular form which is convenient for application of the generalized Rolle’s
theorem [8]. This makes finding estimations for the maximum number of zeros of
switching functions a reasonably straightforward procedure. However, the same
or a slightly weaker result can be obtained by other, more demanding techniques.
Besides, (A5) holds for any realistic incidence rate. Thus, it can be immediately
seen that (A5) holds for any symmetric in both arguments function f (S, I). For
instance, in the case of the standard bi-linear incidence rate αSI, MS = MI = α,
and 4MS2 −3MI2 = α2 . The difference 4MS2 −3MI2 can be negative for an incidence
rate which has an extremely high increase of incidence at low levels of infection
(e.g., very high basic reproduction number R0 , see [27, 28, 30]) and then quickly
reaches nearly constant saturation level for slightly higher infection levels. Such
incidence rates can be given by Michaelis-Menten type kinetics αSI(1 + βI)−1 .
For this incidence rate, MS = α(1 + β)−1 and MI = α, and hence 4MS2 − 3MI2 < 0
if β > α/3. However, the authors are unable to provide an example of a real-life
infection that possesses such properties. Moreover, even if there might be found
an example of an infection for which the difference 4MS2 − 3MI2 is negative, there
still remain a positive factor 1.5µ2 + 3(θ + µ)2 + 0.5(σ + µ)2 − θ2 .
Model (2.1) admits up to five controls, namely: (i, ii ) vaccinations of the new
borns and the susceptibles, with per capita rates u
e(t) and w(t),
e
respectively; (iii,
iv ) isolation of the exposed and the infectious individuals, with per capita rates
ye(t) and ze(t), respectively, and (v ) indirect measures, such as education or an
imperfect quarantine, aimed at a reduction of the disease transmission, ve(t). The
action of control ve(t) results in a reduction of transmission, f (S, I)/(1 + ve(t)).
We assume that the controls are bounded; that is, relationships u
e(t) ∈ [0, u
emax ],
ve(t) ∈ [0, vemax ], w(t)
e ∈ [0, w
emax ], ye(t) ∈ [0, yemax ] and ze(t) ∈ [0, zemax ] hold. Naturally, for all controls the lower bounds are the absence of a control, that is zero.
The upper bounds that corresponds to the maximal intensity of a corresponding
control are predetermined on the basis of available funding or the health system
capability. Furthermore, for the vaccination of newborns, u
emax ≤ 1 holds. We
also assume that
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w
emax 6= σ,

(2.3)

,w
emax 6= σ + zemax ,

w
emax 6= θ + yemax .

These constraints are introduced only for convenience of the analysis.
Introducing these controls into model (2.1), we obtain a control model

Ṡ(t) = µ(1 − u
e(t)) − (1 + ve(t))−1 f (S(t), I(t)) − (µ + w(t))S(t),
e



−1
Ė(t) = (1 + ve(t)) f (S(t), I(t)) − (θ + µ + ye(t))E(t),
(2.4)
˙ = θE(t) − (σ + µ + ze(t))I(t),

I(t)


Ṙ(t) = µe
u(t) + w(t)S(t)
e
+ ye(t)E(t) + (σ + ze(t))I(t) − µR(t).
As we mentioned above, equality (2.2) enables us to omit one equation reducing
the system to three equations. Therefore, further we consider the reduced system
for S(t), E(t) and I(t). Denoting
u(t) = µ(1 − u
e(t)), v(t) = (1 + ve(t))−1 , w(t) = µ + w(t),
e
y(t) = θ + µ + ye(t), z(t) = σ + µ + ze(t),

(2.5)

we obtain control system

 Ṡ(t) = u(t) − v(t)f (S(t), I(t)) − w(t)S(t),
(2.6)
Ė(t) = v(t)f (S(t), I(t)) − y(t)E(t),
 ˙
I(t) = θE(t) − z(t)I(t).
Here the controls are subjects of constraints
u(t) ∈ [umin , µ],
v(t) ∈ [vmin , 1],
w(t) ∈ [wmin , wmax ],
y(t) ∈ [ymin , ymax ], z(t) ∈ [zmin , zmax ],

(2.7)
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where
(2.8)

umin = µ(1 − u
emax ), vmin = (1 + vemax )−1 , wmin = µ,
wmax = µ + w
emax , ymin = θ + µ, ymax = θ + µ + yemax ,
zmin = σ + µ, zmax = σ + µ + z̃max .

Control system (2.6) is defined on a finite time interval [0, T ] and should be
complemented by initial conditions
S(0) = S0 , E(0) = E0 , I(0) = I0 , S0 , E0 , I0 > 0, S0 + E0 + I0 < 1.
Set
n
o
Λ = (S, E, I) : S > 0, E > 0, I > 0, S + E + I < 1
is the feasible region of the reduced system (2.6).
Let set D0 (T ) be the set of admissible controls; that is, D0 (T ) is the set of
all possible Lebesgue measurable functions (u(t), v(t), w(t), y(t), z(t)), which for
almost all t ∈ [0, T ] satisfy constraints (2.7). The following Lemma ensures the
boundedness, positiveness and continuity of solutions for system (2.6):
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Lemma 1. Let (S0 , E0 , I0 ) ∈ Λ be held. Then for any admissible controls
(u(t), v(t), w(t), y(t), z(t)) the corresponding solutions (S(t), E(t), I(t)) to system (2.6) are defined on the entire interval [0, T ], and inclusion
(S(t), E(t), I(t)) ∈ Λ
holds for all t ∈ [0, T ]. (That is, set Λ is a positively invariant set of system (2.6).)
The proof is fairly straightforward and we omit it. Proofs of such statements
are given for example in [10, 33].
For control system (2.6) and for the set of admissible controls D0 (T ), we consider the problem of minimizing the level of infection at the end of time interval
[0, T ]. That is, we consider this system together with the objective functional
(2.9)

J0 (u(·), v(·), w(·), y(·), z(·)) = αE(T ) + βI(T ).

In this functional, α and β are positive constant. For the majority of practically
relevant cases, α = β. However, for the sake of generality, we prefer to allow nonequal coefficients as well. Lemma 1 and Theorem 4 in [34] (Chapter 4) ensure the
existence of optimal controls (u∗ (t), v∗ (t), w∗ (t), y∗ (t), z∗ (t)) and corresponding
optimal solutions (S∗ (t), E∗ (t), I∗ (t)) for this problem.
3. Pontryagin maximum principle
To analyze optimal control problem (2.6), (2.9), we apply the Pontryagin maximum principle [37]. Let us define Hamiltonian

CRM Preprint Series number 1219

(3.1)

H(S, E,I, u, v, w, y, z, ψ1 , ψ2 , ψ3 ) =
(u − vf (S, I) − wS)ψ1 + (vf (S, I) − yE)ψ2 + (θE − zI)ψ3 ,

where ψ1 , ψ2 and ψ3 are adjoint variables. The Hamiltonian satisfies
HS0 = vfS0 (S, I)(ψ2 − ψ1 ) − wψ1 ,
HE0 = −yψ2 + θψ3 ,
HI0 = vfI0 (S, I)(ψ2 − ψ1 ) − zψ3 ,
and
(3.2)

Hu0 = ψ1 ,
Hv0 = f (S, I)(ψ2 − ψ1 ),
0
Hw = −Sψ1 , Hy0 = −Eψ2 , Hz0 = −Iψ3 .

Arguments of these partial derivatives are the same as that of Hamiltonian (3.1),
and therefore we omitted them.
By the Pontryagin maximum principle, for the optimal controls
(u∗ (t), v∗ (t), w∗ (t), y∗ (t), z∗ (t))

10

ANDREI KOROBEINIKOV, ELLINA V. GRIGORIEVA, AND EVGENII N. KHAILOV

and the corresponding optimal solutions (S∗ (t), E∗ (t), I∗ (t)), on interval [0, T ] the
adjoint system
 ∗
ψ̇ (t) = w∗ (t)ψ1∗ (t) − v∗ (t)fS0 (S∗ (t), I∗ (t))(ψ2∗ (t) − ψ1∗ (t)),


 1∗
ψ̇2 (t) = y∗ (t)ψ2∗ (t) − θψ3∗ (t),
(3.3)

ψ̇ ∗ (t) = z∗ (t)ψ3∗ (t) − v∗ (t)fI0 (S∗ (t), I∗ (t))(ψ2∗ (t) − ψ1∗ (t)),

 3∗
ψ1 (T ) = 0, ψ2∗ (T ) = −α, ψ3∗ (T ) = −β,
has a non-trivial solution ψ∗ (t) = (ψ1∗ (t), ψ2∗ (t), ψ3∗ (t)) such that optimal controls
(u∗ (t), v∗ (t), w∗ (t), y∗ (t), z∗ (t)) maximize Hamiltonian
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H(S∗ (t), E∗ (t), I∗ (t), u, v, w, y, z, ψ1∗ (t), ψ2∗ (t), ψ3∗ (t))
with respect to variables u ∈ [umin , µ], v ∈ [vmin , 1], w ∈ [wmin , wmax ], y ∈
[ymin , ymax ] and z ∈ [zmin , zmax ] for almost all t ∈ [0, T ] and satisfy conditions


, if Lu (t) > 0,
µ
(3.4)
u∗ (t) = ∀u ∈ [umin , µ] , if Lu (t) = 0,

u
, if Lu (t) < 0;
min


, if Lv (t) > 0,
1
(3.5)
v∗ (t) = ∀v ∈ [vmin , 1] , if Lv (t) = 0,

v
, if Lv (t) < 0;
min


, if Lw (t) > 0,
wmax
(3.6)
w∗ (t) = ∀w ∈ [wmin , wmax ] , if Lw (t) = 0,

w
, if Lw (t) < 0;
min


, if Ly (t) > 0,
ymax
(3.7)
y∗ (t) = ∀y ∈ [ymin , ymax ] , if Ly (t) = 0,

y
, if Ly (t) < 0;
min


, if Lz (t) > 0,
zmax
(3.8)
z∗ (t) = ∀z ∈ [zmin , zmax ] , if Lz (t) = 0,

z
, if Lz (t) < 0.
min
Here, by (3.2), (A2) and Lemma 1, the switching functions
(3.9)

Lu (t) = ψ1∗ (t),
Lv (t) = ψ2∗ (t) − ψ1∗ (t), Lw (t) = −ψ1∗ (t),
∗
Ly (t) = −ψ2 (t), Lz (t) = −ψ3∗ (t)

entirely determine the corresponding optimal controls.
Please note that in (3.9)
(3.10)

Lu (t) = −Lw (t),

and hence it suffices to establish properties of one of these two functions.
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The following differential equations for functions Lv (t), Lw (t), Ly (t) and Lz (t)
immediately follow from system (3.3):

L̇w (t) = w∗ (t)Lw (t) + v∗ (t)fS0 (S∗ (t), I∗ (t))Lv (t),





L̇y (t) = y∗ (t)Ly (t) − θLz (t),


 L̇ (t) = z (t)L (t) + v (t)f 0 (S (t), I (t))L (t),
z
z
∗
∗
∗ 
v
I
∗
(3.11)
0

L̇v (t) = v∗ (t)fS (S∗ (t), I∗ (t)) + w∗ (t) Lv (t)





+(w∗ (t) − y∗ (t))Ly (t) + θLz (t),


Lw (T ) = 0, Ly (T ) = α, Lz (T ) = β, Lv (T ) = −α.
Moreover, function Lu (t) is to be found from equality (3.10).
The following Lemma is of principal importance for problem (2.6), (2.9):
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Lemma 2. Adjoint functions ψ1∗ (t), ψ2∗ (t), ψ3∗ (t) are not equal identically to zero
on any finite subinterval ∆ ⊂ [0, T ].
Proof. Let us assume, by contradiction, that there is a subinterval ∆1 ⊂ [0, T ]
such that ψ1∗ (t) = 0 for all t ∈ ∆1 . Then ψ˙1∗ (t) = 0 must hold almost everywhere on ∆1 as well. Substituting these two equalities into the first equation of system (3.3), we obtain that ψ2∗ (t) − ψ1∗ (t) = 0, and hence ψ2∗ (t) = 0
holds for all t ∈ ∆1 , and ψ˙2∗ (t) = 0 holds almost everywhere on ∆1 . Then
the second equation of system (3.3) yields ψ3∗ (t) = 0 for all t ∈ ∆1 . At the
same time, the third equation of this system is also satisfied. Hence, we have
ψ∗ (t) = (ψ1∗ (t), ψ2∗ (t), ψ3∗ (t)) = 0 on ∆1 . However, system (3.3) is a system of
linear non-autonomous homogeneous differential equations. For such a system,
this equality implies that ψ∗ (t) = 0 holds for all t ∈ [0, T ]. This contradicts the
existence of a non-trivial solution ψ∗ (t). Hence the hypothesis is incorrect, and
adjoint function ψ1∗ (t) is not equal to zero on any subinterval of [0, T ].
Repeating the same arguments for function ψ2∗ (t), we again obtain a contradiction. Therefore, adjoint function ψ2∗ (t) is not equal to zero on any subinterval
of [0, T ] either.
Arguments for ψ3∗ (t) require more care. Let us assume, as above, that there
is a subinterval ∆3 ⊂ [0, T ] such that ψ3∗ (t) = 0 for all t ∈ ∆3 , and hence that
ψ˙3∗ (t) = 0 holds almost everywhere on ∆3 as well. Then, from the third equation
of system (3.3), it follows that ψ2∗ (t) − ψ1∗ (t) = 0 holds on ∆3 , and hence equality
ψ˙1∗ (t) = ψ˙2∗ (t) holds almost everywhere on ∆3 as well. Furthermore, substituting
ψ3∗ (t) = 0 into the first two equations of system (3.3), we get
(3.12)

ψ̇1∗ (t) = w∗ (t)ψ1∗ (t),

ψ̇2∗ (t) = y∗ (t)ψ2∗ (t),

t ∈ ∆3 .

These equations imply that functions ψ1∗ (t) and ψ2∗ (t) cannot be equal to zero in
∆3 , as otherwise they must be equal to zero on the entire subinterval ∆3 . Hence,
for all t ∈ ∆3 , both these functions are simultaneously either positive, or negative.
By (3.6) and (3.7), this means that controls w∗ (t) and y∗ (t) take either values wmin
and ymin , or wmax and ymax , respectively. Furthermore, by (3.12), the equality
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of the functions and their derivatives also means that either wmin = ymin , or
wmax = ymax must hold. However, by (2.3) and (2.8), neither of these equalities is
possible, and hence we have a contradiction again. This completes the proof. 
Lemma 2 combined with relationships (3.6)–(3.9) immediately leads to the
following Corollary:
Corollary 3. Optimal controls w∗ (t), y∗ (t) and z∗ (t) are bang-bang controls,
which take only values {wmin , wmax }, {ymin , ymax } and {zmin , zmax }, respectively.
An important property which we would like to stress is that these controls
have no singularities (see [38] for details), and they are entirely determined by
the corresponding switching functions Lw (t), Ly (t) and Lz (t).
To establish the same properties for function Lv (t) we have to prove the following Lemma:
Lemma 4. Switching function Lv (t) is not equal identically to zero on any finite
subinterval of interval [0, T ].
Proof. By contradiction, let us assume that there is a subinterval ∆0 ⊂ [0, T ]
where Lv (t) = ψ2∗ (t) − ψ1∗ (t) = 0. Then, as in the proof of Lemma 2, equalities
(3.13)

ψ1∗ (t) = ψ2∗ (t),

ψ̇1∗ (t) = ψ̇2∗ (t)

CRM Preprint Series number 1219

necessary hold. Moreover, on subinterval ∆0 the equations of system (3.3) are:
 ∗
 ψ̇1 (t) = w∗ (t)ψ1∗ (t),
(3.14)
ψ̇ ∗ (t) = y∗ (t)ψ2∗ (t) − θψ3∗ (t),
 2∗
ψ̇3 (t) = z∗ (t)ψ3∗ (t).
If ψ1∗ (t) = 0 at any point of the subinterval ∆0 , then it follows from the first
equation that this function is equal to zero for all t ∈ ∆0 . Moreover, by (3.13), in
this case ψ2 (t) and ψ˙2∗ (t) are equal to zero on the interval ∆0 as well. (Derivative
ψ̇2∗ (t) is equal to zero almost everywhere on ∆0 .) Then the second equation yields
ψ3∗ (t) = 0 for all t ∈ ∆0 , and hence, by the same arguments as these in the proof
of Lemma 2, we come to a contradiction. Therefore, ψ1∗ (t) 6= 0 on ∆0 , and,
by (3.13), functions ψ1∗ (t) and ψ2∗ (t) are of the same sign. Then, by (3.6), (3.7),
on subinterval ∆0 controls w∗ (t) and y∗ (t) takes values either {wmin , ymin }, or
{wmax , ymax }, respectively.
Function ψ3∗ (t) cannot be equal to zero on subinterval ∆0 . In opposite case we
have ψ3∗ (t) = 0 for all t ∈ ∆0 . Then, applying the arguments from the proof of
Lemma 2, we come to a contradiction. Therefore, function ψ3∗ (t) is either positive,
or negative definite on the subinterval ∆0 . Hence, by (3.8), control z∗ (t) takes
value either zmin , or zmax .
Finally, equalities (3.13) allows us to combine the first and second equations
of (3.14) and yields equality
(3.15)

(y∗ (t) − w∗ (t))ψ2∗ (t) = θψ3∗ (t),

t ∈ ∆0 .
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Differentiating this equality, and then substituting the derivatives from (3.14),
we obtain
y∗ (t)(y∗ (t) − w∗ (t))ψ2∗ (t) = θ(z∗ (t) + y∗ (t) − w∗ (t))ψ3∗ (t), t ∈ ∆0 .
Combining this with (3.15), we get (z∗ (t) − w∗ (t))ψ3∗ (t) = 0, and hence w∗ (t) =
z∗ (t) holds for all t ∈ ∆0 . This implies that either wmin = zmin , or wmax = zmax ,
or wmin = zmax , or wmax = zmin must hold. However, by (2.3) and (2.8), neither
of these equalities is possible, and hence we came to a contradiction. Therefore,
the initial assumption is not correct, and function Lv (t) is not equal to zero on
any finite subinterval of the interval [0, T ]. This completes the proof.

Lemma 4 and (3.5) immediately lead to the Corollary:
Corollary 5. Optimal control v∗ (t) is a bang-bang control, which only take values
{vmin , 1} on interval [0, T ]. The control has no singularities (see [38]) and is
entirely determined by switching functions Lv (t).
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4. Estimation for the number of switchings
In previous Section, we show that in problem (2.6), (2.9) the optimal controls
(v∗ (t),w∗ (t),y∗ (t),z∗ (t))are bang-bang controls with values {vmin ,1}, {wmin , wmax },
{ymin , ymax } and {zmin , zmax }, respectively. If we would be able to estimate the
maximum possible number of switchings of the controls, then we can immediately reduce the optimal control problem to a considerably simpler problem of
the finite dimensional optimization, which then can be solved numerically. Formulas (3.4)–(3.8) imply that for this we have to estimate the number of zeros
of the corresponding switching functions Lv (t), Lw (t), Ly (t), Lz (t) defined by
system (3.11). In this system, equations for Lv (t), Ly (t) and Lz (t) are independent from Lw (t), and hence we will firstly estimate the number of zeros for
function Lv (t), then for Ly (t) and Lz (t), and finally we will estimate the number
of switchings of function Lw (t).
Function Lv (t), Ly (t) and Lz (t) satisfy differential equations

 L̇v (t) = a(t)Lv (t) + (w∗ (t) − y∗ (t))Ly (t) + θLz (t),
(4.1)
L̇ (t) = y∗ (t)Ly (t) − θLz (t),
 y
L̇z (t) = z∗ (t)Lz (t) + b(t)Lv (t).
Here a(t) = v∗ (t)fS0 (S∗ (t), I∗ (t)) + w∗ (t) and b(t) = v∗ (t)fI0 (S∗ (t), I∗ (t)). Please
note that, by (A4), (2.8) and Corollary 5, a(t) and b(t) are positive on the interval
[0, T ].
In order to simplify equations of system (4.1), let us denote
(4.2)

G(t) = θ−1 (w∗ (t) − y∗ (t))Ly (t) + Lz (t).

Then
L̇v (t) = a(t)Lv (t) + θG(t).
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To obtain the differential equation for G(t), we have to be sure that G(t) is differentiable almost everywhere on [0, T ].
For the differentiability of G(t),
it suffices if w∗ (t) and y∗ (t) are piecewise constant functions; that is they must
have a finite number of switchings on this interval. In turn, this implies that the
corresponding switching functions Lw (t) and Ly (t) have finite numbers of zeros
on [0, T ]. From (3.11) it follows that this is possible if Lv (t) has a finite number
of zeros. Hence, we assume that the following Condition holds:
Condition 6. Let Lv (t) has a finite number of zeros on interval [0, T ].
Further we will demonstrate that this Condition is correct.
Condition 6 ensures that function G(t) is differentiable almost everywhere on
[0, T ], and hence functions Lv (t), G(t) and Lz (t) satisfy differential equations

(4.3)


 L̇v (t) = a(t)Lv (t) + θG(t),
Ġ(t) = b(t)Lv (t) + y∗ (t)G(t) − (w∗ (t) − z∗ (t))Lz (t),

L̇z (t) = b(t)Lv (t) + z∗ (t)Lz (t).
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Please note that solutions Lv (t), G(t), Lz (t) of system (4.3) and functions Lv (t),
Ly (t) and Lz (t) satisfying system (4.1) are absolutely continuous functions on
the interval [0, T ]. On the other hand, the auxiliary function G(t) defined by
formula (4.2) is only a piecewise absolutely continuous function, which satisfies
almost everywhere the same differential equation as the function G(t) in system (4.3). It is easy to show that under such changing the function G(t) the
switching function Lv (t) is not changed.
For function Lv (t) the following Lemma holds:
Lemma 7. Switching function Lv (t) has at most two distinct zeros on interval
[0, T ).
Proof. System (4.3) is a system of linear non-autonomous homogeneous differential equations. The matrix of this system can be brought on the whole interval
[0, T ] to the upper-triangle form





a(t)
θ
0
∗ ∗ 0
 b(t) y∗ (t) −(w∗ (t) − z∗ (t))  −→  0 ∗ ∗  ,
b(t)
0
z∗ (t)
0 0 ∗
which is considerably simpler for the analysis. Indeed, substitution
L̄v (t) = Lv (t), Ḡ(t) = G(t), L̄z (t) = Lz (t) + q1 (t)Lv (t) + q2 (t)G(t),
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where functions q1 (t) and q2 (t) are to be defined later, yields

˙

a(t)L̄v (t) + θḠ(t),
 L̄v (t) = 



˙


Ḡ(t)
=
b(t)
+
(w
(t)
−
z
(t))q
(t)
L̄v (t)
∗
∗
1








+ y∗ (t) + (w∗ (t) − z∗ (t))q2 (t) Ḡ(t)





−(w

h ∗ (t) − z∗ (t))L̄z (t),

 ˙
L̄z (t) = q̇1 (t) + b(t) + (a(t) − z∗ (t))q1 (t)
(4.4)
i



+b(t)q
(t)
+
(w
(t)
−
z
(t))q
(t)q
(t)
L̄v (t)
2
∗
∗
1
2


h




+ q˙2 (t) + θq1 (t) + (y∗ (t) − z∗ (t))q2 (t)


i


2


+(w∗ (t) − z∗ (t))q2 (t) Ḡ(t)







+ z∗ (t) − (w∗ (t) − z∗ (t))q2 (t) L̄z (t).
To simplify the second and third equations of system (4.4), we define q1 (t) and
q2 (t) as following:

 q̇1 (t) = −b(t) − (a(t) − z∗ (t))q1 (t) − b(t)q2 (t)
−(w∗ (t) − z∗ (t))q1 (t)q2 (t),
(4.5)

q̇2 (t) = −θq1 (t) − (y∗ (t) − z∗ (t))q2 (t) − (w∗ (t) − z∗ (t))q22 (t).
Then
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L̄˙ v (t) = 
a(t)L̄v (t) + θḠ(t),

˙
Ḡ(t) = b(t) + (w∗ (t) − z∗ (t))q1 (t) L̄v (t)


+ y∗ (t) + (w∗ (t) − z∗ (t))q2 (t) Ḡ(t)
−(w
 ∗ (t) − z∗ (t))L̄z (t),

˙L̄ (t) = z (t) − (w (t) − z (t))q (t) L̄ (t).
z

∗

∗

∗

2

z

Substitution
ev (t) = L̄v (t),
L

e = Ḡ(t) + q3 (t)L̄v (t),
G(t)

ez (t) = L̄z (t),
L

where function q3 (t) is to be defined later, yields


e˙ v (t) = (a(t) − θq3 (t))L
ev (t) + θG(t),
e

L

h


˙

e

G(t)
= q̇3 (t) + b(t) + (w∗ (t) − z∗ (t))(q1 (t) − q2 (t)q3 (t))


i



ev (t)
+(a(t) − y∗ (t))q3 (t) − θq32 (t) L



e

+ y∗ (t) + (w∗ (t) − z∗ (t))q2 (t) + θq3 (t) G(t)




e

−(w


 ∗ (t) − z∗ (t))Lz (t),



e˙ z (t) = z∗ (t) − (w∗ (t) − z∗ (t))q2 (t) L
ez (t).
 L

16

ANDREI KOROBEINIKOV, ELLINA V. GRIGORIEVA, AND EVGENII N. KHAILOV

To simplify the second equation of this system, we define q3 (t) by equation
(4.6)

q̇3 (t) = −b(t) − (w∗ (t) − z∗ (t))(q1 (t)−q2 (t)q3 (t))
−(a(t)−y∗ (t))q3 (t) + θq32 (t).

Then

(4.7)









e˙ v (t) = (a(t) − θq3 (t))L
ev (t) + θG(t),
e
L


e˙
e
G(t)
= y∗ (t) + (w∗ (t) − z∗ (t))q2 (t) + θq3 (t) G(t)

e

−(w


 ∗ (t) − z∗ (t))Lz (t),



e˙ z (t) = z∗ (t) − (w∗ (t) − z∗ (t))q2 (t) L
ez (t).
 L

We have to prove that functions q1 (t), q2 (t) and q3 (t) exist on the entire interval
[0, T ]. In order to do this, by (4.5) and (4.6), we write the system of quadratic
non-autonomous differential equations for q1 (t), q2 (t) and q3 (t) in matrix form:

 q̇1 (t) = q > (t)Q1 (t)q(t) + d>
1 (t)q(t) + r1 (t),
>
q̇2 (t) = q (t)Q2 (t)q(t) + d>
(4.8)
2 (t)q(t) + r2 (t),

q̇3 (t) = q > (t)Q3 (t)q(t) + d>
3 (t)q(t) + r3 (t).
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Here


0
−0.5(w∗ (t) − z∗ (t)) 0
0
0 ,
Q1 (t) =  −0.5(w∗ (t) − z∗ (t))
0
0
0


0
0
0
Q2 (t) =  0 −(w∗ (t) − z∗ (t)) 0  ,
0
0
0


0
0
0
0
0.5(w∗ (t) − z∗ (t)) 
Q3 (t) =  0
0 0.5(w∗ (t) − z∗ (t))
θ
are symmetric matrices;




−(a(t) − z∗ (t))
−θ
 , d2 (t) =  −(y∗ (t) − z∗ (t))  ,
−b(t)
d1 (t) = 
0
0


−(w∗ (t) − z∗ (t))


0
d3 (t) =
−(a(t) − y∗ (t))
are vector functions, and


r1 (t) = −b(t),

r2 (t) = 0,

r3 (t) = −b(t)

are scalar functions; sign > means a transpose. The system should be complemented by initial conditions qi (0) = qi0 , i = 1, 2, 3. This Cauchy problem has
a solution q(t) = (q1 (t), q2 (t), q3 (t))> on an interval [0, tmax ), where tmax can be
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either infinity or a finite number [20, 34]. However, it may occur that tmax ≤ T ,
and hence we have to prove the existence of the solution of this system on the entire interval [0, T ]. This ensures that system (4.7), which has the required upper
triangular matrix, is well defined and also has a solution on this interval.
By contradiction, let assume that for any solution of system (4.8) the maximal interval of the existence is [0, t1 ), where t1 ≤ T . Then, by Lemma in [7]
(Paragraph 14, Chapter 4), we have
lim kq(t)k = +∞,

(4.9)

t→t1 −0

where || · || is the usual Euclidean norm of a vector. Hence, there are ρ > 0 and
t0 ∈ [0, t1 ), which are to be defined later, such that kq(t)k ≥ ρ for all t ∈ [t0 , t1 ).
Function kq(t)k satisfies

d
kq(t)k = kq(t)k−1
dt h

× q1 (t)q > (t)Q1 (t)q(t) + q2 (t)q > (t)Q2 (t)q(t) + q3 (t)q > (t)Q3 (t)q(t)


>
>
>
+ q1 (t)d1 (t)q(t) + q2 (t)d2 (t)q(t) + q3 (t)d3 (t)q(t)

i
+ r1 (t)q1 (t) + r2 (t)q2 (t) + r3 (t)q3 (t) .
Recalling definition of a(t) and b(t), we obtain estimations
r1 (t)q1 (t) + r2 (t)q2 (t) + r3 (t)q3 (t) ≤ C · kq(t)k
and
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2
q1 (t)d>
(t)q(t) + q2 (t)d>
(t)q(t) + q3 (t)d>
3 (t)q(t) ≤ B · kq(t)k ,
p 2
p 1
2
2
2
+ 3ymax
+ 4zmax
+ θ2 .
where C = 2MI2 and B = 4MS2 + MI2 + 5wmax
Finally,

q1 (t)q > (t)Q1 (t)q(t) + q2 (t)q > (t)Q2 (t)q(t) + q3 (t)q > (t)Q3 (t)q(t)
≤ |q1 (t)| kQ1 (t)q(t)k kq(t)k + |q2 (t)| kQ2 (t)q(t)k kq(t)k + |q3 (t)| q > (t)Q3 (t)q(t) .
Here,
p
p
2
2
2
2
kQ1 (t)q(t)k ≤ 0.5 wmax
+ zmax
kq(t)k , kQ2 (t)q(t)k ≤ wmax
+ zmax
kq(t)k
and


p
2
2
2
q (t)Q3 (t)q(t) ≤ 0.5 θ + θ + wmax + zmax kq(t)k2 ,
>

and hence
q1 (t)q > (t)Q1 (t)q(t) + q2 (t)q > (t)Q2 (t)q(t) + q3 (t)q > (t)Q3 (t)q(t) ≤ A · kq(t)k3 ,
p
2
2 ) + θ 2 . Therefore,
where A = 1.75 · (zmax
+ wmax

d
(4.10)
kq(t)k ≤ A · kq(t)k2 + B · kq(t)k + C, t ∈ [t0 , t1 ).
dt
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Consider the quadratic equation
AK 2 − BK + C = 0.
By (A5), (2.8) and inequality −mn ≥ −0.5m2 − 0.5n2 , the determinant of this
equation satisfies
2
2
2
+ θ2
+ 4zmax
+ 3ymax
B 2 − 4AC = 4MS2 + MI2 + 5wmax
q
p
2
2
− 8MI2 · 7(wmax
+ zmax
) + 4θ2
2
2
2
− θ2 > 0,
+ 0.5zmax
+ 3ymax
≥ 4MS2 − 3MI2 + 1.5wmax

and hence the quadratic equation has two real roots. The larger root satisfies
√
B + B 2 − 4AC
K0 =
.
2A
For all vectors q such that kqk ≥ ρ, let define function V (q) = kqk + K0 .
By (4.10) and using equality AK02 − BK0 + C = 0, it is easy to see that
dV (q(t))
≤ AV 2 (q(t)) − (2AK0 − B)V (q(t)),
dt
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Consider auxiliary Cauchy problem

ḣ(t) = Ah2 (t) − (2AK0 − B)h(t),
h(t0 ) = h0 ≥ K0 + ρ.

t ∈ [t0 , t1 ).

t ∈ [t0 , t1 ]

This Bernoulli equation has solution



−1
A
1
A
(2AK0 −B)(t−t0 )
h(t) =
+
−
e
, t ∈ [t0 , t1 ].
2AK0 − B
h0 2AK0 − B
We assume that values ρ and t0 are such that the value in brackets is not equal to
zero on interval [t0 , t1 ]. For instance, for a given ρ it would be sufficient to take t0
such that (t1 −t0 ) were sufficiently small. This ensures that function h(t) is defined
and finite on this interval. Since h0 > (2AK0 − B)A−1 , the value in the square
brackets is negative, and hence for all t ∈ [t0 , t1 ] function h(t) is a finite positive
definite and monotonically increasing function such that inequality h(t) < h(t1 )
holds for for all t ∈ [t0 , t1 ). Therefore, by the Chaplygin theorem (see [40]) and
taking into consideration the initial condition h0 = V (q(t0 )) = kq(t0 )k + K0 , the
inequality
kq(t)k < h(t) − K0 < h(t1 ) − K0
holds for all t ∈ (t0 , t1 ) as well. However, this inequality contradicts to (4.9), and
hence there is a solution qb(t) of system (4.8) defined on the entire interval [0, T ].
This ensure that system (4.7) is defined on this interval as well.
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The found solution qb(t) = (b
q1 (t), qb2 (t), qb3 (t))> enables us to rewrite system (4.7)

(4.11)









e˙ v (t) = (a(t) − θb
ev (t) + θG(t),
e
L
q3 (t))L


˙e
e
G(t) = y∗ (t) + (w∗ (t) − z∗ (t))b
q2 (t) + θb
q3 (t) G(t)

e

−(w


 ∗ (t) − z∗ (t))Lz (t),



e˙ z (t) = z∗ (t) − (w∗ (t) − z∗ (t))b
ez (t).
 L
q2 (t) L
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Depending on the sign of (w
emax − σ), we have to consider two possible cases.
Case 1. Let inequality w
emax − σ < 0 be held. Then, by (2.8), wmax < zmin , and
hence almost everywhere on the interval [0, T ] the inequality w∗ (t) − z∗ (t) < 0
ev (T ) =
holds. Taking into consideration this inequality and initial condition L
ev (t) has no more than two
Lv (T ) = −α < 0, we can show that function Lv (t) = L
different zeros on interval [0, T ).
ev (t) has at least three different zeros τi , i = 1, 2, 3, such
Indeed, assume that L
that 0 ≤ τ1 < τ2 < τ3 < T . Then, by the generalized Rolle’s theorem [8] applied
e
to the first equation of (4.11), function G(t)
has on interval (0, T ) at least two
zeros ηi , i = 1, 2, such that 0 < η1 < η2 < T hold. The same theorem applied to
ez (t) has at least one zero ξ ∈ (0, T ). However,
the second equation yields that L
the third equation of (4.11), which this function satisfies, is a linear homogeneous
ez (t) = 0 must hold everywhere
differential equation, and hence in this case L
ez (t) = 0 and applying the same argument to the second
on [0, T ]. Substituting L
e = 0 must hold on [0, T ].
equation, we have the same conclusion, namely that G(t)
ev (t), that is
Then the same arguments yields the same conclusion for function L
ev (t) = 0 on [0, T ]. However, this contradicts to the initial
under the hypothesis L
ev (t), and hence the hypothesis is not correct and function Lv (t)
condition for L
has no more than two different zeros on the interval [0, T ).
Case 2. Let inequality w
emax − σ > 0 be held. Then, by (2.8), wmax > zmin , and
hence almost everywhere on the interval [0, T ] the difference (w∗ (t) − z∗ (t)) takes
both positive and negative values. Therefore, we can not apply the generalized
Rolle’s theorem to system (4.11). This is rather inconvenient, and to overpass
e
ez (t).
this inconvenience we introduce auxiliary function Φ(t)
= (w∗ (t) − z∗ (t))L
The corresponding differential equation which this function satisfies almost everywhere on interval [0, T ], is
e˙
e
Φ(t)
= [z∗ (t) − (w∗ (t) − z∗ (t))b
q2 (t)]Φ(t),
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and now system (4.11) can be rewritten as


e˙ (t) = (a(t) − θb
ev (t) + θG(t),
e

L
q3 (t))L



 ˙v
e
e − Φ(t),
e
G(t)
=
y
(t)
+
(w
(t)
−
z
(t))b
q
(t)
+
θb
q
(t)
G(t)
(4.12)
∗
∗
∗
2
3



 ˙

e
e
 Φ(t)
= z∗ (t) − (w∗ (t) − z∗ (t))b
q2 (t) Φ(t).
Please note that the correspondence between systems (4.11) and (4.12) is the
same as that between systems (4.1) and (4.3).
Applying the same arguments as in Case 1 to system (4.12), we came to conev (t) has no more than two different
clusion that in this case function Lv (t) = L
zeros on the interval [0, T ) as well. This completes the proof.

Thus, Lemma 7 confirms that Condition 6 is correct.
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5. Optimal controls
Having the estimates for the maximum number of switchings for function Lv (t)
found, we can, analyzing system (3.11), find the maximal possible number of
switchings for other switching functions and then reduce the optimal control
problem to a considerably simpler problem of the finite-dimensional optimization, which can be solved numerically. However, to apply a numerical procedure
we need to define a specific parametrization for the incidence rate f (S, I). Therefore, since our objective is to consider impact of the general non-linearity on the
controls, we will not do this in this paper. Instead, we consider system (3.11)
and describe the possible variants of optimal controls, which can arise in this
problem.
According to the number of possible zeros of function Lv (t), that is (i ) no
zeros, (ii ) one zero, or (iii ) two zeros, three basic Scenarios are possible for this
problem. These scenarios are given below.
Scenario 1 (S1). Function Lv (t) has no zeros on the interval (0, T ]. Then, we
have Lv (t) < 0 for all t ∈ (0, T ], and hence, by (3.5), the optimal control v∗ (t)
has the following type
v∗ (t) = vmin , t ∈ [0, T ].
Since Lv (t) < 0 holds for all t ∈ (0, T ], then, by (3.11), the inequalities Lz (t) > 0,
Ly (t) > 0 hold for all t ∈ [0, T ] as well. Furthermore, Lw (t) > 0 and, by (3.10),
Lu (t) < 0 hold for t ∈ [0, T ). Hence, by (3.4) and (3.6)–(3.8), the optimal controls
u∗ (t), w∗ (t), y∗ (t), z∗ (t) are:
u∗ (t) = umin , w∗ (t) = wmax , y∗ (t) = ymax , z∗ (t) = zmax , t ∈ [0, T ].

OPTIMAL CONTROLS FOR A MODEL WITH NONLINEAR INCIDENCE RATE

Scenario 2 (S2). Function Lv (t) has one


> 0 , if
(5.1)
Lv (t) = 0 , if

< 0 , if
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zero on the interval (0, T ). Then
0 ≤ t < τ1∗ ,
t = τ1∗ ,
τ1∗ < t ≤ T,

where τ1∗ ∈ (0, T ) is the zero of function Lv (t). Hence, by (3.5), the optimal
control v∗ (t) is
(
1
, if 0 ≤ t ≤ τ1∗ ,
v∗ (t) =
vmin , if τ1∗ < t ≤ T.
By (3.11), (5.1) and the equality
(5.2)

Lv (t) = Lw (t) − Ly (t),

t ∈ [0, T ],

that follows from (3.9), it is easy to see that the behavior of switching functions
Lw (t), Ly (t) and Lz (t) is determined by values Lw (0), Ly (0) and Lz (0), respectively. Moreover, the analysis of these functions depends on the sign of Lw (0).
Therefore, there are two possible cases.
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Case 2.1. Let Lw (0) ≥ 0. Then, by (5.1) and the first equation of system (3.11),
Lw (t) > 0 for all t ∈ (0, T ). Depending on the sign of Lz (0), there are two
subcases.
Subcase 2.1.1. If Lz (0) ≥ 0, then, by (5.1) and the third equation of (3.11),
Lz (t) > 0 holds for all t ∈ (0, T ]. From the second equation of (3.11), Ly (t) > 0
holds for all t ∈ [0, T ], and hence Ly (0) > 0. By (5.1), (5.2), inequality Lw (0) >
Ly (0) holds. In this case this inequality is contradictory only for Lw (0) = 0,
whereas for Lw (0) > 0, by (3.4), (3.6)–(3.8) and (3.10), the optimal controls
u∗ (t), w∗ (t), y∗ (t) and z∗ (t) are as in Scenario 1.
Subcase 2.1.2. If Lz (0) < 0, then, by (5.1) and the third equation of (3.11),

∗

< 0 , if 0 ≤ t < η1 ,
(5.3)
Lz (t) = 0 , if t = η1∗ ,

> 0 , if η ∗ < t ≤ T.
1
Here η1∗ ∈ (0, T ) is the zero of function Lz (t) such that η1∗ < τ1∗ holds. Therefore,
from the second equation of system (3.11) it immediately follows that function
Ly (t) has no more than one zero. That is there are two possibilities: either
Ly (t) > 0,

t ∈ (0, T ],

or
(5.4)


∗

< 0 , if 0 ≤ t < χ1 ,
Ly (t) = 0 , if t = χ∗1 ,

> 0 , if χ∗ < t ≤ T,
1
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where χ∗1 ∈ (0, T ) is the zero of function Ly (t) such that χ∗1 < η1∗ . Hence,
by (3.4), (3.6)–(3.8) and (3.10), in this case the following types of the optimal
controls u∗ (t), w∗ (t), y∗ (t) and z∗ (t) are possible: either
u∗ (t) = umin ,

w∗ (t) = wmax , y∗ (t) = ymax ,
(
zmin , if 0 ≤ t ≤ η1∗ ,
z∗ (t) =
zmax , if η1∗ < t ≤ T,

t ∈ [0, T ];

where η1∗ < τ1∗ ; or
u∗ (t) = umin , w∗ (t) = wmax , t ∈ [0, T ];
(
(
∗
zmin , if 0 ≤ t ≤ η1∗ ,
ymin , if 0 ≤ t ≤ χ1 ,
z∗ (t) =
y∗ (t) =
zmax , if η1∗ < t ≤ T,
ymax , if χ∗1 < t ≤ T,
where η1∗ < τ1∗ and χ∗1 < η1∗ .
Case 2.2. Let Lw (0) < 0. Then, from (5.1) and the first equation of system (3.11) it follows that function Lw (t) has one zero ξ1∗ ∈ (0, T ), such that
ξ1∗ < τ1∗ holds, and hence

∗

< 0 , if 0 ≤ t < ξ1 ,
(5.5)
Lw (t) = 0 , if t = ξ1∗ , t = T,

> 0 , if ξ ∗ < t < T.
1
From (5.1), (5.2) and (5.5) it follows that
(5.6)

Ly (0) < 0.
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Now, depending on the sign of Lz (0), there are two subcases.
Subcase 2.2.1. If Lz (0) ≥ 0, then from (5.1) and the third equation of system (3.11), it follows that Lz (t) > 0 for all t ∈ (0, T ]. From the second equation
of this system Ly (t) > 0 for all t ∈ [0, T ], and in particular Ly (0) > 0. However,
this contradicts (5.6). Hence, this subcase is impossible.
Subcase 2.2.2. If Lz (0) < 0, then, from (5.1) and the third equation of system (3.11) it follows that function Lz (t) satisfies (5.3). By this, inequality (5.6)
and the second equation of system (3.11), (5.4) is valid for function Ly (t). Then,
from (3.4), (3.6)–(3.8) and (3.10), it follows that the following types of the optimal
controls u∗ (t), w∗ (t), y∗ (t) and z∗ (t) are possible in this case:
(
(
µ
, if 0 ≤ t ≤ ξ1∗ ,
wmin , if 0 ≤ t ≤ ξ1∗ ,
u∗ (t) =
w
(t)
=
∗
umin , if ξ1∗ < t ≤ T,
wmax , if ξ1∗ < t ≤ T,
(
(
ymin , if 0 ≤ t ≤ χ∗1 ,
zmin , if 0 ≤ t ≤ η1∗ ,
y∗ (t) =
z
(t)
=
∗
ymax , if χ∗1 < t ≤ T,
zmax , if η1∗ < t ≤ T,
where η1∗ < τ1∗ , ξ1∗ < τ1∗ and χ∗1 < η1∗ .
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The possible types of physical controls u
e∗ (t), ve∗ (t), w
e∗ (t), ye∗ (t) and ze∗ (t) corresponding to the optimal controls u∗ (t), v∗ (t), w∗ (t), y∗ (t) and z∗ (t) for Scenarios 1
and 2 are summarized in Table 1.
Table 1. Variants of physical controls for Scenarios 1 and 2.
#

u
e∗ (t)

ve∗ (t)

w
e∗ (t)

ye∗ (t)

ze∗ (t)

S1

u
emax

vemax

w
emax

yemax

zemax

S2

u
emax

0 , [0, τ1∗ ]
vemax , (τ1∗ , T ]
0 , [0, τ1∗ ]
vemax , (τ1∗ , T ]

w
emax

yemax

zemax

0 , [0, η1∗ ]
zemax , (η1∗ , T ]
η1∗ < τ1∗
u
emax
0 , [0, τ1∗ ]
w
emax
0 , [0, χ∗1 ]
0 , [0, η1∗ ]
vemax , (τ1∗ , T ]
yemax , (χ∗1 , T ] zemax , (η1∗ , T ]
χ∗1 < η1∗
η1∗ < τ1∗
0 , [0, ξ1∗ ]
0 , [0, τ1∗ ]
0 , [0, ξ1∗ ]
0 , [0, χ∗1 ]
0 , [0, η1∗ ]
emax , (ξ1∗ , T ] yemax , (χ∗1 , T ] zemax , (η1∗ , T ]
u
emax , (ξ1∗ , T ] vemax , (τ1∗ , T ] w
ξ1∗ < τ1∗
ξ1∗ < τ1∗
χ∗1 < η1∗
η1∗ < τ1∗
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u
emax

Scenario 3 (S3). When function
then

<0





= 0
(5.7)
Lv (t) > 0



=0



<0

w
emax

yemax

Lv (t) has two zeros on the interval (0, T ),
,
,
,
,
,

if
if
if
if
if

0 ≤ t < τ1∗ ,
t = τ1∗ ,
τ1∗ < t < τ2∗ ,
t = τ2∗ ,
τ2∗ < t ≤ T,

where τ1∗ , τ2∗ ∈ (0, T ), τ1∗ < τ2∗ , are zeros of function Lv (t). Hence, by (3.5), the
optimal control v∗ (t) is of the following type

∗

vmin , if 0 ≤ t ≤ τ1 ,
v∗ (t) = 1
, if τ1∗ < t ≤ τ2∗ ,

v
, if τ2∗ < t ≤ T.
min
From (5.2), (5.7) and (3.11), it can be seen that the behavior of switching
functions Lw (t), Ly (t), Lz (t) is determined as by the values of Lw (0), Ly (0),
Lz (0), as the values of Lw (τ1∗ ), Ly (τ1∗ ), Lz (τ1∗ ). Likewise Scenario 2, we consider
firstly possible cases of the behavior of function Lw (t).
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Case 3.1. If Lw (τ1∗ ) ≥ 0, then, by (5.7) and the first equation of system (3.11),
Lw (t) > 0 for all t ∈ [0, τ1∗ ) ∪ (τ1∗ , T ), and hence the inequality
t ∈ [0, τ1∗ )

Lw (t) > 0,

(5.8)

holds as well. Furthermore, by (5.2), (5.7),
t ∈ [0, τ1∗ ).

Lw (t) < Ly (t),

(5.9)

Inequalities (5.8), (5.9) imply that Ly (t) > 0 for all t ∈ [0, τ1∗ ), or, what is the
same,
RT

Ψ(t) = Ly (t)e t

(5.10)

y∗ (r)dr

> 0,

t ∈ [0, τ1∗ ).

From the second equation of system (3.11) it follows that
RT

Ψ̇(t) = −θe t

(5.11)

y∗ (r)dr

Lz (t).

Now, using (5.11), we can analyze the function Ly (t). Depending on the sign of
Lz (τ1∗ ) there are three possible subcases.
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Subcase 3.1.1. Let Lz (τ1∗ ) ≥ 0. Then, from (5.7) and the third equation
of system (3.11) it follows that Lz (t) > 0 for all t ∈ [0, τ1∗ ) ∪ (τ1∗ , T ]. Hence,
by (5.11), function Ψ(t) decreases on interval [0, T ] from the value Ψ(0) to the
positive value Ψ(T ) = α. Therefore, for all t ∈ [0, T ], inequality Ψ(t) > 0 holds,
and hence for inequality Ly (t) > 0 holds as well. Consequently, by (3.4), (3.6)–
(3.8) and (3.10), in this subcase the optimal controls u∗ (t), w∗ (t), y∗ (t), z∗ (t) are
of the same types as these in Scenario 1.
Subcase 3.1.2. Let Lz (τ1∗ ) < 0 and Lz (0) ≤ 0. Then from (5.7) and the third
equation of system (3.11) it follows that function Lz (t) has one zero η1∗ ∈ (0, T ),
such that τ1∗ < η1∗ < τ2∗ , and

∗

< 0 , if 0 < t < η1 ,
(5.12)
Lz (t) = 0 , if t = η1∗ ,

> 0 , if η ∗ < t ≤ T.
1
From (5.11), (5.12) it follows that function Ψ(t) increases from the value Ψ(0)
to maximum value Ψ(η1∗ ) and then decreases to the positive value Ψ(T ) = α.
From inequality (5.10) it follows that Ψ(0) > 0, and hence Ψ(t) > 0 holds for all
t ∈ [0, T ]. It implies that Ly (t) > 0 for all t ∈ [0, T ] as well. Therefore, by (3.4),
(3.6)–(3.8) and (3.10), we conclude that the optimal controls u∗ (t), w∗ (t), y∗ (t),
z∗ (t) are of the following types:
u∗ (t) = umin ,

w∗ (t) = wmax , y∗ (t) = ymax ,
(
zmin , if 0 ≤ t ≤ η1∗ ,
z∗ (t) =
zmax , if η1∗ < t ≤ T,

where τ1∗ < η1∗ < τ2∗ .

t ∈ [0, T ];
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Subcase 3.1.3. Let Lz (τ1∗ ) < 0 and Lz (0) > 0. Then, by (5.7) and the third
equation of system (3.11), function Lz (t) has two zeros η1∗ , η1∗ ∈ (0, T ), η1∗ < η2∗ ,
such that η1∗ < τ1∗ < η2∗ < τ2∗ , and

∗

> 0 , if 0 ≤ t < η1 ,


∗

= 0 , if t = η1 ,
(5.13)
Lz (t) < 0 , if η1∗ < t < η2∗ ,



= 0 , if t = η2∗ ,



> 0 , if η2∗ < t ≤ T.
Relationships (5.11), (5.13) imply that function Ψ(t) decreases from the value
Ψ(0) to the minimum value Ψ(η1∗ ) and then increases from Ψ(η1∗ ) to maximum
value Ψ(η2∗ ). On subinterval t ∈ (η2∗ , T ) function Ψ(t) again decreases from the
value Ψ(η2∗ ) to the positive value Ψ(T ) = α. From (5.10) it is easy to see that
Ψ(η1∗ ) > 0, and hence Ψ(t) > 0 holds for all t ∈ [0, T ] ensuring that Ly (t) > 0
holds for the same values of t as well. Therefore, by (3.4), (3.6)–(3.8) and (3.10),
the optimal controls u∗ (t), w∗ (t), y∗ (t), z∗ (t) are of the following types:
u∗ (t) = umin ,

w∗ (t) = wmax ,


zmax , if
z∗ (t) = zmin , if

z
, if
max

y∗ (t) = ymax ,

t ∈ [0, T ];

0 ≤ t ≤ η1∗ ,
η1∗ < t ≤ η2∗ ,
η2∗ < t ≤ T,

where η1∗ < τ1∗ < η2∗ < τ2∗ .
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Case 3.2. If Lw (τ1∗ ) < 0 and Lw (0) ≤ 0, then, by (5.7) and the first equation
of system (3.11), function Lw (t) has one zero ξ1∗ ∈ (0, T ), such that τ1∗ < ξ1∗ < τ2∗ ,
and hence Lw (t) satisfies (5.5). Furthermore, by (5.2), (5.7),
(5.14)

Ly (τ1∗ ) < 0.

Now, using the auxiliary function Ψ(t) and equation (5.11), we can analyze the
behavior of function Ly (t). As above, there are three possible subcases.
Subcase 3.2.1. Let Lz (τ1∗ ) ≥ 0. Then, as in Subcase 3.1.1, Lz (t) > 0 for all
t ∈ [0, τ1∗ ) ∪ (τ1∗ , T ], and hence Ly (t) > 0 for all t ∈ [0, T ] as well. This inequality
contradicts to (5.14), and hence this subcase is impossible.
Subcase 3.2.2. Let Lz (τ1∗ ) < 0 and Lz (0) ≤ 0. Then, as in Subcase 3.1.2,
we immediately conclude that in this subcase function Lz (t) satisfies (5.12). By
this and (5.14), function Ly (t) satisfies (5.4). Therefore, by (3.4), (3.6)–(3.8)
and (3.10), the optimal controls u∗ (t), w∗ (t), y∗ (t), z∗ (t) are of the same types
as these in Subcase 2.2.2, where in this subcase τ1∗ < η1∗ < τ2∗ , τ1∗ < ξ1∗ < τ2∗ and
χ∗1 < η1∗ .
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Subcase 3.2.3. Let Lz (τ1∗ ) < 0 and Lz (0) > 0. Then, as in Subcase 3.1.3,
function Lz (t) satisfies (5.13). Therefore, taking into consideration (5.14) we
conclude that function Ly (t) is either of type (5.4), where η1∗ < χ∗1 < η2∗ , or of
type

∗

> 0 , if 0 ≤ t < χ1 ,


∗

= 0 , if t = χ1 ,
(5.15)
Ly (t) < 0 , if χ∗1 < t < χ∗2 ,



= 0 , if t = χ∗2 ,



> 0 , if χ∗2 < t ≤ T.
Here χ∗1 , χ∗2 ∈ (0, T ), χ∗1 < χ∗2 , are zeros of function Ly (t) such that χ∗1 < η1∗ <
χ∗2 < η2∗ . Therefore, by (3.4), (3.6)–(3.8) and (3.10), the optimal controls u∗ (t),
w∗ (t), y∗ (t), z∗ (t) belong to one of the two following types: either
(
(
wmin , if 0 ≤ t ≤ ξ1∗ ,
µ
, if 0 ≤ t ≤ ξ1∗ ,
w
(t)
=
u∗ (t) =
∗
wmax , if ξ1∗ < t ≤ T,
umin , if ξ1∗ < t ≤ T,

∗
(

zmax , if 0 ≤ t ≤ η1 ,
ymin , if 0 ≤ t ≤ χ∗1 ,
z∗ (t) = zmin , if η1∗ < t ≤ η2∗ ,
y∗ (t) =
∗

ymax , if χ1 < t ≤ T,
z
, if η2∗ < t ≤ T,
max
where η1∗ < τ1∗ < η2∗ < τ2∗ , τ1∗ < ξ1∗ < τ2∗ and η1∗ < χ∗1 < η2∗ ; or
(
(
wmin , if 0 ≤ t ≤ ξ1∗ ,
µ
, if 0 ≤ t ≤ ξ1∗ ,
w
(t)
=
u∗ (t) =
∗
wmax , if ξ1∗ < t ≤ T,
umin , if ξ1∗ < t ≤ T,


∗
∗


,
y
,
if
0
≤
t
≤
χ
zmax , if 0 ≤ t ≤ η1 ,
 max
1
y∗ (t) = ymin , if χ∗1 < t ≤ χ∗2 , z∗ (t) = zmin , if η1∗ < t ≤ η2∗ ,


z
y
, if η2∗ < t ≤ T,
, if χ∗2 < t ≤ T,
max
max
where η1∗ < τ1∗ < η2∗ < τ2∗ , τ1∗ < ξ1∗ < τ2∗ and χ∗1 < η1∗ < χ∗2 < η2∗ .
Case 3.3. If Lw (τ1∗ ) < 0 and Lw (0) > 0, then, by (5.7) and the first equation
of system (3.11), function Lw (t) has two zeros ξ1∗ , ξ2∗ ∈ (0, T ), ξ1∗ < ξ2∗ , such that
ξ1∗ < τ1∗ < ξ2∗ < τ2∗ , and

∗

> 0 , if 0 ≤ t < ξ1 ,


∗

= 0 , if t = ξ1 ,
Lw (t) < 0 , if ξ1∗ < t < ξ2∗ ,



= 0 , if t = ξ2∗ , t = T,



> 0 , if ξ2∗ < t < T.
Furthermore, by (5.2), (5.7), (5.14) holds in this case, and
(5.16)

Ly (0) > 0.
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As above, we analyze the behavior of auxiliary function Ψ(t) depending on the
sign of function Lz (τ1∗ ).
Subcase 3.3.1. Let Lz (τ1∗ ) ≥ 0. Then, as in Subcase 3.1.1, we see that Lz (t) > 0
holds for all t ∈ [0, τ1∗ ) ∪ (τ1∗ , T ], and hence Ly (t) > 0 holds for all t ∈ [0, T ] as
well. This inequality contradicts (5.14), and hence this subcase is impossible.
Subcase 3.3.2. Let Lz (τ1∗ ) < 0 and Lz (0) ≤ 0. Then, as in Subcase 3.1.2,
function Lz (t) satisfies (5.12), and, by (5.11), function Ψ(t) increases from the
value Ψ(0) to the maximum value Ψ(η1∗ ) and then decreases to the positive value
Ψ(T ). Inequality (5.14), or, what is the same, Ψ(τ1∗ ) < 0, implies that for all
t ∈ [0, τ1∗ ] inequality Ψ(t) < 0 holds. This contradicts (5.16), and hence this
subcase is impossible as well.

CRM Preprint Series number 1219

Subcase 3.3.3. Let Lz (τ1∗ ) < 0 and Lz (0) > 0. Then, as in Subcase 3.1.3, function Lz (t) satisfies (5.13), and hence, taking into consideration (5.14) and (5.16),
we immediately see that function Ly (t) satisfies (5.15). Therefore, by (3.4), (3.6)–
(3.8) and (3.10), the optimal controls u∗ (t), w∗ (t), y∗ (t), z∗ (t) are of the following
types:


∗
∗


u
,
if
0
≤
t
≤
ξ
,
 min
wmax , if 0 ≤ t ≤ ξ1 ,
1
u∗ (t) = µ
, if ξ1∗ ≤ t ≤ ξ2∗ , w∗ (t) = wmin , if ξ1∗ ≤ t ≤ ξ2∗ ,


u
w
, if ξ2∗ < t ≤ T,
, if ξ2∗ < t ≤ T,
min
max


∗
∗


,
y
,
if
0
≤
t
≤
χ
zmax , if 0 ≤ t ≤ η1 ,
 max
1
y∗ (t) = ymin , if χ∗1 < t ≤ χ∗2 , z∗ (t) = zmin , if η1∗ < t ≤ η2∗ ,


z
y
, if η2∗ < t ≤ T,
, if χ∗2 < t ≤ T,
max
max
where η1∗ < τ1∗ < η2∗ < τ2∗ , ξ1∗ < τ1∗ < ξ2∗ < τ2∗ and χ∗1 < η1∗ < χ∗2 < η2∗ .
The types of physical controls u
e∗ (t), ve∗ (t), w
e∗ (t), ye∗ (t) and ze∗ (t) corresponding
the optimal controls u∗ (t), v∗ (t), w∗ (t), y∗ (t) and z∗ (t) by formulas (2.5) for
Scenario 3 are summarized in Table 2.
6. Discussion and conclusion
The goal of this paper is to explore how a nonlinearity of functional responses
in a control model affects the optimal controls. Having this objective in mind,
we considered a SEIR epidemic model where the incidence rate is given by a
unspecified nonlinear function f (S, I) constrained by a few biologically feasible
conditions. A conclusion that follows from our analysis is that for the considered
model with a nonlinear incidence rate satisfying assumptions (A1–A5) principal
qualitative properties of the optimal controls, such as the maximal number of
switchings of the controls and an order of these switchings, do not depend on a
particular form of the nonlinearity. Moreover, the analysis shows that the values
of derivatives fS0 (S, I) and fI0 (S, I) have a stronger impact on the qualitative
properties of the optimal controls than a form of the nonlinearity.
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Table 2. Variants of physical controls for Scenario 3.
#

u
e∗ (t)

ve∗ (t)

w
e∗ (t)

ye∗ (t)

ze∗ (t)

S3:

u
emax

vemax , [0, τ1∗ ]

w
emax

yemax

zemax

w
emax

yemax

0 , [0, η1∗ ]

0 , (τ1∗ , τ2∗ ]
vemax , (τ2∗ , T ]
u
emax

u
emax

vemax , [0, τ1∗ ]
0 , (τ1∗ , τ2∗ ]

zemax , (η1∗ , T ]

vemax , (τ2∗ , T ]

τ1∗ < η1∗ < τ2∗

vemax , [0, τ1∗ ]

w
emax

yemax

zemax , [0, η1∗ ]

0 , (τ1∗ , τ2∗ ]

0 , (η1∗ , η2∗ ]

vemax , (τ2∗ , T ]

zemax , (η2∗ , T ]
η1∗ < τ1∗
< η2∗ < τ2∗

0 , [0, ξ1∗ ]

vemax , [0, τ1∗ ]

0 , [0, ξ1∗ ]

0 , [0, χ∗1 ]

0 , [0, η1∗ ]

u
emax , (ξ1∗ , T ]

0 , (τ1∗ , τ2∗ ]

w
emax , (ξ1∗ , T ]

yemax , (χ∗1 , T ]

zemax , (η1∗ , T ]

χ∗1 < η1∗

τ1∗ < η1∗ < τ2∗

τ1∗ < ξ1∗ < τ2∗ vemax , (τ2∗ , T ] τ1∗ < ξ1∗ < τ2∗
0 , [0, ξ1∗ ]

vemax , [0, τ1∗ ]

0 , [0, ξ1∗ ]

0 , [0, χ∗1 ]

zemax , [0, η1∗ ]

u
emax , (ξ1∗ , T ]

0 , (τ1∗ , τ2∗ ]

w
emax , (ξ1∗ , T ]

yemax , (χ∗1 , T ]

0 , (η1∗ , η2∗ ]

τ1∗ < ξ1∗ < τ2∗ vemax , (τ2∗ , T ] τ1∗ < ξ1∗ < τ2∗ η1∗ < χ∗1 < η2∗

zemax , (η2∗ , T ]
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η1∗ < τ1∗
< η2∗ < τ2∗
0 , [0, ξ1∗ ]

vemax , [0, τ1∗ ]

0 , [0, ξ1∗ ]

yemax , [0, χ∗1 ]

zemax , [0, η1∗ ]

u
emax , (ξ1∗ , T ]

0 , (τ1∗ , τ2∗ ]

w
emax , (ξ1∗ , T ]

0 , (χ∗1 , χ∗2 ]

0 , (η1∗ , η2∗ ]

τ1∗ < ξ1∗ < τ2∗ vemax , (τ2∗ , T ] τ1∗ < ξ1∗ < τ2∗

yemax , (χ∗2 , T ]

zemax , (η2∗ , T ]

χ∗1 < η1∗

η1∗ < τ1∗

< χ∗2 < η2∗

< η2∗ < τ2∗

u
emax , [0, ξ1∗ ]

vemax , [0, τ1∗ ]

w
emax , [0, ξ1∗ ]

yemax , [0, χ∗1 ]

zemax , [0, η1∗ ]

0 , (ξ1∗ , ξ2∗ ]

0 , (τ1∗ , τ2∗ ]

0 , (ξ1∗ , ξ2∗ ]

0 , (χ∗1 , χ∗2 ]

0 , (η1∗ , η2∗ ]

u
emax , (ξ2∗ , T ]

vemax , (τ2∗ , T ] w
emax , (ξ2∗ , T ]

yemax , (χ∗2 , T ]

zemax , (η2∗ , T ]

ξ1∗ < τ1∗

ξ1∗ < τ1∗

χ∗1 < η1∗

η1∗ < τ1∗

< ξ2∗ < τ2∗

< ξ2∗ < τ2∗

< χ∗2 < η2∗

< η2∗ < τ2∗
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These results were obtained for the SEIR model and for the objective functional
of minimizing the level of infection at the end of a given time interval. However,
the analysis in this paper, as well as results of [3] and [19], indicates that the same
conclusion likely holds for more complex models and for objective functionals
independent from the controls. Moreover, on the basis of the analysis we conject
that nonlinearities of other functional responses in the model would not affect
the principal properties of the optimal controls either, provided that the signs of
the derivatives of these responses are preserved.
We have to stress that the conclusion that the principal properties of the optimal controls do not depend on a form of the nonlinearity of functional responses
of a model holds only for the functional which are independent of the controls
themselves. For objective functionals which explicitly depend on the controls this
conclusion may be incorrect. By virtue of the Pontryagin maximum principle,
for the functionals which depend on control nonlinearly the optimal controls can
be found as explicit functions of the phase and adjoint variables. Some of the
controls can explicitly depend on the functional responses, whereas the others
will be affected by the non-linearity of these implicitly via the phase and adjoint
variables. To illustrate this idea, in Appendix A we found the form optimal controls for the SEIR control model (2.6) combined with the most common objective
functional depending on a sum of the squares of the controls.
For the considered control problems, we found all variants of the optimal controls that can happen in this problem. On the basis of the analysis, we conject
that the implementation of a specific variant depends on specific initial conditions S(0), E(0), I(0) and the maximal values of derivatives fS0 (S, I) and fI0 (S, I)
in the feasible region. For a specific optimal control problem, knowing a number
of switchings, or having accurate estimations for these, allows a straightforward
reduction of the problem to a considerably simpler problem of finite-dimensional
optimization. The latter problem can be solved numerically using any of existing
solvers. We did not do this in this paper, because our goal was to explore the
influence of the nonlinearity on the controls rather then consider a particular
case.
The constraints (A1–A5), which we imposed in this paper on incidence rate
f (S, I), hold for any realistic infectious disease. Moreover, these constraints are
considerably less restrictive than, for instance, the conditions for the uniqueness
of a positive equilibrium state and the global asymptotic stability of the system
[27, 30]. It may be worthy of mentioning that if derivatives fI0 (S, I) or fS0 (S, I) can
be equal to zero in the region Ω (that is, if (A3) does not hold), than one or several
of the switching functions can be identically equal to zero on a subinterval of [0, T ].
This, in turn, implies that the corresponding optimal controls cannot be precisely
found from (3.4)–(3.8), and singularities can arise on this subinterval [38].
We also use constraints (2.3) in our analysis. The only reason for introducing
these constraints is convenience of the analysis. As we mentioned earlier, these
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inequalities naturally hold in practically relevant cases. Despite this, the proof of
the fact that obtained in Section 5 results are valid, when restrictions (2.3) are
violated, is given in Appendix B.
Apart from assumptions (A1–A5) and constraints (2.3), in this paper we also
use the assumption of the constant population case. While the use of this assumption, allowing to reduce the order of a model by one, is justified by the significant
difference of the timescales of demographic and epidemic processes and therefore
is common in epidemic modeling, it still might be expected that this could affect
the controls. Results in [15] and [18] for SIR control models with and without
this assumption indicate that for long-lasting epidemics which inflict significant
variation of a population this might be possible.
The objective functional that we consider in this paper, namely a weighted
sum of the exposed and infectious individuals at the terminal moment of time
T , corresponds to the objective of elimination of the infection in the population.
It is implicitly assumed the the level of infection at moment T is below the
survival level of this infection. An alternative possibility is a policy aimed at
the protection of a population. The latter task is common when the elimination
is unfeasible (e.g., as in the case of a influenza epidemic) and corresponds to a
control problem of minimizing the cumulative level of infected (that is, the sum
of exposed and infectious individuals) over a given time interval. A combination
of both objectives is also possible.
A practically relevant conclusion that follows from our analysis is that the
vaccination of the newborns and the susceptibles (which in this paper are defined
by different controls) should be started, carried out and ended simultaneously.
That is, vaccinating these two groups should be considered as one control. It can
be conjected that this conclusion is also valid for other epidemic models and allows
to simplify formulation and analysis of a problem of infectious disease control
for these models. Another practically relevant conclusion that follows from our
analysis is that the two major types of control policies, namely vaccination of
the susceptible individuals and the screening and isolation of the infected, are
connected only via indirect control policy (such as education). Since the latest is
the cheapest of these three policies and in the same time has the largest inertia
(it is unlikely that educated individuals would change their behavior immediately
at the moment when the education is stopped), it can be expected that the effect
of this policy would be constant, or nearly constant, throughout an epidemic. In
such a case, two other major control policies, namely the vaccination (or other
ways of protecting the susceptibles) and the screening/isolation of the infected,
are completely independent. This fact also allows to considerably simplify the
formulation of a control problem and its analysis.
An intriguing feature of the optimal controls for the SEIR model that we found
is that in the SEIR control problem all the considered controls can have by one
switching more than the same controls in the SIR model considered in [15, 18, 19].
The reason of this disparity, as well as the conditions for these extra switchings
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to happen in the SEIR model, are unclear. Our conjecture is that this variant
can happen for initial conditions where E 0 (0) and I 0 (0) are of different signs.
It may be noteworthy that the arguments that were used in the proof were
earlier used for the estimation of number of zeros of switching functions for a SIR
control model in [15] and for a model of a biochemical process in [17].
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Appendix A
In order to demonstrate that for objective functionals which depend on the
controls, the optimal controls depend on a form of the nonlinearity of functional
responses, let us consider objective functional
e v, w, y, z) = J(u, v, w, y, z) + 0.5κ
J(u,

ZT 

(1 − µ−1 u(t))2 + v 2 (t)

0
2

2

2
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+((w(t) − µ) + (y(t) − (θ + µ)) + (z(t) − (σ + µ)) dt
with the control model (2.6). Here J(u, v, w, y, z) is the functional defined by
(2.9), and under the integral is a sum of the squares of the physical controls u
e(t),
ve(t), w(t),
e
ye(t) and ze(t). For this objective functional, the Hamiltonian is
e
H(S,
E, I, u, v, w, y, z, ψ1 , ψ2 , ψ3 ) = H(S, E, I, u, v, w, y, z, ψ1 , ψ2 , ψ3 )


−0.5κ (1 − µ−1 u)2 + v 2 + (w − µ)2 + (y − (θ + µ))2 + (z − (σ + µ))2 ,
where H(S, E, I, u, v, w, y, z, ψ1 , ψ2 , ψ3 ) is defined by (3.1). The new terms in
the Hamiltonian do not include the phase variables, and therefore the adjoint
variables for this control problem satisfy system (3.3). The difference is only the
derivatives
e u0 = ψ1 + κµ−1 (1 − µ−1 u), H
e v0 = f (S, I)(ψ2 − ψ1 ) − κv,
H
e y0 = −Eψ2 − κ(y − (θ + µ)),
e w0 = −Sψ1 − κ(w − µ),
H
H
e z0 = −Iψ3 − κ(z − (σ + µ)).
H
There is no sense of using switching functions for this control problem.
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e
Hamiltonian H(S,
E, I, u, v, w, y, z, ψ1 , ψ2 , ψ3 ) is concave (the inverted
parabola) with respect to the controls, and therefore its maximum with respect to
controls depends on whether the maximum of the parabola is within the ranges of
the controls or is outside of these. Moreover, for this control problem the optimal
controls are not bang-bang controls, but are continuous functions satisfying the
following equalities:


umin , if Γu (t) < umin ,
u∗ (t) = Γu (t) , if Γu (t) ∈ [umin , µ],

µ
, if Γu (t) > µ,


vmin , if Γv (t) < vmin ,
v∗ (t) = Γv (t) , if Γv (t) ∈ [vmin , 1],

1
, if Γv (t) > 1,


wmin , if Γw (t) < wmin ,
w∗ (t) = Γw (t) , if Γw (t) ∈ [wmin , wmax ],

w
, if Γw (t) > wmax ,
max
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ymin , if Γy (t) < ymin ,
y∗ (t) = Γy (t) , if Γy (t) ∈ [ymin , ymax ],

y
, if Γy (t) > ymax ,
max


zmin , if Γz (t) < zmin ,
z∗ (t) = Γz (t) , if Γz (t) ∈ [zmin , zmax ],

z
, if Γz (t) > zmax ,
max
where
Γu (t) = µ + µ2 κ−1 ψ1 (t), Γv (t) = κ−1 f (S(t), I(t))(ψ2 (t) − ψ1 (t)),
Γw (t) = µ − κ−1 S(t)ψ1 (t), Γy (t) = (θ + µ) − κ−1 E(t)ψ2 (t),
Γz (t) = (σ + µ) − κ−1 I(t)ψ3 (t).
(The optimal controls can be also expressed in terms of the minimum and maximum of two functions; see [4, 9, 10, 21, 22].) It can be immediately seen that the
optimal control v∗ (t) explicitly depends on function f (S, I). Furthermore,
the other controls explicitly depend on the phase and adjoint variables. Hence
they will be also affected by a particular form of the nonlinearity of function
f (S, I), or a non-linearity of other functional responses.
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Appendix B
Here we show that it is possible to abandon the inequalities (2.3). At the same
time, the results of Section 5 about the types of the optimal controls u∗ (t), v∗ (t),
w∗ (t), y∗ (t) and z∗ (t), and thus the types of physical controls u
e∗ (t), ve∗ (t), w
e∗ (t),
ye∗ (t) and ze∗ (t), remain valid.
Firstly, using formulas (2.5), (2.8) we rewrite the constraints (2.3) for the controls w(t), y(t), z(t) as
(B.1)

wmax 6= zmin ,

wmax 6= zmax ,

wmax 6= ymax .

Now, let us write the system (2.6) in a matrix form. For this, we consider
x = (S, E, I)> as a vector of the phase variables and φ = (u, v, w, y, z)> as a
vector of the controls. Then, we introduce the constant matrix Ω0 as


0 0 0


,
Ω0 = 
0
0
0


0 θ 0
and the matrix function Π(x) by the following formula:

1 −f (S, I) −S 0
0


Π(x) =  0 f (S, I)
0 −E 0
0
0
0
0 −I



.
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Then, the system (2.6) can be rewritten as
(
ẋ(t) = Ω0 x(t) + Π(x(t))φ(t), t ∈ [0, T ],
(B.2)
x(0) = x0 = (S0 , E0 , I0 )> .
According to (B.1) we consider three situations that were not able to explore
previously. Namely, let one of the following equalities hold:
(B.3)

wmax = zmin ,

wmax = zmax ,

wmax = ymax ,

and we use the perturbation method. Let ε ∈ [0, ε0 ] be a small perturbation
parameter, where the positive value ε0 is chosen such that for all values ε ∈ (0, ε0 ]
the inequalities:
ε
wmax
6= zmin ,

ε
wmax
6= zmax ,

ε
wmax
6= ymax

hold, and for ε = 0 it would be valid that inequality from (B.1), which we assume
ε
to be satisfied. Here, wmax
= wmax + ε. Then, for all ε ∈ (0, ε0 ] we are in the
situations, described in Section 5, for which the types of the optimal controls
u∗ (t), v∗ (t), w∗ (t), y∗ (t) and z∗ (t) are also known.
Thus, the object of the perturbation is the control region [wmin , wmax ] of the
ε
control w(t). Instead of this region, we consider the perturbed region [wmin , wmax
],
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and the perturbed set of admissible controls Dε (T ) occurs. Moreover, for each
value of ε ∈ (0, ε0 ] the optimal solutions:
xε∗ (t) = (S∗ε (t), E∗ε (t), I∗ε (t))> , φε∗ (t) = (uε∗ (t), v∗ε (t), w∗ε (t), y∗ε (t), z∗ε (t))>
of the corresponding optimal control problem (2.6), (2.9) exist by the same arguments that were used in Section 2 for ε = 0. For the optimal value of the
perturbed functional (2.9) we have equalities:
min

Jε (u(·), v(·), w(·), y(·), z(·)) =

(u(·),v(·),w(·),y(·),z(·))∈Dε (T )

Jε (uε∗ (·), v∗ε (·), w∗ε (·), y∗ε (·), z∗ε (·)) = Jε∗ .
The optimal controls uε∗ (t), v∗ε (t), w∗ε (t), y∗ε (t) and z∗ε (t) have the following types:

ε
∗

umin , wmax , if 0 ≤ t ≤ ξ1,ε ,
∗
∗
uε∗ (t), w∗ε (t) = µ , wmin , if ξ1,ε
,
≤ t ≤ ξ2,ε

u , w ε
∗
, if ξ2,ε
< t ≤ T,
min
max

(B.4)
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ymax
ε
y∗ (t) = ymin

y
max



vmin
ε
v∗ (t) = 1

v
min

∗
, if 0 ≤ t ≤ τ1,ε
,
∗
∗
,
, if τ1,ε < t ≤ τ2,ε
∗
, if τ2,ε < t ≤ T,

∗

, if 0 ≤ t ≤ χ∗1,ε ,
zmax , if 0 ≤ t ≤ η1,ε ,
ε
∗
∗
, if χ∗1,ε < t ≤ χ∗2,ε , z∗ (t) = zmin , if η1,ε
< t ≤ η2,ε
,


∗
∗
, if χ2,ε < t ≤ T,
zmax , if η2,ε < t ≤ T,

∗
∗
∗
∈ [0, T ), j = 1, 2 are the corresponding moments of switch, χ∗j,ε , ηj,ε
, τj,ε
where ξj,ε
ing.
In some situations the optimal controls (uε∗ (t), v∗ε (t), w∗ε (t), y∗ε (t), z∗ε (t)) have less
than two switchings on the interval (0, T ), or do not have them at all. Such
situations were described in detail in Section 2. In all such situations, without loss of generality, we assume that on the interval [0, T ) the optimal con∗
∗
trols (uε∗ (t), v∗ε (t), w∗ε (t), y∗ε (t), z∗ε (t)) have two corresponding switchings (ξ1,ε
, ξ2,ε
),
∗
∗
∗
∗
∗
∗
(τ1,ε , τ2,ε ), (χ1,ε , χ2,ε ), (η1,ε , η2,ε ) and some of which are located in t = 0. Then,
every optimal controls (uε∗ (t), v∗ε (t), w∗ε (t), y∗ε (t), z∗ε (t)) one-to-one correspond to
the vector of switchings
n
o
∗
∗
∗
∗
∗
∗
Θ∗ε = (ξ1,ε
, ξ2,ε
); (τ1,ε
, τ2,ε
); (χ∗1,ε , χ∗2,ε ); (η1,ε
, η2,ε
) ∈ [Φ2 (T )]4 ,

where
[Φ2 (T )]4 = Φ2 (T ) × Φ2 (T ) × Φ2 (T ) × Φ2 (T ),
n
o
Φ2 (T ) = (λ1 , λ2 ) : 0 ≤ λ1 ≤ λ2 ≤ T .
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Now, let us consider an arbitrary sequence {εk } → +0. The set [Φ2 (T )]4 , in
which the vectors Θ∗εk are located, is compact. Hence, from the sequence {Θ∗εk }
we can choose a subsequence {Θ∗εkm } converging to vector Θ∗0 such that
n
o
∗
∗
∗
∗
∗
∗
Θ∗0 = (ξ1,0
, ξ2,0
); (τ1,0
, τ2,0
); (χ∗1,0 , χ∗2,0 ); (η1,0
, η2,0
) ∈ [Φ2 (T )]4 .
Let this vector correspond to the controls (u0∗ (t), v∗0 (t), w∗0 (t), y∗0 (t), z∗0 (t)) by (B.4),
which, in turn, correspond to the solutions (S∗0 (t), E∗0 (t), I∗0 (t)) as well. Without
loss of generality, we assume that the sequence {Θ∗εk } itself converges to the vector
Θ∗0 .
Now, we show that the sequence of the controls
φε∗k (t) = (uε∗k (t), v∗εk (t), w∗εk (t), y∗εk (t), z∗εk (t))>
converges to the control
φ0∗ (t) = (u0∗ (t), v∗0 (t), w∗0 (t), y∗0 (t), z∗0 (t))>
in the metric of the space L1 [0, T ], where
ZT n
o
||φ(·)||L1 [0,T ] =
|u(t)| + |v(t)| + |w(t)| + |y(t)| + |z(t)| dt.
0

Indeed, we have the relationships:
ZT n
||φε∗k (·) − φ0∗ (·)||L1 [0,T ] =
|uε∗k (t) − u0∗ (t)| + |v∗εk (t) − v∗0 (t)|
0

+|w∗εk (t)
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≤ K1

2
X

−

∗
|ξj,ε
k

j=1

+K4

w∗0 (t)|

−

∗
ξj,0
|

+

|y∗εk (t)

+ K2

2
X

−

y∗0 (t)|

∗
|τj,ε
k

−

+

|z∗εk (t)

∗
τj,0
|

+ K3

j=1
2
X

−

o
dt

z∗0 (t)|

2
X

|χ∗j,εk − χ∗j,0 |

j=1

∗
∗
|ηj,ε
− ηj,0
| + εk T ≤ K0 ||Θ∗εk − Θ∗0 || + εk T,
k

j=1

where
K1 = (µ − umin ) + (wmax − wmin ), K2 = 1 − vmin ,
K3 = ymax − ymin , K4 = zmax − zmin ,
and the constant K0 is determined by the values Kj , j = 1, 4. Then, we obtain
the inequality
(B.5)

||φε∗k (·) − φ0∗ (·)||L1 [0,T ] ≤ K0 ||Θ∗εk − Θ∗0 || + εk T,

from which the required fact follows.
Next, let us estimate the difference of the solutions:
xε∗k (t) = (S∗εk (t), E∗εk (t), I∗εk (t))> , x0∗ (t) = (S∗0 (t), E∗0 (t), I∗0 (t))>
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corresponding to the controls φε∗k (t), φ0∗ (t). Integrating Cauchy problem (B.2) we
have the following formulas:
Zt
tΩ0
εk
x∗ (t) = e x0 + e(t−s)Ω0 Π(xε∗k (s))φε∗k (s)ds,
0

x0∗ (t) = etΩ0 x0 +

Zt

e(t−s)Ω0 Π(x0∗ (s))φ0∗ (s)ds,

0
M

where e is the exponential of the constant matrix M .
Subtracting the second formula from the first and transforming the obtained
expression, the following relationship can be found:
Rt
xε∗k (t) − x0∗ (t) = e(t−s)Ω0 (Π(xε∗k (s)) − Π(x0∗ (s))) φε∗k (s)ds
0

Rt
+ e(t−s)Ω0 Π(x0∗ (s)) (φε∗k (s) − φ0∗ (s)) ds.
0

Using Lemma 1, control constraints (2.7), the finite-increments formula ([41]) for
the function f (S, I) and arguments in [36] we see that there exist the positive
constants M1 , M2 independent of the particular choice of the controls φε∗k (t),
φ0∗ (t) for which the following inequality holds:
Zt
εk
0
εk
0
||x∗ (t) − x∗ (t)|| ≤ M1 ||φ∗ (·) − φ∗ (·)||L1 [0,T ] + M2 ||xε∗k (s) − x0∗ (s)||ds.
0
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Applying the Gronwall’s inequality ([41]) to this relationship, we find the inequality:
(B.6)

||xε∗k (t) − x0∗ (t)|| ≤ M0 ||φε∗k (·) − φ0∗ (·)||L1 [0,T ]

that is valid for all t ∈ [0, T ]. Here M0 is the positive constant determined by the
values Mj , j = 1, 2. Putting t = T in (B.6) and using the obvious relationship:
|Jεk (uε∗k (·), v∗εk (·), w∗εk (·), y∗εk (·), z∗εk (·)) − J0 (u0∗ (·), v∗0 (·), w∗0 (·), y∗0 (·), z∗0 (·))|
≤ ||xε∗k (T ) − x0∗ (T )||,
we finally have the inequality:
|Jεk (uε∗k (·), v∗εk (·), w∗εk (·), y∗εk (·), z∗εk (·)) − J0 (u0∗ (·), v∗0 (·), w∗0 (·), y∗0 (·), z∗0 (·))|
≤ M0 ||φε∗k (·) − φ0∗ (·)||L1 [0,T ] .

(B.7)

From inequalities (B.5) and (B.7), the relationship follows

lim Jεk (uε∗k (·), v∗εk (·), w∗εk (·), y∗εk (·), z∗εk (·))
k→+∞


− J0 (u0∗ (·), v∗0 (·), w∗0 (·), y∗0 (·), z∗0 (·)) = 0,
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which implies the validity of the inequality:
J0 (u0∗ (·), v∗0 (·), w∗0 (·), y∗0 (·), z∗0 (·))
≤ lim Jεk (uε∗k (·), v∗εk (·), w∗εk (·), y∗εk (·), z∗εk (·)).
k→+∞

Hence, we have a chain of the inequalities:
J0∗ =

min
(u(·),v(·),w(·),y(·),y(·))∈D0 (T )

J0 (u(·), v(·), w(·), y(·), z(·))

≤ J0 (u0∗ (·), v∗0 (·), w∗0 (·), y∗0 (·), z∗0 (·))
≤ lim Jεk (uε∗k (·), v∗εk (·), w∗εk (·), y∗εk (·), z∗εk (·)) = lim Jε∗k ,
k→+∞

k→+∞

which implies the validity of the inequality:
J0∗ ≤ lim Jε∗k

(B.8)

k→+∞

that means a lower semi-continuity of the optimal value of the perturbed functional from (2.9) at point ε = 0.
Now, let us show that for an arbitrary numerical sequence {εk } → +0 the
following inequality holds:
lim Jε∗k ≤ J0∗ ,

(B.9)

k→+∞

which implies an upper semi-continuity of the optimal value of this functional at
point ε = 0.
For this, for the functional J0 (u(·), v(·), w(·), y(·), z(·)) we choose any minimizing sequence of admissible controls (um (t), v m (t), wm (t), y m (t), z m (t)), that is
lim J0 (um (·), v m (·), wm (·), y m (·), z m (·))

m→+∞

=

min
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(u(·),v(·),w(·),y(·),z(·))∈D0 (T )

J0 (u(·), v(·), w(·), y(·), z(·)) = J0∗ .

Then, in the considered minimizing sequence for the value εk > 0 there exists the
controls (uεk (t), v εk (t), wεk (t), y εk (t), z εk (t)) for which the inequality holds:
|J0 (uεk (·), v εk (·), wεk (·), y εk (·), z εk (·)) − J0∗ | < εk
that implies the validity of the following relationship:
J0 (uεk (·), v εk (·), wεk (·), y εk (·), z εk (·)) ≤ J0∗ + εk .

(B.10)

For any εk > 0 the inclusion
(uεk (·), v εk (·), wεk (·), y εk (·), z εk (·)) ∈ Dεk (T )
holds. Then, the following equality
(B.11)

J0 (uεk (·), v εk (·), wεk (·), y εk (·), z εk (·))

holds as well.

= Jεk (uεk (·), v εk (·), wεk (·), y εk (·), z εk (·))
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Combining inequalities (B.10) and (B.11), we find a chain of the relationships:
Jε∗k ≤ Jεk (uεk (·), v εk (·), wεk (·), y εk , z εk (·))
= J0 (uεk (·), v εk (·), wεk (·), y εk (·), z εk (·)) ≤ J0∗ + εk ,
which implies that the following inequality holds:
Jε∗k ≤ J0∗ + εk
that, in turn, means the validity of relationship (B.9).
Finally, by relationships (B.8) and (B.9), we find a chain of the inequalities:
J0∗ ≤ lim Jε∗k ≤ lim Jε∗k ≤ J0∗ ,
k→+∞

k→+∞

which implies the equalities:
(B.12)

J0∗ = J0 (u0∗ (·), v∗0 (·), w∗0 (·), y∗0 (·), z∗0 (·)) = lim Jε∗k .
k→+∞

(u0∗ (t), v∗0 (t), w∗0 (t), y∗0 (t), z∗0 (t))
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in problem (2.9) is optimal.
Hence, the controls
Thus, we showed that under the validity one of the equalities (B.3) among
the optimal controls u∗ (t), v∗ (t), w∗ (t), y∗ (t) and z∗ (t) there exist such optimal controls that are piecewise constant functions with at most two moments of
switching.
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