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Abstract. The paradox of enrichment in a three-dimensional model for bacteriophage dynamics with a free infection stage of the phage and bilinear incident rate is considered. An application of the technique of singular perturbation theory allow us to demonstrate why the paradox arises in this threedimensional model despite the fact that it has a bilinear incident rate (while in
two-dimensional predator-prey models it usually associated with the concavity
of the attack rate). Our analysis demonstrates that the commonly applied
approach of the model order reduction using the so-called quasi-steady-state
approximation can lead to a loss of important properties of an original system.

1. Introduction
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The paradox of enrichment that is the loss of stability in a predator-prey model
in response to an increase of the food availability to the prey was discovered by
M. Rosenzweig in 1971 [11]. In a typical two-dimensional predator-prey system

x
ẋ = ax 1 −
− η(x)y,
K
(1)
ẏ = κη(x)y − dy
the concavity of the predation rate with respect to the prey population η(x) is
essential for the paradox to arise, and the general understanding of this phenomenon is that for an abundant food supply and for a predation rate concave
with respect to the prey, the loss of prey due to predation increases slower than
the growth of its population itself. Definitely, such a situation never occurs,
and the paradox never arises for the standard bilinear attack rate or a rate convex with respect to the prey number. In model (1), x(t) and y(t) are the prey and
predator populations (or concentrations), respectively; a is per capita prey reproduction rate; K is the carrying capacity of the environment; η(x)y is the attack
rate; κ is the consumption efficiency, and d is predator death rate in the absence
of the prey.
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Mathematically, the phenomenon is a consequence of a supercritical Hopf
bifurcation in the model, which occurs at a positive (coexisting) equilibrium state:
as the carrying capacity K increases above a certain critical level Kcr , the coexisting equilibrium state loses its stability, and a stable limit cycle associated with
self-sustained oscillations emerges.
While in a two-dim predator-prey system the concavity of the attack rate is
necessary for the phenomenon to occur, in models which comprise more variables the supercritical Hopf bifurcation can occur even for bilinear incidence
rate. Moreover, it can be expected that for three- or higher dimensional models
the bifurcation may occur even for functional responses convex with respect to
the prey. E. Beretta and Y. Kuang [3] suggested the following three-dimensional
model of the marine bacteriophages dynamics:
ẋ = ax − bx(x + y) − αxv,
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(2)

ẏ = αxv − dy,
v̇ = σ̄y − m̄v − αxv.

This model is a development of the ideas and models of the dynamics of parasites
with a free infectious stage suggested earlier by R.M. May and R.M. Anderson [1],
and it is specifically tailored to describe the dynamics of bacteriophage in aquatic
environment. The model comprises three variables, namely the host bacteria uninfected by phage of population size (or concentration) x(t), the infected bacteria
of population size (or concentration) y(t), and the free phage of population (or
concentration) v(t), and postulate that (i) the host bacteria population grows according to the the logistic growth law; that (ii) the free phage are produced by the
infected bacteria and are released at the moment of its death (and hence σ̄ = N d,
where N is an average number of phage produced by a single infected cell); that
(iii) infection of the hosts occurs according to the law of mass action (and hence is
represented by the bilinear incidence rate), and that (iv) average life expectations
of the infected hosts and the free phages are 1/d and 1/m̄, respectively.
A remarkable feature of this model is that, despite the fact that the incidence
rate is bilinear, it still admits the supercritical Hopf bifurcation, associated with
the loss of stability of the positive equilibrium state and an emergence of a stable limit cycle, in response on an increment of the carrying capacity of the host
bacteria K; that is, the model exhibits the enrichment paradox. A possible explanation why it may occur is that the free infectious stage of the phage is equivalent
to the exponentially distributed delay in a two-dimensional delay model


Z ∞
x(t)
− βx(t)
exp(−τ )y(t − τ ) dτ,
ẋ(t) = ax(t) 1 −
K
0
Z ∞
(3)
exp(−τ )y(t − τ ) dτ − dy(t).
ẏ(t) = κβx(t)
0

3

Predator-prey model of such type with a finite or a distributed delay are known
to exhibit self-sustained oscillations [2, 4, 6, 8, 9]. However, a delay is not the only
possible explanation, and in fact this explanation is not the best possible, as it
implies an establishing an equivalence of a reasonably simple three-dimensional
system (2) with a considerably more complex infinitely dimensional delay system (3). Instead, we are to demonstrate that the three-dim model with bilinear
incidence rate is equivalent, in a certain sense which will be explained below, to a
two-dimensional predator-prey model, where the effect of the free infective stage
of the phage is resulted in a non-linearity of the incidence rate, leading to the
concavity of that, which, in its turn, leads to the paradox of enrichment.
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2. Singularly perturbed system
The theory and applications of singularly perturbed systems of differential
equations, traditionally connected with the problems of fluid dynamics and nonlinear mechanics, has been developed intensively and the methods are applied
actively to the solution of a wide range of problems from other areas of natural
science. This can be explained by the fact that such singularly perturbed systems
appear naturally in the process of modelling various processes, that are characterized by slow and fast motions simultaneously present. In the most application,
it is necessary to consider the behaviour of the system as a whole rather than
separate trajectories, investigating the system dynamics by means of a qualitative
analysis.
Typically, to investigate a singularly perturbed system a combination of asymptotic and geometrical techniques of analysis are applied [10, 13]. The essence
of this approach consists in separating out the slow motions of the system under investigation. Then the order of the differential system decreases, but the
reduced system, of a lesser order, inherits the essential elements of the qualitative behaviour of the original system in the corresponding domain and reflect
the behaviour of the original models to a high order of accuracy when the slow
integral manifold is attracting. A mathematical justification of this method can
be given by means of the theory of integral manifolds for singularly perturbed
systems [13].
Consider system of ordinary differential equations
(4)

Ẋ = f (t, X, Y, ε),

(5)

εẎ = g(t, X, Y, ε),

where X ∈ Rm , Y ∈ Rn , t ∈ R and ε is a small positive parameter. Such systems
are called singularly perturbed systems, since when ε = 0 the ability to specify an
arbitrary initial condition for Y (t) is lost. The usual approach to the qualitative
study of (4) is to consider firstly the so-called limiting system or quasi-steady-state
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approximation (ε = 0):
(6)

dX
= f (t, X, Y, 0),
dt

(7)

0 = g(t, X, Y, 0),
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and then to draw conclusions about the qualitative behavior of the full system
(4), (5) for a sufficiently small ε.
For many applied problems the use of the limiting system instead of the full
system gives acceptable results. However, in some cases the approximation (6),
(7) is too crude, lacks some important properties of the original system. A method
that can be used to obtain a more precise approximation, which is needed for such
models, relies on the theory of integral manifolds. The objective is to essentially
replace the original system by another system on an integral manifold whose
dimension is equal to that of the slow subsystem.
Recall that a smooth surface S in R × Rm × Rn is called an integral manifold
of the system (4), (5) if any integral curve of the system that has at least
 one
point in common with S lies entirely on S.
 Formally, if t0 , X(t0 ), Y (t0 ) ∈ S,
then the integral curve t, X(t, ε), Y (t, ε) lies entirely on S. The only slow
integral manifolds of system (4), (5) discussed here are those of dimension m (the
dimension of the slow variable X) that can be represented as graphs of vectorvalued functions Y = h(X, t, ε). Moreover, we consider here the attractive integral
manifolds, only. It is important that any trajectory of (4), (5) can be represented
as a trajectory on the attractive slow integral manifold plus an asymptotically
negligible terms. The flow on the slow integral manifold is described by the
equation

(8)
Ẋ = f t, X, h(t, X, ε), ε .
2.1. Asymptotic expansions. When the method of integral manifolds is being
used to solve a specific problem, then a central question is the calculation of the
function h(X, t, ε) in terms of the manifold described. An exact calculation is
generally impossible, and hence an approximation is necessary. One possibility is
the asymptotic expansion of h(X, t, ε) in integer powers of the small parameter ε:
(9)

h(t, X, ε) = φ(t, X) + εh1 (t, X) + · · · + εk hk (t, X) + · · · .

By substituting this formal expansion into invariance equation


∂h(t, X, ε)
∂h(t, X, ε)
(10)
ε
+ε
f t, X, h(t, X, ε), ε = g t, X, h(t, X, ε), ε
∂t
∂X
and then equating powers of ε, we can obtain coefficients h1 , h2 , ... and thus
calculate an approximation to h(X,
 t, ε) under taking into account that φ(X, t)
is determined by g X, φ(X, t), t, 0 = 0.
Asymptotic expansions of slow integral manifolds were first used in [14]. A
more detailed description of the method can be found in [10, 13].
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To calculate the asymptotical approximation of slow invariant manifolds in this
paper we will use another approach, which is referred to as “iterative method”.
The method was proposed by Fraser [5], and developed by Fraser and Roussel
[12] for autonomous systems that are linear with respect to the fast variables in
the case of scalar slow and fast variables. This method is described in Appendix.

2.2. The idea of models asymptotic equivalence. The concept of equivalence of models which, in general, have phase spaces of different size, is not
trivial and its rigorous introduction and discussion are out of the scope of this
paper. Here we introduce just a general idea of the concept that we refer to as
“asymptotic equivalence”.
We will call two models, with the phase spaces of dimensions n and m (where,
generally, n 6= m), respectively, asymptotically topologically ω-equivalent, if
phase spaces of both models contain invariant manifolds of equal dimensions,
such that (i) each of the manifolds contains all ω-limit sets of the corresponding
model, and (ii) the manifolds and the ω-limit sets of both models are topologically equivalent. It is easy to see that, since such a manifold contains all ω-limits,
it is a global attractor of the system and there is no compact invariant sets off
the manifolds. For convenience we can add a condition that the manifolds are
globally stable, and hence all trajectories converges to the manifolds. The entire
phase space of a smaller dimension can be such a manifold.
Analogically, two models are asymptotically topologically α—ω-equivalent, if,
apart from the ω-limits, the manifolds contain all the α-limits (apart from the
infinity) as well.
Since all trajectories of each system eventually converge to the corresponding
manifold, we can state that the manifold contains all practically relevant motions
of the system. The equivalent statement is that the pieces of trajectories which
are outside of a ε-neighborhood of a manifold are irrelevant, because for any small
ε and any initial condition a corresponding trajectory enters for a finite time the
ε-neighborhood of the manifold and remains there.
The concept of asymptotic topological ω-equivalence (and α—ω-equivalence)
is particularly obvious for the singularly perturbed (or slow-fast) systems, where
the phase spaces are typically composed of a (globally stable) slow manifold and
the fast motions converging to that. For such a system, unless one is interested
in the fast motion and in short time intervals, all practically relevant trajectories
belong to the slow manifold, and the system is equivalent (in the above defined
sense) to the reduced system on the slow manifold.
Our objective is to demonstrate that system (2) is equivalent, in the abovedefined sense, to system (1) with the concave attack rate. For this we use the
technique that is known as time scales separation.
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3. Bacteriophages interaction model
We rewrite model of host-microparasite interaction with a free-living infective
stage of a parasite (2) as
ẋ = ax − bx(x + y) − αxv,
(11)

ẏ = αxv − dy,
εv̇ = σy − mv − εαxv,

where σ = εσ̄ and m = εm̄. The system can have a positive equilibrium state E ∗
with coordinates
am
R0 − 1
x∗ = md/α(σ − εd), y ∗ =
, v ∗ = (σ − εd)y ∗ /m.
α(σ − εd) R0 + a/d
Here R0 = aα(σ − εd)/bmd is the basic reproduction number; the condition
R0 > 1 is necessary and sufficient for the existence of this equilibrium state. We
assume that R0 > 1 is held, and hence there is a unique positive equilibrium
state E ∗ .
For the bacteriophage model, small parameter ε has a transparent biological
interpretation. As we mentioned above, the release of free bacteriophages occurs
at the moment of death of the host bacteria, and hence for this model σ̄ = N d
holds. Therefore, we can postulate that for this particular model ε = 1/N , and
then σ = d and σ − εd = d(1 − ε) hold.
The corresponding limiting system is
ẋ = ax − bx(x + y) − αxv,
(12)

ẏ = αxv − dy,
0 = σy − mv,

or, by excluding v,
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(13)

ẋ = ax − bx(x + y) − αxσy/m,
ẏ = αxσy/m − dy.

This system is identical to the classic Lotka-Volterra predator-prey model. It has
(for all R̄0 = aασ/mbd > 1) a positive equilibrium state (x∗ , y ∗ ) which is always
globally asymptotically stable, and hence admits no Hopf bifurcation. That is,
the limiting system is not equivalent to the original three-dim model, and a more
precise approximation is needed.
For system (11), invariance equation (10) takes the form

εhx ax − bx(x + y) − αxh + εhy (αxh − dy) = σy − mh − εαxh.
Taking into account that the limiting equation (ε = 0) gives h(x, y, 0) = σy/m,
we can rewrite the invariance equation in the form
σ
ε (αxh − dy) = σy − (m + εαx)h.
m

7

From this equality we immediately obtain the first order approximation for h =
h(x, y, ε):
σ(1 + εd/m)y
h = ϕ(1) (x, y) =
.
m + εα(1 + σ/m)x
For more detailed derivation of this expression see Appendix and [13].
Thus, the flow on the slow invariant manifold v = ϕ(1) (x, y) is given by the
equations

ασ(1 + εd/m)x
ẋ = ax − bx −
+ bx y,
m + εα(1 + σ/m)x
ασ(1 + εd/m)x
ẏ =
y − dy.
m + εα(1 + σ/m)x
2
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(14)



The most important feature of this system, compared with the limiting system
(13), is that the incident rate in system (18) is nonlinear and concave. In fact,
the “consumption rate” is of the Holling type 2 functional response, whereas the
“attack rate” is of the same type modified by a bilinear term bxy. The Holling
type 2 functional response (which is also known as Michaelis-Menten kinetics in
biochemistry, or the Monod equation in microbiology) usually implies the assumption that predation is limited by the predator ability to handle the killed
prey and process food. Accordingly, in the two-dim reduced model the nonlinearity of incidence rate can be interpreted as the necessity to spend time producing
the free stage infective agents. The mentioned bilinear term bxy appears only
in the first equation and can be interpreted as infection-induced mortality of the
uninfected bacteria (a sort of apoptosis). In a predator-prey model such a term
can be interpreted as “killing for sport”, or “killing without consumption” [7].
Since this term is bilinear it does not affect the global dynamics of the model.
As a result of the nonlinearity of the functional responses, the system admits
the supercritical Hopf bifurcation, and hence exhibits the paradox of enrichment.
Moreover, the sizes of the stable limit cycles which emerge in systems (11) and
(18) as the result of the bifurcation are very close (see Fig. 1), and the three-dim
limit cycle located on the two-dim slow manifold practically coincides with the
two-dim limit cycle in system (18).
4. Conclusion
The objective of this paper was demonstrate why the paradox of enrichment,
which in two-dimensional predator-prey models is usually associated with the
concavity of the attack rate, arises in three-dimensional bacteria-phage systems
with a free infective stage of the phage and bilinear incidence rate. In order to do
this, we reduced the three-dim model to a two-dim system on the slow manifold;
the resulting two-dim system is equivalent to a standard predator-prey model
with the Holling type 2 attack rate. This type of functional response, which is
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Figure 1. The limit cycles in systems (11), plot (a), and (18),
plot (b). Please note that both limit cycles are of the same size.
Both figures are for a = 1.0, α = 1.0, d = 1.0, σ = 2.0, m = 1,
ε = 0.01, and K = 34.96.
identical to Michaelis-Menten kinetics in biochemistry, or the Monod equation in
microbiology, corresponds to the assumption that predators are limited by their
ability to handle the killed prey and process food. Thus, in the two-dim reduced
model the nonlinearity of incidence rate can be interpreted as the necessity to
spend time producing the free stage infective agents. It could be noteworthy
that in some cases, a concave functional response of this type can arise as a
consequence of a negative feedback [15].
To reduce the model order and to demonstrate the equivalence, we apply the
technique of the time scales separation. The problem considered in this paper
demonstrates that this technique should be applied with a certain degree of care.
The reason for this is that, when this technique is applied, often only the very
first approximation, referred to as the quasi-steady-state approximation or the
limiting system and which is in fact the zero-order approximation, is obtained,
while the higher order approximations are disregarded. A usual motivation for
this is the simplicity and the transparency of such an approach. However, the
quasi-steady-state approximation, which is in fact the zero-order approximation,
can lead to a loss of many features of the original system. Thus, for model
considered in this paper the zero-order approximation results in a two-dim system
with the bilinear incidence rate, which is identical to the original Lotka-Volterra
predator-prey model, is always globally asymptotically stable and hence does
not admit the Hopf bifurcation. This example shows the importance of a more
precise analysis. As a general rule, the more complex model behaviour is, the
higher order of approximation the model requires.
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Appendix: Iterative Method
Formally, the essence of the iterative method for the autonomous system with
scalar variables
Ẋ = ζ(X, ε) + F (X, ε)Y,

(15)

εẎ = ξ(X, ε) + G(X, ε)Y,

is as follows. For the autonomous system (15) we have
∂h
ε
(ζ + F h) = ξ + Gh
∂X
and then
−ξ + εζhX
h=
.
G − εF hX
This representation is used to organize the iterative process by the algorithm
ξ
ϕ(0) = φ(X) = − ,
G

(k−1)

ϕ(k) =

−ξ + εζϕX

(k−1)

G − εF ϕX

,

k = 1, 2, 3, . . . ,

where ϕ(k) is considered as an approximation to h. It can be shown that
h(X, ε) − ϕ(k) = O(εk+1 ).
The Fraser and Roussel [12] approach was extended to systems (15) with vector
variables in [13]. We solve the equation
∂h
ε
(ζ + F h) = ξ + Gh
∂X
for the vector function h(X, ε) and obtain
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h = (G − εF hX )−1 (−ξ + εζhX ).
As in the scalar case, this formula is the basis for the iterative procedure

−1 

(k−1)
(k−1)
(0)
−1
(k)
(16)
ϕ = −G ξ, ϕ = G − εF ϕX
−ξ + εζϕX
,
for the vector function ϕ(k) , k = 1, 2, 3 . . . and the asymptotic relationship
kh(X, ε) − ϕ(k) k = O(εk+1 )
holds.
Thus, for example,
(17)

ϕ

(1)



= G−

(0)
εF ϕX

−1 

−ξ +

(0)
εζϕX



.

We will use the iterative method to construct the first approximation to the
slow invariant manifold. For system (11) the functions in (15) have the form
 




x
ax − bx(x + y)
−αx
X=
, ζ(x, y, ε) =
, F (x, y, ε) =
,
y
−dy
αx
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Y = v, ξ(x, y, ε) = σy, G(x, y, ε) = −(m + εαx).
Then the zero–order approximation to the slow invariant manifold v = ϕ(0) (x, y)
takes the form
σ
v = ϕ(0) (x, y) = −G−1 (x, y, 0)g(x, y, 0) = y,
m
and

 
σ 
∂ϕ(0) ∂ϕ(0)
(0)
ϕX =
= 0
.
m
∂x
∂y
According to Eq. (17) for the first-order approximation we have
−1
ϕ(1) (x, y) = G − εF φ(0)
(−ξ + εζφx )
x


−1

σ  −αx
= −(m + εαx) − ε 0
αx
m





σ
ax − bx(x + y)
× −σy + ε 0
−dy
m
σ(1 + εd/m)y
.
m + εα(1 + σ/m)x
This apparent contradiction is easily removed if instead of limiting system to
consider the first-order approximation of the system on the integral manifold
v = ϕ(1) (x, y):
=

(18)

ẋ = ax − bx(x + y) − αxϕ(1) (x, y),
ẏ = αxϕ(1) (x, y) − dy.
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