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Chapter 1

Variational bifurcation theory

In order to emphasize the main ideas behind variational bifurcation theory, we
discuss first a model abstract setting. Then we consider some applications to the
search of homoclinic orbits to hyperbolic points, that we will generalize to partially
hyperbolic tori in the next chapter.

1.1 An abstract setting

We consider a family of functionals f. € C?(H,R), defined on a Hilbert space H,
of the form
fe(w) = folu) + eGu), Yue™H,

where ¢ is a small parameter. We suppose that:

e (H1) fo possesses a finite! dimensional manifold Z of critical points, i.e.
(Vfo)(z) =0,Vz € Z.

Often, in applications, families of critical points are inherited by some sym-
metry of the unperturbed problem (for example time-invariance).

e Problem: can we continue some of the unperturbed critical points z € Z of
fo to critical points of f. for ¢ # 07

By (H1), the linearized map (D?fy)(2) has a non-trivial Kernel:
T.Z C Ker(D?fo)(2)

where T, Z denotes the tangent space to Z in z. Since all the unperturbed critical
points z € Z are degenerate, we can not directly apply the implicit function
theorem and we perform a non-linear Lyapunov-Schmidt reduction. We assume:

IThis will be the case in all the applications of these lectures. We refer to [6] for relevant
situations in PDEs where infinite dimensional bifurcation equations appears.
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e (H2) (non-degeneracy) 7.7 = Ker(D?fy)(z), Vz € Z.
e (H3) (compactness) (D?fy)(z) is a Fredholm map of index 0, Vz € Z.

By (H3), the Range(D?f;)(2) is closed, and, by the self-adjointeness of (D? fo)(z),
it results Range(D?fy)(z) = (T.Z)*.

Remark 1.1.1. In applications (H3) fails dealing with small divisor problems. In
such a case one has to use Nash-Moser implicit function theorems, see e.g. [6].

By (H2)-(H3), (D%fo)(2) : (T.Z)* — (T.Z)* is invertible with a bounded
inverse and, by the implicit function theorem, we can find, at least locally near
each z € Z, a unique w(e, 2) € (T, Z)*, w(e, z) € O(¢), such that

(VI)(z+w(e 2) €T.Z.

Next, the main idea to solve the remaining finite dimensional bifurcation equation,
is to exploit its variational nature. Let us define the “reduced functional”

F.:Z—-R, F.(z) = fe(z +w(e, 2)).

Lemma 1.1.1. z € Z is a critical point of F. : Z — R if and only if z+w(e,z) € H
s a critical point of f- : H — R.

The manifold Z. := {z + w(e,2)} is called a “natural constraint” for the
functional f. because, by Lemma 1.1.1, a critical point of f. constrained to Z is
actually a critical point of f. on the whole H.

Remark 1.1.2. The Lyapunov-Schmidt reduction gives rise to a necessary and suf-
ficient condition for searching critical points of f- in a neighborhood of Z.

Now, expanding in power of € the reduced functional

F.(2) = fodz4+w(e2)) = folz+w:)+eG(z+ we)
= fo(2) + (Vo) (2)(we) + O(w?) + eG(2) + &(VG)(2) (w:)
= b+eG(2) +0(?) (1.1)

where b = fo(z), Vz € Z.

By lemma 1.1.1 and (1.1), the existence of “topologically non-degenerate”
critical points of G : Z — R -for example, local minima or maxima- gives rise
to critical points of fe close to Z (viceversa, by remark 1.1.2, critical points of f.
close to Z must concentrate close to critical points of G|z as ¢ — 0). For example,
the following theorem holds:

Theorem 1.1.1. Assume (H1)-(H2)-(H3). If there is 6 > 0 and an open neighbor-
hood U C Z such that infay G > infy G + 0, then there exists at least one critical
point z. of fo which is e-close to Z.

The previous construction appears, in these terms, in [2]-[1]. We conclude
noting that, in several problems (as for the search of homoclinics in section 1.2),
this Lyapunov-Schmidt reduction can be done global, finding w(e, z) for all z € Z.
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1.2 Homoclinic solutions

As a model application, we look for homoclinic solutions of second order non-
autonomous systems like

—tU4u+VV(u)+ eV, W(t,u) =0, ueR" (1.2)
where V € C2(R",R),W € C?(R x R") satisfy
V(0)=0, VV(0) =0, D*V(0) =0 and W(t,0)=0, V,W(t,0) =0,

so that u = 0 is an hyperbolic equilibrium of (1.2) for all .
Critical points of the Lagrangian action functional f. : H'(R) — R defined
by

_ [l
fe(u) = L +5 + V(u) + eW (t, u)dt

are homoclinic solutions of (1.2).

We suppose that, for e = 0, equation (1.2) possesses an homoclinic solu-
tion ug # 0. Therefore the unperturbed functional fy possesses the 1-dimensional
manifold of critical points

7= {ug = uo(t+0), voeR}
whose tangent space at ug is spanned by . Assumption (H2) is then
Ker(D? fo) (uo) = (tio) (1.3)
namely that the unique solutions h € H'(R) of the linearized equation
—h+ h+ (D*V)(uo(t))h =0, (1.4)

(sometimes called the variational equation) are h = ctig, ¢ € R.

In geometric terms, this is equivalent to say that the unperturbed stable W*
and unstable W* manifolds of the hyperbolic equilibrium intersect transversally
in the energy level of the phase space along v := (ug(R), uo(R)), see [5].

1.2.1 1-bump solutions
The reduced action functional F, : R — R reads

F.(0) = f-(ug +w.(0)) = const + T'(0) + O(?)
where

r(0) = /R W (t, uo(t + 0))dt

is called the Poincaré-Melnikov potential, see [1], [3] (by the contraction mapping

theorem we can construct w.(6) = O(g), for € small, uniformly V6 € R).
According to Theorem 1.1.1 topologically non-degenerate critical points of

I'(#), like local minima or maxima, give rise to homoclinic solutions of (1.2).
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Remark 1.2.1. This method adapts well also to study bifurcation of homoclinics
when stable and unstable manifolds intersect along larger dimensional manifolds.

We conclude with an elementary remark that is important for the sequel.
For the Lyapunov-Schimdt reduction and the application of the implicit function
theorem we only need that the function w(€) is in some supplementary space Ejy
to Ty, Z = (1) (it is not important to take exactly (ig)*). For example we could
also take the L2-orthogonal, i.e.

By = {w(t) : /Rw(t)ug(t)dtzo}. (1.5)

Different choices of the supplementary spaces Ey will clearly change the natural
constraints Z. := {up + w-(0)}. However, all the Z. will intersect at the critical
points. What is more, different reduced action functionals are related one to each
other via a diffeomorphism close to the identity, see (2.17). This observation will
be crucial when discussing the “exponentially small splitting” in systems with fast
frequencies, see section 2.2.

For proving the existence of chaotic dynamics it will be very convenient in
the next sections to use the following supplementary space:

By = {w(t) : w(e):o} (1.6)

which can be thought as the “L2-orthogonal to the delta function dg(t)”, i.e.
Jr w(t)de(t) dt = 0. Such Ey is supplementary to (i) if 19(0) # 0 (geometrically
this is a transversality condition for the flow for defining a Poincaré section).

In other words, V6 € R, we look for a solution ug(t)+w(t) of (1.2) in (—o0, §),
resp. (0, +00), satisfying the boundary conditions

w(f) =0, tlim w(t) =0, resp. li_~n_t1 w(t)=0.

By a contraction mapping argument, we obtain a “pseudo-homoclinic” solution
ug(t) := up(t) + wi(t) which solves (1.2) for ¢t < 6 and for ¢ > 0, it is continuous
at t = 6, but the speed 15 (6%) could have a jump.

Remark 1.2.2. This argument can be used to prove the stable and unstable mani-
folds theorem.

The reduced functional turns out to be

0 +oo
FE(G):/ L(ug,ag,t)+/ L(ug, 05, t)dt
0

—0Q0

where o
L(u,t,t) := % t5-+ V(u) +eW(t,u)
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is the Lagrangian of (1.2). It results

op1.(0) = T8 ) - L) ) (1)

and critical points of F.(6) gives rise to homoclinic solutions of (1.2).

1.2.2 Multibump homoclinic solutions and Chaos

It is natural to extend the previous construction to prove existence of “multi-
bump” homoclinic solutions which turn several times (also infinitely many) around
ug, giving rise to a chaotic behaviour of the system.

Let us make the construction for 2-bumps. For 61 < 65, 65 — 61 >> 1, we
construct, again by a contraction mapping argument, a unique “pseudo-homoclinic
two bump” solution ug, 4. (t) close to ug, + ug,, which solves (1.2) in (—oo,01),
(01,02), (62,+00), and which is a continuous function of time.

Restricting the Lagrangian action functional f. to this 2-dimensional mani-
fold of pseudo-solutions up ,, (t), yields

F.(01,05) = 2b 4 (T(61) + T(0)) + O(?) + O(e~cl%2=01l) (1.8)
where b = fy(ug) € R. If the distance between the bumps satisfies
02 — 6, > O(In(e™1))

then O(e~“%2=011) = O(?), and, by (1.8), there is at least one critical point (61, 6>)
of F. with 6; close to minima (or maxima) of the Poincaré-Melnikov potential T.
As in (1.7) we deduce

Wl G = Wl =1,

and so ug 5 (¢) is a 2-bump homoclinic solution of (1.2).

This procedure can be extended for constructing k-bumps homoclinic solu-
tions, with € small independently of k. What is important to note is that each
term, arising from to the interaction between the tails of the homoclinics, de-
pends only on three variables (61,05, 0)+1) and, if min;(6;1 — 6;) > O(In(e~1))
(independently on k), it is of order O(g?).

By a limiting procedure we can also construct solutions with infinitely many
bumps (of course not homoclinics). The resulting chaotic dynamics can be de-
scribed as an? “approximate Bernoulli shift”, see [7]-[34].

Some advantage of this abstract bifurcation approach with respect to more
classical methods in dynamical systems, based on Poincaré sections, are:

2«“Approximate” means that the embedding of the symbolic dynamics into the multibump
homoclinic solutions is surjective but, in general, not injective. Indeed, if the critical points of
the Poincaré-Melnikov potential are degenerate, the homoclinic solutions could be not unique.
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(4) it allows to prove chaotic dynamics with only “topological intersections”
between stable and unstable manifods

(1) it can be easily extended to infinite dimensional settings like PDEs, see
e.g. [12], [35]

(#it) it works for perturbations with a general “recurrent” temporal depen-
dence

(iv) Actually assumption (H2) can be weakened, dealing with cases where
(1.3) is violated: only “topologically transverse” homoclinic trajectories can
be continued to the perturbed system, see [7].

The approach developed above is related to the “broken geodesic” method
of Morse, used by Bessi [14]-[15] in the context of chaotic dynamics and Arnold
Diffusion.

One main difference with respect to [14]-[15] is that, in the previous per-
turbative construction the pseudo-homoclinic solutions up, 4, are constructed via
an implicit function argument (or contraction theorem) and not minimizing the
action functional. Therefore it has the advantage to be applicable to more gen-
eral systems, without convexity of the Lagrangian, and it provides much better
estimates for the solutions. This will be exploited in the next sections.

In the context of Arnold diffusion the other big improvement with respect to
[15] is to prove that the time of a single transition is O(|In u|) instead of O(1/p).
This will be crucial for the use of “approximate invariant tori” in our variational
shadowing theorem for non-isocronous systems, see section 2.3.

Remark 1.2.3. For autonomous systems the Poincaré-Melnikov potential, as well
as the reduced action functional F. is constant in 0 (due to the time symmetry
invariance). Therefore it is much more difficult to find homoclinic solutions (in
particular the development (1.8) is too rough). Existence results of chaotic dynam-
ics has been proved in [8].



Chapter 2

Arnold Diffusion

We want extend the previous construction to prove the existence of
homoclinic/heteroclinic orbits to partially hyperbolic tori and therefore Arnold
diffusion.

We consider first the simplest situation of partially isochronous systems.

2.1 Isocronous systems

We consider nearly integrable partially isochronous Hamiltonian systems
p?
Hu=w- T+ 2+ (cosq— 1)+ nf(#.0)

where (¢,q) € T" x T! := (R"/27Z") x (R/27Z) are the angle variables, (I, p) €
R" x R! are the action variables, w € R™ is a diophantine vector, and x> 0 is a
small parameter.

When p = 0 the energy w;I; of each oscillator is a constant of the motion.
The unperturbed Hamitonian Hy possesses n-dimensional invariant tori

710:{(w,l,qm)eT"xR"lele | I = I, q=p=0}

with stable and unstable manifolds

P
We(Ty,) = W*(11,) = {I = Iy, 5+ (cosg—1) = 0}.

For simplicity we assume

flp,q) = (1 —cosq) f(p)

so that the tori 77, are still invariant for p # 0 (see [9] for the general case). The
equations of motion are

p=w, I=-pl—cosq) Vf(p), G¢=p, p=sing—psing f(p). (2.1)

13
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The dynamics on the angles ¢ is given by ¢(t) = wt + A, and (2.1) reduces to the
quasi-periodically forced pendulum equation

—G+sing = p sing f(wt+ A) (2.2)

corresponding to the Lagrangian

L,.4(q,¢,t) = % + (1 —cosq)+ p(cosq—1)f(wt+ A). (2.3)

For each solution ¢(t) of (2.2) one recovers the dynamics of the actions I(t) by
quadratures in (2.1).

2.1.1 1-bump homoclinic orbits to a torus

For 1 = 0 equation (2.2) is autonomous and possesses the one parameter family
of homoclinic solutions (mod. 27)

qo(t) = 4 arctan(exp (t — 0)), O €R (2.4)

(in the covering space R of T we look for heteroclinic solutions).

Arguing as in the previous chapter we prove, for po small, the existence of
“I-bump pseudo-homoclinic solutions” ¢’ ,(t) close to gg, smooth in (A4, 6), such
that g’y o(t) solves (2.2) in (—o0,0), (6, +00) and 'y ¢(0) = m. Tt results

q,lf\,9+n(t) = ‘L‘fx.wn,e(t -n), Y9,neR. (2.5)

The reduced action functional £}, : T" x R — R defined by

0 “+o00
FM(Aa 9) = / ‘C;L,A(q,lz,e(t)vq'fjl,e(t%t) dt +/0 ‘Cu,A(q,lfl,@(t)vq'i,e(t))t) dt

satisfies, by (2.5), the invariance property
F.(A0+n) =F,(A+wn,0), VY8neR,
(it is a consequence of the autonomy of #,,) and, in particular,
Fu.(A0) =G, (A+wh), YIeR (2.6)
where we define the “splitting potential” G, : T" — R as
Gu(A) == F,(A,0).

Remark 2.1.1. The splitting potential G, is the difference between the generating
functions of stable/unstable manifolds Wy " (7Tr,) at the section qo = T, see [10].
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The derivatives of F,(A,6) with respect to (A,6) are

OakF,(A,0) Z/Ru(cosqf&o(t) —1)0,f(wt + A) dt 2.7)
DpF (A, 0) = (di,e)22(9+) - (q‘i,e);(a—) |

If 99 F,(A, ) = 0 then ¢y »(¢) is an homoclinic solution of (2.2). Then, Y1, € R",

(wt + A, 1u(8), 4 (1), 5 4(1)) (2.8)

where I,(t) = Iy — ,ufioo(l — cos ¢y 4(5))0,f(ws + A)ds is a solution of (2.1)
emanating at —oo from 7j,. By (2.7) the “jump” of the actions I, (+00) — Iy =
0aF,(A,0). In particular, if (A, §) is a critical point of F),(A,6), then (2.8) defines
a homoclinic orbit to the torus 77,. By (2.6), any critical point of the splitting
potential G, : T" — R, gives rise to homoclinic solutions to 7j,. Therefore:

Theorem 2.1.1. There exist at least cat(T™) = n + 1 geometrically distinct homo-
clinic orbits to each Ty, .

2.1.2 1-bump heteroclinic orbits to a torus

From the conservation of energy an heteroclinic orbit between 7;, and 7y, if any,
must satisfy the energy relation

w-lp=w-I. (2.9)
Critical points of

Futys(A,0) = Fu(A,0) — (I — o) - A2 G(A+wb) — (I) — I) - A

gives rise to a heteroclinic solution joining the tori 77, and 7p;. If (2.9) holds then
Et,[o,]é (A, 9) = G/LJOJ(S (A + w0) where G/L,I()Jé (B) = GH(B) — (I(,) — Io) -B.

Since G 1o,1; is not periodic, it might possess no critical point even for |1y —
Iy| small. However near a homoclinic orbit to 77, satisfying some “transversality
condition” there exist heteroclinic solutions connecting nearby tori 77;.

Theorem 2.1.2. Assume the “splitting condition” infap (a,) G, > infp,(ay) G, +9
for some Ay € T™, §,p > 0. Then Vi, I} € R™ satisfying (Ip — I}) - w = 0 and
[lo — Iy| < 0/(2p) there exists a heteroclinic solution of H,, connecting Tz, to Ty, .

When the frequency vector w is considered as a constant, independent of any
parameter -“a priori-unstable case”- it is easy to justify the splitting condition
using the Poincaré-Melnikov first-order approximation

G,.(B) = const + ul'(B) + O(p*), VB e T"



16 Chapter 2. Arnold Diffusion

where I' : T” — R is the Poincaré-Melnikov primitive

I'(B) = /R(cosqo(t) —1)f(wt+ B) dt.

The constants measuring the “splitting” in theorem 2.1.2 are 6 = O(u), p = o(1).

2.1.3 Diffusion orbits

Heteroclinics connecting any pair of tori 7p,, 77, on the same energy level w- Iy =
w-Ij.
Theorem 2.1.3. [10] VI, I}y with w - Iy = w - I;, there is a heteroclinic orbit con-

necting Tr, and Ty;. ¥n > 0 small, the “diffusion time” Ty needed to go from a
n-neighbourhood of Ty, to a n-neighbourhood of Tr; is bounded by

Iy — I} 1
‘ 0 O‘h’l(*
1 1

Iy <C )- (2.10)

The meaning of (2.10) is the following: the diffusion time T} is estimated by
the product of the number of heteroclinic transitions

& “heteroclinic jump” _|Ij — Io|

“splitting” i

times the time T = | log p| required for a single transition, that is Ty = k - Ts. At
each transition, the orbit will have an increment of O(y) in the action.

We now give a sketch of the proof.

Step 1: The “k-bump pseudo-homoclinic solutions”. By a Contraction mapping
argument, we first prove the existence of “k-bump pseudo-homoclinic solutions”
qfw(t) of the quasi-periodically forced pendulum (2.2) which turn k& times along
the separatrices and are asymptotic to the equilibrium for ¢ — +oo.

More precisely, Y0 < u < o, Vk € N, V8 = (01,...,0;) € RF such that
min;(0;+1 — 6;) >> 1, there exists qfw(t), smooth in (A4, 6, u) which solves (2.2)
in each interval (—o0,601), (0;,0;41), i = 1,...,k — 1, (0, +00), and qf‘ﬂ(@i) =
m(2i — 1). The ¢ , are close to ¢4 4,

Qﬁﬁ—&-nek (t) = qi—&-wn,f)(t - n)a VU € Ra e Rka €k = (1a AR 1) € Rk (211)

Step 2: “The action functional”. The Lagrangian action functional evaluated on
qfw is
01
FY(A,601,....00) = [ Lualafo(t),dhot)t) dt +

k=1 00,1, 400
S [ Luataho®rdk o000 dtt [ Lualalale)dbol0).0) db

i=1 "0 Ox
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and, by (2.11), it satisfies the invariance property
Fl’f(A,0+nek):Ff(A+nw,9), Vn € R,0 € R*.
Critical points of .7-"5 : T x R* — R defined by
Fh(A,0) :=Fl(A0)— (I)— 1) - A

give rise to heteroclinic solutions connecting 77, to 7p;. As min; (641 —60;) — +oo

k
Fi(A 01, ,6k) = > Fu(A0:) + Ri(p, A,0;-1,6;,0,11)
1=1

with
|Ri(,u7A, 91',1,91‘,91'+1)‘ S CQ exp(—C’gL). (212)

Therefore (using also (2.6))

k
1N — 1
J-',’j(A,e):Z(GH(AJrHiw)+Ri(u,A,9i,1,9i,9i+1)— b O-A). (2.13)

i=1

Choosing the number of bumps & such that

Iy ; Io _ o(y) (2.14)

and the distance between the bumps min;(6; 1 — ;) > |In p| so that

2.12
Ri(p, A 0;-1,0;,0,11) 12 O(p?)

we get, by (2.13),

k

FE(A,0) = Z( (A+ Oiw) + (ﬂ)). (2.15)

=1

Step 3: “The ergodization time”. We define the change of variables 0; := n; + s;,
s; € R, s; = O(1), where the constants 7, satisfy, for some « chosen later,

niw = x; (mod)Z™, Ixil < o, Nig1 — M = O(ya™ ") (2.16)

We use that, if w is 7 — 7 diophantine, the ergodization time of the torus Te,g,
i.e. the smallest time T¢,y so that {wt}icpo,1,,,) 15 an a-net of the torus, can be
bounded by Terg = O(ya™7), see [11].

If the Poincaré-Melnikov primitive T'(-) posseses a non-degenerate minimum
(or maximum), e.g. in Ag = 0, then also

G, (B + x;) = const + ul'(B + x) + O(p?)
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will possess a minimum or a maximum if |y;| < « is sufficiently small, but in-
dependently of p. Therefore, for p small enough, the time for a single transition
is
T, = min(0; 41 — 0;) > max <| In pl, O(’yof'r)> =|lnpy.
K3

By (2.15), it is easy to prove the existence of a local minimum or maximum of F Zf

2.2 Exponentially small Splitting

Detecting and measuring the splitting condition is a difficult problem when the
frequency vector w = w. depends on some small parameter € and contains some
“fast frequencies” w; = O(1/e®), b > 0. Indeed, in this case, the variations of the
Melnikov potential along some directions are exponentially small with respect to
¢ and then the naive Poincaré-Melnikov expansion provides a valid measure of the
splitting only for p exponentially small with respect to some power of €.

The typical argument to estimate exponentially small splittings is based on
Fourier analysis on complex domains, see [24], [22], [26]. We would like to extend
analytically the “reduced action functional” F),(A, #) in a complex strip sufficiently
wide in the @ variable. However F},(A,#) can not be easily analytically extended.
Indeed, for 6 complex, the supplementary space Eg = {w : R — C | w(Re 6) = 0},
appearing naturally when we try to extend the definition of qi;’e to 8 € C, does
not depend analytically on 6.

This breakdown of analyticity, arising when measuring the “splitting” at the

fixed Poincaré section {q = 7}, is a well known difficulty. In [18], [25], is compen-
sated via the introduction of tree techniques which enable to prove cancellations
in the power series expansions.
_ To overcome this “loss of analyticity” we can use the supplementary space
Ey defined in (1.5), which depends analytically on 6, because the unperturbed
homoclinic solution ¢o(t) defined in (2.4) is analytic in ¢ up to the poles +in/2.
The corresponding reduced functional ﬁ# (4, 6) can be analytically extended in a
sufficiently large complex strip. This enables to find the exponentially small lower
bounds for the splitting.

The crucial observation to recover informations of the splitting potential G,

is that F), and ﬁu are the same up to a change of variables close to the identity,
Fu(A,0) = F\,(A,0 + h,(A,0),  h,=0(u). (2.17)

In particular

G, =G o, where ¢, : T" = T", ¢, (A) == A+ gu(Aw, gu(A) == h,(A,0)

is a p-Lipschitz homemorphism of T™, p-close to the identity, see [10].

Remark 2.2.1. The introduction of Eg (and 13#) may be interpreted simply as
measuring the splitting with a non constant Poincaré section.
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For example consider systems with three time scales as

2

H, = %h + B I+ B+ (cos g — 1)(1+ uf () (2.18)

where (p1,¢2) € T x T L (I1, L) e RE xR, 3e R" 1 n>3,a>0and
€ >0, p > 0 are small parameters.

We can prove exponentially small lower bounds for the splitting potential G,
see [10]. To apply the shadowing theorem of section 2.1.3 we have to choose the
constants x; in (2.16) exponentially close to 0. Therefore the ergodization time,
and then the diffusion time, is exponentially large in e.

However, we can prove that, very fast Arnold diffusion, with speed polynomial
in powers of ¢, takes place in the directions where the splitting is only polynomially
small. We have, for example, the following theorem.

Theorem 2.2.1. [9] Let f(p) = Z;;l cospj, n > 3, and w. := (1/\/€,*B) be a
(Ye, T)-diophantine vector. Assume e, pe=>/? and pue=2%* to be sufficiently small.
Then, for all Ip, Iy with we -1y = we -1} and (Io)1 = (1)1 there exists a heteroclinic

orbit connecting the invariant tori Tr, and Ty, with a diffusion time

7, <ol hl ! 1
0= O Sy * mas | s ()l

To get the previous estimate requires an improved shadowing theorem where
the x; can be only polynomially close to 0. This is done via a careful minimization
on “non-isotropic windows” near the homoclinic points.

2.3 Non isochronous systems
We consider nearly integrable non-isochronous Hamiltonian systems

rp?
H, = ?+5+(cosq—1)+ﬂf(%q7t)

where (¢,q,t) € T? x T! x T! are the angle variables, (I,p) € R? x R! are the
action variables, p > 0 is a small parameter, and the perturbation f is a real
trigonometric polynomial of order N in (¢, t), namely

Flsat) =Y faulg)e et (2.19)

[(n,DI<N

Let us define the “resonant web” (called “primary resonances” in [21])

Dy = {weRd ‘ I(n,1) € Z4H 5.8, 0 < |(n, 1) SNandw-n—i—l:O}
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and the Poincaré-Melnikov primitive
F(wa 007 4100) = / |:f(wt =+ $o, qo(t)7 t+ 90) - f(wt + $05 07 t+ 00):| dt.
R

Theorem 2.3.1. [11] Let C be a connected component of DSy, wr,wp € C. Assume
that, Yw € C, T'(w, -, -) possesses a non-degenerate local minimum.

There exists a diffusion solution (I,(t), ¢, (t),p.(t),q.(t)) and two instants
71 < T2 such that I,,(11) = wr + O(p), I,(m2) = wp + O(1) and

C
Td:Tgf’TlS;“H/”. (220)

Remark 2.3.1. The estimate for the diffusion time Ty is optimal. This stability
result is also proved in [11] using a Nekhoroshev type analysis far from the sepa-
ratrices of the pendulum and a normal form argument.

Remark 2.3.2. The existence of diffusion orbits crossing Dy has been proved in
[21], and, with some differences, in [13], [19], [36]. The difficulty is that the dis-
tance between perturbed KAM tori close to Dy is O(\/) (large gaps), while the
splitting is only O(p). Our mechanism of drift avoids the construction of [21] to
cross “secondary resonances” (here the distance between KAM tori is O(p)). We
think that our method can be extended to cross also the “large gaps”.

The equations of motions of (#,,) reduce to the second order system

¢=—p0pflp,q,t),  —G+sing=p0f(p,q1) (2.21)
with associated Lagrangian

2 -2
. » q
[’u(@v »,4q, qat) = 7 + 5 + (]- - COSQ) - ﬂf(‘pa qvt) . (222)
The diffusion orbit of Theorem 2.3.1 is found again via a variational Lyapunov-
Schimdt analysis and a shadowing type procedure. The big new difficulty here is
to control the oscillations of the kinetic energy (here the dynamics of the angle
variables is not fixed).

By a contraction mapping argument, we construct “pseudo-diffusion” orbits
(01,9u) (05,0541, @i, @iy1) In each time interval (6;,6,11), close to unperturbed
solutions
9,) _ Pitl — P

1)

W; i m —V——— qO(t — 01)

i(l) = @i +wilt — .
oult) = i e e

and such that ¢,,(6;) = @i, 0. (0i41) = Qit1, qu(bi) = 7™ = qu(0i41), mod(27).
The Lagrangian action functional
k—1

0i41
fﬂ«('"79i79i+1a4pi7@i+1a"') = Z/ Eu(‘ﬂm@uﬂm@uat)dt
i=1/0i
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evaluated on these “pseudo-diffusion” solutions can be expanded as

L |pi
, Ezwi )+mm%@yg+m 1201 — 0:)) . (2.23)

We see that the question of finding the optimal diffusion time and the mechanism,
for which we can use the unperturbed solutions as “approximately invariant sets”,
are deeply connected. Indeed, if the time to perform a simple transition is just
0i41 — 0; = O(|Inp|) then the error O(u?(6;41 — 6;)) = o(u) (actually we only
need 0,11 — 6; << 1/p).

The fact that it is possible to take ;11 —60; = O(|1n p|) is not obvius at all. In
[15], which deals with the Arnold example [4], such time ;11 —60; = O(1/u). The
reason is roughly the following. Fixed any (6;—1,0;+1), (vi—1, @i+1), the variations
of the kinetic energy of the rotators

Llgit1 —@il* 1l —ical?
9i7 i) &= 5 + =
(03, 1) 2 (Oi1 —0) 2 (6, —0;y)

when (6;, ;) varies in a “windows” of radius O(1), are O(1/(6;11 —0;)). Therefore,
in order to prove a local minimum of the action functional as in (2.23), 1/(0;4+1— )
must be small with respect to p (the size the minimum arising from the Poincaré-
Melnikov potential).

The key observation that allows to perform a single transition in a very short
time interval is to note the convexity of

. .2 . 2
%H}MH pil” | Llei = pial
2 0is1—0; 2 60, —6;,

so that the minimum is achieved when ¢; is such that

Pi+l — Pi 802 ©Yi—1
9i+1 - 01 ez - 01—1

w; = =l Wij—-1.

In other words, for the perturbed functional, the minimum in (2.23) tends to form
small angles w; 1 — w;, whatever ;1 — 0; are (also if they are only O(|In pul)).
Therefore we can show that the variations of K (6;, ;) is small with respect to p,
even on time intervals 0,11 — 6; << 1/p.

When trying to build a pseudo-diffusion orbit which performs single tran-
sitions in very short time intervals we encounter another difficulty linked with
the ergodization time. At each instant 6;, the projection (6;, ;) of the pseudo-
orbit on the torus T4! must be O(1)-sufficiently close to the minimum of the
Poincaré-Melnikov function. This necessary request creates some difficulty since
our pseudo-diffusion orbit may arrive O(u)-close in the action space to resonant
hyperplanes of frequencies whose linear flow does not provide a dense enough net of
the torus. Indeed we observe a phenomenon of “stabilization close to resonances”
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which forces the time for some single transitions to increase. Anyway the total
time required to cross these (finite number of) resonances can be computed to be
still Ty = O((1/p) In(1/u)). We need therefore to prove in [11] some new results
on the ergodization time of the torus (as a corollary we get [16]) for linear flows
possibly resonant but only at a “sufficiently high order”.
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1 Goal of the lecture

This lecture is planned to provide some background, jointly with some references,
about Hamiltonian systems for the rest of courses forming part of the Advanced
Course on Stability and Instability in Mechanical Systems

http://www.crm.cat/ACSIMS

held on the Centre de Recerca Matematica, September 15 to 19, 2008.

2 Contents of the course

1.

Canonical Hamilton’s equations, Hamiltonian vector field. Poisson bracket.
Canonical transformation.

. Symplectic form, symplectic transformation, symplectic strcture, symplectic

manifold. Darboux theorem, Liouville theorem.

Generating function of a canonical transformation. Legendre transform, La-
grangian formulation.

Integrable systems by quadratures. Completely integrable Hamiltonian sys-
tems. Liouville-Arnold theorem. Action-angle variables.

Examples of integrable Hamiltonian systems. Integration of Hamiltonian sys-
tems. Hamilton-Jacobi equation.

Nearly-integrable Hamiltonian systems. Averaging theory and normal forms.
K.A.M. and Nekhoroshev theorems.

Homoclinic and heteroclinic motions. Chaos and non-integrability. Poincaré-
Melnikov-Arnold theory.
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Abstract

In these notes we deal with partially hyperbolic tori, their invariant manifolds and
a lambda lemma. Then the notion of transition chain is presented and shadowing
results for both finite and infinite chains are given. Finally an example is given.

1 Introduction

The term shadowing refers to the following situation: given a suitable sequence of
points or objects in the phase space of a system, find an orbit of the system which
passes nearby the objects so that its “shadows” them.

To be able to find such orbits the system has to have some kind of hyperbol-
icity. Basic results on shadowing of the so-called pseudo orbits hold in the context
of hyperbolic sets.

In the context of Hamiltonian systems, Arnold [Arn64, AA67] devised a mech-
anism to construct orbits which shadow a suitably chosen sequence of tori, having
some hyperbolicity and being connected by heteroclinic orbits, called transition
chain. If this sequence connects a region of the phase space with another far apart
from the first one we get orbits which diffuse establishing unstability of the system.

Moreover, this mechanism can be used in applications to find orbits which
connect different parts of the phase space.

In the context of perturbations of integrable Hamiltonian systems, the exis-
tence of orbits whose actions experience a drift of order one no matter how small
is the size of the perturbation is called Arnold diffusion.

Arnold provided an example of a perturbation of an integrable system with
two parameters and two and a half degrees of freedom, where such transition
chain can be constructed providing the unstability of the system for all values of
the parameters. The example is non-generic in the sense that the perturbed system
has a continuum of tori and the perturbation contains two parameters, one must
be much more small than the other (actually, exponentially small with respect to
the other).

The study of diffusion in more general systems presents important difficul-
ties, particularly the so-called large gap problem. It is about the following. For
perturbed systems the resonances create gaps where there are no tori with one
dimensional stable and unstable normal directions. The manifolds of the tori in
the extremes of the gaps are perturbed but to first order they do not intersect
breaking the possibility of (easily) establish a connection.

The diffusion has received a great deal of attention. Several approaches
have been proposed and developed. Without trying to be exhaustive we mention
the papers [Dou88, CG94, Moe96, BT99, DAILS00, SV01, Tre02, MS04, Tre04,
DdILS06a, DAILS06b] use geometric methods and perturbation theory to con-
struct a variety of objects and connections between them. [GAIL06, GRO7] use
the topological method of correctly aligned windows to find connecting orbits.
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Variational methods are used in [Bes96, Mat, BB02, BBB03, Kal03, CY04].

These notes deal with some tools used in the study of the mechanism of dif-
fusion. Invariant manifolds of the tori, a lambda lemma and a shadowing lemma.
An example with a construction of a transition chain is provided. They are based
on the papers [FM01, FM03, FM00] written in collaboration with P. Martin.
More details can be found in those references.

2 Partially hyperbolic tori

To motivate the presentation let us first consider the n degrees concrete Hamilto-
nian system

1 1
H(Ia07y790) = §HIH2+ 5y2+COS<p* ]-7

I c¢R" 19 ec T lyeR,oecT Itis the product of n — 1 rotators with a
pendulum. The pendulum has a saddle point at (yo, o) = (0,0). It is clear from
the Hamiltonian equations

b=1, ¢=y
I=0  g=singp
that the n — 1 dimensional set
T ={(10,0,0,0) | § € T"'}

is invariant. Let (y**(t), ¢*"(t)) be a parameterization of the separatrices of the
pendulum such that lim; o (y*(t), ¢°(¢)) = 0, lims—, oo (y*(t), ©*(t)) = 0. The set

{(10.0.y°(1), ¢°(t)) | 0 € T" ", t € R}
consist of the points which converge to 7 as t — oo and
{1, 0, y"(t), " (1) | 0 € T" ', t € R}

the one of the points which converge to 7 as t — —oo. Note that dim Tp7 = n—1.
There is one stable, one unstable and n — 1 center normal directions. 7 is an
example of a partially hyperbolic invariant torus.

Diagonalizing the linear part of the pendulum at the origin we obtain the set
of equations

0=1I, z=x+ O(x,y)
[=0, §=—y+0sz,y)

or the Hamiltonian

1
H(1,6,y.2) = S |1I] + 2y + Os(a.y).
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More generally let
1
HO(I,0,y,2) =< w, I > +5 <I,BI >+ <y, A()x >,

with I € R¥, 0 € TF, 2 € R™, y € R™, B a constant matrix and A(0) + A(#)"
positive definite for all §. The equations are

0 =w+ BI, i = A(0)z,

I =0, g =—A0)Ty.
Then 77, = {(Iy,0,0,0) | 6 € T*} is a partially hyperbolic torus of frequency
w + Bly. We will be interested in 7y since we will consider perturbations of H?

which vanish at x =y =1 =0.
The sets

E*=1{(0,0,2,0)| 8 € T*, 2 € R™}, E" ={(0,0,0,y) | 6 € TF,y € R™}

are invariant. To know the behavior of D®; at the torus for vectors tangent to
them we consider the variational equation on the torus

’iLg = BUI
ur =0
Uy = A(O)uy

iy = —A(0) "y, 0 =0+ wt.

We can not integrate exactly these equations for u, and u, but we can compute
d
T < g (t), ur(t) > =< A(Q)ug(t), uz(t) > + < ug(t), A(Q)uz(t) >

= u (1) T[A) " + AO)|ua(t) > a < uy(t), us(t) >

and analogously

d

7 < gy (1), 1y (t) >= —ug (t) T[A0) + A0) "ux(t) < —a < ug(t), us(t) > .

From this we deduce that D®; restricted to the tangent of E" at the torus is

expanding and D®; restricted to the tangent of E* at the torus is contracting.
We say that

T ={(0,0,0,0) | 0 € T*}

is a partially invariant torus of H if there exist canonical coordinates in a neigh-
borhood of 7 such that H has the form

H(I,G,war):HO(I,&y,x)—i-Og(x,y,I). (21)
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If w is non-resonant, i.e. w - m = 0 for all m € Z* implies m = 0, the torus is said
non-resonant. If w is Diophantine, i.e. there exists ¢,7 > 0 such that |w - m| >
¢|m|~7, for all m € Z*\ {0}, the torus is said Diophantine. If there exist variables
such that A is a constant matrix the torus is said reducible.

Arnold call them whiskered tori [Arn64]. Also, in the context of Hamiltonian
systems sometimes they are called hyperbolic tori because since in the conjugate
variables of the angles there must be a center dynamics, these tori are as hyperbolic
as they can.

Graff [Gra74] proves that if H is analytic, w is Diophantine and H' is a
sufficiently small analytic perturbation of H, then H 4+ H! has an analytic torus
of frequency w close to 7 with analytic stable and unstable invariant manifolds.
See also Zehnder [Zeh76).

More formally a partially hyperbolic torus can be defined as follows.

Let (M, Q) be a symplectic 2n dimensional manifold. Let H: M — R be
a Hamiltonian and Xpg the corresponding vector-field. A k dimensional torus 7°
with frequency vector w is the image of an embedding K : T¥ — M such that
the hamiltonian vector-field restricted to the image of the parameterization is
conjugated to the constant vector-field w on the standard torus T*:

DK -w=XpgoK.
Equivalently, ®; is the hamiltonian flow of Xpg
D(K(0)) = K(0 + wt).

We say that 7 is partially hyperbolic if k£ < n, there exists two smooth subbundles
E*, E" of Tr M which are invariant by the linearized flow:

bet(z)Ej“ = E;,,u(z)

and there exist constants ¢, « such that V¢ > 0,

D@y (2)v]| < ce™|vll, Vv e B,
|D®_(2)v]| < ce™ ||, Yv e EY.

If the symplectic two form is exact and H is analytic, then any partially
hyperbolic Diophantine torus with n — k = 1 can be expressed in the form (2.1)
and it is reducible [BT99].

The time ¢ maps of Hamiltonian systems, near partially hyperbolic invariant
tori, can be approximately obtained by integrating the variational equations at
the torus. We have that

®y(z,y,0,1) = (U(t,0)z,U(t,0) 'y, 0 + wt, I) + Oa(z,y,1),

where U(t,0) is the fundamental solution of Z = A(A)z with § = 6 + wt such
that U(0,0) = I. Note that then (U(t,0)7!)T is the fundamental solution of
i=—A0)"2.
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3 Invariant manifolds

To study the invariant manifolds of partially hyperbolic tori we first consider

maps instead of vector-fields. Then the invariant manifolds in the vector-field case

can be deduced from the former. Although in the Hamiltonian case the invariant

manifolds have some additional geometrical properties such as being Lagrangian,

the existence and regularity properties do not depend on the symplectic structure.
We write the normal form

Fz,y,0,7) = (A_(0)x, AL (0)y,0 + w(x,y,7), B(O)r) (3.1)

with 2 € RP, y € R, § € T*, r € R, p, q, k, 1 arbitrary dimensions having in mind
that A_(0) contracts, A, (f) expands for all § and ||B(9)|, ||B(#)~}| are close
to 1.

Clearly, the set {(0,6,0,0) | § € T*} is invariant.

We will say that 7y is a partially hyperbolic torus if there are coordinates in
a neighborhood of it such that F' has the form

F('r’ y’ 07 T) = Fo(x’ y) 07 ’r) + 02(1:7 y’ T)'

We seek for conditions on perturbations on F¥ such that they have an stable
manifold. Actually we will consider more general perturbations than Os(z,y, )
ones. In particular note that we do not ask the dynamics on the torus to be a
rotation, although we will need this in the C'*° case.

We need a detailed control of the manifold to deal with the lambda lemma.

Let w denote (z,y,0,r). We ask

HC1 The functions A4, B, w and f are C* with respect to w.
HC2 A_, A, and B verify
[A-@) <A™ AL@O) T <A™ IBTHO) <8, v9eT"
for some A > 1, 8 > 1.

We will consider perturbations FO + f defined on Ms = BY x B} x TF x B} C
RP x R? x T* x R!, where BY stands for the ball of radius ¢ in RP, etc. We ask

HC3 For j = 1,2,4 the functions f; have the form
fi(w) = pj1(w)x + pje(w)v,  v=_(y,r), (3.2)
with ¢;; of class C* with respect to 6 , and
100 f5 ()| < K[,y 7)ll,  [IDf(w)| < L(8),  we M;

for a continuous non-negative function L(J) such that L(0) = 0.
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HC4 (|9 fs]| < K.

Theorem 3.1. Let
F(x,y,0,r) = F(x,y,0,7) + f(z,y,0,r) (3.3)
be a C" map, r € NU {oo} satisfying HC1-HCY. Assume that
M IB(1+ Ky)" < 1.

In the C*° case we assume that F' is a diffeomorphism.

Then there exist dg such that if 0 < & < 0y, the invariant torus {x = 0,
y = 0, r = 0} of the map F has an invariant stable manifold which can be
represented as the graph of a C" function v*(y,0) verifying v*(0,0) = 0. The
forward iterates of the points on the stable manifold tend to the torus exponentially
fast.

Remark 3.2. Note that in the C°° case Ky must be zero.

This manifold is essentially described by the results of Fenichel [Fen74, Fen77].
See Theorem 6 in [Fen74]. The presentation here is different and is adapted to the
case of tori.

Dependance on parameters. We may allow depend F on a parameter v € BfL Cc R
We are interested in getting regularity of v° with respect to parameters. We can
consider the extended map

F(w,v) = (F(w,v),v).

Since there are no dynamics on the parameter we can consider the components
of v as angles. To be in the framework we need to extend F, with respect to
v in a regular manner to have F defined in T?, that is, extending and imposing
periodicity with respect to every component of v. Then asking the same regularity
conditions for v as for 6 we obtain that F has a stable manifold of class C* which
for each v is a stable manifold for F,. Here it is important we have not asked w
to be non-resonant.
Uniqueness. Next we will discuss the Lipschitz case for which we have uniqueness
in a certain sense. Then we also have uniqueness in the differentiable case.

As in many invariant manifold theorems one can begin with a Lipschitz case
and then proceed with the differentiable one. For the Lipschitz case we ask the
following conditions

H1 The functions A4, B, w and f are Lipschitz with respect to w.

H2 The functions A4 and B verify

IA-@) <A™ lAL@) I <A™ IBTHO) <8, WeT™



