Advanced Course
on

Recent Trends of Combinatorics
in the Mathematical Context

Notes of the Course

September 13 to 23, 2005

Centre de Recerca Matematica

Bellaterra (Spain)



Acknowledgements: The Advanced Course on Recent Trends of Combinatorics
in the Mathematical Context is supported by the “Ministerio de Educacién y
Ciencia” Spanish Government (ref. MTM2004-22105-E) and by the European
Commission as an EMS Marie Curie Training Course (ref. HPCF-CT-2000-
00140).



Contents

Foreword . ... ... . e v

Béla Bollobas
Random Graphs and Combinatorial Probability

I. Spaces of Random Graphs ......... ... i 2
1. The basis models ... ... 2
2. First applications- the use of the expectation ........................ 10
3. Threshold functions- the use of the variance ......................... 20
4. Small subgraphs and components ............... ... ... L. 28
II. The weighted cube and correlation inequalities ................ ... .... 35
1. Weighted cubes and random graphs ................ ... ... ... ..... 37
2. The Harris-Kleitman Inequality ............. ..o i 38
3. The van den Berg-Kesten Inequality ................ ...t 41
4. The Four Functions Inequality .......... ... oo ... 44
5. The FKG Inequality ..........coiiiiiiiiiii i 50

Jaroslav Nesetril
Combinatorics of Morphisms

1. Introduction . ... 54
2. Asymmetric and rigid graphs ....... .. 55
2.1 Almost all graphs are asymmetric ............cooiiiiiiii ... 95
2.2 Almost all graphs are rigid ..........c.c i 56
2.3 Ulam’s problem ...... ... . 56
B JR o P 59
4. No-homomorphism lemma ........ ..., 59
5. Graph product ...t e 61
5.1 The definition ......... ... i e 61
5.2 Independence problem ............ ... i 62
5.3 Homomorphism cancellation property ....................coooon... 62
6. Graph colouring and chromatic numbers .............. .. .. ... . .. 63
6.1The chromatic number ....... ... . ... . i 63
6.2 A scale of chromatic numbers ........... ... ... ..., 64
6.3 Chromatic number and girth ........ .. .. .. ... L 66
6.4 Shift graphs ... ..o 66
6.5 The classes Ch ..o 68
7. Isomorphisms of graphs ........... i 69
7.1 Lovasz’ theorem ...t e 69
7.2 Ulam’s CONJECTUTE .. ..vvutttt ittt 71
8. Projective graphs ....... ..o 73

iii






Foreword

This notes cover the contents of two sets of lectures given at the Advanced
Course ‘Recent Trends in Combinatorics in the Mathematical Context’ given at
the CRM in September 2005.

The title of the course intends to reflect the increasing connections between
combinatorics and other established fields of Mathematics. The topics selected
in this occasion under this broad denomination were ‘Combinatorial Probabil-
ity’, a section delivered by Prof. Béla Bollobas, and ‘Combinatorics of Mor-
phims’ given by Prof. Jaroslav Nesetril. Both areas have been the subject of
intense and fruitful research activity in the last decades and the two aforemen-
tioned authors have been two of the most significant leaders in each of them.

The notes give both an introduction to the classical concepts and references
to recent developments in each area.

One of the key results described in the Combinatorial Probability part
was the recently obtained Reimer’s inequality which gives an extension to non
monotone classes of events of the more classical van den Berg-Kesten inequality.

Highlight results from the second part on Combinatorics of Morphisms in-
clude the universality of categories of graphs, the Nesetril-Shelah theorem on
antichains, and the constructability of chromatic graph classes (Hajos’s theo-
rem).

The notes in each of the two parts are extracted from preliminary versions
of two forthcoming books by the same authors and titles. We are most grateful
to Prof. Bollobas and to Prof. Nesetril for kindly providing this material for
the present edition.

The course was attended by some 60 students coming from more than 20
countries.

We are also extremely grateful for the financial support given by the Eu-
ropean Union through the programme Marie Curie Conferences and Training
Course, and to the European Mathematical Society which hosted the course
within its programme of Summer Schools.

The local coordinator of the course also wants to express his gratitude to the
CRM and its administrative staff for the excellent organization of the event.

Oriol Serra
Coordinator
UPC



The notes contained in this booklet were printed directly from files supplied by the
authors before the course.
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