QUASICONFORMAL MAPS, ANALYTIC CAPACITY, AND
NON LINEAR POTENTIALS

XAVIER TOLSA AND IGNACIO URIARTE-TUERO

ABSTRACT. In this paper we prove that if ¢: C — C is a K-quasiconformal
map, with K > 1, and E C C is a compact set contained in a ball B, then

Corn® (202) >KK
diam(B)Ki+1 diam(¢(B)) 7

where 7 stands for the analytic capacity and C’Hz(;i Lo is a capacity associ-
) 1

ated to a non linear Riesz potential. As a consequence, if £ not K-removable,

it has positive capacity C' 2 2L This improves previous results that assert
that E must have non o-finite Hausdorff measure of dimension 2/(K +1). We

also show that the indices Qf{lil, ngfll are sharp.

1. INTRODUCTION

A homeomorphism ¢: Q — Q' between planar domains is called K-quasi-
conformal if it belongs to the Sobolev space W,"2(Q2) and satisfies

max |0,¢| < K min |[0,¢| a.e. in Q.

If one does not ask ¢ to be homeomorphism, then one says that ¢ is quasiregular.
When K = 1, the class of quasiregular maps coincides with the one of analytic
functions.

A compact set £ C C is said to be removable for bounded K-quasiregular maps
(or, K-removable) if for every open set Q2 D FE, every bounded K-quasiregular
map f: Q\ F — C admits a K-quasiregular extension to €. It is well known
that E is K-removable if, and only if, for every planar K-quasiconformal map
¢, ¢(F) is removable for bounded analytic functions (i.e. ¢(FE) is 1-removable).
The Painlevé problem for K-quasiregular mappings consists in characterizing
K-removable sets in metric and geometric terms.

The analytic capacity of a compact set £ C C is defined by

Y(E) = sup | f'(00)],
f

2000 Mathematical Subject Classification.

Key words and phrases. Quasiconformal mappings in the plane, analytic capacity.

X. T. is partially supported by grant MTM2007-62817 (Spain). I. U. was a postdoctoral
fellow at the University of Missouri, Columbia, USA, and at Centre de Recerca Matematica,
Barcelona, Spain, for some periods of time during the elaboration of this paper.



2 X. TOLSA AND I. URIARTE-TUERO

where the supremum is taken over all bounded analytic functions f: C\ £ — C
with || f|lec < 1, and
£/(00) = lim 2(f(2) — F(00))

This function was introduced by Ahlfors in order to study the Painlevé problem
for bounded analytic functions. He showed that E is removable for these functions
if and only if v(E) = 0. By the relationship between 1-removable sets and
K-removable sets explained above, it turns out that F is K-removable if and only
if v(¢(E)) = 0 for all planar K-quasiconformal maps.

An old theorem of Painlevé shows that if v(¢(F)) > 0, then ¢(FE) has positive
length, and so it has Hausdorff dimension at least 1. By the celebrated theorem of
Astala on the distortion of area [Ast94], this forces the Hausdorff dimension of F
to be at least 2/(K 4 1). Quite recently, in [ACM™08] it was shown that, in fact,

H KLH(E) must be positive and, moreover, non o-finite. To prove this result, the

authors proved, on the one hand, that if H(¢(E)) is non o-finite, then H7s (E)
is also non o-finite (see [LSUT] for related recent results). On the other hand,
if H'(¢(E)) is o-finite and v(¢(F)) > 0, from David’s solution of Vitushkin’s
conjecture [Dav98] and the countable semiadditivity of analytic capacity [Tol03],
it turns out that ¢(FE) contains some rectifiable subset of positive length. Using
improved distortion estimates for the dimension of rectifiable sets, the authors
showed that in this case the Hausdorff dimension of £ must be strictly larger

that 2/(K + 1), and so HKLH(E) is also non o-finite in this case.

The main result of this paper sharpens the preceding results:

Theorem 1.1. Let E C C be compact and ¢: C — C a K-quasiconformal map-
ping, K > 1. If E is contained in a ball B, then

g ®) ) )
diam(B) %+ diam(¢(B)) '

In this theorem, the constant ¢ depends only on K. On the other hand,

C 2k 2r11 is a Riesz capacity associated to a non linear potential. Recall that,
2K+1’ K+1

for a > 0,1 < p < oo with 0 < ap < 2, the Riesz capacity C.’th of F'is defined as
Cop(F) = sup p(F)”,

m

where the supremum runs over all positive measures p supported on F' such that

L)@ = [ s dute)

satisfies ||1,(p)]|,y < 1, where as usual p' = p/(p — 1).
It is easy to check that C, , is a homogeneous capacity of degree 2 — ap, that
is,
Cmp()\F) = ‘)\|2iapc 2K 2K+1 (F)

2K+1° K+1
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for any compact set ' C C and A € C. Therefore, C'_2x 241 has homogeneity

2K+1° K+1

2/(K +1). The indices a = %, p= 2}1{(:11’ are sharp and cannot be improved
in the theorem. See Theorem 8.8 below for a more precise statement.

It is well known sets with positive capacity C.’(W have non o-finite Hausdorff
measure H2~*. So as a direct corollary of Theorem 1.1 one recovers the result
of [ACM™08] that asserts that if v(¢(E)) > 0, then H%H(E) is non o-finite.

~ On the other hand, not all sets with non o-finite length have positive capacity

C 2x 2x41. So Theorem 1.1 provides new examples of K-removable sets. See
2K+1’ K+1

Section 8 for more details and examples.
For our purposes, the description of the Riesz capacities in terms of Wolff
potentials is more useful than the above definition of C,,. Consider

W) = [ m(w)d_

A theorem of Wolff asserts that

Cop(F) ~ sup p(F),
I

where the supremum is taken over all measures p supported on F such that
We (z) <1 forall x € F. See [AH96, Chapter 4], for instance. Notice that for

the indices a = %, = 2?:11, we have
= ((Br,m)\* dr
Wy = [ (M@ dr
a’p(> /o( PR ) r

We will also prove the following result in this paper.

Theorem 1.2. Let 1 < p < oo, E C C be compact and ¢: C — C a K-quasi-
conformal mapping. Then,

(a) If E is contained in a ball B,

C2Kp27I<K+1’2K§(;I§+1 (E) > Cl/pvp(¢(E)) s .
diaum(B)Ki+1 ™\ diam(¢(B))

(1.1)

(b) If ¢ is conformal outside E, K-quasiconformal in C, and moreover,
|6(2) — z| = O(1/|z]) as z — oo, then
C’l/pﬁp(E) ~ C’l/pﬁp(¢<E)) (1.2)
The constants in (1.1) and (1.2) only depend on p, K.

Notice that the capacity C, /p,p 18 homogeneous of degree 1, while C sk 2kp-r41

2Kp—K+1’ K+1

is homogeneous of degree 2/(K + 1).
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To understand the relationship between analytic capacity and non linear
potentials, we need to recall the characterization of analytic capacity in terms of
curvature. For z € C, denote

2 . 1 P
)= [[ g dnts), (1.3

where R(z,y, z) stands for the radius of the circle through x, y, z (with R(z,y, z) =
oo if the points are colinear). In [Tol03] the following was proved:

Theorem A. For any compact E C C we have
V(E) = sup pu(E),

where the supremum is taken over all Borel measures p supported on E such that
w(B(z,r)) <7 forallx € C, r >0 and c,(x) <1 for all z € C.

It is easy to check that

(Sup —“<B(x’r)))2 +A(x) < CZ(—“(B(;; Qk)))z < CWey g o(@):

r>0 r

kEZ
From this fact, one infers that
YEF) > ¢ Coyszpa(F) (1.4)
for every compact set F'. On the other hand, Theorem 1.2 tells us that
Cax_axcir (B) 2 ¢ Coyapa(9(E)) (1.5)

2K+1° K+1

(assuming diam(B) = diam(¢(B)) = 1). If the estimate y(F) = Cyz3/2(F)
were true, then Theorem 1.1 would follow from this and (1.5). However, the
comparability of v and Cy /3,3/2 s false (for instance, if F'is a segment, v(F) > 0,
while C2/373/2(F) = 0)

Nevertheless, for Cantor type sets F' such as the ones considered in [Mat96]
and [MTVO03] it is true that v(F) = Cyz3/2(F). So for this type of sets, the
estimate

Catnan@ @) (0 )KK
diaurn(B)Ki+1 diam(¢(B))

is a direct consequence of Theorem 1.2. On the other hand, by the results in
[ACM™08], if F is rectifiable (and thus v(F') > 0), then the Hausdorff dimension
of $71(F) is strictly larger than 2/(K + 1), and so

C 2x 35¢1(¢_1(ﬁv) > 0.

2K+1’ K+1

The proof of Theorem 1.1 for general sets E follows by combining the arguments
in Theorem 1.2 with quantitative estimates for the distortion of rectifiable sets
(more precisely, for the distortion of sub-arcs of chord arc curves). To this end,
we will need to use a corona type construction similar to the one used in [Tol05]
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to prove the bilipschitz invariance of analytic capacity, modulo multiplicative
estimates.

The relationship between capacities 3 associated to Calderén-Zygmund
kernels of the form z/|z|?*' in R™ and the capacities C,, was first observed
by Prat, Mateu and Verdera [MPVO05]. In this paper the authors proved that if
0 < p <1, then

V8 R Cln—p)2/33/2 (1.6)
An immediate consequence is that sets of positive but finite S-Hausdorff measure
are removable for g, as shown previously by Prat [Pra04]. In the case n = 2,
B = 1, the capacity 3 coincides with the analytic capacity v, modulo multiplica-
tive constants, and the comparability (1.6) fails. Instead, only the inequality
(1.4) holds. It is an open problem to prove (or disprove) that (1.6) holds for
every non integer 3 € (0,n).

The plan of the paper is the following: in next section we prove Theorem 1.2,
while Sections 3-7 are devoted to the proof Theorem 1.1. In the final Section 8
we show some examples that illustrate the sharpness of our results. As usual,
the letters ¢, C' denote constants (often, absolute constants) that may change
at different occurrences, while constants with subscript, such as (', retain their

values. The notation A < B means that there is a positive constant C' such that
A< CB;and A~ B means that A < B < A.

2. DISTORTION ESTIMATES FOR NON LINEAR POTENTIALS

2.1. Strategy for the proof of Theorem 1.2. Note that, that (1.1) holds for
all K-quasiconformal maps is equivalent to

C 2K 2K+41 (qb(E)) . (C’l/p’p(E>1gi{1
c I o

2K+17 K41
diam(DB)

diam(¢(B)) w51

for all K-quasiconformal maps ¢.

Let 1 be a measure supported on E such that Wl“/pm(x) < 1forall z € C.
In a sense, we want to show how g is distorted. A first attempt might consist
in obtaining suitable estimates for the Wolff potentials associated to the image
measure ¢u. However, we have not been able to follow this approach.

Instead, to prove (2.1), we have transformed our original problem of estimating
distortion in terms of Riesz capacities into another involving “Hausdorff-like”

measures or contents, and then we have used arguments more or less analogous
to the ones in [ACM™08].

=
> if £ C B, (2.1)

Throughout all this section we suppose that p is a finite Borel measure sup-
ported on E such that Wl“/p’p(x) <1 for all x € C. In particular, notice that this
implies that 6, (B) := u(B)/r(B) < 1 for any ball B C C with radius r(B). We
plan to introduce Hausdorff-like measures associated to p. To this end, first we
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need to define suitable gauge functions on all the balls in C. Given a parameter
a > 0, we consider the function
1
(1) =———— 2€C. 2.2

For the ball B = B(z,t) we define

1 Yy—x
cualent) = 2a(B) = [ 0L )duto), 2.3
and we consider the gauge function
hyo(2,t) = hyo(B) = te,qo(B). (2.4)

Notice that ¢, ,(B) and h,.(B) can be considered as smooth versions of 6,(B)
and p(B), respectively. One of the advantages of €, ,(z, ) over 8,(z,t) (where, of
course, 8, (z,t) := 0,(B(x,t))) is that €, o(x,2t) < Ce,4(2,t) for any x and t > 0,
which fails in general for 6,(x,t). Analogously, we have h,, ,(z,2t) < Ch, q(,1),
while p(B(z,t)) and p(B(x,2t)) may be very different.

Observe that, decomposing the integrals into annuli, for all z € C we get

[ et = [T ([ ww) Y

<0Y o (Zu x, 2)) 1+a)(j—k)>”/_l

JEZ k>j
<OZ2 (P'—1)j ZM (z, 2F))P' 1@ =D +5) (k)
JEZ k>j

where we applied Holder’s inequality for p’ —1 > 1, and the fact that (c+d)” ' <
=1 4 d” -1 otherwise. Thus,

/auaxt <Zu gL‘Z’“plQ(pllJr k22p1
0

kEZ j<k (2.5)
S Wiippl®) S 1

2.2. The measures H" and the families G, and G,. Let B denote the family
of all closed balls contained in C. We consider a function ¢ : B :— [0, 00) (for
instance, we can take € = ¢,,,), and we define h(x,r) = re(x,r). We assume that
e, h are such that h(x,r) — 0 as r — 0, for all z € C-. We introduce the measure
H" following Carathéodory’s construction (see [Mat95], p.54): given 0 < § < oo
and a set F' C C, we consider

=inf ) h(B
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where the infimum is taken over all coverings F' C |, B; with balls B; with radii
smaller that §. Finally, we define
H"(F) = lim HENF).
Recall that H" is a Borel regular measure (see [Mat95]), although it is not a “true”
Hausdorff measure. For the h-content, we use the notation M"(E) := H" (E).
We say that the function ¢ belongs to G; if it verifies the following properties

for all balls B(x,r), B(y, s): there exists a constant Cj such that if |z —y| < 2r
and /2 < s < 2r, then

Cyle(m,r) <e(y,s) < Coel(z,r). (2.6)
If moreover, there exists C{, such that
Z 2 % e(x,28r) < Cfe(a,r), (2.7)
k>0

then we set € € Gs.

Notice that (2.6) also holds with a different constant Cj if one assume |z —y| <
Crand C~r <s<Cr.

It is easy to check that the function ¢, , introduced above belongs to G, for all
a>0,and to G, if 0 < a < 1 (see Lemma 2.4 below for a stronger statement).
Moreover, we have:

Lemma 2.1. Ife € G, and h(z,r) = re(x,r), then Frostman’s Lemma holds for
H". That is to say, given a compact set ' C C, the following holds: M"(F) > 0 if
and only if there exists a Borel measure v supported on F' such that v(B) < h(B)
for any ball B. Moreover, one can find v such that v(F) > ¢ *M"(F).

The proof is almost the same as the one of the usual Frostman’s Lemma (for
instance, see [Mat95], p.112), taking into account the regularity properties of the
gauge functions h € G;.

For h = h, ., we have the following.

Lemma 2.2. For any Borel set A C C, we have
M"we(A) > Cu(A).

Proof. Given any 7 > 0, consider a covering A C (J, B; by balls so that
> hya(Bi) < M (A) + .

Since pu(B;) < Chyo(B;), we have

W(A) < S u(B) < O3 hya(B) < CM"e(4) 4 Ci. 0
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Now, for technical reasons we need to extend the function £(-) defined on B to
the whole family of bounded sets. Given an arbitrary bounded set A C C, let B
a ball with minimal diameter that contains A. We define £(A) := ¢(B). If B is
not unique, it does not matter. In this case, for definiteness we can choose the
infimum of the values (B) over all balls B with minimal diameter containing A,
for instance. Analogously, if h(z,7) = re(z,r), we define h(A) as the infimum
the h(B)’s.

It was mentioned above that €,, € Go. Our next objective consists in show-
ing that if ¢ is a K-quasiconformal planar homeomorphism, then the function
defined by

€(B> = €,u,a<¢(B))
for any ball B C C, also belongs to G5. In fact, because of the geometric properties
of quasiconformal mappings and the smoothness of ¢,, it is easily seen that e
satisfies (2.6). To show that (2.7) also holds requires some more effort. First we

need a technical result, whose proof follows from an elementary calculation that
we leave for the reader:

Lemma 2.3. Let a,b > 0, a # b, and denote m = min(a,b). For all z € C, we

have
> ot ! < ¢
= 27k +1 7 [zm+ 1

with C' depending only on a,b.

Lemma 2.4. Let ¢: C — C be a K-quasiconformal mapping. If 0 < a < Cyb
(where C is a positive constant depepending only on K ), then,

S Sl 0B@2) oo (6B,

207
720

In particular, if a is chosen small enough, the function ¢ defined by £(B) =
Ena(@(B)) for any ball B, belongs to Gs.

Proof. We denote d; = diam(¢(B(z, 2j1"))). We have

Epald(B(z,27r)) £ua(B(9(x),d;))
S::Z# 2b] <Z” 2b]

_ Epa(B py 2kd,
SZ Z al (¢2(bj) ))

k>0 j:do2k <dj<do2k+!

For each 57 > 0 we have

ﬁ f[ d; ﬁ dlam (x’er))) < C(K)j — 202j7

0 i di—1 diam(¢(B(z, 27'r)))
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with Cy depending on K. Thus, for j, k such that d2* < d; < do2F*+?,
d;j\1/Cz
2 > ( ) a2 2M/C2,
do

Then we obtain

sy 3 Epa(B((2),2"5dy)) ey ena(B(6(x),27dy))

9C1bk 9C1bk ’
k>0 j:do2k<dj<dg2k+1 k>0

with C} = 1/C5. From Lemma 2.3, if 0 < a < C1b, we infer that

ua(B(6(x), 24do)) _ 1 |
kzzo 9C1bk kzzo 2(1+Cib)k g, / (|¢( ) — |) L dp(y)
2kd0
= 1 dpuly)
TdoJ (16(x) —y[\T
( do ) o
= eua(B(0(2),d0)) S €ual@(B(z,7))). 0

Another result that shows that some properties of the functions from G; are
preserved under composition with quasiconformal maps is the following.

Lemma 2.5. Let ¢p: C — C be a K-quasiconformal mapping, and 9 € Gy.
Define e(B) = eo(¢(B)) for any ball B C C. For any s > 0 we have
o d o d
| etwrr T <) [ o T
0 r 0 r
Proof. We have

/Oooeo(qb(B(x 7)) —<C Zao B(z,27)))*.

JEZL
Denote now r; = diam(¢(B(.:E 27)). We obtain

D aleB@ ) => Y eld(Br2))

JEL k€Z j:2k<r;<2k+1
SY D wlB(éa),ry))
k€Z j:2k <r;<2k+1

K) S ao(Bo(o).29)° < CU.) [ ealoo) ) -

kEZ

where we took into account that #{j : 2% < r; < 2"} < C(K) because of the
geometric properties of quasiconformal mappings. 0
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2.3. The space Lip?(¢). Given 1 < ¢ < oo and a function £: B — [0, 00), we
define Lip?(e) as the class of all functions f: C — C for which there is some

constant M such that
1 1/q
(E/BU — fB|q> < Me(B)

for all balls B. In the definition, one can replace the average fp = |B|™" [, f by
any constant cp, getting the same class of functions. The infimum of all these
constants M is denoted by || f ||L1pq

Let us look at the behaviour of a function in Lip(e) under a K-quasiconformal
mapping.

Lemma 2.6. Let ¢ € Gy and let ¢p: C — C be a K-quasiconformal mapping.
Set

£(B) := eo(¢(B))

with a > 0, and h(z,r) = re(x,r). Then, given q with K < q < oo, for all
f € Lip%(eo), we have f o ¢ € Lip(e) and

| fo ¢HLip(6) <C(q,K) HfHLipq(Eo)'

Proof. We will follow the techniques used in [Rei74]. Given a ball B = B(z,t), we
can find a ball By centered at ¢(z) such that By D ¢(B) and |B| < [¢71(By)| <
C(K)|B|, where C'(K) depends only on K. We have:

|B\/|fo¢ —cgldm(z) |B]/ —cB\Jqs—l(w)dm(w)

|f(w) = ep| J¢~ (w) dm(w)

! “Hw) dm(w —|BO|
’B‘ Bo‘f( ) CB’J(b ( )d ( )|¢71(BO)‘

1/q (|B—10‘ fBO Jo~H(w)? dm(w))l/q/
(i Sy 767 (w) dm(w))

a |B| Bo

O(K) ——

< ) (7 [ 1) = coltim(u) )

< O(K, q) || fl|Lipe(eo) €0(Bo),

where the last inequality follows from the fact that the Jacobian satisfies the
reverse Holder inequality

1 ) 1/q
(— J6 () dm<w>) < ok, —— [ 67 (w) dm(w)

| Bol J 5,
for ¢ < K/(K — 1), by [AISO1, p.37].

1
|Bo| /s,
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Since g¢ € Gy, we have £¢(By) ~ €o(¢(B)) = ¢(B), and then
|B|/ |fod(z) —cpldm(z) < C(K,q) || fllLiprce) €(B)-

Thus || f 0 6|l tipte) < CUS, @)1 f || ipaceo)- =

2.4. The capacities 7,,. Given 1 < ¢ < oo, for a bounded set /' C C and a
function h: B — [0,00), with h(z,r) = re(z,r), we set

Thg(F) = sup [(9f, 1) = sup [ f'(c0)]
where the supremum is taken over all Lip?(e) functions with [|f|Lipee) < 1,
f(00) = 0 and such that Of is a distribution supported on F.

Lemma 2.7. Let E be a compact set and € € G;. For 1 < q < 2 we have

() Ynqg(E) < CMME).
(b) If moreover € € Gy, then M"(E) < C(q) yhqe(E).

Proof. First we show (a). Fix a real number n > 0 and take a covering of £ by
balls B, with radius r;, such that >°. h(B;) < M"(E) 4. Consider a partition
of unity associated to this covering, that is, for each j we take an infinitely
differentiable function ¢; supported on 2B; with [|[Vgj|le < and so that

>_;¢; = 1 on a neighbourhood of E. Then, if || f|[Lipse) < 1,
|<(9f1|—|3f2%|—|2 (f = fon,), 95)]

<Z/ |f = f23|\0gpj|dm<z /|f fap;| dm

<6’er (2B;) <(JZ@ ) < C(MM(E) +7).

— T‘ 7

Hence, 73, 4(E) < C/\/lh( ).

To prove (b), we suppose that € € Gy. If M"(E) > 0 then by Frostman’s
Lemma there exists a positive measure v, supported on F, such that v(B(z,r)) <
h(z,r) and v(E) > C M"(E). The function f = v 1 is analytic outside E,
f(c0) = 0 and (9f,1) = v(E). Now, we will check that f € Lip?(e). Fix a ball
B = B(z,7) and cp = [(,5 5 du w) . We have

éhéu@wwmwm@n;
1 1

a7 (L /
< — dv(w) +
Bl Sy Uy o=z P J oo =
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For the first term on the right side, by Holder’s inequality and Fubini’s Theo-
rem, since q < 2,

7 ([ ) amte) < Qrgql/ [, o At

c?

IN

< Ce(2B)? < Ce(B)1.

7"(1

Since |w — z| ~ |w — 2| for z € B and w € C\ 2B, we have

— o d
[t ey [
C\2B [w — 2 - 2i+1B\2/ B [w — 2|

j=1
= h(x, 27%1r) -
<ory M) < Ce(B),
using the fact that € € G5. Thus we get
L/ (/ N dy(w))qdm(z) < Ce(B)Y,
|B| J5 c\2B|W—%2 W—=2
and so (b) follows. O

Recall that a quasiconformal mapping ¢: C — C is called principal if it is
conformal outside a compact set and |¢(z) — z| = O(1/]z]) as z — .

Lemma 2.8. Let E be a compact set, and ¢: C— C a principal K -quasiconformal
mapping, conformal on C\ E. Given gy € Gy, define

e(w,r) = eo(¢(B(z,r))
and h(z,t) =re(x,r). For q> K, we have
Thoa(P(E)) < Cyna(E).

Proof. Consider f € Lip?(eg) which is analytic in C\ ¢(E), || fllLipizo) < 1 and
f(oo) = 0. Set g = fo¢. Then g is analytic on C \ E and, by Lemma 2.6,
g € Lip'(¢) and ||glluip () < CK) | fllLipa) < C(K). So, we have |¢'(c0)| <
C(K) vn1(F). Moreover, since ¢ is principal, ¢'(co0) = 1 and so

|9'(00)] = [f'(00)|[¢'(00)| = | f"(c0)].

Consequently v4,4(0(E)) < C(K) vp1(E). O



QUASICONFORMAL MAPS, ANALYTIC CAPACITY, AND NON LINEAR POTENTIALS 13
2.5. Distortion of h-contents. From Lemmas 2.7 and 2.8 we get:

Lemma 2.9. Let E be a compact set, and ¢: C— C a principal K -quasiconformal
mapping, with K < 2, conformal on C\ E. Given gy € Gy, define

e(z,r) = eo(¢™ (B(x,7))
and h(z,r) =re(x,r). We have
M™(E) < CM"(6(E)).

Proof. Take ¢ such that K <¢<?2. By Lemma 2.7, we have M (E) < Cvp, 4(E).
By Lemma 2.8 (applied to ¢™1), Y, 4(E) < n1(¢(E)). Finally, by Lemma 2.7

again, ,1(6(E)) < M"(¢(E)). D

Our next objective in this section is to extend Lemma 2.9 to the case K > 2.

Lemma 2.10. Let e: B — [0,00) be a function from Gy, and set h(x,r) =
re(x,r). Suppose that for any principal Ko-quasiconformal mapping ¢: C — C
conformal on C\ E, with Ky < K, the function c¢4: B — [0,00) defined by
es(B) = (¢ 1(B)) is in Ga. Then,

M"(E) < C(K) M"(¢(E))
for any compact set E C C, where hy(z,1) =1rey(z,r).
Proof. We factorize ¢ so that ¢ = ¢, 0- - -0 ¢y, where ¢; are K'/"-quasiconformal

mappings conformal on C\ ¢,_;(E), with n big enough so that K/ < 2. So we

have

¢n71 ¢n

E=E 5 2. . " g, 2 B =¢E)

By Lemma 2.9, we have
M"(B) = M"(Ey) < C M" (¢1(Ep)) = C M" (Ey),

where £1(B) = e(¢; }(B)) (notice that ¢ € G, by hypothesis).
Denote now e5(B) = €1(¢5 ' (B)) = (¢ (¢5'(B))) and hy(x,7) = req(mw, 7).
Since €1 € G, by the hypotheses above, by Lemma 2.9 again,

M"(E)) < M"™(E,).
Going on in this way, after n steps we obtain
M"(Eg) < M™ (Ey) < -+ < M"™(Ey),
with £ = Ey, E, = ¢(E), hy(z,r) =rey(z,r), and
en(B) = (01 (5 (-++ 6, (E)))) ~ (971 (B)) = e4(B). 0



14 X. TOLSA AND I. URIARTE-TUERO

2.6. Proof of Theorem 1.2 (b). Recall that p is a Borel measure supported
on E such that Wi, (x) <1 for all 2 € C and such that Cy,,(E) ~ p(E). We

know that M"(E) > C~'u(E), with h,, defined in (2.4) and a small enough.
Set

e(,1) = eua(9™ (B(z,7)))
and h(z,r) = re(x,7). By Lemma 2.4, e 0 ¢! € G, for any Ky-quasiconformal
mapping such that Ky < K. Then, by Lemma 2.10 we have

M (E) < C M"(¢(E)).

By Frostman’s Lemma there exists some measure v supported on ¢(FE) such that

v(p(E)) > C1M"¢(F)) with v(B) < h(B) for all balls B. Recall that
/ eu@(x,r)p/_l@ <1 forallzeC,
0 r

by (2.5). From Lemma 2.5 we deduce that this also holds with ¢ instead of ¢, 4,

and thus
00 p'—1 0o p'—1
/ (V(B(JS’T))) dr S/ (h(x,?")) dr <c
0 r r 0 r r

In terms of Wolft’s potentials, this is the same as saying that

mep(x) <C

for all z € C. Therefore,
Ciypp(9(E)) Z v((E)) Z M"($(E)) Z M"(E) 2 n(E) Z Cijpp(E). O

Y

2.7. The main lemma on h-contents.

Lemma 2.11. Let gy € G and set ho(x,r) = reo(z,r). Suppose that for any
Ky-quasiconformal mapping ¢: C — C, with Ky < K, we have € o) € Gy. Let
E C B(0,1/2) be compact and ¢: C — C a principal K -quasiconformal mapping,
conformal on C\ D. Denote

e(z, 1) = eo(p~H(B(x,r))) K/ EFD), h(x,r) = r?E e (z r). (2.9)

Then we have

M™(E) < C(K) M"(¢(E)) DK,

Proof. Consider an arbitrary covering ¢(£) C |J, B; by a finite number of balls
B; = B(x;,t;) (recall that ¢(FE) is compact). For each i, take also a ball D;
centered at ¢~1(x;) which contains ¢~!(B;) and which has comparable diameter.

We denote = |J, D;. Notice that £ C Q. Then we consider the decomposi-
tion ¢ = ¢y 0 ¢y, where ¢, ¢o are principal K-quasiconformal mappings. More-
over, we require ¢; to be conformal outside  and ¢, conformal in ¢;(Q)U(C\D).
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By Lemma 2.10, we have
M™(E) < MM(Q) < C M (61(9))
with N
h(z,r) = r&(z,r) == reo(d;  (B(x,r))).
Now we will estimate Mﬁ((bl(Q)) in terms of M"(¢(E)). For each i, let

D; be a ball centered at ¢, ' (x;) containing ¢;(D;) and such that diam(D;) ~
diam(¢1(D;)). Notice that we also have

BiC ¢o(D;)  and  diam(B;) ~ diam(¢o(D;)). (2.10)

By Vitali’s covering lemma there exists a subfamily of disjoint balls Ej, je J,
such that ¢ (F) C 515]-. Applying Holder’s inequality twice, the fact that
J(py!) € LE/E=1(4(Q)) because of the improved borderline integrability of
the Jacobian J(¢,') under the assumption that ¢y: ¢1(€2) — ¢(€2) is conformal
(by [ANO3, Lemma 5.2]), and (2.10), we obtain

M (on(6)) < 3 0(5D;) < €S R(Dy) = €Y dian(64(D,) 2(D)

JjeJ Jj€J jeJ

<C ; </¢<Dj> Y dm) 1/25(5]')

(K—1)/2K

<oy ( / T in) diam(¢(D,))/% (D)

~ (K+1)/2K
g (Z diam(@(D;))/ 4+ g(Dn?K”K”))

- (K+1)/2K
=€ (Z diam(B,)*/ "V g(D»ZK“K*”)

Notice now that

Recalling that
e(x,t) = eo(¢~H(B(z, 1)) /EFDand  h(x,t) = t¥EHe(2, ),

we deduce
) (K+1)/2K

M™(E) < CM"$,(Q)) < (J(Zh

jedJ
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If we take the infimum over all coverings of ¢(E) by balls B;, then we get

K+1

M (B) < OMM(6(E)) 5" O

2.8. Proof of Theorem 1.2 (a). By standard methods, we may assume that
¢ is a principal quasiconformal mapping, conformal on C \ D, and that E C
B(0,1/2) =: 1B (and so diam(¢(B)) ~ 1).

Let u be a Borel measure supported on E such that Wl“/p’p(x) < 1 for all
z € C and such that Cy,,(E) ~ u(E). We know that M™a(E) > C~'u(E).
If 0 < a < 1 is small enough, then ¢y := ¢,, satisfies the assumptions of
Lemma 2.10, and so

Mh“’“ (E) < C(K)Mh(¢(E))(2K_tK+t)/2K,

with h given by (2.9) (replacing ¢ there by €,,). By the definition of ¢ and
Lemma 2.5,

> = d o i d
| R [ o By
0 0

T r
> 1 d
e R
0

for all z € C.

Now we apply Frostman’s lemma again, and we deduce that there exists some
measure v supported on ¢(E) such that v(¢(E)) > C'M"(¢(E)) with v(B) <
h(B) for all balls B. So we have

~ /(B o -hgen
[ (28 ar_
0 rE+1 r

for all z € C. In terms of Wolft’s potentials, this is the same as saying that

Wc’;’q(:c) <C
for all x € C, with

2K 2Kp— K +1
aO=—7—— =
2Kp— K +1’ 1 K+1

Therefore,

2K

Caa(@(E)) 2 V(S(E)) Z Crypp(E) . 0

~
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3. STRATEGY FOR THE PROOF OF THEOREM 1.1

Sections 3-7 are devoted to the proof of Theorem 1.1. An equivalent way of
formulating this theorem consists in saying that if £/ C B(0,1/2) is compact and
¢: C — C a principal K-quasiconformal mapping, conformal on C\ B(0, 1), then

C 2k 2x41 (p(E)) > C_I’Y(E)%, (3.1)

2K+1’ K41

by appropriate normalizations. To prove this result we will use the following
tools:

e the characterization of analytic capacity in terms of curvature in Theo-
rem A,

e a corona type decomposition for measures with finite curvature analogous
to the one used in [Tol05] to study the behavior of analytic capacity under
bilipschitz maps,

e the main Lemma 2.11 on the distortion of h-contents under quasiconfor-
mal maps,

e improved quantitative estimates for the distortion of sub-arcs of chord arc
curves.

Let us describe the arguments to prove (3.1) in more detail. Given, £ C C
with v(E) > 0, let p be a measure supported on E such that u(F) ~ ~(E),
w(B(z,r)) < rforallz € C,r >0, and ¢;(z) < 1for all z € C. As in the
preceding section, for each a > 0 we construct the measure H" associated to p,
with he(x,t) = te,(z,t), where

eo(,t) = %/%(?)du(y%

and 1), is defined as in (2.2). To simplify notation, now we will write £, and h,
instead of ¢, , and h,,. The main Lemma 2.11 on the distortion of h-contents
tells us that i -
M"$(B)) 2 M™(E)=+ 2 u(B)=H,
where h is the gauge function defined by
h(z,t) = tQ/(K“)e(x,t), e(x,t) == sa(¢_1(B(x,t)))2K/(K+1),

with a > 0 small enough.

By Frostman’s Lemma we deduce that there exists a measure v supported on
¢(F) satistying v(¢(E)) ~ ,u(E)fgif1 and v(B(z,r)) < h(x,t). However, from the
last estimate we cannot infer that

WVQK 2K 41 (,I') S O fOI' all T € C, (32)

2K+4+1’ K41

as in the proof of Theorem 1.2, because now the estimate

W3isgpp(x) <C forallzeC

may be false.
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To obtain a measure v supported on ¢(F) satisfying (3.2) we will use the
information on the curvature of u. Indeed, by [Tol05, Main Lemma 3.1], there
exists some collection of squares Top(u) such that

> 0@ = C(uB)+ [ duta)) <Cuip). 33
Q€eTop(k)

where 0,(Q) = 1(Q)/0(Q) (here ¢(Q) stands for the side length of ()). For each
square () € Top(u) there exists some chord arc curve I'g (or a fixed finite number
of chord arc curves) satisfying some precise properties. Roughly speaking, if a
dyadic square P intersects E and ¢(P) < diam(FE), then it belongs to some
“tree” with “root” ) € Top(i) and P is close to the curve I'g. For more precise

information, see [Tol05].
It is easy to check that (3.3) implies that

Y. @@ < Cu(E).

Q€Top(u)

By Tchebytchev, we infer that for all x in a subset Ey C E with u(Fy) > u(E)/2,
> w@?<c

Q€Top(p): z€Q

Arguing as in the preceding section, this implies that

Q) \F
> (qopi)  =c (3.4)

Qee(Top(p)):x€Q

for all © € ¢(Ey). By Frostman’s Lemma, we deduce that there exists a measure
v supported on ¢(E) with v(2Q) < h(2Q) < h(Q) for all the squares @, and so

9 =
3 _vQ) N F
0(Q)2/E+D)
QEd(Top(n)):z€Q
In this inequality, if instead of summing over all the squares @ € ¢(Top(u))
containing x we summed over all ) € ¢(D) containing z, then we would obtain
(3.2), and thus

C oo a1 ((E)) 2 v(E) 2 p(Eo) &1 2 ~(E)%e,

2K+1 K41

In a sense, to extend the sum in (3.4) from the squares in ¢(Top) to the
entire collection of @) € ¢(D), we can use the geometric properties of the corona
decomposition (i.e. different scales). To be able to use this information, we have
to obtain improved distortion estimates for subsets of chord arc curves, in a more
quantitative way than the ones of [ACM108, Section 3] for rectifiable sets. This
is what we do in next section.
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To tell the truth, in the arguments above, when we apply Tchebytchev to obtain
the subset Fy C F, some of the delicate properties of the corona decomposition
for p are destroyed, and so we will follow a somewhat different approach, although
similar in spirit to the one outlined above. Because of this reason, we will need
to obtain a corona decomposition for u slightly different to the one in [Tol05].
We carry out this task in Section 5. The required measure v is constructed
in Section 6. A direct application of Frostman Lemma is not enough, and we
will have to use a more sophisticated argument more adapted to the corona
decomposition. Finally, in Section 7 we prove that the key estimate (3.2) holds
for v.

4. DISTORTION OF SUB-ARCS OF CHORD ARC CURVES

Our arguments are inspired by the ones used in [ACM™08] to obtain improved
distortion results for rectifiable sets. However, we need more precise quantitative
estimates.

Lemma 4.1. Let ¢ > 0 and let ¢: C — C be a (1 + €)-quasiconformal mapping
which is conformal on D, such that ¢'(0) = 1. Denote ag = 1 — coe?. Let
{IL,},, C ID be a collection of pairwise disjoint dyadic intervals.

(a) If co > 20, we have

S usm <X en))

where aqp = 1 — %6062, and b > 0 depends only on co; and C' on on cgy
and €.

(b) If
Y UI)e >4,

then

> UoI))= =8,

where ag = 1 — (2¢9 + 2)e? and & > 0 depends on §, ¢y, €.

Proof. (a) Let D; be the collection of the dyadic intervals of length 277 of 9D,
and set {I,} = {I7};,, with I7 € D;. Consider Whitney squares {Q’ };, C D so
that (Q7) ~ ((I7) ~ dist(Q7, I7). Denote by z/ the center of Q7. By Koebe’s
distortion theorem, we have

U$(@)) = ¢/ (z)|0(Q7) = ¢/ (z)] (1 = |z]) & |6 (2)] (1 — |z]), (4.1)
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for all z € Q7. Denoting ¢; = £(Q%) =277, r; =1—{;, and N; = #{[}},, using
Holder’s inequality we get

N; N;
63 o) ~ 43 (B(QI)) < / () [y )| dt
n=1 n=1 U, 1

e [ e ar
U J

1/p’ a1+§ / ity |a1p Hr
< NP U @ (rye) |7 dt
Un It

for 1 < p < 0o. Since ¢ is (1 + e)-quasiconformal, we have the following estimate
for the integral means:

, C

| emenma<=

U, 1 14 i

with 5 > ((q). Recall also that

So if we choose 3 = 9¢2¢?, we get

N4
J N o 1/0 a1—1+i—952a2p
> Uom) ™ < N v
n=1
1 . )
Replacing N; = 75 fo;l ((17)*, we obtain
J
Nj . Nj . 1/p/ a1 — L _20_9gg242
Sottotrpyn < (S ) I, (12)
n=1 n=1

Since ag < 1, if we set g = 1 — cpe? and oy = 1 — 12, we get
1 « 1 «
al—l—i——,——?—96204%02041—1#——,——?—952])262(00—01—9])) =: q.
p p p p
Since ¢g > 10, we can choose p € (1,00) and ¢; > 0 such that
Co —C1 — 9]) > 0,
and so a > 0. By (4.2) and Hoélder’s inequality we get
1/p' 1/p

Since a > 0, we have »_, (7" < C(co,€), and the statement (a) in the lemma
follows.
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(b) We use the same notation as in (a). Let £, = max, ¢([,), and denote
Zy =L, : ¢/ (z)] < UL)" Y,
where v > 0 is some small constant to be chosen below. Then we have

B dt c(3)
gz <
5T S e < T

for > B(—1). So we infer that
D UI) =10 #2; < C(B) T

IEZj

Assuming that
y—=PF+a—1>0, (4.3)
summing on j > 0 and setting Z = Uj Z;, we get
DU <CB)Y G < OB ye) G
Iez 320

Therefore, if £, is small enough (depending on [,v,d,¢) we infer that
e ()™ < 2 and so

oo 0
> eI > 5
1¢7
For the intervals I ¢ Z we use (4.1), and we obtain
1 t(o(1))
(1) ~ Lo(l)) < ,
D= gt O = Ty
where z; = 2J if I = I7. We deduce
J
hd a0 ao/(1+7)
S <3 ey < 3 o), (14)
1¢2 ¢z

Therefore, (b) holds if £, is small enough and we choose ( and ~ such that
(4.3) is true, that is, if

v > B+ coe? (4.5)
Using the estimate
K—1\?
—q) <9 ——= 2
s-0 <9( 57
we derive 3(—1) < Ze®. Thus, (4.5) holds if we choose
v = (34 co)e?,

say. Then we have
ag  1—cE?
1+v 14 (3+co)e?

> (1= coe?)(1 = (3+cp)e®) > 1 — (3 + 2¢0)”.
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From (4.4) we deduce

N

<N U(@(I,)) e,

if 4,4, is small enough, i.e. if £,,,. < [y, where [y is some constant depending on
Cp, E.

The case where /,,,, is not small follows easily from the preceding estimates.
Indeed, let F be the family of dyadic intervals obtained by splitting each interval
I,, into 2V pairwise disjoint dyadic intervals, with N big enough so that each
interval from F has length smaller than /y. If we have

IL,=LU...Uln,
with I} € F, then we get

2N
() < Sy,
j=1
and thus, 6 < >, - £(1)*. So we infer that

§ <D UGI)) RO < NN (1)) B

IeF

with N depending on ¢y, €. U

Lemma 4.2. Let ¢ > 0 and let ¢: C — C be a (1 + €)-quasiconformal mapping.
Denote ag = 1 — coe?. Let {I,}, C 0D be a collection of pairwise disjoint dyadic

tervals such that
Zg(jn)ao 2 507

with oy = 1 — cpe®. Then we have

> U(1,))" > § diam(p(D))*,

where oo = 1 — Ce? and § > 0 depends on 6, co, €.

Proof. The lemma follows by combining (a) and (b) in the preceding lemma:
arguing as in [ACM108], we write ¢ = f o g~ oh, so that f,g,h are (1 + Ce)-
quasiconformal and moreover h is principal and conformal on C \ D (and so
diam(h(D)) =~ 1), f, g are conformal on D, and f(ID) = ¢(D) and ¢g(D) = h(ID). So

h

D - h(D) L5 D L ().

From (b) in Lemma 4.1 we infer that

D (L)) =
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with o/ =1 — (', By (a) in the same lemma we get
S tlg o h(I,) > ¢,

with o’ = 1 — C"e?% and by (b) again,

1"

S Ufo g7 o h(L)*" > 8" diam(¢(D))"",

where o/ =1 — C"'e2. O

Lemma 4.3. Let ¢: C — C be a K-quasiconformal mapping. Let {I,}, be a
family of pairwise disjoint sub-arcs of 0D such that

> M) =6,

with 6 > 0. Then,
> Ué(1,)" = & diam(p(D))",

where &' is a positive constants depending only on K, §; and o depends only on
K and verifies

< a<l.

K+1

Proof. By appropriate standard arguments, we may assume that diam(¢(D)) = 1.
We factorize ¢ = ¢o0¢; so that ¢;, ¢ = 1, 2 are K;-quasiconformal, with K; = 1+«
and Ky = K/K;, and so that diam(¢(D)) = 1. By quasi-symmetry we may
assume that the intervals [, are dyadic. By Lemma 4.2 we have

> Upi (L) > b,

with

>0 (4.6)

TTAMTE 1+1
if € is small enough.

To estimate the distortion of the arcs ¢;([,), we consider a family of pair-
wise disjoint balls B,, centered on ¢;([,) with radii r,, =~ ¢(¢1([,)), and so that
diam(¢y(B,)) ~ l(¢(1,)). Take a constant K) > K, to be fixed below. By
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Holder’s inequality, we have

2
n B

n

;e(qﬁl(fn))al ~ 3 < </( ) X l)d:c)alp

where chose

1 Ki—1
p 2K,
Notice that K}/(K}, — 1) < Ky/(Ky — 1) and then

So we get

arp’ \ /P
0= Y ttantrr <o Seoun )

To show that the lemma holds in this particular case, it is enough to take

/
_oqp
K}’

and then it remains to check that 2/(K + 1) < a < 1. To this end, observe that,
by (4.6) and (4.7),

1 - Kl —1
p  (Ki+ 1)Ky
and thus

1 KiK)+1

— < Y-
P (K1 + 1K
From this estimate and (4.6) we obtain

/
a1p

(2 N Kl 2 K
Ky, C\K 1 T KR 1T KRk, + 1 TR, 1

From this inequality (with given K = K K, and ) it is clear that if K7 is close

enough to Ky (with K} > K5), then

Oélpl 2
o =

> .
K, " K+1
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To show that « < 1, notice that (4.7) implies that

1 Ki-1
- < ,
p 2K
and then one easily gets
T
Py
and thus ) )
a1p p
= <= < <1
“T Ky K, K +1
since K > Ky > 1. O
Remark 4.4. The preceding arguments show that, choosing a suitable K7, one
gets
2 Ki+1 2 1
a > + Ui > + 1

“K+1 2K+1  K+1 2K+1°

Lemma 4.5. Let ¢: C — C be a principal K-quasiconformal mapping, and let
I' C C be a chord arc curve. Let {I,}, be a family of pairwise disjoint subarcs of

I' such that
ZE([n) > ¢ diam(T"),

with § > 0. If the chord arc constant Cr is close enough to 1, that is, |Cr—1| < g
with g = £o(K), then

> U(¢(1,))* > ¢ diam(p(I))",

where &' is a positive constant depending only on K, §, and the chord arc constant;
and a depends only on K and verifies

2
K+1

Recall that a chord arc curve is the bilipschitz image of an interval. The chord
arc constant is the bilipschitz constant (or the infimum over all the possible
bilipschitz constants).

Notice that the above result can be understood as a quantitative version of
the result of [ACMT08] which asserts that if F' is rectifiable, then dim(¢(F)) >
2/(K +1) — ¢(K), where ¢(K) is some positive constant depending only on K.

< .

Proof of Lemma 4.5. If T" is a circumference or a segment, then the result follows
from Lemma 4.3 by appropriate normalization.

In the case of a general chord arc curve with small constant, we consider a
bilipschitz parametrization f: J — I', where J is a segment with ¢(.JJ) = diam(T),
so that the bilipschitz constant C'y of f very close to 1:

|Cr — 1] < ¢(K) with ¢(K) — 0 as ¢o(K) — 0.
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By a theorem of Viiséld [V&i86], f can be extended to a bilipschitz mapping
f: C — C with constant C'f depending on C very close to 1 too. In particular

[ is quasiconformal with constant K7 — 1 as g9(K) — 0.
Using the auxiliary mapping ¢g = ¢ o f, we deduce that

> Uo(In)™ > ¢ diam(I')*,

2
with a such that a > m For K close enough to 1, we have
2
> . g
TR+l

5. A CORONA TYPE DECOMPOSITION FOR MEASURES WITH FINITE
CURVATURE AND LINEAR GROWTH

Throughout all this section we suppose that p is supported on £ C B(0,1/2),
and satisfies

u(B(xz,r)) <r forall xzeC,r>0; ci(x) <1 forallzeC.

As explained in Section 3, our objective is to construct a corona type decomposi-
tion for u, which has some similarities with the one of [Tol05]. This corona type
decomposition will be used in Section 6 to find a measure v supported on ¢(F)
with bounded potential W”QK 2K41 -

2K+4+1 K41

5.1. Additional notation and terminology. By a square we mean a square
with sides parallel to the axes. Moreover, we assume the squares to be half closed
- half open. The side length of a square @ is denoted by ¢(Q). Given a > 0, a@Q
denotes the square concentric with @) with side length af(Q). A square Q C C is
called 4-dyadic if it is of the form [j27", (7 +4)27") x [k27", (k 4+ 4)27"), with
7, k,n € Z. So a 4-dyadic square with side length 4 - 27" is made up of 16 dyadic
squares with side length 27".

Given a,b > 1, the square @ is (a,b)-doubling if u(a@) < bu(Q). If we don’t
want to specify the constant b, we say that ) is a-doubling. If h, is the function
defined in (2.4), we say that @ is (h,, b)-doubling if

ha(Q) < bu(Q),

which is equivalent to £,(Q) < b,(Q). Notice that if Q is (h,, b)-doubling, then,
for all ¢ > 1 there exists some d > 0 depending only on a,b, ¢ such that @ is
(¢, d)-doubling.

Given a bijective mapping ¢: C — C and a square @), one says that that ¢(Q)
is a ¢-square, and then one defines its side length as ¢(¢(Q)) := diam(Q). If
Qo is a dyadic (or 4-dyadic) square, we say that ¢(Qy) is a dyadic (or 4-dyadic)
¢-square. If Q = ¢(Qo) is a ¢-square, we denote \Q) = ¢(AQy), for A > 0.
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An Ahlfors regular curve is a curve I' such that H'(I'N B(z,r)) < Cr for all
x €T, r >0, and some fixed C' > 0. Recall that I' is a chord arc curve if it is a
bilipschitz image of an interval in R. If the bilipschitz constant of the map is L,
we say that I' is an L-chord arc curve.

The total Menger curvature of p is

) = [ o duto)
with ¢ () defined by (1.3). The curvature operator K, is

K, (f)(x) = / k() f)duly),  f e Lhu(u) z € C,

where k,(z,y) is the kernel
1
k = | ——=d e C.
H(xvy) /R(I,y,Z)Q ,u(z), 5573/
For j € Z, the truncated operators K, ;, j € Z, are defined as
Kud@= [ ) J@ ). e L), e T
T—y|>27

Notice that c(z) = K,(xg)(z).

5.2. Properties of (h,,b)-doubling squares.

Remark 5.1. Let () be a square and x its center. For N > 1, we have
1

ca(@) ~ Q) / <xy)1+a +1 duly)

Q)

lz—y|

Q)

L) 1 1
<Y 4 519 7D e ()™ e

where Qu := 2¥Q and the constant C' depends on a but on N. Since

1 1 9—aN 1
Q) /C\QN W W) = 700 /C - W du(y)

Q) LQN)
< C(a)27N 2,(Qx),

we deduce
£.(Q) < C(a) (Z 27%9,(21Q) + 27N sa(QN)). (5.1)

The converse inequality is also true, but we will not need it.
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Lemma 5.2. Given a > 0, let b > 0 be some constant big enough. Let Q) be a
square, and suppose that 277Q is not (hy,b)-doubling for 0 < j < N. Then,

0,277Q) <279 ¢,(Q) for 0<j<N, (5.2)
and
N
D e(27Q) < Ceu(Q), (5.3)
j=0

with C' independent of N.

Proof. By (5.1), the fact that 277Q is not (hg, b)-doubling for 0 < j < N implies
that

j—1
0.(27Q) < %EQ(WQ) < % (Z 27%,(2777*Q) + 2‘%@(@)), (5.4)
k=1

where '35 depends on a. Notice that the sum above starts with k£ = 1, while the
one in (5.1) starts with j = 0 (we used the fact that 6,(277Q) < C0,(2771'Q)).
We prove (5.2) by induction on j. For j = 0, this is a direct consequence of
the definition of (h,, b)-doubling squares. Suppose that (5.2) holds for 0 < h < j,
with j < N — 1, and consider the case j + 1. Using (5.4) and the induction

hypothesis we get

5(2771Q) < P (oo, 2 4Q) + 20, Q)

k=1

Cs ! —ako(—j—1+k)a/2 —a(j+1)
< G (L, @)+ 200z,Q)

k=1
Since '
Zj:zakQ(lerk)aﬂ < C(G)Qfaj/Q’
k=1
we obtain
Qu@_j_lQ) < M (Q—Gj/2 + 2—a(j+1)>5a(Q).

If b is chosen big enough, we get
0,(27771Q) < 27U, (Q).

The estimate (5.3) is a straightforward consequence of (5.2), using Cauchy-
Schwartz inequality. We leave the details for the reader. O

Let b = b(a) > 0 be big enough so that (5.2) and (5.3) hold. It is immediate to
check that if @ is (hg, b)-doubling and R D @ is a square such that /(R) < 44(Q),
then R is (h,,Cyb)-doubling. We say that a square R is h,-doubling if it is
(ha, Cyb)-doubling.
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Let @, R be squares with ¢(Q) < ¢(R). We denote
DH(Qa R) = Z ga(sz)27

J:QC2IQCRg

where Rg denoted the smallest square of the form 2/Q) that contains R. The
preceding lemma says that if () C R and there are no h,-doubling squares of the
form 2/Q) such that Q C 27Q C Rq, then D,(Q, R) < Ce,(R)*.

The definition of D, (@, R) can be extended in a natural way to the case where
@ is replaced by a point. In this case the sum above runs over all squares centered
at o with side length 27, j € Z, which are contained in R,, where R, is the smallest
square centered at x that contains R.

Remark 5.3. Let 1 be any Radon measure on C, and let d be big enough. Then,
for p-almost all x € E, there exists a sequence of (2, d)-doubling squares {Q, },,
centered at = such that ¢(Q,) — 0. However, this statement is false if we replace
(2, d)-doubling squares by (h,,d)-doubling squares when a is small. The reader
can check that this is the case for planar Lebesgue measure, for instance.

5.3. The family Bad(R). Let R be some fixed 4-dyadic square such that %R is
he-doubling. In this subsection we will explain the construction of a family of
4-dyadic squares called Bad(R).

Let A > 10 be some big constant to be chosen below, § some small positive
constant (§ < 1/10, say) which depends on A; and €y another small constant with
0 < g9 < 1/100 (depending on A and §). Let @) be a square centered at some
point in 3R Nsupp(u), with £(Q) = 27"¢(R), n > 5. We introduce the following
notation:

(a) If 0,(Q) > Ab,(R), then we write Q € HD.(R) (high density).
(b) f @ ¢ HD.(R) and

1
p{z € Q: Kyyqoxe(®) — Ky jm-2xe(x) > b, (R)*} > 5#(@),

then we set () € HC.(R) (high curvature).

(c) If @ ¢ HD.(R) U HC.(R) and there exists some square Sg such that
Q C 1555, with £(Sq) < ((R)/8 and 6,(Sq) < §6,(R), then we set
Q) € LD.(R) (low density).

For each point € 3RNsupp(u) which belongs to some square from HD.(R)U
HC.(R)ULD,.(R) consider the largest square Q, € HD.(R)UHC.(R)ULD.(R)
which contains z. Let @x be a 4-dyadic square with side length 44(Q,) such that
Q. C %@x Now we apply Besicovitch’s covering theorem to the family {@x}x
(notice that this theorem can be applied because = € %@x), and we obtain a

family of 4-dyadic squares {Q\xz}z with finite overlap such that the union of the
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squares from HD.(R)UHC.(R)U LD.(R) is contained (as a set in C) in |, Qa,-
We define R

Bad(R) = {Qu 1.
Notice that the squares @@ € Bad(R) satisfy ¢(Q) < ¢(R)/8. If Q., € HD.(R),
then we write Q,, € HD(R), and analogously with HC,(R), LD.(R) and HC(R),
LD(R). We also denote

GR)=3Rr\ |J @ (5.5)

QeBad(R)

Remark 5.4. The constants that we denote by C' (with or without subindex) in
the rest of Section 5 do not depend on A, 4, or gy, unless stated otherwise.

To define the squares Bad(R) we have followed quite closely the arguments in
[Tol05]. However, there are a couple of small changes: in [Tol05] we ask the square
R to be (70,5000)-doubling instead of (h,, b)-doubling. Moreover, in [Tol05] the
squares from HD.(R), LD.(R), and HC.(R) are asked to be (70,5000)-doubling
and then the resulting squares from Bad(R) are (16,5000)-doubling. Now, for
convenience, we have not asked any doubling condition on these squares, although
below we will need other stopping squares to be doubling (in fact, h,-doubling).

The squares from Bad(R) satisfy the following important properties:

Lemma 5.5. Let 0 < p < 1 be some fized constant. Let R be a 4-dyadic square
such that %R is hg-doubling. Given A and 0 as above, if €y is chosen small
enough (depending on A,d,p), there are constants Cs = C5(A,d) > 1 and Cg =
Cs(A,0) > 0, and there are Ny chord arc curves with constant (1 4+ p) whose
union we denote by I'g with the following properties:

(a) G(R) C I'g;

(b) any square @ € Bad(R) satisfies

Cs:QNT'r # 2;
(c) if P is a square concentric with @ € Bad(R) and C5((Q) < {(P) < {(R),
then
C10,(R) < 6,(P) < Caf(R).
The constant Ny depends only on A,d, and p.

For the proof of this lemma, see [Tol05, Section 4]. One only needs to make
very minor adjustments for that arguments to work in our situation. See also
[CTO08, Subsection 2.3] concerning the fact that one can take chord arc curves
(in the original arguments in [Tol05] I'g turns out to be an AD regular curve).
We will not go through the details.

Remark 5.6. It is easy to check that the property (c) in the preceding lemma
implies that the squares P from (c) are (h,, ¢)-doubling, with ¢ depending on A
and 9.
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We also have:

Lemma 5.7. Given A > 0, if § and €y are chosen small enough, then for any
4-dyadic square R with lR he-doubling, we have

(Qeg Q) < 1 )

For the proof, see [Tol05, Section 7]. Again, the arguments there work with
very minor adjustments.

5.4. The families Sel(u), Sels(p), and Sel,(u). In the corona construction
from [Tol05] one constructs recursively the familiy of squares Top(u) mentioned
in Section3. In this subsection we construct a quite analogous family which we
will denote by Sel(u) (the “selected squares”). We use another notation because
the family Sel(u) will have significant differences with respect the family Top(u)
of [Tol05].

First we have to distinguish two types of h,-doubling squares:

Definition 5.8. Letn > 0 be some constant to be fized below (in Section 7), which
will depend on A, 6, €9, p, K (recall that K is the distortion of the quasiconformal
mappmg $). Let R be a square such that 3R is hy-doubling. We say R is of type

S if
(U @ngr)zgu(sr).

QeBad(R):
UQ)=nt(R)

Otherwise, we say that R s of type L. The letters S and L stand for “short” and
“long” trees, respectively (this terminology will be more clear below).

Before constructing the families Sel(u), Sels(p), and Sely (1), we have to define
the family of terminal squares 7 (R).

5.4.1. Definition of 7(R) when R is of type S. Let R be a square of type S,
so that %R is h,-doubling. For x € 3R, consider the biggest 4-dyadic square @), of
type L containing z, such that %Qx is h,-doubling, and such that £(Q,) < ¢(R)/8,
if it exists. Let 7o(R) be the collection of these squares @,. We denote by F(R)
the subset of those points € 3R such there does not exists such a square Q).

By Vitali’s covering theorem there exists a subfamily 7 (R) C 7o(R) such that
the squares {5Q}ger(r) are pairwise disjoint and so that

U sec |J 10

QETH(R) QeT(R)
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Since the squares (), that intersect %R are contained in R and they are doubling,

u( U QmR)zO;m(%R\F(R))

QeT(R)

5.4.2. Definition of 7(R) when R is of type L. In this case

1 1 /1
- >—ul ZR ).
w(G(R)) +u< U en 25’) > 2#(2R>
QeBad(R):
(Q<nt(R)

If 5(G(R)) > : w(3R), then We set T(R) = @.

2
Suppose now that 1(G(R)) < 3 p(3R). Then,

1 1 1
"Ry >Zul ZR).
QeBad(R):
HQ)<nl(R)
Recall that, the squares C5() in Lemma 5.5 are doubling (in fact, (h,, ¢) doubling,

with ¢ = ¢(A, §), by Remark 5.6). We assume that the constant 7 in the definition
of L squares is small enough so that

C50(Q) < £(R)/100 if £(Q) < né(R),

say. By Vitali’s covering theorem, there exists a subfamily

{Sj}jern C{C:5Q : Q € Bad(R), £(Q) < nl(R)} (5.6)

such that the squares 55}, j € Iy, are pairwise disjoint and contained in R and,

moreover,
u( U s ﬂR) > Clu(%R> > G5 pu(R),

JEIR
with Cg depending on A, ¢ (but not on 7).

Take a square Sj, j € Ig, such that S; N R # &. For each x € £ NS,
consider the biggest square P, centered at x, with ¢(FP,) < £(S;)/16, which is
(ha, b)-doubling, with b as explained just above Remark 5.3, in case such a square
exists. We denote by F) (R) the subset of those points x such there does not exists

such a square. Denote by P, a4 dyadic square with side length 4¢(P,) such that
P, C 1P Notice that the squares P are h,-doubling.

By Vitali’s covering theorem, there exists a subfamily {]31}Z C {lgm}:,;e ENS;\F;(R)
such that the squares 5F,, are pairwise disjoint, and

Wi\ Fy(R)) < cw(g 13)
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We define 7;(R) := {P,,};, and finally
T(R) = | Ti(R).

JjElR
We also set

F(R):= | ] F;(R).

JEIR

5.4.3. Definition of Sel(u), Sels(u), and Sely(p). The family Sel(u) is con-
structed recursively. Let Ry be a 4-dyadic square with ¢((Ry) ~ diam(E) such
that F is contained in one of the four dyadic squares in %RO with side length
((Ry)/4. The first square of Sel(u) is Ryo. The next squares that we choose as
elements of Sel(u) are the ones from 7 (Rp). And, now the ones that belong to
7T (R) for some R € T(Ry), an so on.

In other words, Sel(y) is the smallest family of 4-dyadic squares that contains
Ry and which has the property that if R € Sel(u), then the squares from 7 (R)
also belong to Sel(u).

The family Selg(p) is made up of the squares from Sel(u) of type S, while
Sel, (i) is the subfamily of the squares from Sel(u) of type L.

5.5. The packing condition for squares in Tree(R), R € Selg(u)-

Definition 5.9. For R € Selg(u), we denote by Term(R) the collection of dyadic
squares @ such that Q C 3P for some P € T(R), so that, moreover, @Q is
mazimal. We call them terminal squares.

We denote by Tree(R) the family of dyadic squares that are contained in R and
that are not properly contained in any square from Term(R).

We also set

End(R)=ENR\ |J P
Q€eTerm(R)
Notice that the points in End(R) can be considered as terminal squares of

Tree(R) with zero side length.
The main objective of this subsection consists in proving the following result.

Lemma 5.10. Let R € Selg(p). Then,
D 2alQ)’ Q) < C(A, 6,20, mi(R).

Q€ETree(R)

The main tool for the proof will be the corona construction of [Tol05]. To
state the precise result that we will use, we need to introduce some notation.
Let R be a 4-dyadic square such that %R is hy-doubling. Next lemma deals with
a family Topg(p) of 4-dyadic squares satisfying some precise properties. Given
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Q € Topg(p), we denote by Stop(Q) the subfamily of squares P € Topg(p)
satisfying
(a) PN3Q £ 2.
(b) L(P) < £(Q)/8,
(c) P is maximal, in the sense that there are not other squares {P;}, C
Topg (i) with €( 7) < {(P) such that P C |J; P;.

We also denote B
G =3QnE\ [J P
PeStop(Q)
Lemma 5.11 ([Tol05]). Let p be a Radon measure supported on E C C such
that w(B(z,r)) <r for allz € C, r > 0, and *(paor) < oo. Let A > 10 be big

enough and 6,9 > 0 small enough. Let R be a 4-dyadic square such that %R 15
hq-doubling. There ezists a family Topg(u) of 4-dyadic squares contained in 4R
such that

Y 0,QPu(Q) < C(A,6,5) (u(R) + ¢ (1por)), (5.7)
Q€Topg (1)
and such that for Q) € Topg(p), if P is a square with ({(P) < ((Q) such that either
PN G(Q) # @ or there is another square P' € Stop(Q) satisfying PN P # &
and ((P") < {(P), then
(a) 6,(P) < CA0(Q),
(b) every square P" concentric with P such that P C P" C 5R and D, (P, P")
> Cy(A,0)0,(Q)?, satisfies

0,(P") > C7'60,(Q).
(c) every square P" such that $P" is h, doubling and P C 3P", P" C 5R and
D,(P,P") > C(A,8)0,(Q)?, satisfies

p{z € P K, sprysi0xe(®) — Ky jm-axe(r) > &0,(Q)°} < B u(P"),
where 0 < B < 1 is some fized constant.

Some remarks about the choice of the constants A 5,5 ,€0, 0 in the preceding
lemma are in order: first, A can be taken as big as desired. After choosing A
one has to take & < &;(A), where &;(A) is some fixed small constant, and finally,
one has to choose £y < €1(4,d, 3). In particular, the preceding lemma holds for
all £y small enough, at the price of increasing the constant in the right side of
(5.7) as g9 — 0.

In [Tol05], the reader will not find an exact statement such as Lemma 5.11.
In fact, in [Tol05], every square %Q, with @ € Top(u), is (32,5000)-doubling,
instead of h,-doubling. Also, Lemma 5.11 is proved only in the particular case
where £ C R. However, the same arguments, with very minor changes, work
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with the assumptions above. On the other hand, the corona decomposition of
[Tol05] also states the existence of curves I'g satisfying properties similar to the
ones of Lemma 5.5. However, this information is not useful to prove Lemma 5.10,
and so we have skipped it.

Lemma 5.12. Let Qg € Topg(i), and let Q be a be a 4-dyadic square such that
QN3Qy # T, Q) < L(Qy)/8, and so that %Q is hq-doubling. Then there exists

a collection of squares or points {P;}; contained in @ such that

(a) each P; is contained either in a union of squares from P € Term(R) U
End(R), or in 3P, for some P € Stop(Qo), s
(b) D,(P;,Q) < MO,(Q)* if L(P;) < UQ), with M depending on A, 9,

(c) and
M(Q N U B) > 7(Q),

assuming that the constants A, g, 0, g, €0, €0, 3 are chosen appropriately.

In this lemma, by convenience we understand that the points in End(R) are
squares with zero side length. To prove it, we will make essential use of the fact
that R is of type S.

Proof. If the square @ is of type L, then @ is contained in 3P for some P € 7 (R),
and so (@ is contained in a union of squares from Term(R), and then the lemma
holds. If every square T which intersects 3@ and such that D, (T, Q) > M6,(Q)?

is contained in 3P, for some P € Stop(Qp) U G (Qo), we are also done. Therefore,

we may assume that () is of type S and that there exists a square 7' which
intersects 3@ such that D,(T,Q) > M0,(Q)? satisfying T N P # & for some

P € Stop(Qo) U G(Qo) with ¢(P) < ¢(T) (otherwise, T C 3P). This condition
implies that

C160,(Qo) < 0,(Q) < CA,(Qu),

by conditions (a) and (b) of Lemma 5.11, assuming M big enough.
Since @ is of type S, there are squares S; € Bad(Q) such that nf(Q) < ¢(S;) <
0(Q)/8, with S; N 1Q # @, and

1 /1
)= (la)
M(U ) = 2@
By Lemma 5.7, if 0 is small enough, there are squares {S;}icr,, C HD(Q) and
{Si}icrye € HC(Q) such that

u(' U si)zi GQ).
i€lgpUlyc

Notice that if S; € HD(Q), then
0,(S;) > C7140,(Q) > C71A480,,(Qo) > 0,(Qo)
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if we choose A such that Ad > A. Then it is easy to check that 5; satisfies the
conditions (a) and (b) of the lemma. Condition (c) also holds if

1 /1
> Z0).
“(U SZ) = 8“(2Q>
i€lgp
If the latter condition fails, then we have
1 /1
> Zu(Z0).
u(U SZ> > 8#(2Q>
i€lgco

Let {]/%}] be a family of 4-dyadic squares or points such that %f’j he-doubling for

~

S; with finite overlap, with ¢(P;) < £(Q)/100, so that

D.(P;,Q) < C(n)6,(Q)*.

By Tchebytchev, it is easy to check that there exists a subfamily {]3]-}]-6 J C {f’j}j
such that for each j € J,

,u{x € P Ky sppy+10XE(T) — K s@)-aXxe(T) > 50‘%(@)2} > Cho' u(Py),
with

all j, which cover | J

i€lyo

u( U 1%) > C™u(Q).

jed
Notice that for z in a big piece of each square ]3j, jed,
K58y +10XE(®) = Kus@o-axe(®) 2 K, ;) 110XB(@) = Ky -axe(T)
> 00,(Q)? > C16%00,(Qo)?.
Thus if we choose £y small enough so that g < 5260, and we also take 0 <
Cio', then one can find squares {P/}; contained in 2P; which cover 1P; with

D, (P!, P;) = C6,(Qy), so that the family UjeJ{Pij}i satisfies all the required
properties. We leave the details for the reader. O

For @ € Topg(n), we denote by Treeg(Q) the family of dyadic squares from
Tree(R) that are contained in 3@ and contain either some of the sixteen dyadic
squares of equal length that form one square from Stop(Q), or some point from

G(Q).
Lemma 5.13. For each @ € Topg(u),

Y clP)u(P) < C(A,6,20,m)2a(Q)1(Q). (5.8)

PcTreer(Q)
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Proof. For x € C we define the function

F(z) = max &,(P)?, (5.9)

where the notation P ~ (x,k) means that P is a 4-dyadic square containing =,
with ¢(P) = 27% such that some of the 16 dyadic squares of equal side length
that form P belongs to Tree(Q). From the definition, it easy to check that
F(z) = 0if z € CQ, for some fixed C' > 1. To prove the lemma we will show

that ||F|| 1) < Cea(Q)*1(Q).
For A > 0, denote

Oy ={z€C: F(x) > leo(Q)*}.
For x € Q,, let k, be the minimal integer such that

P)? 2
pnax ea(P)” > Aea(@),
k<ky

and let S, ~ (x,k;) be such that ga(gz) is maximal. Let S, be the smallest

4-dyadic square such that 35, is h,-doubling and contains S,. If £(S,) > £(Q),
from Lemma 5.2, it follows easily that

D,(5:. Q) < Ciiza(Q),
where C'1; may depend on g, 5.... This implies that

F(z) < Ca4(Q)?,

with C5 depending on Cf;.
Assume that A > Ci2. In this case, ((S,) < ¢(Q). From Lemma 5.2 and the

fact that for all P € Treer(Q), eo(P) < C(A)e,(Q), one infers that
D#(gw,sz) < Ch124(Q)*.
From this estimate, one deduces that
Fy) > (A= Ciy)ea(@)®  forally € S,
with C}3 depending on C1;. So we have

Q>\ C US;,; C Q)\_CB.

From the doubling properties of the squares S,, there exists a subfamily {S,,}
such that the squares from this family are pairwise disjoint and

u<U S) > C‘lu(g Sx).
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We may cover each square %Swi with a family of squares {T;}] such that each
5T% is he-doubling. By Lemma 5.12, for each T? there exists some subset A such
that p(A%) > C~'u(T}) and
F(z) <A+ C
(because of (b) in Lemma 5.12 and because D,(T},S,,) < C). Using some
appropriate covering theorem (like Vitali), one infers that for each i there exists
A; C S,, such that u(A;) > C1u(S,,) and F(z) < A+ Cyy on A;.
Since A; C Q—cys \ Qaroy,, we deduce

Qcr) = pron) = D p(A) 2 C71 ) p(Se) = Cigl ().

Thus,
M(Q)\-I—CM) < M(QA—013> - C;E)IN(QA)' (51())
We have
Pl < 2@ [ 1O 0 < Cuca(Q(CQ) +2u(@)7 [ plst)dn
0 Ci2

We may assume that Cs, Ci3, C4 are integer constants. Then,

JAESITED SpTeR)

Ci2 k>Ch2

From (5.10), one can easily check that 1(€) decreases geometrically as k — oo
and that

> u() < Ou(@Q),

k>C12

and then the lemma follows. O

Proof of Lemma 5.10. Let Topg(u) be the family described in Lemma 5.11.
Since ¢, (x) < 1 for all 2 € C, we have

> 0.QuQ) < C(A,8,5)u(R). (5.11)

Q€ETopp (k)
Notice that
Tree(R) C U Treer(Q).

QETopr(u)

By the preceding lemma, for each @ € Topg(u),
> calPPu(P) < C(A,6,60,m)2a(Q)*1(Q).

PeTreer(Q)



QUASICONFORMAL MAPS, ANALYTIC CAPACITY, AND NON LINEAR POTENTIALS 39

Together with (5.11) and the fact that £,(Q) ~ 6,(Q) for @ € Topg(n), this

yields
S oaPur s Y Y PP
PeTree(R) Q€cTopg(p) PETreer(Q)
<C D) 2lQ)p(Q) < Creu(R),
QETopr (1)
with Cig depending on all the parameters 7, A, d, €. U

6. CONSTRUCTION OF THE MEASURE v FOR THE PROOF OF THEOREM 1.1

In this section we will prove the estimate (3.1) following the ideas explained in
Section 3. To this end, using the corona decomposition of the preceding section

we will construct a measure v suported on ¢(£) such that v(¢(E)) ~ fy(E)I%:I
and W o (z) S1forall z € ¢g(E).

2K+1’ K+1
6.1. Preliminaries. Next lemma is just a rescaled version of Lemma 2.11

Lemma 6.1. Let p be a finite continuous (i.e. without point masses) Borel
measure on C. For a > 0 small enough (depending only on K ), denote

o) =B = [a(L ) dul) hulnt) = o),

with ¥, as in (2.2). Let ¢: C — C be a K-quasiconformal mapping and set

c(@,t) = a9 (Ble, D), hlr,t) = 175 e(a, 1), (6.1)
If E C C s a compact subset contained in a ball B, we have

M"(E) MMG(E) )
Jiam(B) = H) (diam(gb(B))Kil) '

Lemma 6.2. Under the same hypotheses and notation of Lemma 6.1, given any
square () C C, if

M"(Q N E) > Ci7h,(Q)
with Cy7 > 0, then

M"($(Q N E)) = Cish(6(Q)),
with Cig > 0 depending only on Ci7 and K.

Proof. We have
MP(Q N E)

o) > Ceq(Q).
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Then, by Lemma 6.1,

MAOQNE) | o2
SR

which is equivalent to M"(¢(Q N E)) > Cish(p(Q)). O

Recall that the assumption M"2(Q N E) > Ci7ha(Q) is satisfied by the squares
from Sel(y) in the corona construction in Section 5.

To construct v we will use the structure of 4-dyadic squares from Sel(y) intro-
duced in the preceding section. We denote Sel(v) := ¢(Sel(u)), and analogously
for other families of squares such as Selg(v), Sel(v), etc. Given a 4-dyadic ¢-
square R € Sel(v), we denote 7,,(R) := ¢(7 (¢ (R))) and F,(R) := ¢(F (¢~ (R))
(see Subsections 5.4.1 and 5.4.2), and also G,(R) := ¢(G(¢7*(R)) (see (5.5)).

We will define the values of v on the squares of Sel(v) (and/or other subsets
like G,(R) or F,(R), for R € Sel(r)) inductively. To start with, we set

v(6(Ro)) = M"(¢(E)).

Recall that Ry is the biggest 4-dyadic square from Sel(u), so that E is contained
in one of the 4 dyadic squares that form %RO.

In the algorithm of construction of v, after fixing v(R) for some R € Sel(v),
then one defines the values of v(P) for all P € 7,(R) , as well as in G(R)U F(R).
To this end, it is necessary to distinguish two cases, according to wether R is of
type L or S. In Subsection 6.2 we consider the case where R is of type L, and in
Subsection 6.3, the one where R is of type S.

To simplify notation, in the rest of the paper given a square (), we denote
Q' = ¢(Q). Usually, the letters P, @, R will be reserved for squares, and P',Q’, R’
for ¢-squares.

6.2. Definition of v on 7,(R') when R’ € Sel;(v). Suppose first that

W(G(R) < u(3R).

6.2.1. First step: definition of v(55})), j € Ir. Recall the definition of the
squares Sj, j € Ig, in (5.6). In particular, recall that the squares 5S;, j € Iy, are
pairwise disjoint, contained in R, so that S; NI'r # &, and moreover,

Z pu(S;) = Cu(R).

Since

Z ((S;) > Cigdiam(I'g),

JjElR
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with C9 depending on A, (but not on ), from Lemma 4.5 we deduce
D U(S))* = Cop diam((I))™ ~ L(R')°,

JEIR
where o > 2/(K + 1) depends only on K, and Cy depends on Cjg, K, and the
parameters of the corona construction (except n). In fact, a similar argument
shows that the set G' := (J;,, 59 satisfies

R J
HSO(G/) 2 021 d1am(¢(F))a

By Frostman Lemma, we deduce that there exists some measure o supported on
G’ such that ¢(G") = H2(G') and

o(B(x,r)) < Cr® for all z € C, r > 0.

We define
a(55%)

Rl
(recall that we assume that v(R') has already been fixed). Notice that if P’ is a
¢-square concentric with S which contains 55} and is contained in 3R', then
K(P/>a E(P/>a
1 V( ,) ~ AYe" V( ,)'
o(G) ((R)

v(55}) =

v(P) <C

Therefore,

v(P') (PY\TFT u(R)
apwﬁgc(aﬁo (R (62)

6.2.2. Second step: definition of v(P') for P' € T,(R'). Recall that for each
J € Ig, there is a family P’ = 7;,(R') U F;(R') of ¢-squares or points P’ which
are contained in 557, such that different ¢-squares 5P are pairwise disjoint and

u( U P) > O u(59;).

pPeP

¢=J P

P'eP’

We denote

The measure v will satisfy

v(55}) = v(GY).
To define the appropriate values of v(P’), for P’ € P’, we will follow an algorithm
inspired by the proof of Frostman Lemma “from above”. Let @ be a dyadic ¢-
square contained in 55}, with £(Qo) = £(S), such that u(Qy N G%) is maximal.
We set

7(Qo) = v(55)), (6.3)
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where 7 should be considered as a preliminary version of v on some ¢-squares
contained in 55;. If @' is a dyadic ¢-square contained in () such that 7(Q’)
has already been defined and @’ is not contained in any ¢-square from P’ (in
particular, Q" & P’), then we define 7 on the sons @, ..., Q) of Q' as follows:

_ MM@QNG)
> MMQ N GY)
Clearly, we have }, .., 7(Q;) = 7(Q'). At the end of the algorithm, for each

7(Q7) 7(Q"). (6.4)

P’ € P’ there is a pairwise disjoint family of dyadic ¢-squares 717, ...,7T, such
that P' = (J,<;<,, T} so that 7(T]) has been defined. We set

v(P)= Y 7(T)).

1<i<m

6.2.3. The case n(G(R)) > ; u(3R). The arguments for this case are very similar
to the ones of Subsection 6.2.1. Instead of ¢-squares S7, we have now points from
G, (R'). We leave the details for the reader.

6.3. Definition of v on 7,(R’) when R’ € Selg(v).

6.3.1. The case u(F(R)) < ; u(3R). Recall the definition of the family of squares
T(R). For P € T(R), Set

UP)= Y @@= Y @)%,
QeD:PCQCR Q'epD:P'CQ'CR’
By Lemma 5.10,
> U(P)u(P) < Cn)u(R). (6.5)
PeT(R)

Since p (UpeT(R) P) ~ 1(R), by Tchebytchev there is a subfamily 77 (R) C 7 (R)
such that

,u( U P) ~u(R) and U(P)<2C(n) forevery P Ti(R). (6.6)
PeTi(R)

For P' € T,(R')\ T1,,(R'), we set
v(P')=0.

To define v on the ¢-squares from 77 ,(R’') we follow the same algorithm of
Subsection 6.2.2: we denote
¢= |y P

P'eTy (R
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Let Qo one of the 16 dyadic squares that form R such that p(QoNG) is maximal.
We set

7(Qo) = v(R),
where 7 should be considered as a preliminary version of v on some ¢-squares
contained in R. If ) is a dyadic ¢-square contained in @) such that 7(Q') has

already been defined and @)’ is not contained in any ¢-square from 7,,1(R’) (in
particular, Q" & 7,,1(R’)), then we define 7 on the sons @, . .., Q) of @’ as follows:

MY QNG
Q) = = A0 ey
D et MMQ NG
Clearly, we have }_, .., 7(Q;) = 7(Q'). At the end of the algorithm, for each

P’ € 7,,(R') there is a pairwise disjoint family of dyadic ¢-squares 17,..., T},
such that P’ = J,;,, T} so that 7(T}) has been defined. We set

v(P)= 3 =(T)).

1<i<m

6.3.2. The case p(F(R)) > 1 pw(3R). This case is treated as the preceding one,
with the convention that the points from F'(R) are the same as squares with zero
side length.

6.4. Estimate of the Wolff potential of v on trees of type L.
Lemma 6.3. Let R’ € Sely(v). If v(R') < bh(R'), then
V(P') < Coaby® ®h(P')  for all P' € T,(R)). (6.7)

Also, if Q' is a ¢-square such that P' C Q' C 3R’ for some P’ € T,(R')UG,(R')U
F,(R'), then

V(Q/) < CQQbh(Q/> (68)
Moreover, for each P' € T,(R'YUG,(R')UF,(R)
K41
/ K
3 <M> < bR (6.9)
Q'€¢D:P'CQ'CR Q) w
Let us remark that the constant Csy is independent of 7 in the definition of

“long trees”.
One of the key points in this lemma is that, by (6.7),
v(P) _ v(R)
h(P') " h(R)
if P' € T,(R'), for R' € Sel,(v), assuming that 1 is chosen small enough. This is

due to improved distortion estimates for sub-arcs of chord arc curves. This point
plays an essential role in our proof of Theorem 1.1.
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Proof. For simplicity we will only consider the case where u(G(R)) < u(%R) /4,
and that p(Fj(R)) < p(S;)/2 for all j. By arguments quite similar to the ones
below, one can deal with the other cases, considering points as squares of zero
side length.

Recall that if Q' is a ¢-square concentric with S’ which contains 557 and is
contained in 3R, by (6.2),

V(@) @)\ _v(R) UQYN\™_
wQ) C( (R )) (R Cb(e(m)) (7). (6.10)
since v(R') < bE(R’)KLHE(R’). By construction, £(Q’) = ¢(R') and so we get

@ <oo(GZ) i@ - oo(fel) @) e

Recall that the subset G; = (Jp/cp P’ of 55} and the ¢-square @ in (6.3) satisfy
M"™(QoNG;) > CHu(Gy) > O u(5S)).
Since £,(R) = ,(5S;) ~ 0,(55;), this implies
M"(Qy N G;) > Cha(58;),

and then, by Lemma 6.2,
MMQyNGY) = Ch(55).
Thus, by (6.11),
7(Q5) = v(55}) < Cag by =51 M (G 01 Qp).
We claim that all the numbers 7(Q’) in (6.4) satisfy the analogous inequality
7(Q') < Cog by "5 MMG, N Q). (6.12)

To prove this, it is enough to show that if this hods for some ¢-square (', then
it also holds for its sons @}, 1 < i < 4, assuming that @’ is not contained in any
¢-square from P’ (this was the necessary condition to define 7(Q%), 1 < i < 4).
By (6.4), we get

MMQ;NGY)
S MMQL N GY)
MMQ;NGY)
= MMQ NG

(@) = 7(Q')

7(Q') < Co b " MMQL N GY),

and so (6.12) holds. From this estimate one easily obtains

v(Q) < Conp* T MMQN GY)
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for Q" contained in 55} and containing some Py € 7 (R'). Indeed,

(@) < 1/( U P’ > .

P'eT,(R):P'NQ'#2
From the fact that the ¢-squares 5P, P’ € 7, (R') are pairwise disjoint, it follows
that if @)’ intersects another ¢-square P’ € 7,(R’), then ¢(Q) > ((P). As a
consequence, all ¢-squares P’ € 7,(R’) intersecting @)’ are contained in 3Q)'.
Thus, there are at most four dyadic ¢-squares L, ..., L} with ¢(L;) < 2((3Q)
that contain all ¢-squares P’ € 7,(R’) intersecting )’. Then, by construction
we have

4
T(L) <3 Cos by " MM(L; N GY) < Cly* 7 h(Q)).

=1

V(@) <

4

1=1

From (6.11) and the preceding inequality, one easily deduces (6.7) and (6.8).
To prove (6.9), it is enough to show that for each P’ € 7,(R’)

e

!/

3 <—”<3@3 ) < v
Q'€éD:P'CQ'CR! Q)

Suppose that P’ C S}. Then we split the sum above as follows:

K+1
3Q) \ °

Z (%) — Z et Z = T 4Ty,
Q'€¢D:P'CQ'CR Q)= Q'€¢D:S,CQ'CR! Q'€¢D:P'CQ'CS)
To estimate the first sum recall that by (6.10) we have

2
/ / / ey
Qs UR)
K+1 2

Then it follows that 77 < C'(b 5(R’))T+. Recalling that ¢(R') = 5a(R)% <C,
we infer that

.

K+1

T, <Cbr .
To estimate T, we use the fact that

3 /
) e
(@)
and the fact that D, (P, S;) < Ce,(5;)* < Ce,(R)?, by construction, and so

Y HQ)F ~Du(P.S) < Ce(R)F <C.
Q'€¢D:P'CQ'CS]

K41

and then we deduce that T, < Cb"x . OJ
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6.5. Estimates for the Wolff potential of v on trees of type S. Recall
Definition 5.9 of Tree(R) for R € Selg(n). We denote Tree, (R') = ¢(Tree(R)).

Lemma 6.4. Let R’ € Selg(v). If v(R') < bh(R'), then
v(Q') < Coubh(Q) for all Q" € Tree, (R) (6.13)

and, for each P' € T,(R')U F,(R'),

K+1

5 < /(32) >K < Comp (6.14)

oesppegcr \H(Q)FT

The constant Cy4 above is independent of 7 in the definition of “long trees”.

Proof. The arguments to prove (6.13) are very similar to the ones used in Lemma
6.3 to show that analogous estimates hold for the squares contained in the squares

S;, taking into account that p (UPGTI(R) P) ~ pu(R), by (6.6). So we skip the

details.
On the other hand, from (6.13) we also infer that

v(3Q") < Cbh(Q')  for all Q' € Tree,(R').

Then, (6.14) follows from this estimate and the fact that for every P’ € 7,(R'),

S Q)T <),

Q'edpD:P'CQ'CR’

by (6.6). O

7. PROOF OF THEOREM 1.1

Recall that the measure v supported on ¢(FE) that we have constructed in
Section 6 satisfies

2K 2K

v($(E)) = M"(9(E)) 2 n(E)5 ~ 5(E)#51.

Thus the theorem follows if we show that

K+1

3 (61/(3—62;) : < C  for all z € supp(v). (7.1)

Q'€pD:xeq’
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Let {R! },>0 be the collection of ¢-squares from Sel(r) which contain z. We
assume that ((R,,) > ¢(R,11) for all n. We split the preceding sum as follows:

v(3Q") >KK+1 _ ( v(3Q") )KKH
Q’Edgzm‘eQ’ <£(Q/)K2+l Q/@%/OQQ/

(@)

K+1
-+ Z Z V(?)—Q2 = Sl + SQ.
>0 Qresper carer, \H(Q)FH
n20 Q'e€¢D:R; , CQ'CR,

(7.2)
To estimate the sum S; on the right side, one only needs to take into account
that

<u<¢<E>> ) = umyt ( Y(o(E) ) _ Ry
(@)

2 2
2 WRE
2 2 = —: 5(R6)% < C (R(J):{ )
Q) x \L(Rp) =+ Q)= Q) *
and summing over those )’ € ¢D containing Ry, we get S; < C.
To deal with S;, observe that, by Lemmas 6.3 and 6.4,

K1 K+1
v(3Q' * v(R!
> > <%> <C(n) v(ft,) :
n>0 Q'€¢D:R, ., CQ'CR, Q' )=m

Lemma 6.3 tells us that if R/, € Sely,(v), then

/ /
V(R:H-l) < 025 na—%ﬂ V(Rn)’
h(R41) h(R;,)
and if R/, € Selg(v), then
v(Ry) V(1)

< C!
hR.) ~ P h(R,)

where Cys is the maximum of the corresponding constants Cyy and Coy in (6.8)

and (6.13). Notice that, by construction, for all m, it turns out that either R/,
or R, belongs to Sel,(v). As a consequence,

K+

S () = Slemit ) ¥

T K+1
n>0

<C,
if 1) is chosen small enough (recall that Cos is independent of 7). Thus, Sy < C(n)
and (7.1) follows.
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8. EXAMPLES SHOWING SHARPNESS OF RESULTS

8.1. Some results from [ACMT08]. The state-of-the-art for largest “metric”
(or “size”) sufficient conditions for removability theorems for bounded K quasireg-
ular maps is given by Theorem 1.2 in [ACM™08].

Theorem 8.1 (Astala, Clop, Mateu, Orobitg, Uriarte-Tuero). Let K > 1 and
suppose E C C is a compact set with HKLH(E) o-finite. Then E is removable for
bounded K quasireqular maps.

As a first remark, let us mention that from Theorem 1.1 we recover this result.
Indeed, if E C C and H¥+1(F) < oo, then C 2k 2x+1(F) = 0. Also if E; C C,

2K+17 K+1
for i = 1,2,... and E = Uz, E; with H¥71(E;) < oo, then €' ax_ aicr (E) <
. 1R+
Yoy sz(;(l 211 (E;) = 0. Consequently, recalling that by Stoilow’s factorization
TR+

any K-quasiregular map f can be factored as f = h o g, where h is analytic and
g is K-quasiconformal, by Theorem 1.1 in the present paper, E is removable.
Of course, in order to prove Theorem 1.1, we used many of the ideas in
[ACM™08], so we are not claiming any novelty.
To contextualize some of our examples below, we recall the next result from
[ACMT08].

Theorem 8.2 (Astala, Clop, Mateu, Orobitg, Uriarte-Tuero). Let K > 1. Sup-
pose h(t) = ¢ e(t) is a measure function such that
t 1+1/K
/ %dt <o (8.1)
0

Then there is a compact set E  which is not K-removable and such that
0 < HME) < oco. In particular, whenever €(t) is chosen so that in addition
for every a > 0 we have t*/e(t) — 0 as t — 0, then the construction gives a

non-K -removable set E with dim(E) = 225

8.2. Example 1. Our next example shows that Theorem 1.1 is strictly stronger
than Theorem 8.1. Indeed, let us recall Theorem 5.4.2 in [AH96], adapted to our
situation.

Theorem 8.3. Let h be an increasing nonnegative function on [0,00). If

L)\ F d
[GE) T
0 \rEfl r

then there is a compact set E C C such that H"(E) > 0 and C_2x_ 2501 (E) = 0.

2K+1’ K+1
h(r)
2
rKF1
2
as t — 0, then the set E obtained in Theorem 8.3 will be non-o-finite for Hx+1,
but will be removable for bounded K-quasiregular maps due to Theorem 1.1 and

If we choose h(r) so that it satisfies the conditions in Theorem 8.3 but — 0
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S
H

T
log (

Stoilow’s factorization. For this purpose it is enough to choose h(r) =

),5

S

when r is small enough, so that 8 > 0 and (8 (1 + %) <1.

8.3. Basic construction for the subsequent examples. For our subsequent
examples we need to refine the construction from Theorem 8.2. To this end we
argue as in [UT08]. We assume the reader is familiar with that paper and we will
use the notation from it without further reference. The formulae look slightly
nicer if we assume in the construction that ¢, = 0 for all n, i.e. that we take
infinitely many disks in each step, completely filling the area of the unit disk D
(see equations (2.1), (2.2) and (2.3) in [UT08].) It is not strictly needed to set in
that construction ¢, = 0 for all n, and we will later indicate the corresponding
formulae if €, > 0 for all n (which is the case in [UT08].) The construction in
[UT08] works as well if we set €, = 0 for all n, the only point that the reader
might wonder about is whether the resulting map is K-quasiconformal. However,
this can be seen easily by a compactness argument (approximating the desired
map by maps with finitely many circles in each step which are K-quasiconformal
and have more and more disks in each step of the construction).

So we get (see equations (2.5) and (2.6) in [UT08]) a Cantor type set £ and a
K-quasiconformal map ¢ so that a building block in the N step of the construc-
tion of the source set E is a disk with radius given by

Siein = ((015)  Rig) - ((ongn) " Rujn) » (8.2)

and a building block in the N step of the construction in the target set ¢(FE) is
a disk with radius given by

tjrein = (015 Rugy) - (Ongy Bvgy) - (8.3)
Now we consider a measure p supported on ¢(E) (which will be the “large” set
of dimension d’ = 1) and its image measure v = ¢, ' supported on E (which will

be the “small” set of dimension d = KLH) given by splitting the mass according
to area. More explicitly,

u(D) =1, (8.4)
for any disk By, = i\, i ( ) of the first step of the construction with radius
ty = (015 Baji),

w(Biy) = (Ruz)*, (8.5)
and in general, for any disk Bﬁ’h’ =i L oo iy " (D) of the N* step of
the construction with radius ¢;, ;. (017]1 lel) .. (onjy Bnjn)s

<B“:J1: ,JN) - (Rl,jl' RN,]N) . (8.6)

Since we took ey = 0 for all N, the total mass of u is always 1 on every
step. (If one prefers to take ey > 0 for all N, the definition should be changed

to M(Bj\l,ﬂ“v ) = (R, .- Rnjy)” II,-ni1 (1 —€n), and the total mass of p

oo N
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gets renormalized by the factor [[°", (1 —¢,) > 0, but otherwise the rest of the
construction we are about to describe works, keeping in mind these renormaliza-
tions.)

Since v is the i image measure, for any disk Dﬁ\l,’jl’ = gozfm 0--0 gpé\l}ijN (ﬁ) =
¢_1(BJ\17:31: NJN - g01,]1 " QPNJ'N (D )) we get
V(D5 ) = (Rugy oo Bivgy)” (8.7)

Lemma 8.4. For the Cantor type sets just described (in subsection 8.3), for any
a,p >0 with ap < 2, and for x € E, the Wolff potentials satisfy

. (B, 2\ p(Bs ™ )\
Wep(@) ~Z<W ~ > (o)

(2—ap
n N:z Bll vvvvv iN (t]177jN>
N;j1se-es IiN

AN

and analogously for v, DN o and Sg gy

Proof. We first introduce some convenient notation. For any multiindexes [ =
(11, ...,in) and J = (J1, ..., jn), where 1 < i, jr < 0o (since we are taking infin-
itely many disks in each step of the construction), we will denote by

1 ,
Pl = —— Y, 0oy, (D) (8.8)

; 1,11 NN
O-NJN

a protecting disk of generation N. Then, PI]Y ; has radius

1

r(Pry) = UN—'tjlv---,jN = (014 - On—1jy 1) (Bijy - Bivgy) -
s$IN

Analogously, we will write

Gliy =Y, 0 o, (D) (8.9)

in order to denote a genemtmg disk of generation N, which has radius
(G ) it i = (017j1 e 'UNJN> (Rle s RNJN) :

Notice that, since all values of o, ;, and R, ;, are < Wlo’ then ,u(G?f J) =
,u(2G?f 7), so we can pretend without loss of generality that the radii ¢;, .
dyadic numbers.

Now, if 7(G}Y;) St S r(Pf;), and € E so that B(z,t) € P}, then

w(B(z,t)) = n(GF;), so that

s ()

n:GR  CB(x,2")CPY,

JN are

is a geometric series with sum comparable (with constants of comparison only
depending on « and p) to its largest term, namely, up to universal constants,

p'-1
( :U‘(G?;J) )
(2—ap) :
(th 77777 jN)
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And if r(PY)) <t < r(GY)), where G}V is the unique generating disk of
generation N — 1 containing PIJYJ, and z € F so that PI]X, C B(x,t) C G?,T:]}, then
t2

Oy - ON-15y1) (B - Rn—1jy_,)

(Rij - By-1jv.,)”
(8.10)

i.e. the mass that u assigns to B(z,t) is proportional to its area once Gf,/_},l is

p(B(x,1) 5 (

renormalized to D, but multiplied by the mass that p assigns to G?,r:,/l, namely
(R1,j1 ...Rn_1 )2. Hence

s ()

n:PI]YJgB(zQ")QG

JN-1

;g
. . . . . r(GNT)
is dominated by a geometric series (if n appears in the above sum and 2" = —¢
(B(z,2M) v WGy gk2—an) v
. x, /; !/ —«
with £ > 0, then (‘gw—am) < (T(Gﬁv,j,i)é‘ap) 7% ) , and hence the
wcyh \'
above sum is < (W) , with constants of comparison only depending
on «a and p.) O

8.4. Example 2. In view of example 1, it is natural to wonder whether all
compact sets E with H"(E) = 0 for some gauge function h(r) satisfying %
are removable for bounded K-quasiregular maps, i.e. whether there ig some
condition strictly weaker than HKLH(E) being o-finite in terms of the gauge
function h, which guarantees removability. Our next example shows that this is
not the case. Notice the resemblance to Theorem 5.4.1 in [AH96].

— 0

Theorem 8.5. Let h be a positive function on (0,00) such that

h
e(r) = (p —0 asr—0.
rE+1
Then there is a compact set 2 C C such that HME) = 0 and a K -quasiconformal
map ¢ such that v(¢F) > 0 (and hence C 2k 2x41(E) > 0, due to Theorem 1.1.)

2K+1’ K+1

Proof. For F and ¢ as in Subsection 8.3, notice that by Lemma 8.4, for x € ¢F

U1yt N 2 2
WM ( ) ~ M(Bijlv’jN) _ Rl’jl e RN’]N
2 3\1) .y ) T I I
372 . ; ( j17-~~7jN) G 01,51 -+ - ON,jn
N:xeBl "N
Nij1-- IN : Nij1,-- IN

Since on the one hand FE' is very “close” to satisfying 0 < H%H(E) < 0o and
0 < HY(¢F) < oo (see (3.11) and (4.5) in [UTO08]), and on the other hand an



52 X. TOLSA AND I. URIARTE-TUERO

important element in the proof of the semiadditivity of analytic capacity is that
the potential is “approximately constant” on each scale (see [Tol03]), the above
equation suggests the choice

ON,jnv = RN,jN dN for all N, (811)

where dy € [1,2] is a parameter to be determined, independent of jy.
If we take .
=172 (8.12)

J
then, for x € ¢F, we have

L | =1
,gumz{nw}zzﬁm,

n 7=1

W

W\N‘:

so that C%%(ng) > 0, and y(¢F) > 0.

Let us denote €, = max{e(sj, )} For each N, substituting oy, =
Ry jy dn, recalling that >, . (R, . ..Rn;y)? = 1, and that d, = 2t we
obtain

> D) = > hsi )

JisenJN J1y0JN
2
= Y elsjnin) ((003)  Rigy) - (o) By ) &

J1endN

2K
< €7jxaz (dl o dN) K+1 Z (Rl,jl .. RN,jN>2
J1yendN

=N (dy...dy)F =N (N4 1R (8.13)

Choosing Ry, . .. Ry j, small enough in the construction so that e .. (N + 1)13751

max

— 0 as N — oo, one infers that H"(E) = 0. O

8.5. Example 3. The preceding example can be modified (notice the analogies
with Theorem 5.6.4 in [AH96]) to show that

Theorem 8.6. There is a compact set B C C such that y(¢FE) > 0 (and hence
C sk sxn(E) > 0, due to Theorem 1.1), but H"(E) = 0 for every positive

2K+1’ K+1

function h such that

e(r) = —5= 1is non decreasing,

1 a
/ (h(:) ) @ < o0, for somea > 0.
0

rE+1 r

and
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Proof. In the preceding construction, denote SN == max{s;

.....

SN < e . Since ¢ is non decreasing, £(s;,._ix) < E(G’GN), and from (8.13)

we deduce

()] S it {[=(S7)]" N} S “ﬁniﬂf{z (o))" n?«’i‘?}.

—00
n=N

1
t

Using that again that e is non decreasing and setting s = e, we obtain

et e 2 [ e )] 7]
< hNnLio%f{/:NH [g(e—%)r {log G)] rea %}

~ lim inf /0 T k)

N—oo

<11Nr£1£f{/oee e %} — 0. O (8.14)

8.6. Example 4. Examples 2 and 3 strongly suggest that the language of capaci-
ties C,, is better suited to understand the removability for bounded
K-quasiregular maps than the language of Hausdorff measures. Hence it is natu-
ral to wonder how sharp Theorem 1.1 is in the category of capacities C, ;. To that
effect, it is useful to recall Theorem 5.5.1 (b) in [AH96] adapted to our situation
(and combined with Proposition 5.1.4):

Theorem 8.7. Let E C C. Then there is a constant A such that
Oﬁ7q(E) < ACa,p(E) )

forBg=ap=2—-25 =325, p<q

Moreover, there exist sets E such that Cs4(E) = 0 but Cy,(E) > 0.

Hence it is conceivable that Theorem 1.1 might be strengthened to a statement
of the form

CoalE >( W(E»)));ﬁ

diam(B)% B diam(¢(B
for some (3, q such that Bq = [?—fl and 2;((:11 < q,ie forgd—1<1+ % The

following theorem shows that the answer to this question is negative.
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Theorem 8.8. For any 3,q > 0 such that q = [?—fl and 2}1{<j11 < q, there exists

a compact E C C and a K-quasiconformal map ¢ such that v(¢E) > 0 (and
hence C 2k 2x+1(E) > 0, due to Theorem 1.1), but Cg4(E) = 0.

2K+1° K+1

Proof. As in the construction in Example 2, we choose oy j, = Rn jy dy. Then,

for y € ¢F,
L |

n 7j=1

W

W\N‘:

while by Lemma 8.4 and (8.2), for z € E,

| )
W= 2 {H W} |

n 7=1

/_ _K ] 1 ‘ o0 1
Now choose (dj)Q(q D(x5) =7 —; ,sothat forre B, Wy (v)~ > ~, —= oo,

n
while for y € ¢F,

since (¢’ — 1) (KLH) <1

The fact that W ,(y) < oo for all y € ¢(FE) implies that C’% %(qu) > 0, and
32 ’ .
hence v(¢pFE) > 0 and C%’ﬂ(-&-l (E) > 0), while from the fact that W (z) = oo

K+1

for all € E one infers that Cs,(E) = 0 (see Proposition 6.3.12 and (6.3.4) in
[AH96], adapted for the potential W .) O

Let us remark that the above example also gives that C.,,.(E) = 0 if yr <
Bq=2K/(K+1). This due to the fact that there is some constant A indendent
of F such that

C’f7 T(E)l/(Q—W“) <A C’g q(E)l/@_BQ).
See Theorem 5.5.1 of [AH96].
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9. FINAL REMARKS

The Main Lemma 2.11 on the distortion of h-contents can also be proved using
arguments based on the ideas in [LSUT], instead of [ACM™08]. Following this
new approach one can extend the Main Lemma 2.11 to h-contents M", with h
of the form h(B(xz,r)) = rte(B(x,r)), for all 0 < t < 2. As a consequence, one
can extend Theorem 1.2 to all capacities C’a,m with a > 0, 1 < p < oo, such that
ap < 2. Then, one obtains the following;:

Theorem 9.1. Let « > 0, 1 < p < 00, such ap < 2. Denotet = 2 — ap and
1;%: QK_Z—;“H Let E C C be compact and ¢: C — C a K-quasiconformal map.
en,

(a) If E is contained in a ball B,

CoulB) ( Cupl0(E)) ) o)

diam(B)* ™~
with
g

B AK — 2Kt 2Kt — 3Kt + 2K +1
TO9Kpt —3Kt+2Kk +t 1T T oK Kttt

(b) If ¢ is conformal outside E, K-quasiconformal in C, and moreover,
lp(2) — z| = O(1/|z|) as z — oo, then we have

Ca,p(E) ~ Cap(d(E)) (9.2)
The constants in (9.1) and (9.2) only depend on «, p, K.

The proof will appear elsewhere.
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