THE LOOP GROUP AND THE COBAR CONSTRUCTION

KATHRYN HESS AND ANDREW TONKS

ABSTRACT. We prove that for any 1-reduced simplicial set X, Adams’ cobar
construction Q2C X on the normalised chain complex of X is naturally a strong
deformation retract of the normalised chains CGX on the Kan loop group GX.
In order to prove this result, we extend the definition of the cobar construction
and actually obtain the existence of such a strong deformation retract for all
0-reduced simplicial sets.

INTRODUCTION

There are two classical differential graded algebra models for the loop space on
a 1-reduced simplicial set X: Adams’ cobar construction Q2C'X on the normalised
chain complex [1], and the normalised chains CGX on the Kan loop group GX [7].
Both of these models are (weakly) equivalent to CQ|X]|, the chains on the loop
space of the realisation | X].

In this article we show that Q2C'X is actually a strong deformation retract of
CGX, opening up the possibility of applying the tools of homological algebra to
transfering perturbations of algebraic structure from the latter to the former.

Theorem. For any 1-reduced simplicial set X there is a natural strong deforma-
tion retract of chain complexes

¢
(1) OCX CGQ @
P

Here ¢ is the identity map on QCX and ® is a chain homotopy from ¢ to
the identity map on CGX. Furthermore both ¢ and v are homomorphisms of
differential graded algebras.

In particular, 2C'X is isomorphic to a sub differential graded algebra of CGX,
and both ¢ and 1 induce isomorphisms of algebras in homology.

Remark 1. Let X and Y be 1-reduced simplicial sets, and f: GX — GY be a
simplicial map (not necessarily a homomorphism). The theorem above gives us a
natural way to construct a chain-level model of f. Indeed, if we set

E=volCfog:QCX — QCY,
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then
00X —=Q0X

b
cr

CGX —GCX
commutes up to natural chain homotopy.

Remark 2. It was proved in [6] that if X is a simplicial suspension, then QCX
is naturally a primitively generated Hopf algebra, and the chain algebra map
¢: QCX — CGX also respects comultiplicative structure. In this case the strong
deformation retract of the theorem above is actually Eilenberg-Zilber data [3],
which implies that the chain algebra map ¢: CGX — QCX is also strongly
homotopy comultiplicative [ibid.].

In order to prove the theorem above, we extend the definition of the cobar con-
struction and actually obtain the existence of such a strong deformation retract
for all O-reduced simplicial sets.

The homomorphism ¢, which we recall in the first section of this article, was
first described by Szczarba [11] in the language of twisting cochains. Given a
simplicial set X that is O-reduced but not necessarily 1-reduced, he gives an
explicit, though somewhat complicated, formula for a twisting cochain,

as: CX — COGX,

that is based on the universal twisting function 7: X — G'X and that gives rise
in usual way to an algebra homomorphism

¢: QCX — CGX.

In degree zero the cobar construction is a free associative algebra on symbols
given by the non-degenerate 1-simplices of X, while the right-hand side is the
group ring on the free group on the same symbols. In the first section of the
paper we observe that if X is not 1-reduced, then we may perform a change of
rings along ¢g, obtaining an extended cobar construction QCX, together with an
algebra homomorphism

¢: QCX — CGX

that is an isomorphism in degree zero.

In the second section we introduce the retraction map v from the chains on the
loop group to the extended cobar construction, for which we provide an explicit
recursive formula. We prove in fact that 1 is a natural homomorphism of chain
algebras and a one-sided inverse of the Szczarba map ¢. It is surprising that such
a map has not been previously observed in the literature.

In the third section we complete the strong deformation retraction (1) by defin-
ing the natural homotopy ®. For this, we use the acyclic models for the loop group
on 0-reduced simplices studied by Morace and Prouté [10].
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1. PRELIMINARIES

1.1. Simplicial notions and notation. A simplicial set X is a contravariant
functor from the category of finite non-empty ordinals A to the category of sets;
more prosaically it is a sequence of sets X,,, n > 0, and specified face and degen-
eracy operators

di:Xn_>Xn—17 Si:Xn_>Xn+17 (OSZSTL)

satisfying the simplicial identities, see for example [9]. A simplicial set is
n-reduced if X = {x} for k& < n. The notions of simplicial group and simplicial
objects in other categories are analogous.

Given an element € X,, and any composite # of simplicial face and degeneracy
operators, represented by a monotonic function f: {0,...,m} — {0,...,n}in A,
we also write

0(x) = T(40)...1(m)

for the corresponding element of X,,. We may write the face and degeneracy
maps themselves, for example, as

dl(‘r) - I(O,...,?,...,n)’
SZ(SL’) = X(0,...5i,i,...,n) -
The simplicial relations imply that any simplicial operator X,, — X,, has
normal form
0 = Sil-"siqdjl-”dj,«
with i > ixq and jp < jgaq for all k. In this form, the corresponding derived
operator X1 — X;piq 1S

/
0 = Sig+1 .- - Siq+1dj1+1 e djr-l-l .

An operator 6 is frontal if it contains no dy; such operators satisty 6'sq = so6.

1.2. The cobar construction. We introduce a slightly extended definition of
the cobar construction, which will be better suited for applying to the normalised
chain complex on a 0-reduced simplicial set. Our definition generalises the classi-
cal construction of Adams, with which it agrees for simply connected coalgebras.

Let (C,0,A) be a connected differential graded coalgebra over a commutative
ring R, so that Cy = R. We suppose furthermore that C' is R-free in each degree.
Consider the ring B given by the free associative R-algebra on the desuspension

OfCl,
B = T(Silcl) = @(57101)@)]{7
k>0

Fix an R-basis {z; | j € J} of (i, and let A be the ring obtained from B by
freely adjoining inverses &; of all elements of the form 1+ s™'z;, for all j € J.



4 KATHRYN HESS AND ANDREW TONKS

Explicitly,
A = Tp(glied) /] (o(l+s'z)=1=14s"2;)®E).
Observe that the relations may also be expressed in the form
éj &® Sill'j = 1- gj = 87133]‘ ® gj-
The ring A may be regarded as a differential graded algebra concentrated in
degree zero. The graded algebra underlying the extended cobar construction
(QC, 0%) is then

A

QC == TA(S_lozg)
= @A®(571022®A)®k.

k>0

Each R-module (QC),, is generated by words
a=a Q- - Qa,, la;| = ny, \a]:n:Zni,

where either a; = s~ !¢ for some R-basis element ¢ € Crit1 0r n; =0 and a; = &
for some j € J. This R-module is free on those words in which ; does not
appear adjacent to s~'x;. The algebra multiplication is induced by concatenation
of words, extended bilinearly to QC, modulo the relation that §; is inverse to
1+ silxj.
The differential 0% on C is the derivation of A-algebras that is specified by
IMs7le = —slde + (—DllsTe @571

for all basis elements ¢ € C,, 41 and all n > 1, where A(c) = 1®c+c®@1+¢ @
(using the Einstein summation convention). Note that 0 is necessarily zero on
elements of A.

The unit 1 € (QC)q is identified with the empty word, via the isomorphism
R= (8_101)®0.

Remark 3. If C is simply connected, so that C; = {0} and therefore A= B = R,
then QC' coincides with the usual cobar contruction QC defined by Adams.

1.3. The Kan loop group. Let X be a 0-reduced simplicial set and G a sim-
plicial group. A twisting function 7: X — G is a collection of functions of degree
-1

{r: Xou1 — G, | n >0}

satisfying
TSox =1,
(2) SiTT = TS; 41T,
(3) dotw = tdox™ " - Tdy 1,

(4) dﬂ'l‘ = Tdi+133 if 4 2 1.
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Let GX denote the Kan loop group on X, which is a simplicial group that
models the space of based loops on the geometric realization of X (see [7, 9]).
There is a universal twisting function

T Xn+1 - (GX)n == F(Xn+1)/F(SoXn)
T = []
sending x € X,,11 to the class of the corresponding generator in quotient of free
groups, and the simplicial structure on GX is defined by (2)—(4).
Recall that the normalised chain complex C'G on a simplicial group G also has

a differential graded algebra structure, with multiplication given by the shuffle
map and the multiplication in G,

m:CG®CG— C(G xG) — CG,
that is,

(5) m(g & h) = Z(—l)Sgn(“’y)SM(q) cSu9  Su(p) - - Sy(l)h, g c Gp, h € Gq,

where the summation is over all (p, ¢)-shuffles (i, v) € Shuff(p, q).

The following proposition is the motivation for our extension of the cobar con-
struction. Recall that for any simplicial set X, the degree n part of its normalised
chain complex, C), X, is the free abelian group on the set of all nondegenerate
n-simplices of X and that C'X has a comultiplication A: CX — CX ®CX given
by the Alexander-Whitney diagonal approximation

n—1

i=1
for x € X,,, n > 1, and with A(z) = z ® x for x € Xy. In particular, if X is
O-reduced, then C'X is a connected, differential graded coalgebra over Z.

Proposition 4. Let X be a 0-reduced simplicial set and GX its Kan loop group.
Then there is an isomorphism of rings

%o
(QCX)y =" (CGX),
%o
determined by
Yo(T2) = &4 Yotz ) =1+s 'z
(s ') =127t 1 Po(&s) = T

Proof. The proof is straightforward. Note that if x is the degenerate element
so(*) then the four equations say 1o(1) = 1, ¢o(0) = 0, ¢o(1) = 1. In degree 0
the multiplication (5) is just m(g ® h) = ¢ - h, and we have

Yo(Taf .. 1al) = Yo(T2") @ « -+ @ Yo (T2)

do(a1 ® -+ ®a,) = ¢o(ar) - - do(ar)
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where z; € X1, a; = +1 and a; = s~ 'z; or &,. This is well defined: y(g) is
inverse to ¥g(g~1) for all g € (GX)y and ¢o(&,) is inverse to ¢o(1 + s~'z) for
all z € X7~ {so(%)}. It is also clear that the composites ¢g1pg and 1gpy are the
respective identity maps:

Gotbo(Tr) = ¢o(&2) = T doto(Ta™") = do(l+ s 'x) = 7™
Yogo(s™'w) = tho(ra™! — 1) = s Yogo(&z) = tho(T7) = &, 0
1.4. The Szczarba map. A map of differential graded algebras
¢: QACX - CGX

was given explicitly by Szczarba in the language of twisting cochains. The fol-
lowing Definition, Lemma and Theorem are from sections 2 and 3 of Szczarba’s
paper [11], adapted slightly to define a map on the extended cobar construction

¢: QCX — CGX

that extends the isomorphism ¢, of Proposition 4.
Let S,, be the set of n! sequences of integers

i=(i1,...,i,) such that 0 <ix <n —k for each k.
In particular, i,, = 0. The sign of such a sequence i € .S,, is
(=1)%%  where i = iy +igt - +ip.

Definition 5. Given a twisting function 7: X — G, the Szczarba operators are
the functions

SZiIXn+1—>Gn, i:(il,...,in)ESn,
given by the following product in G,
Szix = Dgt' 7o' DY rdoat - - - DR rdgaTt

Here the operators D;L;ngz Gnj — Gy, forieS,, j=0,...,n, are defined as

Dy = lda,,
D?, 1{2,~-.,in S0 dil—j Zf] <1 )
(6) Dyl i = Dt if j =i,
D31 S0 if j > 1.

As simplicial operators these are all frontal: defining D;L;ng : X,—; — X, in the

n+l__ n+1/, )
same way, one has D77 =7 D 0 X, — Gy,

Lemma 6. The Szczarba operators satisfy
do SZz‘l,...,in = SZz‘g,...,in di1+1 )

di SZiy,.igsirsrrin = A6 SZiy iy in—1in Y Tk > kg1,

dn Szil,...,in x = Su Szi’ Zo,..,r) * Sv SZi” L(r,...n+1) -
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In the last equation the sequences ', i", the integer r and the (r — 1,n — r)-shuffle
(u,v) are defined by a certain bijection

So = | Shuff(r —1,n—7) x S,_1 X S,
r=1

-/ -/

i ( (wv), i "),
see [11, LEMMA 3.3], which respects parity as follows:
n+>i = r4sgn(u,v)+ > 7+ 7" (mod?2).
Note that Szczarba’s sign conventions differ slightly from ours, and that his

inductively-defined parity €(i,n + 1) is in fact just n + ) 1.

Theorem 7. For any twisting function 7: X — G on a 0-reduced simplicial set
X there is a canonical homomorphism of differential graded algebras

¢ QCX — CG

defined by ¢o(&sy) = TI1
(250(871331) = T(Il)il -1
¢n(8_1$n+1) = Z(—1>EZ SZZ'ZE, (TL Z 1) ,
i€Sn

for x, 1 € Xpy1.
Proof. The map ¢ extends linearly, and multiplicatively via
Gprq(a @b) = m(dp(a) © ¢g(b)),  la| =p,|b] =g,

where m is the multiplication (5), to all of QCX. We show ¢ is a chain map, i.e.,
that 0,¢, = ¢n,18§. For z € X5 we can write

Olsle = —sldor + s dyr — 57 dow — s w00y @ 5T (19
= (L+s 'diw) = (L+ s '201) @ (1 + 57 202)
and so we have, by Lemma 6,
81¢1s*1:c = alsZ()iC = doSZO$ — dlsZOZ' = SZ()dliC — SZ()Z’(OJ) . SZ()x(LQ)
= 7(di2)™ = T(zen) T T(ra) T = dodi’sT

For x € X,, 1 the argument is essentially the same. We have

O On s ta = Z(—l)ziﬁnSzix

1€Sh

= ) (-n* (En:(—w dy, Szix>

1€Sh k=0
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where, by Lemma 6, all the terms for 0 < £ < n cancel, and the terms for £ = 0,n
may be rewritten as

Z (=)= Sz djy 2 + Z (=)™ 25, Szs 20,0 * S0 Szt Ty, nt1)

0<i1<n—1 1<r<n

iesn_l (M7V)7Z,7Z”

r 1 -1 1 -1
= E (_ (bn 18 d T + § ¢r 18 ® ¢n rS x(T,...,n+1))
1<r<n 1<r<n

-1® (bnflsila:(l ..... n+1) + (_1)n¢n71871x(0,...,n) ®1

n+1
= (LU z P ) ©5 e

r=0
= ¢p_10 . O
We will need one further property of the Szczarba operators.

Lemma 8. For all x € X, and i € S, the following product in G, is degener-
ate:

n+1 o n+1 —1 n+1 m _—1
Dy T -Sziw = DY tdoxT - -+ - DU Tdgx

Proof. For any sequence ¢ € S,, we will show by induction that D”+1 IS Sy(i)—1-
degenerate for all j > 0, where k(i) is the least integer such that in@ = 0. If
iy = 0, so that k(i) = 1, then by (6)

Dttt = Dy’ so = soD”

J—112,..50n J—1id2,...,0

for all j > iy = 0. If iy > 0, so that (i) > 1, then I{(’Lg,...,ln) = k(i) — 1 and
we know that D7, (if j > 0)and D} ., . (if j > 1) are s,;_»-degenerate
by the inductive hypothesis. The correspondlng derived operators are therefore

)—1-degenerate and, by (6), so is D7t for all j > 0. O

2. THE RETRACTION MAP

2.1. Definition of the map. Let X be a 0-reduced simplicial set. We introduce
in this section a map of differential graded algebras

v:CGX — QOX

between the chains on the loop group and the extended cobar construction, which
is a retraction of the Szczarba map ¢. The map ¢ is uniquely determined by the
relation

(7) Un(T2-9) = Walg) = D5 Tty ® Ynoi(rdia - dyg)

=0
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for v € X,,41 and g € (GX),. Note that the ¢ = 0 term on the right-hand side
is s7'z(o1) ® ¢y (T2 - g). In fact ¢ may be expressed inductively, on the degree n
and the word length in (GX),.

Lemma 9. The definition of 1 in (7) may be rewritten as

n

Gnl - 9) = £y ® (wg) Y s € @z}n_iwi(x,g)),
i=1
i=1
where
wi(r,9) = 1d1z - dog € (GX)ni,
Wi(z, h) = wi(z, 707 - h) = 7dody ' x - dj)h.

Proof. Collecting the terms in (7) involving ¢, (72-g) and dividing by 1+sz( 1)
gives the first equation. The second is obtained by taking ¢ = 727! - h in
the first. U

From these formulae it is straightforward to give the map v explicitly in low
degrees.

Lemma 10. The map thy: (GCX )y — (€
sition 4, and the map ¢1: (GCX); —
a,q; = +1 by

CX)o agrees with that defined in Propo-
(QCX)y is given for x,z; € Xy and

(Tt Tad) = Z Yodi (T2t . Ta ) @ Yy (T @ odo (Tt L TalT)
i=1

—w0<TI(071)) X S_ll’ & w0<T‘T(072)) ( = +1)

with i (Ta®) = { stz @o(tra) (a=-—1).

Lemma 11. v is well-defined.

Proof. We show that ¢, (w) = 0 if w is degenerate, by induction on n and on
word length in GX. Suppose 0 < j <n —1 and

w = s;(tz" - g),
where o« = 1 and 72% - g is a reduced word in (GX),_;. For a = +1 we have

(1+ s 20n) @UYn(w) = (1+ s 201) @ Ya(78j5:17 - 5;9)

=1
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in which the first term is zero inductively. Each term in the summation is also
zero since (S;j41%)(o,...i+1) is degenerate for j < i and w;(s;412,5;9) = sj_iwi(z, g)
for j > . Since 1+ s~ 'z(g 1) is invertible, we have ¢, (w) = 0.

The argument for o = —1 is similar. 0

2.2. Properties of the retraction map. We now prove that v is a morphism
of differential graded algebras and a retraction of the Szczarba map ¢.

Proposition 12. v is a chain map.

Proof. We will show that for all x € X,,,1 and g € (GX),,

O Ya(T2-9) = Y1 On(T2 - g),

by induction on n and on word length in GX. We first observe that

n—1(do(TT - g) — Td1X - dpg) = Yp_1(TdoX =~ - TALX - Apg) — Yp_1(TA1T - dog
Un-1(do(Tz - g) — Tdha - dog) = VYp_1(rdox™" - Tdyx - dog) — V1 (Tdrx - dog)

n—1

= 8_117(1,2) ® Yp_1(Tdrx - dog) + s 1$(1,...,z’+2) ® Yp—1-w0;i(doz, Td1 7 - dog),

=1

using the second formula in Lemma 9. Now since 7d;x - dyg = wi(z, g), and also
Wi(doz, 7dy1 - dog) = Wi(drz, 7drx - dog) = wi(diz, dog) = wir1(7, g), we get

n

(8) ¢n—1(d0(7$ : 9) — 7dyx - dog) = Z 3_1$(1,...,k:+1) ® wn—kwk(x: 9)

k=1

and, substituting d} 'z and dj'g for x and g respectively, we obtain

(9) ¢n7r(dowr71($a g) - wr‘(xa g)) = Z Silx(r,...,k—kl) & wnfkwk(xa g)
k=r

Now, using Lemma 9, we know that
(145" z0n) @0tz g) = 09 ((1+s '20n) @Yt - g))

= 853 (— Z Silx(o,..‘,iJrl) ® Up_iwi(z,9) + %g)
=1
= = Zaﬁ%_lx(o,...,iﬂ) ® Un_wi(z, g)

=1

—

- (—1)i3_1$(0,...,i+1)®¢n—1—ian—iwi($ag) + Yp_10n9,

=1
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since inductively 99 4, i = Vi 10,_; and 0,9 = 1, 10,9. Now expanding
the operators 9 and 9 we get

(1+ s_lx(o,l)) ® Gf}wn(m: cg) =
n i+1

_ ZZ T+1 71 Z(0,...,7,...i+1) ®¢n—iwi($ag)

=1 r=0

(10) - Z Z(_l)qs_lx(o ..... q) ® 3_1x(q ,,,,, i+1) & ¢n—iwi($v g)
i=1 q=1

n—1 ]
- Z J+t ..... j+1) ®¢n 1— jdtw](x g + Z 77Z)n 1dkg
j=1 t= 0 k=0

Collecting together the terms for which either i =1, k=0, r =0, or ¢ = 1 gives

<(1 +s'zen) — (1+ 8190(0,2))) ® Yn_1wi(x,9)  + Yn_1dog

+ Z(l + s_lx(o,l)) ® 8_193(1,...z'+1) ® Yn—iwi(z, )

= (1 + 57133'(071)) &® wnfld()(Tﬂ? . g) — (1 + 8711'(0,2)) X Ipn,1W1 (33', g) + ¢n71dog

by (8), and by Lemma 9 the last two terms here cancel exactly with the terms
for r =1 and i > 1 in (10).

Now collecting the terms for r =i+ 1 and ¢ > 1 in (10), together with all the
(1, q)-indexed terms not already considered, gives

_ Z<(—1)islx(o 77777 i) + Z(—l)qsflx(o ..... q9) X Sflx(q ..... i+l ) X Ipn sz(flf g)

= = Z(_l)rsilx(o ..... r) ® (wner(‘ra g) =+ Z Silx(r ..... i+1) ® wnfiwicv? g))

by (9), and this cancels exactly with the terms for ¢ = 0 in (10).
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Thus expression (10) is equal to

n

(1+ s '21) ® Yprdo(T2 - g) + Z(—l)%n_ldw

k=1
(11) - Z (=)™ s a0, p,i1) @ Ynwi(, 9)

2<r<i<n

1<j<j+t<n

Now to complete the proof it remains to show that this is equal to

(]_ + 8_137(071)) & 77[1”_16”(7'1‘ . g) = (1 + S_II(DJ)) & wn—1d0<7-17 . g)

n

Y (DL + s wo) @ Y (Tdipaz - dig).

i=1
The first term is as required, and by Lemma 9 the summation is

n

n—1
Z(_Di <¢n1dz’9 - Z 571(di+1$)(0 ..... k1) @ Ypo1—pwi(dipa, dig))
k=1

=1

The result therefore follows from the observations that

d, _ 0,...i+1,....k+2) diy, dig) = wi+1(T, 9)
( +1$)(0 ..... k+1) { wi(dit17, d;g) di pwr(z,g) (i>k).O

Proposition 13. The map v is an algebra homomorphism.

Proof. Let v € (GX), and w € (GX), and consider v @ w € (CGX ® CGX),,
n = p+ q. To show that ¢ is multiplicative we must prove

Yvom(v @w) = Z(_l)sgn(u’y)wn(suv “sWw) = Ypu @ Yyw

(msv)

in QCX, by induction on p and the word length of v. For v = %, or p or ¢ = 0,
there is nothing to prove; suppose inductively that p,¢q > 1 and v = 72 - g for
r € X1 (the argument for v = 727! - g is similar). Then by Lemma 9,

(1+5"201) @ Un(su(tz - g) - syw) = (145 w0,1) @ Yn(78,2 - (5,9 - syw))

n

= Yn(su9 - syw) —Z A5 80,0 @ Yp_wi (8,2, 5,9 - S,W).
i=1
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The term d;;s),z will be degenerate unless i < p and (s, s,) is of the form
(Site,Siteg1 - Sivers Sys¢) for some (p — 4, ¢)-shuffle (£, (), and we have

(1+ s_lac(ovl)) ® Ypym(v @ w)
= (=1 (5,9 - s,w) = Y (=1 EVI r @ 1y i(sewi(x, g) - scw)
(msv)

1<i<p
(€.0
p .
= Yam(g@w) — Y e @ Yy im(wi(r, g) ©w)
=1

p
= (zppg — Zdi:;x ® wpiwi(x,g)) ® Y,w, by the inductive hypothesis,

i=1
= (14+s"201) @ P @ Yew,

by Lemma 9. The result follows. 0

Proposition 14. The map 1 is a retraction of ¢, that is, the composite ¢ is
the identity.

Proof. 1t is enough to prove this on algebra generators of QCX. For z € X1
and i = (iy,...,i,) € S, we will show that

5. {x i i = e =iy = 0,
nZi L =

0  otherwise.
Denote by zy.; the element of X satisfying
DSL;JgITLC = TXo;;-

Lemma 8 tells us 1, (7x.; - Sz;x) = 0, and so by Lemma 9 we have

n

YpSzix = Z dZIéxo;i ® Vn_rwi (0,4, Sz;x).

k=1
From (6) we see that D&tlrx has an s;,_; degeneracy if i, # 0. Thus dZ;gxo;i is
degenerate except in the case i; = ... =i, = 0. In this case we see from (6) and
Lemma 6 that
wi(To.4, Szir) = Td’fl’o;i - diSziwr = Dg’;;f;%__’ianlfx . Sz,;kﬂ,m’indlfx

which is degenerate again by Lemma 8. The only non-zero term is therefore

sznSZQ,”wox = QEO;D,...,O®¢U(*) = I,

and hence Y¢xr = x as required. O
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3. DEFORMATION RETRACTION OF THE LOOP GROUP

Both the Kan functor G and the cobar construction model loop spaces. In
the 1-reduced case it is easy to show that the Szczarba map ¢: QCX — CGX
is a weak equivalence, by applying Zeeman’s comparison theorem to the map of
spectral sequences associated with

QCX —= QX @, CX —= (X

w T

CGX —=C(GX x, X) —=(CX

in which the total spaces are acyclic.
We prove here the following stronger result.

Theorem 15. Let X be a O-reduced simplicial set. Let ¢ be the Szczarba map
and 1 the retraction map defined above.
There is a natural strong deformation retraction of chain complexes

0]
Ocx — CGQ @
P

Recall that if A and B are chain complexes, V: A — B and f: B — A are
chain maps, and h: B — B is linear map of degree +1, then

Aig)h
f

is a strong deformation retract if fV = Idy and Oh + hd = Vf — Idg. Given a
strong deformation retract, one can apply the machinery of homological pertur-
bation theory to transfer perturbations of the structure B across to A, obtaining
a new strong deformation retract [4], [5], [8].

Proof. According to Proposition 14, we need only to prove that there is a natural
chain homotopy from the composite ¢ to the identity map on CGX. The proof,
an acyclic models argument, proceeds by induction on degree.

The base step of the induction is trivial, by Proposition 4. We can simply set
®y =0: CoGX — C1GX for all O-reduced simplicial sets X.

Suppose now that ®5: C,GX — Cii1GX has been defined for all 0 < k < n
and for all O-reduced simplicial sets X so that

(1.k) @y is natural in X for all k, and
(2.k) 0P + ;10 = ¢ — Idegx for all k and all X,
where n > 1.

Let A[n] denote the quotient of the standard simpicial n-simplex by its O-
skeleton. If & = (ko - - - k;) is a j-simplex of A[n], let z-n denote the (j+1)-simplex
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(k?o ce k?j TL) Let

hit: (GA[n]), — (GA[n])Hl
denote the group homomorphism specified by h'(7x) = 7(x-n) for all x € Aln];, ;.
Let

h": C,GAn] — C,1GAN]

denote the degree +1 linear map specified by hM(w) = —h?(w) for all w €
(GA[n]);.
Morace and Prouté proved in [10] that for all 4 > 1

Oip1hi + i, 0; = Id,

i.e., that A" is a contraction in positive degrees. It follows that H;GA[n] = 0 for
all 7 > 1.
Consider the infinite wedge

Wn+1)=\/ Aln+1].

There is a chain homotopy
W CLGW (n+1) — CoyGW(n +1)

that is a contraction in positive degrees and that generalizes Morace and Prouté’s
construction.
Let

w=7Topt - -TopE € (GW(n+1))

where d,,, denotes the unique nondegenerate (n + 1)-simplex in the m'" copy of
Aln + 1] in W(n), and o; = £1. Set

o, (w) = ﬁ”(gb@/z(w) —w— O,_1(Ow)).
The induction hypothesis implies that ¢ (w) — w — ®,,_1(0w) is a cycle and that
0P, (w) = — B"@(qw(w) —w—®,_1(0w)) + g(w) —w — D,_1(Ow)
= o(w) —w — P,_1(Ow).
Adding ®,,_1(0w) to both sides of this equation, we obtain
00, (w) + py(Ow) = ¢tp(w) — w,

i.e., (2.n) holds for all such w.
Let X be any 0-reduced simplicial set, and let

w =TTk

be any nondegenerate n-simplex in GX, where a; ==+1 for all i. Let (;: A[n+1] —
X be the simplicial map representing x;.
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Let v: A[n + 1] — X denote the simplicial map collapsing everything to the
basepoint. Consider the morphism of simplicial groups

Uy =GOV VGV \7): GWn+1) - GX.
m>k
Observe that
U, (707" - .. - TOF) = w,

where §; denotes the unique nondegenerate n-simplex in the i*" copy of A[n + 1]
in W(n+1).

Using the map V¥, constructed above for any generator w of C,,GX, we define
®,: C,GX — (C,11GX for any 0-reduced simplicial set X by

D, (w) = Cpy1 Wy 0 @ (T - .- TIZF).

Note that if X = W (n + 1) and w = 703" - ... 705", then

Jk 7
U,: GW(n+1) - GW(n+1)
is a homomorphism of simplicial groups given simply by permuting generators.
It follows from the construction of the chain homotopy h™*! and therefore of the
chain homotopy A"™! that h"*! is natural with respect to homomorphisms that
simply permute generators, so that
Cri1 ¥y 0 B = A 0 C, 0,

Consequently, ®,,(w) is indeed well-defined, since ¢, 1) and, by the induction
hypothesis, ®,,_; are all natural with respect to simplicial maps.
Moreover,

0P, (w) = Cpy1 Uy, 0 0P, (107" - ... - TOF)
=Ch1VPy o ((gb@/} — ldeawm) — Pp10) (107" - .. .- T(SZ"“))
Y (¢ — Idegx — 1) 0 CpWy, (708 - - 767%)
= (¢¥ — Idoex — ®,10)(w),
where the equality () follows from naturality of ¢, ¢ and ®,,_;. In other words,
0%, + b, 10 = ¢ — ldegx,

for all X, i.e., condition (2.n) holds.
To conclude, observe that condition (1.n) holds as well, since for all simplicial
maps g: X — Y between 0-reduced spaces and all w € GX,

GgoW, = V¥gyuw): GW(n+1) — GY. O

Remark 16. [t is in order to be able to apply the chain homotopy of Morace
and Prouté that we work with 0-reduced stmplicial sets. There is no such chain
homotopy in the 1-reduced case, so it seems we are obliged to prove the existence
of the strong deformation retract in the 0-reduced case in order to conclude that
it exists in the 1-reduced case as well.
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Remark 17. As defined in the proof above, ®,, is almost certainly not a derivation
homotopy, since, as easy computations show, h is not a deriwvation homotopy.

Remark 18. Morace and Prouté showed that h?,, o h? =0 for all i and n, from
which 1t follows that i, o hi = 0 as well and therefore that

hitl o @, (188t - ... 785%) =0
for all ji, ..., Jr and aq, ..., ag.

Remark 19. The results in this paper generalise from chain complexes to crossed
complexes. There is a crossed cobar construction Qmw X on the fundamental crossed
complex 1X, see [2], and we may define a ‘crossed’ Szczarba map of crossed chain
algebras ¢: Qn X — wGX that forms part of a deformation retraction

The classical argument that ¢ is a weak equivalence, using (12), does not go
through in this slightly non-abelian situation, since it seems there is no good notion
of twisted tensor product of crossed complezes.
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