COMPUTATION OF AN INTEGRAL BASIS OF QUARTIC
NUMBER FIELD

L. EL FADIL

ABSTRACT. In this paper, based on techniques of Newton polygons, a result
which allows the computation of a p integral basis of every quartic number
field is given. For each prime integer p, this result allows to compute a p-
integral basis of a quartic number field K defined by an irreducible polynomial
P(X)=X*+aX +b € Z[X] in methodical and complete generality.
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INTRODUCTION

Let K be a quartic number field defined by an irreducible polynomial P(X) =
X4+ mX?+aX +b € Z[X], a a complex root of P, Zx the ring of integers of K,
dr its discriminant and ind(P) = [Zk : Z|a]] the index of Z]a] in Zk. It is well
known that: A = Ngg(P')(a) and A = (ind(P))?dy, where A is the discrimi-
nant of P and we can assume that for every prime p, v,(a) < 2 or v,(b) < 3.
Let p be a prime integer. A p-integral basis of K is a set of integral elements
{wy, ..., ws} such that p does not divide the index [Zg : A}, where A = 37| Zw;.
In that case, we said that A is a p-maximal order of K. A triangular p-integral

basis of K is a p-integral basis of K {1,ws,ws, w4} such that w; = "‘;;fl, Wy =

2 3 2 . .
CY2atDs and wy = SFEEAWAEE Ty Theorem 1.2, for every prime p, a trian-
gular p-integral basis of K is given.

. 2 . x . .
For every prime p and (z,m) € Z?, denote z, = @ and z[m|: the remainder

of the Euclidean division of x by m.

In this paper, based on techniques of Newton polygons, a result which allows
the computation of a p integral basis of every quartic number field is given (The-
orem 1.2). Theorem 1.2 allows to find again the results given in [1] in methodical
and complete generality.

NEWTON POLYGON

Let p be a prime integer such that p? divides A and ¢(X) is an irreducible
divisor of P(X) modulo p. Set m = deg(¢(X)) and let

P(X) = ag(X)$(X)" + ang)¢(X)t_1 + o+ a(X),
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be the ¢(X)-adic development of P(X) (every a;(X) € Z[X] and deg a;(X) < m).
To any coefficient a;(X) we attach the integer u; = v,(a;(X)) and the point of
the plane P; = (i, u;), if u; < oc.

The ¢-Newton polygon of P(X) is the lower convex envelope of the set of points
P, = (i,u;), u; < oo, in the cartesian plane.This (open) polygon is denoted by
Ny(P).

For instance, for a ¢-development of degree 7 with u; = 0, 3, 0, oo, 2, 2, 4, 6
for i =0,1,...,7, the polygon is let N be the ¢(X)-Newton polygon of P(X).

The length ¢(N,(P)) and the height h(N,(P)) of the polygon are the respective

lengths of the projection to the horizontal and vertical axis. Clearly, deg P(X) =
ml(Ng(P)) + deg ao(X), where m = deg¢.
The ¢-Newton polygon is the union of different adjacent sides Si,...,S; with
increasing slope A\; < Ay < -+ < A;. We shall write Ny(P) = S; + -+ + S
The points joining two different sides are called the vertexs of the polygon. The
polygon determined by the sides of positive slopes of Ny (P) is called the principal
¢-polygon of P(X) and denoted by N, (P). The length and the height of N (P)
are the respective lengths of the projection to the horizontal and vertical axis.

For instance, the polygon of the figure has three sides S, S5, S3 with slopes
0 < 2/3 <2and Nj(P) = S, +S5. For every side S of the principal part
NF(P), the length £(S) and the height h(S), of S, are the respective lengths of
the projection to the horizontal and vertical axis. The slope of S is the quotient
h(S)/€(S). The positive integer d(S) := ged(h(S), £(S)) is called the degree of S.
Denote d := d(S) the degree of S, h := h(S)/d and e := ¢(S)/d positive coprime
integers such that h/e is the slope of S. Let s = |™] be the integral part of
2 where n = deg(P) and m = deg(¢). For every 1 < j < s, let H; be the
length of the projection of P;(j, u;) to the horizontal axis, h; its integral part and

(X
t; =red (aj (hv )), where red is the canonical map defined on Z[X] by reduction
p J
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modulo p. If P; ¢ S, then t; = 0 and if P; € S, then ¢; # 0. If 7 is the abscissa
of the initial point of S, let Ps(Y') be the residual polynomial attached to S:

Ps(Y) =Y+t Y 4o+t aoneY + tivae € FylY).

Let indy(P) := ijl h; the number of points with integer coordinates that
lie below the polygon N, strictly above the horizontal axis and whose abscissas
satisfy 1 < j < | — 1, where [ is the length of N, s = ||, n = deg(P) and
m=degd). ] )

Let P(X) = (¢1(X))4 P, such that ¢;(X) is irreducible modulo p, ¢;(X) does
not divide P»(X) and N;" = S; + .. + S, the principal part of Ny, (P). P is said
to be ¢i-regular if for every 1 < i <'s, Pg,(Y) is square free. P is said to be p-
regular if P(X) = []/_, ¢;(X))¥ the factorization of P(X) modulo p of irreducible
polynomials and for every 1 <14 <r, P is ¢;-regular. Since the p-regularity of P
depends on the choice of ¢ (X) ,...,¢,(X). Then P is said to be p-regular if there
exist ¢1(X) ,...,¢(X) monic polynomial in Z[X] such that P(X) = []i_, ¢:(X))"
is the factorization of P(X) modulo p and for every 1 <i < r, P is ¢;-regular.
Theorem of index: wv,(ind(P)) > >"'_, myindy,(P), where m; = deg(¢;(X)) for
every i. With equality, if P(X) is a p-regular polynomial. (cf. [4, p 326]).

1. p-INTEGRAL BASIS OF QUARTIC NUMBER FIELD DEFINED BY X*+aX +0

In this section, K = Q|a], where « is a complex root of an irreducible trinomial
P(X) = X*+aX +b € Z|X] such that for every prime p, v,(a) < 2 or v,(b) < 3.

Lemma 1.1. Let p be a prime integer and w = tagﬂo;w € K. Then
chy, = X* + %X?’ - I%Xz + I%X - 1% is the characteristic polynomial of 1,

the endomorphism of K defined by l,(z) = wx, where

Ay = 2t + 3ax’yz 4 200222 — axy® — 4bxy’z — 3axdt + by + b2 + b3t + a2t —
3alxyzt+ax2® —Sabryt® + abx 2t + 402w 2t — adat3 + 4bayt + 3aby? 2t + 262y % —
abyz® — 4b%yz2t + a’byt® — ab®2t3,

A; = — (423 — 9ax®t + 4bxz? + 8bxyt + 6axyz + 6a*xt* — ay® — 4by*z — 3ayzt +
a’z® — babyt? + abz’t + 4b*zt% — a3t3),

Ay = 622 — 9axt + 3ayz + 4byt + 2bz* + 3a*t? and As = —4x + 3at.

In particular, w is integral if and only if for every 1 < 7 < 3, % e 7.

The following theorem is an improvement and a specialization of the theorem
of index on quartic number fields.

Theorem 1.2. Let P(X) = X*+mX3+nX?+aX +b € Z|X] be an irreducible
polynomial such that for every prime p, v,(m) =0 or v,(n) <1 or vy,(a) <2 or
v,(b) < 3. Let p be a prime integer. If P(X) is a p-regular polynomial, then we
have the following:

(1) If P(X) is square free, then (1,a,a? a3) is a p-integral basis of Z.
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(2) If P(X) = (¢(X))*, where degp = 1, then (1,a, QQ;Z‘;?’O‘, a3+“;§j+“2a) is a
p-integral basis of Ly, where P(X) = Z?:o a;@' is the ¢1-adic develop-
ment of P(X).

(3) If P(X) = (¢(X))3Ps, where degp = 1 and ¢(X) does not divide Py(X),
then (1, a, C“Q;f;?’a, a3+“;ff§+“2°‘) is a p-integral basis of Lk, where P(X) =
E?:o a;®" is the ¢-adic development of P(X).

(4) If P(X) = (¢(X))>Po, where degpy = 1, ¢(X) does not divide Po(X) and
Py(X) is square free, then (1,a, 0‘2;1‘;30“, 0‘3+‘1;§f§+“2“) is a p-integral basis
of Zy, where P(X) = Z?:o a; ¢ is the ¢-adic development of P(X).

(5) If P(X) = (¢1(X))%(¢2(X))?, where degp; = 1 and ¢1(X) does not divide
02(X), then for every i, let P(X) = Z?:o am(bg be the ¢;-adic develop-

ment of P(X), w;Feac 020 g g pi < bl Then:

7
ph3

(a) If bl =0, then (1, a, a® wj) is a p-integral basis of Zr.
(b) If hé > 1, then (1, o, w; —phg_héwj,wj) is a p-integral basis of Ly .

6) If P(X) = (4(X))?, where ¢(X) is irreducible of degree 2, then
(1, «, %, a‘i%a)) is a p-integral basis of Zx, where P(X) = ¢* + A(X)p+
B(X) is the ¢(X)-adic development of P(X) and h is the little of
(0p(AX)), [=5F2)).

Proof.

(1) Case 1. By Dedekind criterion, since P is square free, then (1, a, a?, a?)
is a p-integral basis of Zy.

(2) Cases 2,3,4. By theorem of index it suffices to show that every w; € Zg,

where wy = “2;;% and wy = %@#. Let ¢(X) = X — z9. By

replacing P(X) by P(X + xj), we can assume that o = 0, and then

wy = M and wy = emetne et Ch,,(X) = X4 4 X5 4
2 2_q2 n m2n—abm-+b2

) X2 4 (amndbnoca i 2n) 4 Gt i) and Chy, (X) = X4+

3a v3 , (n+3a?) 2 , (a®+2abn—b%m) (b3+a’bn—ab?m) .
WX + i X+ 3hs X+ T be the respective char-

acteristic polynomial of [,, and [,,, where [, is the endomorphism of
K defined by the multiplication by w. By definition of hy, p"* divides
n. Since Ng(P) is convex, then v,(b) > 3hy and wv,(a) > 2hy. Thus,
Chy, € Z[X], and then wy € Z. For ws, by definition of hs, p* divides a.
Since Ny(P) is convex, then v,(b) > hs + (hg — h1) > hs + (hs — hy), and
then v,(b) + v,(n) > 2hs, 3v,(b) > 4hs and 2v,(b) 4+ v,(m) > 3hs. Thus,
Chy, € Z[X] and w3 € Z.

(3) Case 5. As in the previous cases, every wy € Zy. By Hensel lemma,
let (P, P,) € Z,[X]? such that P,P, = P and P, = ¢7. Since P, and
P, are cooprime, then v,(ind(P)) = v,(ind(Py,)) + v,(ind(P,)) (cf. MN).
Since P is p-regular, then for every k, v,(ind(P;)) = h%. Thus, If b} = 0,
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then (1, a, a?,w;) is a p-integral basis of Zy. Else, then for every k, let
¢ = X — xp. Then ap3 = 4a;, + m. Since x; # x5 modulo p, then
a1 # az3 modulo p, and then w; — psMsw; = L9 where U(X) € Z[X]

hg
of degree 2 such that the coefficient of X 2 is cooprime to p. Finally,
(1, o, w; — phé—héwj, wj;) is a p-integral basis of Z.
Case 6. By Theorem of index it suffices to show that every ¢(a) € Zg.
Let P(X) = ¢*+ A(X)¢ + B(X) be the ¢(X)-adic development of P(X)
and k = v,(¢(a)). Since P(a) = 0, then 2v,(¢(a)) > v,(B(«)), and then
k> h. Thus, 20 € Zg.

The following Theorem gives us a triangular p-integral basis of K, v,(A) and
vp(di) for every prime integer p.

Theorem 1.3. Let p > 5 be a prime integer. Under the above hypotheses, a
p-integral (resp. a 2-integral, resp. a 3-integral) basis of Z  is given in table A
(resp. table B, B2*, B3* and B.3.2, resp. table C)

Table A
case | v,(b) | vy(a) | v(A) p-integral basis vp(di)
A1l 8 | >3] 9 (1, 2, 2) 3
p2 p3
421 >3] 2 | s (1,2, 2) 2
A3 >1 0 0 (1,,a% a?) 0
CMQ a3
A4 2 Z 2 6 ((1,0&,?,7) 2
A5 1 > 1 3 (1,a, a?, ) 3
A6 >2 | 1 | 4 (10,02, 2) 2
A7l 0 >1 0 (1,a,a?, a?) 0
P a3
A8| 0 0 ? 1 (1,a,a? “;—mt?’t) vy (A)[2]

In case A8, t € Z such that 3at + 4b = 0 modulo p™**, m = L#J and v,(A)[2]
is the remainder of the Euclidean division of v,(A) by 2.
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Table B
case conditions v2 () 2-integral basis va(dg)
B1 va(b) > 3, va(a) = 2 8 (Lo, 2,9 2
B2 v2(b) = 3,v2(a) > 5 17 (Lo, %, 25) 11
B3 va(b) = 3, va(a) = 4 16 (Lo, %, %) 10
B va(b) = 3, va(a) = 3 12 (Lo, 2,90 6
B5 | b=4+16B,a=16A,A=B[2] | 14 | (1,a, @ 42042 o424 (44B)a, 4
B6 | b=4+16B, a=16A,A#B[2] | 14 (1, o 242042 o®420%42a) 6
B7 b=12+ 168, a = 16A 12 (1, 2242 o42a) 4
B8 va(b) = 2, va(a) = 3 12 (1,0, %, o42a) 6
B9 va(b) = 2, va(a) = 2 8 (10,2, <) 4
B10 va(b) > 2, va(a) = 1 4 (1, e, a2, 20 2
B11 va(b) =1, va(a) >3 11 (1, 0,02, 03) 11
B12 va(b) =1, va(a) = 2 8 (1, 0,02, 0®) 8
B13 v2(b) =1, va(a) =1 4 (1,a,02,a3) 4
B14 va(a) =0 0 (1,0, @2, a3) 0
B15 va(a) > 3,b=1[4] 8 (1,a,a?,a3) 8
B16 va(a) > 3,b=38] 8 R R 4
B17 va(a) > 3,b="T]8] 8 (1,a, @241 a®tda®i6a) 2
B18 va(a) =2,b=1[4] 9 (1, 0,02, 02) 9
B19 va(a) = 2,b=T7]8] 10 (1,a, @541 o®ta) 6
B20 ve(a) = 1,b=3[4] 4 (1,0, a2, a3) 4
B21 vaa) =1,b=114] 4 (1,a,a2, e2=a>ta 1) 2
B2* b= 3[8], va(a) =2 * cf table B2* *

If b = 3[4] and vo(a) = 2, then let A =4+ a, B =1+ a+0b. Consider
FX)=P(X+1)=X"4+4X3+6X?>+AX +B,d=A%—-3By and = a — 1.
Then
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Table B2x
conditions | va(A\) 2-integral basis va(dg)
va(B) + 1> 209(A) | 54 209(A) | (1,0, &, CHLL60) y—py(A)| 3
va(A) =m
v2(B) =2m, va(A) =m—+1| 2m+7 (1,a, L, C+i0°+60) 5
va(B) =2m, va(A) >m+2| 2m+38 (1,(1,%,%) 6
v2(B)+1<2vy(A), va(B)=1[2] * cf Table B3* *

B.3% :v9(B) + 1 < 209(A), vo(B) =2k + 1.
Let t € Z such that va(naot + As) = s, 51 = L(L%L |52]) and H(X) =
F(X +2M) = X4+ m X3+ m X2+ A1 X + By.

Table B3x
conditions va(A) 2-integral basis va(dg)
209(A) > v2(B) + 1 2%k+9 (1,0, %, CHI7w60) 5
Ug(d) =1
v2(A) > k+3 2k+9 s=1 3
(1,8, %7 93+(—3.2kt-2+k4+)61)2+69—6.2kt)
k=1,vs(d) > 2 11 (1,0,%, 45) 5
va(A)=k+2,k>2 | 2(k+s+1)+7 s =51 5
va(d) > 3 (1,0, %, FHAZBZNO O Y0062
va(A)=k + 2, v9(d) =2 2k+11 let s=1, and go to B4*.
Table B4x
conditions 2-integral basis va(dg)
3 _ k 2 _ k
va(By) =2(k+2) | (1,6, %, FHISZ 00021, 5
UQ(Bl) Z 2(k + 2) + 1 (1’ 07 %7 93+(473.2};?f:+69*6.2kt> 3

Tables B2x, B3x and B4x could be summarized as follows: Let s € Z such that
P(X +35s) is 2-regular: P(X +5) = X*+4sX?4+6s*X?+ AX + B (v3(A) = r and
vo(B) > 2r—1) or (va(A) > r+1 and vo(B) = 2r). A such s could be computed
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by iterations: Let so = 1. If P(X + so) is not 2-reqular: (vo(B) = 2k + 1 and
vo(A) > k + 2), then replace s by s = so + 2%. Repeat this iteration until to
obtain P(X + s) is 2-reqular. Then (1,0, %, W) is a 2-integral basis of
Ly, where r = L—”(A)_ZQ_”QWK)J (r>2).

Table C
case conditions vz () 3-integral basis vp(di)
C1 vs(b) > 4, v3(a) = 2 11 (Lo, 2, 2) 5
02 vs(b) > 4, v3(a) = 1 7 (1,a,02, &%) 5
Cc3 v3(b) > 4,v3(a) = 0,a® # 1[9) 3 (1,a,02,a3) 3
o7 vs(b) > 4,v3(a) = 0,a2 = 1[9)] 3 (1,02, e2=aota) 1
Cs vs(b) = 3, vs(a) > 2, 9 (Lo, 2, 2 3
c6 v3(b) = 3, v3(a) = 1 7 (1,02, %) 5
7 v3(b) = 3, a2 = 1[9] 3 (1,a,02, &2=aa’+a) 1
cs8 v3(b) = 3, v3(a) = 0,a> # 1]9] 3 (1, o, 2, a3) 3
09 v3(b) = 2, vs(a) > 2, 6 (1,0, 2, 22y 2
c10 v3(b) = 2, v3(a) = 1 6 (1, 0,02, %< 4
C11 v3(b) = 2, a? = 1[9] 3 (1,02, e2=aa’+a) 1
Cc12 v3(b) =2, vz(a) =0, a® # 1[9)] 3 (1,a,a2,a3) 3
Cc13 v3(b) =1, vz(a) > 1, 3 (1,a,02,03) 3
C14 b =6[9], v3(a) =0, a® # 4[9), 3 (1, o, 2, a3) 3
C15 b=6[9], a% = 4[9], 3 (1, 0,02, &2=aa’ta) 1
C16 b=3[9], v3(a) =0, a® # 7[9], 4 (1,a,02,03) 4
C17 | b=3[9,a =79, a* — a2 +b=027] | >6 | (1,6, CH04670) | 4 (A) [2]
as = —4bg [3v3(H)+1]
0=a—s
018 | b=3[9],a% = 7[9], v3(a? —a® +b)=2| 5 (1,a,02, @2=aa®ta) 3
C19 v3(b) =0 0 (1,a,02,a3) 0

Proof. First, A = 2%° — 3%a" and the proof is based on the Newton polygon.
For every prime p, let us = v,(a), ug = v,(b), P(X) the reduction of P modulo
p, N the X-Newton polygon of P and N its principal part.
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Case 1 (v,(b) = 3 and v,(a) > 2) : Al, B2, B3, B4, C5.

P(X) = X* and indy(P) = 3.

1) If uz > 3, then N = S is one side and Ps(Y) = Y + b, is square free
and (1, a, O‘Tf, ;—2) is a p-integral basis of Zg.

2) If u3 = 2, then N = S; + Sy with slopes respectively 1/3 and 1.
Ps,(Y) = Y+a, and Ps,(Y) = @,Y +b, are square free. Thus, (1, a, O‘Tf, Z—j)
is a p-integral basis of Z.

Case 2 (v,(b) > 2 and v3(a) = 1) : A6, B9, C2, C6, C10.

N = S; + Sy with slopes respectively 1/3 and 1. Pg,(Y) and Ps,(Y) are
of degree 1. So, Thus, (1, a, o?, %) is a p-integral basis of Zg.

Case 3 (v,(b) > 1 and wv3(a) = 0): A3, B3, C3, C4, C7, C8, C11, C12,
C14, C15, C16, C17,C18.

If p # 3, then P(X) is square free and then v,(ind(P)) = 0.

For p = 3, let F(X) = P(X —a) = X! —4aX3 + 6a*X? + AX + B,
where A = —a(4a® — 1) and B = (a* — a®> +b). Then v3(A) > 1 and
v3(B) > 1. It follows that vs(ind(P)) = 0 if and only if v3(B) = 1, i.e.,
if (a*> = 1 modulo 9 and v3(b) = 1) or (a* # 1 modulo 9 and v3(b) > 2,
then v3(ind(P)) = 0. Else, then uy = 0, us = 1, ug = v3(A) > 1 and
Uyg = Ug(B) 2 2.

(a) If ug3 =1 or uy = 2, then v3(ind(P)) = 1, w is integral, and
then (1, a, o2, %) is a 3-integral basis of Zy: (b =6 and a® = 4
modulo 9) or (b =3, a® = 7 modulo 9 and v3(a* — a? + b) = 2).

(b) If uz3 > 2 and ug > 3:(b = 3, a*> = 7 modulo 9 and a* — a® +
b = 0 modulo 27), then let m = L”Z(A%J, s € Z such that as =
—4b3 [3%3(™)*1] and §# = a — s. Then K = Q[f] and f(X) = X* +
45X3 4+ 6s°X? + AX + B is the minimal polynomial of 6, where
A =453 +aand B = s* +as +b. It follows that u; = 0, uy = 1,
ug = vo(A) — 3 = uy. Finally, (1,0, %,W) is a 3-integral
basis of Zy and v3(dg) = ve(A) [2].

Case 4 (v,(b) =2 and v3(a) > 2): A4, C9, B5, B6, B7, BS:

For p # 2, N = S is one side and Ps(Y) = Y2 + b, is square free. Hence
vp(ind(P)) =2

For p =2, N = S is one side and Ps(Y) = (Y +1)2. Since P(X) is not 2-
regular, we will use a higher order. Let ¢; = (X,1/2,Y 4+ 1) and ¢5(X) =
X2+ 2 as defined in[3], page 16 and let V; be the 2-adic valuation of 2%-
order as defined in|[3], page 17. Then V(¢2) = 2, V5(X) = 1 and for every
x €7, Va(z) = 2u9(x). Let P(X) = ¢2(X) — 4¢o(X) + (4AX + 4by + 4),
Ro = Va(#5(X)) = 4, R = Va(4¢2(X)) = 6 and Ry = V5(4AX + 4by +4).
From [3, Th 4.18, p:48], it follows that:

(a) If vy(a) = 2, then Ry = 5 and (1,a, %, <

, %, %) is a 2-integral basis of
L.
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(b) If va(a) = 3, then Ry =7 and (1, a, %2, C“Sfa) is a 2-integral basis of
L.

(¢) If bo+1=0modulo 4 and vy(a) >4, then Ry > 8 and (1, a, %, %)
is a 2-integral basis of Z.

(d) If bo+1 =2 modulo 4 and vy(a) > 4, then let b =4+ 168, a = 164,
$a(X) = X2+ 2X + 2t and P(X) = 62(X) — 4(X + ¢ — 1)$o(X) +
8(t —1+2A)X +4(1 +t* +4B —2t). Then Ry = 4 R; = 7. Since
1+t*+4B — 2t = 2(1 —t + 2B) modulo 8, let ¢t € Z such that
1 —1t+4 2B = 0 modulo 4. It follows that: if B = A modulo 2, then
Ry > 10, ve(ind(P)) = 5 and (1, «, °‘2+io‘+2, QSHQQﬁ(HQB)O‘) is a 2-
integral basis of Z.

If B # A modulo 2, then Ry =9, v3(ind(P)) = 4 and
(1 a a?+2a+42 a3+20é2+2a)

is a 2-integral basis of Z.

(5) Case 5 (v,(b) =1 and vs3(a) > 1) : A5, C13, B10,B11, B12.
N = Sis one side and Ps(Y) = Y +b, is square free. Hence v,(ind(P)) =
0.

(6) Case 6 v,(b) > 3 and v3(a) = 2: A2, C1, Bl:
N = S; + S, with slopes respectively 2/3 and uy — 2. Since every Pg,(Y)
is square free, then v,(ind(P)) = 3.

(7) Case 7 v,(b) = 0 and wv3(a) > 1: A7, B14, B15,..., B19, B2* B3* and
C19.
If p # 2, then P(X) is square free.
For p = 2, according to the Dedekind criterion, let f(X) =
—2X% —3X? 4 oAX + L and f(—1) =1+ %+ 51 Thus,
If (vg(a) > 2 and b = 1 modulo 4) or (v3(a) = 1 and b = 3 modulo 4),
then (1, a, a?, a?) is a 2-integral basis of Z.
Else, let P(X +1) = X* +4bX® +6X?+ (44 a)X + (1 +a+b). Then
uy = 2, up = 1 and

PX)—(X+1)*
5 =

(a) If va(a) = 1 and b = 1 modulo 4, then ug = 1, uy > 2 and

(1,a, 2, %) is a 2-integral basis of Zg.

(b) If (va(a) > 3 and b = 3 modulo 8) or (va(a) = 2 and b = 7 modulo 8),
then uz = uy = 2 and N = S is one side such that Ps(Y) = Y2+Y +1
is irreducible. Hence, (1, a, a22+ Y ag""z;a’l
L.

(c) If (va(a) > 3 and b = 7 modulo 8, then uz = 2, ug = 1, uz3 = 2 and
ug > 3. Thus, (1, «, a22+1, %) is a 2-integral basis of Zg.

(d) If va(a) = 2 and b = 3 modulo 4, let F(X) = P(X +1) = X* +
4X3+6X2°+ (44 a)X+(1+b+a) = X*+4X>+6X?+ AX + B,
where A=4+a, B=1+b+a, va2(A) > 3 and v(B) > 3. First, we

) is a 2-integral basis of
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have A = disc(F) = 256 B3 — 768 B2A + 768 BA? + 176 A3 + 2304 B* —
4608 BA — 288A% — 27A* + 6912B. Consequently,

(i)

(i)

(iii)

If vo(B) 4+ 1 > 2v9(A), then vy(A) =54 2v3(A), ve(ind(P)) =
1 4+ v9(A), vo(dg) = 3 and (1, a, %2, OM%#) is a 2-integral
basis of Zy, where k = vy(A).

If vo(B) = 2k is even and vy(B) + 1 < 2vy(A), then

if vo(A) > k4 2, then vo(A) = 8 + v9(B), va(ind(P)) = k + 1,
v9(dg) = 6 and (1, v, 22, W) is a 2-integral basis of Z.
If vo(A) = k+ 1, then va(A) = 2k + 7, ve(ind(P)) = k + 1,
vo(dx) = 5 and (1, 2, w) is a 2-integral basis of Z.
v9(B) is odd and vg( )+ 1 < 2v3(A). By the Theorem of
the polygon F(X) = H(X)G(X) in Zy[X], where H(X) =
X?24+7rX +s5 G(X)=X?>+RX + 5,

{ w(s)=1,  w(S)=uw(B)-1, w(r)>1, wu(R)> 2B

B=sR+rS, A=Sr+Rs, 4=r+R

Since 4 = r + R, vo(r) > 3 and vy(r) = 2. So, vy(disc(H)) =

vo(r? — 4s) = 3, va(Res(H,G)) = 2uvy(H()) = 2, where 0

is a root of G(X). As wy(r) > 1 and wy(s) = 1, we have

H(X) is irreducible in Zy[X]. On the other hand, as disc(F') =

disc(H)disc(G)(Res(H,G))?,

vo(disc(F)) = va(disc(H)) + 2va(Res(H, G)) + va(disc(G)) =

7 4 vo(disc(G)). Thus,

(A) If G(X) is irreducible in Zy [ X], then from [4], va(ind(F)) =
0+ 2 + vy(ind(G)). Let 0 be a root of G(X) and u =
84z € Q,f]. Since the characteristic polynomial of u is

C’hu = X? - ZRX 4+ (2”*’%);2&?“(6'”, where disc(G) =
4S — R?, then u is integral if and only if 222 divides
disc(G). Therefore, vy(ind(G)) = |24 | 1. Thus,
vo(ind(F)) = 2+ ij —1, and then if vo(A) is even,

then vy (ind(F)) = w and vo(dg) = 6. Else, then

va(ind(F)) = 2 AEN5 and vy(dye) = 5.

(B) If G(X) = (X —61)(X —0s) in Zy[X], then vo(disc(G)) =
21)2(91 — 92)) and UQ(diSC(F)) =74+ 2?)2((01 — 62)) Le
Gi = X — 0, and G, = X — 0y. Then vy(ind(F)) =
2+’UQ<R€S<G1, GQ) = 2+’U2<(91 92)), and then UQ(dK) =3.

2 3 2 2 . . .
In these cases, (1,q, %, &2 HTVOTHT) g 5 2-integral basis of

) 2 ? om
Zk, where m = LWJ
such that W € Zx.
Since we can not compute the coefficients of G(X) in Q, neither

to test if G(X) is irreducible in Q,[X], we must give, in C.1,

-+

— 1, x, y and z are integers
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a method which allows us to compute the integers x, y and z
independently of the knowledge of the irreducibility of G(X).
(8) C.1: Let F(X) = X* +4X? + 6X? + AX + B€ Z[X], 0 =a—1, d =
A2 — 3By, where vo(A) > k+2, v9(B) =2k+1and k > 1. Let ¢t € Z such
that vy (3t+A4s) = s, H(X) = F(X+2%) = X*+m X34+ X2+ A, X +B;.
Then my = 4 + 2572t ny = 6 4+ 3.2872¢ + 322142 A = A 4 3.282¢ +
3.22k+242 1 9304243 and By = B+2F At+43.22F+ 1424 93k+2¢3 1 94k44  Therefore
3B, = 2%k+1(3B — A3) + 3.2%%¢3(22 4 2F¢t) 4 22k H1H25 L) where L is an odd
integer. It follows that: ve(my) = 2, va(ng) = 1 and

(a) If va(d) = 1, then vy(By) = 2k + 2, v(ind(F)) = k + 2, and
(1,0, %, 9324,;#) is a 2-integral basis of Zy. Moreover, if vy(A) =
k+ 2, then ve(A) = 2k + 9 and ve(di) = 5. if vo(A) > k + 3, then
vo(A) = 2k + 10 and ve(dg) = 6.

(b) If va(d) > 2 and vy(A) > k + 2, then v5(A41) = k + 2 and vy(By) >
2k + 3. Hence vo(ind(F)) = k + 3, vo(A) = 2k + 9 and vy(dg) = 3
and (1,0, %, ws) is a 2-integral basis of Zg, where

_ 03+(4-3.2k¢)0%+60—3.28 1t
w3 = kT2 .

(c) If k =1, vo(d) > 2 and v9(A) = 3, then for s = 1, vo(By) = 4,
va(A) = 11, va(dg) = 5, (1,9,%, 93“;#) is a 2-integral basis of
L.

(d) f va(A) = k+2, k > 2 and vy(d) > 3, then for s = L(| 29|, [£]),
ve(A1) = (k+ 14+ s)+ 1, va(By) > 2(k+ s+ 1)+ 1. Hence
’UQ(ZTLCZ(F)) :‘ k + 2 + S, "UQ(A) = 2(/{5 + s+ 1) + 7, ’UQ(dK) =95
and (1,0, %, 93+(473'222)ffig6973'2k+1t) is a 2-integral basis of Zg.

(e) If vo(A) = k + 2 and vy(d) = 2, then vo(A) = 2k + 11. For s = 1,
UQ(Al) = k+3 and 3Bl = —22k+1d—|—3.23k+2t3(1 —|—2k_2t) +22k+3L) =
223 (—dy + L) + 3.23%+2¢3(1 + 272¢), where L is an odd integer.
Thus, v9(A;) = k + 3 and vy(By) > 2(k + 2). Tt follows that:

(1) If vo(By) = 2(k + 2), then va(ind(F)) = k + 3, va(dx) = 5 and
(1,6,2, 93+(4_3'2k2)fij69_3'2k+1t) is a 2-integral basis of Zk.
(ii) If vo(B1) > 2(k +2) + 1, then ve(ind(F)) = k + 4, va(di) = 3
and (1,6, %, 93+(4_3‘2kt2)fi;60_3'2k+1t) is a 2-integral basis of Zg.
(9) Case 8 v,(ab) = 0: AS.

If p € {2,3}, then v,(A) =0, (1, , 0%, a?) is a p-integral basis of Zx and

Up(dK) =0.

Let p > 5. If v,(disc(280® — 33a*)) < 1, then (1,a,a?, a?) is a p-integral

basis of Zx and v,(dx) = 0.

Else, since 3a # 0 modulo p, let t € Z such that 3at + 4b = 0 modulo p®,

where s = m+ 1 and m = 22| (3at + 4b = p°L). Then (3a)3P'(t)
t

2
— A\ + 3.4%3?p* L modulo p?*. Thus, v,(P'(t)) > s. Moreover, (3a)*P(

bA — p*/A modulo p*. Thus, v,(P(t)) = v,(A). Let P(X +1t) = X* +
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4 X3 + 6t°X2 + P'(t)X + P(t). Since 6t* # 0 modulo p, then N =
So + 51 with slopes respectively 0 and % and Ps, (Y) is square free.
Hence, v,(ind(P)) = |2&) |, C44i0’16%0 ¢ 7, where § = a — t. Thus,

2 pm
(1,a, 0, W) is a p-integral basis of zx and v,(dgx) = vy(A)

modulo 2.
(10) Case 9 va(a) = 0 or v3(b) = 0 (B13, C19). Since v,(A) =0, (1, o, a? a?)
is a p-integral basis of Zy and v,(dk) = 0.

2. AN INTEGRAL BASIS OF A QUARTIC NUMBER FIELD DEFINED BY
X*+aX+0b

Remarks 2.1. (1) Let p be a prime integer such that p* divides /\. For
p
every 1 < i < 3, let w;, = I;'(a) where LY(X) € Z[X] is a monic

Ti,p )
polynomial of degree i such that F = (1,w,, wayp, wsy) is a triangular
p-integral basis of K. Ten ri, < ro, < r3,, v,(A) = r1 +1ry+ 13 and
vp(di) = vp(L) = 2(r1 + 12 +73).
(2) Let py,--- ,p, be the primes such that every p? divides /\. For every

p
Li] (a)
i

and

1 <4 < 3, denote d; = H;zlpg“, where for every j, w;; =
(1,wy 5, ws 5, ws ;) is a pj-integral basis of K. Then 1| dy | dy | d3 are the
elementary divisors of Zy /Z[a]. In particular, ds is the conductor of the
order Zla] and didyds = Find(P).

(3) We can always assume that a triangular p-integral basis has the property:
if i = riz1, then we can take w;y, = aw;.

One can recover a triangular integral basis from different triangular p-integral
basis for all p as follows :

Proposition 2.2. Let pi,...,ps the prime integers such that p* divides /\ and
1, dy, dy and ds the elementary divisors of the abelian group Zy /Z[c]. For every
J, let F;j = (L, wy;,waj,ws ;) be a triangular pj-integral basis of K, i.e., w;; =
()

Tij

such that every L7 (X) is a monic polynomial of Z|X| of degree i. Then

L;(a)
d.

7

p;
B = (1,w;,ws,ws3) is a triangular integral basis of K, where every w; = ,
L

(X) = LX) modulo p}°.

Proof Since ind(P) = didyds, we need only to check that every w; € Zg. Let

1 <4 < 3. Since for every i the integers (il—;fj)1<j<s are pairwise coprime, there
p; -

, Li(«
exist integers 1, ..., s such that 3, tj-% = 1. Hence, Ljd@ =0 tj%j)
p; 4 p]

Li(a)
Tij
5

Zy, because all € ZLk.



14 L. EL FADIL

ACKNOWLEDGMENTS

This work is supported by the Spanish Ministry of Higher Education
(Ref: SB 2006-0128). I would like to thank CRM at Barcelona for their ex-
traordinary hospitality and facilities. I am also thankful to Professor E. Nart for
his valuable comments and suggestions.

REFERENCES

[1] S. Alaca and K. S. Williams, p-integral basis of a quartic field defined by a trinomial
X*+aX +b, , Far East J. Math. Sci. 12 (2004), 137-168.

[2] H. Cohen, A course in computational algebraic number theory, GTM 138, Springer-Verlag
Berlin Heidelberg, New York, Paris, Tokyo, second correction (1995).

[3] J. Guardia, J. Montes and E. Nart, Newton Polygons of Higher Order in Algebraic Number
Theory, arxiv.org/abs/0807.2620v2 [Math.NT] 31 October 2008.

[4] J. Montes and E. Nart, On a Theorem of Ore, J. of Alg. 146 (1992) 318-334.

[5] J. Montes, Poligons de Newton de orden superoir y aplicaciones aritmeticas, Ph.D Thesis
at “UAB”, Barcelona-Spain (1999).

[6] P. Llorente, E. Nart and N. Vila, J. Théorie des nombres de Bordeaux, T3, n 1 (1991)
27-41.

L HOUSSAIN EL FADIL
FPO, P.O. Box 638-OUARZAZAT
MOROCCO
E-mail address: 1houelfadil@hotmail.com



