CONVOLUTION INEQUALITIES IN LORENTZ SPACES

ERLAN NURSULTANOV AND SERGEY TIKHONOV

ABSTRACT. In this paper we study boundedness of the convolution
operator in different Lorentz spaces. In particular, we obtain the limit
case of the Young-O’Neil inequality in the classical Lorentz spaces.
We also investigate the convolution operator in the weighted Lorentz
spaces. Finally, norm inequalities for the potential operator are pre-
sented.

1. INTRODUCTION

The Young convolution inequality of the form
I1f+Kllp < Ifllp 1K

and in a more general form
1 1 1
If+ Kllg < AFlp 1K, 14 2= 24 2

r

plays a very important role both in Harmonic Analysis and PDE.
O’Neil [ON], Yap [Ya], and Blozinski [B13] studied the boundedness of
the convolution operator

(L1) Af(y) = /D K(y - )f(2)de

in the Lorentz spaces. In particular, the following Young-O’Neil inequality
was obtained: for 1 < p,q,7 < 00, 0 < h1,ho,hgy < 00, 1+ % = 1—17 + %, and
1
h1
(1.2) [Af L g, @) < cllf Ly, )KL, 2-D)

where Q =D ={z—y:2€Q,y € D}.

In this paper we continue investigating the Young-type inequalities in
different Lorentz spaces.

The outline of the paper is as follows. In section 2 we study the bounded-
ness of the operator A from Ly, () into Ly, (€2), i.e., the limit case of the

-1 4 1
=7, T 7, one has
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Young-O’Neil inequality (p = g and r = 1). It is known (see [B12, Theorem
2]) that if Q = R", hy < hg < 00 and K > 0, then

A Lphz (Rn) - Lphl (Rn)
implies A = 0, i.e., K = 0. We show that in the case when € is of finite

measure, the same problem has a nontrivial solution: for 1 < p = ¢ < c©
one has

ICE s ) Mp, e <l M, ha [ 1,

The case p = ¢ = oo is studied separately in Section 3. In this case we
consider the Loq-spaces ([BRS], [BMR]) and we obtain

”K * f”Loo,hl <2 ||f||Lco,h2 ||K**||L1,h3'

Further, Section 4 is devoted to the general Young-O’Neil-type inequality
in the weighted Lorentz spaces AY(w), I'(w), and S%(w), i.e.,

() = {nfnw - < / TP 0) wit) dt)l/q < oo} |
ri(w) = {||f||rq(w) - ( / () () dt)l/q < oo} ,

oo 1/q
S (w) = {Hf”Sq(w) = (/O (£ () — @) 'w(t) dt) < oo}

(see, e.g., [CGMP], [Sa]).
In section 5 we obtain the following inequality for the convolution oper-
ator

/0 6" (5)(Af)™ (s)ds < / g (t) / () ([t — s)dst.

We use it to prove the norm inequalities for the Riesz operator.
Finally, section 6 contains the Young-O’Neil inequalities for multidimen-
sional Lorentz spaces.

Basic notations. Let y be n-dimensional Lebesgue measure and 2 C R™ a
measurable subset. For 1 < p < oo, L,(12) is the usual Lebesgue space with
1

norm || f[|z, () = (fﬂ |f(z)P du) " < oo. The distribution of a measurable
function f on € is defined by

m(o, f) = p{z € Q: |f(x)] > o}
Then f*(t) = inf{o : m(o, f) <t} is the decreasing rearrangement of f.
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Let 0 < p,q < oco. We will say that a measurable function f on 2
belongs to the Lorentz space Ly (€, p) if

fo] 1/q
111z, = (/0 (t7 f* () it> <00

for 0 < g < o0, and

1|z, = sup  EV/PF() < oo,
t€(0,]92])

where || is the measure of Q2. We also define

(13 CEEY Rt

By C, C;, ¢ we will denote positive constants that may be different on differ-
ent occasions. We write F' < G if F < C1G and G < (3 F for some positive
constants C; and Cs independent of appropriate quantities involved in the
expressions F' and G.

2. CONVOLUTION IN THE LORENTZ SPACE OF PERIODIC FUNCTIONS

Let L,,[0,1] be the Lorentz space of all 1-periodic functions with the
norm given by

1 L d %
nmm=wmﬁw=(ﬁ@wwwf>'

It is known [BS, p. 219] that for 1 < p < oo and 1 € ¢ < 0o we have

dt

1
q
L) <ol

L 1
OV VAN VAN YRS </0 (v f (1))

where f** is defined by (1.3) and can be written as [BS, p. 53]

(2.2) .w<—sw||/u 2)lde

le|=t
eC[0,1]
Here p’ = -E7 and pe = [e].
Note that for p = 1, (2.1) is not true. For a fixed f € L; the func-
tional || f**|l1,4 is non-decreasing as a function of % € [0, 400); moreover

£ ll100 < N fllzy and [[f*[l10 =< [|fl£10g £-
We will need the following Hardy-type lemma.
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Lemma 2.1. Let f(t) be a non-increasing non-negative function on (0, 0c),
0< ¢(t) <1 and [;° ¢(t)dt = d < co. Then

d o
(2.3) [ swa= [ s

Proof. Indeed, [ hidt > [, hodt implies [[~ hifdt > [;° hof dt for any
non-increasing nonnegative function f on (0,00) (see, for example, [BS,
p. 56]), and (2.3) follows. O

Lemma 2.2. Let 1 <p<oo and 1 < h <oo. If f € Lpp(Q, 1), then

lim t%f**(t) =0 and lim t%f**(t) =0.

t—0 t—oo

Proof. Tt follows from

. dt . dt
lm [ (tr )= = lim [ (f~0)"= =0
s—0 s/2 t §—0 s/2 t
and
%
s dt
( / (tif**<t>>h7> > epn 5% £ (5). 0
s/2

Theorem 2.1. Suppose measurable functions f,g, and K are defined on
[0,1]; then

1 1
e [ rousnron<e [ oK
0 0
If we also assume that
(25) Jim 2K (0 ()9 (1) =0,
then
1
(2.6) / GO * )™ (Ot < gl 1 2. 1K Lz,

1
+/ tg™ (0) 7 (8) (K7 () — K*(1)) dt.
0
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Proof. From (2.2) and the Hardy-Littlewood inequality [BS, p.44], we write

1
/0 4" ($)(K * )™ (s)ds

/ ( ur / |f(x | |/|K )| dydads
19*(8) sup |K(y—)|dy) (t) dtds
foo g [[ro(g [iw-m)
:/ (s) Sup / fr ‘w EI |//|K )| dedydtds

1 1
§/ g*(s)/ (@) SUP sup ?H |//|K x)| dxdy | dtds.
0 0 =s |w|= ’5

cC[Ol wcC]lo,

<
<

We consider

(s, 1) = //|K 2)| dydz

w\t

= s b [ ) [ ) K- o) e

w\t

= sup am/o |K(2)]|len (w+ z)|dx

le|=s
/ K*(€)p(€)de,
6| Jw]

Jw|=t
where ¢(&) is the non-increasing rearrangement of the function |e N (w+ ).
Then ¢(¢) satisfies

//\

w\t

¢(s) < min(el, |wl)

and

/0 H()d = el u].
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We assume that s = |e|] < |w| = ¢, then the function ¢o(§) = @(&)/|e]
satisfies conditions of Lemma 2.1 with d = |w]|. Then for s < ¢ we have

P(s,t sup /
( ) le|=s,eC[0,1] |w|

Jw|=t,wC[0,1]

— IwIK d K
g u * _ **t
sup o [ K€ = K )

lw|=t
As above, for s >t we write

lel

P(s,t) < sup K*(&)d§ = K™ (s)

le|=s |€|

Therefore we have

1 1 1
(2.7) /0 g*(s)(K*f)**(s)ds</0 g*(s)/o fT@) K (max{s,t})dt ds.

Using this inequality, we get
1 1 1
/ﬁ%mwm%ms/f@/fWW@mem

0 0 0

1 s

= / g (s)K*(s) | [f*(t)dtds
0 0
1 1
+Ag@éf@ (t)dtds
1

<2 /O LR (£)g™ (1) F** (D) dt.

Thus, inequality (2.4) is verified. To prove (2.6), we use

syAU%wm+fW$[f¢@mw=(AE%ﬂﬁ[fﬂ@MQﬁ

Therefore, (2.7) implies

[ o< [0 [ o

/K** ( /f b+ )/ ())ds
/ K (s < /0 o (t)t /0 f*(t)dt> ds.



CONVOLUTION INEQUALITIES IN LORENTZ SPACES 7

Integrating by parts, we get

1

1 s s
/0 g* () * )™ (s)ds < K**(s) / £ (1)t / ooyt

/ / STt / “(t)dt (K (s))" ds.

Hence, using (K**(s)) =— (& f K*(t)dt—1K*(s)) = —1 (K**(s)— K*(s))
and (2.5), we obtain

1
/0 7 O * @)t < gl | £l 1K 1,
1
4 / g™ (8) £ (£) (I () — K (1)) dt.
0

The proof is complete. O
Theorem 2.2. Let 1 < p,q,r < hy, he, hg < 00, and
1 1 1 1 1 1
2.8 - 4+1=-+4+ -, - = 4+ —.
(28) q p T hi  hy  hs

Suppose f € Ly 1,[0,1] and K € Ly ,[0,1] are 1-periodic functions.
a) (Young-O’Neil) If 1 < p,q,r < 00, then K = f € Ly, and
1K 5 fllgn, < elfllz, w1 KL, -

b) Ifl<p=q<ocorp=qg=hy =hg=hg=o00, then Kxf € Ly,
and

(2.9) 1K fllzyn, < Cllfzyn 11 ms-
¢) Ifp=qgq=1and 1 < hy,ho,hg < o0, then K x f € L1j,, and

ICE s £) ne < el s S s -

Proof. Let f** € Ly p,, K** € Ly py, and g** € Ly, where p,7,q, h1, ho, hs
satisfy (2.8). If p1 = ¢, p2 = p,ps = r, then pil + plz + p% = 2 and hi/l +

1
hs

differs from zero. Let us assume that hi, > 0. Then Lemma 2.2 implies
1

h% + h% = 1. This implies that at least one of the parameters hi/l, h%,
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lim; . t'/P1g**(t) = 0. Applying the Holder inequality twice, we get

2K (8) 7 (1)g™ (8) = (75 K (1)) (£72 f**(£)) (t77 g™ (¢))

< 1 ¢ Z—éds Y 1 ¢ %ds
S =1es | s t1=1/r2 \ J, s

L *k
Va1 gy (17797 (1))

L *%
= - Lpg,ng " Lpy,ho !
ClE™| £ trig*(t)

1/h}

Therefore,

(2.10) lim 2 K** () £** (t)g** (t) = 0.

t—0

By Theorem 2.1 and the Holder inequality, we have

1
If *Kllp,,. < sup / o) (K * F)(v)dy

lgllz, =1

1
< s / g () (K )™ (4)dy

llgllz =
q’,h’l

< sup o [lgllz Az, Kz,

llg Lq/’h/l_

1
s [ et - ko) 10 )i
< sw o gl flolKl,
Il =1
1 1 1 1 1 1 1
# [ (R @) @5 et o)l

<c  sup K rng 1 pna lg™ (g7 -
oL, =

Thus we derive

(2.10) 1 # Koy, < sup (K e ng S Npna g7 (g mg -

9llLy 4y =

In the case a), i.e., 1 < p,r,q,< oo, we have |[f**|lpn, < [fllz, .,
||9**||q/7h/1 = HQHL,,/,MI NE |y < HK||Lr,h3 and inequality (2.10) implies
1B Ly, <c  sup (KLl 2, n, 900z, 0 = el 1 F ]z,

g ‘Lq/’h/l_
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b) Let now r = land 1 < p = q < oo, f € Lpn,, K € Lip,,9 €
Ly py. Then since at least one of the parameters hi,, h%, h%, differs from
1

zero, by Lemma 2.2, we write (2.10) and, therefore, (2.10). Then because
of |1 llp.ne =< I 1Ly, and 197 [l 0y = llgllz,, ,, > we finally have

[f* K, <er sup (K gl flle,n,ll9llE, .,

HQHLp/,h,l:l
=l K™ ns [ 1y -
For the case p = ¢ = hy = he = hg = oo, we simply write

1+ Kl < ellfllee K]

c)Let g=p=r=1and 1< h; < oco. Then using [CGMP, Th 4.1] and
periodicity of functions, we get’

I(K % f)"[[1ny = sup /0 9(y) (K * f)(y)dy

lgllz ,, =t
ooh’l

1
b [ f@ler K@

= su
lalle.,

sh

1
< s [ EeeR) e
lgllz ,, =170
1
We again apply Theorem 2.1 and the Holder inequality:

ol =1

K £) " Mln, < ¢ sup <|f|L1|f|L1||K|L1

1
+/0 LK (1) (g**(t)—g*(t))dt>

<c  sup [ fn || K|

llgllz =1
oo,h,ll

*
1,hs

1 *ok \h' h
g —g)
||g|1+</< o) dt>
0
= el £ K

The proof is complete. O

=

ISee the definition of the space Loohll in the next section
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Let us give two examples showing sharpness of the results of Theorem
2.2. First, we prove that in inequality (2.9), the factor ||[K**[|z, . could

not be changed to ||[K||r,,,. That is, in general, for 1 < p = ¢ < oo and
1

h1
(211) HK * fHLp,hl < C||f||Lp,h2 ||KHL1,h3
does not hold.

Example 2.1. Let N € N. We define f(¢) = (min(N, 1/t))1/p and K(t) =
min(N, 1/t). Then

= h% + h%, the inequality

h
Ifl,.,, = (InN)/"

and
HK”LM3 = (lnN)l/h3 — (lnN)l/hl—l/hz .
Define
0 for z € [0,a) 1
- ’ =% +1).
@($) {(K x f)(x) for z € [a, 1) a I (e )

Therefore if x € [a,1) we write

/zfv ds 1 /ffv ds  NYPIn(Nz—1)

1 S%(!T_S)/(./L'_%)% 1 x_S_ (N.I—l)l/p

p(z) >

N N

/
Noting (g?/i,) = ng/];lfl < 0 for & € [eP, 1], we obtain that the function
In &

£L/p

is decreasing on [e?, 1]. Hence,
In (N(t +a) — 1)

for t€(0,1—a).
(t+a—1)"7"

o (t) =

Using this, we get
1
h
1K, > [ @)

L dt
t
>/1—“ H/P (N (t+a) — 1)\ dt
“Jo (t+a— )P t
N /H (tl/p In(N(t+a) — 1))’“ dt
- a (t+a_%)l/p t
mo (7 (I(N(t +a) — 1))Mdt
o t

<" TNt +a)—1) [ = (InN)" T

\

>

[\]
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Thus, (2.11) implies
InN <C.

This contradiction concludes the proof.

We now provide an example showing sharpness of (2.9) in the following
sense: none of the parameters could be changed to make the inequality
stronger.

Corollary 2.2.1. Let 1 < p < 00,1 < hy,he < 00 and 1/h = (1/hq —
1/ha)y. Then for the Cesaro operator of 1-periodic function f, given by

1 N
on(f;w) = N——H];)Sk(f;x)

1
_ /0 F(y)Fx(z —y)dy, Fy(x)

1 sin® (2N — 1)z
N sin® ’
we write

1/h
NN 2y, =Ly, = NER 10 = (I N

Proof. By Theorem 2.2, we have

lonllzyny—Lpn, < CIEN 1,5

Further, we estimate
h

IF3 L, < c </01/N (/Ot (FN(S)X[O,l/z] (S))*ds) %
+ /1;\/ <(/01/N + /1;\/) (FN(S)X[O,1/2](5))*dS> h %

Using the known inequalities Fiy(s) < ¢N for x > 0 and Fy(s) < ¢/(Nz?)
for x € (1/N, 1), we write

1/h
1/N L
N7, , e Nh/ th_ldt—i—/ — <c(nN)V™,
. 0 1/N

1/h

Finally, we get
h
NN | 2y, =Ly, < (N

On the other hand, defining

N
_ 2mwikx
fo(x) - ]; kl/pe
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and using Hardy-Littlewood’s theorem on Fourier coefficients for the Lorentz

space [Se], we obtain
N 1 \Pe g 1/he
1/ l - 1/h
(Z (k Pkl/p> k) = (InN)"/"

[ foll, ., <
k=1
N h 1/h1
N-k\"1 Un
||UN(fO)||Lp,h1 = (; (T) E) = (1 +].DN) b,

Therefore, we derive

||0N(f0)||Lp,h1 - (lnN)1/h171/h2 _ (lnN)l/h,

. =
|| N||Lp,h2_’LT”h1 = HfOHLth'Z

completing the proof. O

3. CONVOLUTION IN THE LORENTZ SPACE OF PERIODIC FUNCTIONS:
THE CASE OF p = ¢ = 00

Theorem 2.2 does not encompass the limit case p = g = co (h; < 00). It
is clear that in this case the classical Lorentz space is trivial. We consider

another scale of Lorentz spaces.
Following Bennett et al. [BRS] (see also [BMR], [CGMP]), we define
Loon[0,1] as follows

Loogl0,1] = {f € L1[0,1] = | fll owglony) = 1 £l 110,11

1
1 % px\4 q
NPC===
0 t
The following embedding hold: for 1 <p<ocoand 1 < g < q; <0

Loo[0,1] = Lo 1[0, 1] = Loog[0,1] = Lo 4,0, 1] = Lyp|0, 1.

Moreover,

! d
s = U1+ [ G0 = 9 F

—Ifll — / (F(8)) dt
— 1+ F70) = £7(1) = [fll s

i.e., Loo,l = LOO



CONVOLUTION INEQUALITIES IN LORENTZ SPACES 13

The last embedding follows from Holder’s inequality (one can assume
that p < q1 )

1 1/p
LW%=IHMWXLﬂm+(A(f“—FVﬁ>

Lo, L/p=t/a 1psx _ e \@1 1/q1
<|ﬂLl+(/’wlpﬁ) </‘Q;__Ll_ﬁ>
0 0 t

S flpaay

Lemma 3.1. Suppose f € L1[0,1] and K € L[0,1]; then

(3.1) G*Krww<fwwwah+K“ayA<<ﬁ@»%w
1
+A(—F@D%K”@Ms

Proof. By (2.2),

(fK t\sup/|f ||/|K x)| dy dx

le|=t

_sup/|f MK (z,e),d

le|=t

and by Hardy’s inequality,
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gives

~ 1
sup sfr(s)K*(s,e) .

Ie\:t

/ K*(¢,e d§’ ‘—sup

I\t

(1) K**(max(1,t))
+ ilir(l) sf*(s)K**(max(s,t))

= PN + K7 () lim £ (s)
= WKL
(note that }ir% tf*(t) =0 because of f € L) and

1 _ 1
sup/ (—f*(s))/sK**(s)dsg/o (—f*(s)) sK**(max(s,t))ds

le|=t JO
:/0 (—f*(s))'sK**(t)ds
—|—/t (—f*(s)) sK**(s)ds.

Hence we derive
(f %K) (1) < FFO)IE]+ K™ (1) / (=7 (5))'sds
n / (=1 (3))'sE** (s)ds

and the proof is now complete. (|

Theorem 3.1. Let1 < hy, ho, hg < 00 and h% = h—12—|—hi3 For any 1-periodic
functions f € Loo 1,[0,1] and K € Ly 1[0, 1] we have

(3-2) B s, < 20z, 1Ky -

Proof. Let us suppose first that h; > 1. Without loss of generality, we can
assume that K and f are from C*°.
Puwth=Kxf. If

1Pl 2y < 20000 < 20 F 2 iy 1K M 2y

l/hl

then
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and (3.2) is proved. Now suppose the reverse:

1 1/hy
(3.3) [hll < (/0 (W™ (t) — h*(t))™ %)
Then
1 1/hy
1Al Loy <2 (/0 (R (t) — h*(t))™ %)
=2 [ gto) 070 - (0 a
where

I (ol G RN 0) S
1 * % * h S
E(Jo (e () = b ()" )
The function g satisfies the following conditions:

1) g(t) >0,

2) <1 (see (33))

3 (Jo g™ &) =1,
4) geC™.

g(t) 17k,

~
=
_~

By A denote a collection of all functions satisfying 1) - 4). From (3.3), we
get

186+ e, < 250 [ a6+ 7 (0 - G 5 17 )
For g € A,
/01 g() (W (1) — b (1)) e = —/01 tg(t) (h**(t))’dt
1 /
=—tar @] + [ (ta0) (o)) a
= —g()h™(1) + /01 (ta0)) (= (0))at

< /O 1 (to9)' () at.
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Hence,
1 ’
1K s Flec s, < sup [ (ta) 0 0)
geAJo

1 /
= sup / (tg(t)) h**(t) dt.
)’>0J0

geA, (tg(t

(3.4)

We now use Lemma 3.1:

[ (t00) 5 1)y

1
< [ ooy [ @Il + 1700 [ () sas
-|-/t (—f*(s))/sK**(s)ds}dt
1 t
= P K]+ / (tg(t) K™ (1) / (—1*(5))'s st
1 t
+ / (= F* (&) K1) / (sg(s))'dsdt

= @+ [ K0 ([ =rysas | t(sg(s»’ds)ldt

t 1

= ot + &0 [ i) ( [ ats)as)

0
+ /O () - K () /O (=f*(s))'sds) /O (s9(s))'ds ) dt.
Integrating by parts, we write
[ Creysis=—@es [ £ =t w - £0)
0 0
and therefore
1 ’
| () gy @i < oI
1
+/0 (K (t) — K*(¢) (f7 () — () g(t)dt.
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By the Holder inequality and the definition of A, we obtain

1
K * flla,,, <2 sup {9(1)|K||1|f|1 + (/ (f*(t) — £ (t)" 7
geA 0

(f roo-ror %)% ( oo %)W}

<2 ||f||Loo,h2HK**HLl,h3'
Let now Ay = 1. Then

1 * Klows = | % K]l = sup /Ka:— )dy\
x€01

/ K*( t:f*(t)/o K*(s)dso

/ (= F* ()R (t)dt

0
l

= rists [ ([ ereyss) e
F KT+ (/( “(o)'sds ) K670)
[ (feror) e
- <>|K||1+(/ (- () ) [,

[ ([erorm) -2
= I+ / (17 = FYOU (0~ K (0)de

SNl 2ery 1K 21,

The proof is complete.

4. CONVOLUTION IN THE WEIGHTED LORENTZ SPACES

Let p be the Lebesgue measure and €2, D be measurable subsets of R”.
For functions f and K defined on 2 and D — 2 we consider the convolution

(v) = /Q K(y - o)f(x)dx.
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Theorem 4.1. Let f, g, and K be measurable functions on 2, D, and D—$2
of R™. One has

/0 T AN ()ds < 21 (0)g™ (K (1)
-/ T g () — K7 (0)d
0

(4.1) / 6" ($)(Af)™ (s)ds < 2 / LF7 (g™ (0K ()t
and

(42) / g () (AF)* (s)ds < / Tt / " (s)K* (6 — sl)dst.

Proof. 1t is similar to the proof of Theorem 2.1. Indeed, the same technique
that we used implies the following inequality:

(4.3) /O g (5)(AS) (s)ds < /O T () /0 () K (max(s, £))dt ds.

Then

/ " g () (A (s)ds < / T o) / PR (s)dds
- T ) / PR (tdeds
([ ros

_ t2 **() K** t ‘0

[or ([ ron [roe)

_ e o)

4 / ST (5)g™ (5) (K™ (s) — K*(s)) ds,
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The second inequality follows from
| s @aneis< [
*(s (K (t)dtds
<[ o [T rwrewa
| a@rs [ o

oo

g (s) K™ (s) /0 ) f*(t)dtds

t
0

[T R [ o
<2Atﬁwmwmwww-

Using K**(max(s,t)) < K**(|t — s|), (4.3) implies inequality (4.2). The
proof is now complete. (I

Now we are going to study the Young-O’Neil inequality in weighted
Lorentz spaces A?(w) and I'?(w). We remark (see [Sa]) that

A(w) =T9(w)

if and only if the weight w satisfies the Bp-condition, that is,

/OO O < C 7 pwyar.

tq xd 0

We also recall the definition of the associated space

E—|wmz%ikmww<m
It is known ([CRS, 2.4], [KM]) that
(4.4) (@) = (A1) g>1,
where
(4.5) B(t) =t W) w(t),
and

W(z) = /Omw(t)dt.

In the case of the classical example w(t) = t9/7=1 1 < p,q < oo, we have
I fllasqey = 1 fllva) = IfllLes, B(t) = t9/7 71 e, (LP1) = LP9.
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Theorem 4.2. Let w € B;. We have

(4.6) K * flira) = 1K * fllaa@w) < Cllfllrss @) K rsz ws)
for1/g=1/s14+1/s9, 1 < g <00, 1< 81,82 <00, and
t 1/s1 1/s2
wi () ws(t)
(4.7) /0 w(z)dr < cw(t) (1T

Proof. We first remark that (4.7) can be rewritten as follows
(4.8) t < co(t)9 wy(t) S wy(t) /52

Then by Theorem 4.1 ( see (4.1)) and Holder’s inequality, we write

Lo ([ s@ste-as) ay

<2 / g @m0 ][ O] [ () V2]
<oe( [ (ow) w0 ar) i ([ (@) ) ’
(/OOO (K**(t))52w2(t) dt) B

I's2 (W2) .

< 2C|\9||rq/(w) [ £l () 1]

Considering the supremum over g such that ||g|[rs(z) = 1, we obtain
K = fllra @)y < 2| fllrss ) 1K [pez @s)-

Finally, since w € B, we have (Aq(w))ll = A9(w) and then (4.6) follows
from (4.4). O

Corollary 4.2.1. Under the hypotheses of Theorem 4.2, if additionally,
w1 € B, and wy € By,, then

1K+ fllaa) < Clfllass ) 1K a5z (ws)-

Examples. 1. For w(t) = t9/"71 w(t) = t51/P=1 wy(t) = t52/7=1 and
1/q = 1/s1 + 1/s2, inequality (4.7) is equivalent to %tlfl/h < ctl/pii/r,
Hence, for 1+ 1/h=1/p+ 1/r and for 1 < p,r, h < oo, we have

K s fllng < CIE lpsy 177 Ml < CUEpos 1 f[lrs2

(see (2.1)).
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2. Let w(t) = t/P 1 (t), wi (8) =t51/P=LED™ (1), wo () =152/ 771D (1),
where 1/g=1/s1 +1/s2,1+1/h=1/p+ 1/r, and & are slowly oscillating
functions. Then inequality (4.7) is equivalent to

&' (2) < C& (2)€5 (@),
i.e., in this case we obtain the Young-O’Neil-type inequality for the Lorentz-
Zygmund spaces [BS, p. 253].

Further we study the convolution inequality for periodic functions. Sup-
pose w, w1, wsy are weights on [0,1] and 0 < ¢ < oo; then by definition,

: :
Sq(w)—{||f||5q<w>—||f||1+< / (f**(s)—f*(s))“w(s)ds) <oo}.

Theorem 4.3. Let wy € L. We have

”K * f”Sq(w) < C”f”SSl(wl) HK”SS?(wz)
for1/qg=1/s14+1/s9, 1 < g < o0, 1< $1,82 < 00, and
(4.9) tw (1) < Cwr Vo1 (H)wa /52 (t).

Proof. Since wg € L1 we have |K |1 < C||K]|
In the case when (h = K * f)

I's2 (wz) .

1
q

1l < < / () - f*(s))qw(s)ds) |

we write
1/q

1
Il <2 ([ 000 = @) wio)
- / o) (v 1) — b (D) di
where
w(t) (b @) - 0)"
(U () = b () wis)ds)

We remark that the function g satisfies the following conditions:

1) g(t) >0,
2)  g(1) <w(1), D

)
3) (fol (%)QIw(t)dt) =1,
)

g(t) =

1/q"°

4 g € C>.
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Similar to the proof of Theorem 3.1, one has

[7lls, () <2 sup {9(1)||K||L1|f|L1
geEA

+/0 LR () = K7(8) (f7 (1) - f*(t))g(t)dt}

1 1/s2
S CIKe, [flle, + C;gg (/0 (K™ (t) — K*(¢))™ (t)wz(t)dt>

: (/0 (F(8) = ()™ w1(t)dt) v ( /Ol[wlq, " (t)]dt) e

< C | £lls., (@) K54y (w2)s

and we obtain the required inequality. O

We finally remark that for Example 2 above, condition (4.9) is again
equivalent to

A B D
£ (7)) < O& (33)53 ().
5. RIESZ POTENTIAL IN WEIGHTED LEBESGUE SPACES

Let v(z) be a weight, i.e., a non-negative, measurable and locally inte-
grable in R"™. We define the norm in the weighted Lebesgue space L,(R",v)

I,y = (/Rn |f (z)v(z)|P dz>1/p_

We consider the Riesz kernel K(x,y) = |z —y|"™", 0 < v < n, and the
corresponding potential operator

(5.1) nie= [

Continuity properties of the potential operator in the Lebesgue spaces have
been extensively studied (see [BS], [So], [SW]). In particular, it is well
known that I, is of strong type (p,q), where 1 < p < n/y and 1/q =
1/p—~/n. Analogous questions have been also investigated in the weighted
Lebesgue spaces. In this case, the solution of the classical problem: to
describe necessary and sufficient conditions on a weight for I, f(z) to be
bounded on L,(R™, ) into L,(R™,v), can be found in [MW], [EKM], [KK]
and others.

We continue this line of work with the goal to estimate the norm of the
potential operator from above and from below.

f()

— gy, eR".
dJp—ypr ™
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Theorem 5.1. Suppose 1 <p<qg<oo, 0<py<mn, 1/¢<1/p—~/n;
then for the potential operator (5.1) the following inequalities hold

1 - -n
¢ s — [ut) [ @l -y ey
1/2<|wl|/|e|<2 |u)|q’ r Je w
(5.2) <y llLy@n )= Ly@®n ) <
] e ful
C sup ﬁ/ V*(t)/ (= 1)*(s)|t — |/ Ldsdt.
1/2<wl/le]<2 |w|7 "% Jo 0

Proof. Let us prove the left-hand side inequality. If I, is bounded on
L,(R", 1) into Ly(R™, v), then

Af(y) = /n vy (@)f(z)

|z —y["—

is such that A : L,(R™) — L4(R™). Therefore, it is (p, q¢) weak-type opera-
tor, i.e., A: Ly1 — Lgoo, and by Corollary 3.1.1 from [NT] (see also [KN]),

we have
HI'Y”LP(#)‘?L(;(V) =|All,~r, 2 Al L) — Ly
1 1 .
= o v “H(@)le =y "dad
\e\>0,\5\>0 le|*/d |w|1/p/e (y)/wﬂ ()] Yl v

71 - —n
Sup .1 /V(y)/ p (@) — y| " dady.
el=twi>0 |7 s Je .

1/2<|w|/le|<2

WV

Let us now show the accuracy of the right-hand side inequality. We
denote M* := {e e R": 0 < |e] < oo} and take e,w € M™*. Suppose also
that |e|] > |w|. Then there exists an integer M > 1 such that (M — 1)|w| <
le] < M|wl|, where p, g are any numbers satisfying 1 <p <n/vy, 1/¢ <1/p.

Let K(x) = |z|"~". Noting K**(|t—s|) =< |t —s|= ! and using inequality
(4.2) from theorem 4.1, we estimate

1 1 _ —n
Ww—l/p/’/(y)/ p @)z — y|" " dady

le] |w|
s ((M—1)|wc|)1/q |w|1/P/ v <t)/ (u=1)*(s)]t — s/ dsdt

C /|w| /k|w|
< - s|7/" Ldtds.
(M w|)/ 7 [w|MP [ Z Dlul




24 ERLAN NURSULTANOV AND SERGEY TIKHONOV
We divide the last expression into two terms:
C lw] . 2|w] . n1
(s v ()|t — s|7/" dtds
ST, e [ @l

M eklw]|
/ vA(t)|t — s/ Ldtds
(k=1)|w]

+

C lw| )
(M|w|)1/q'|w|1/p/0 (p 1) (s)

= Il + IQ.

k=3

By changing the variables t — ¢t + (k — 1)|w],
kfw| [w] v/n—1
/ v (t)[t—s["/ " 1dt = / u*(t+(k—1)|w|)’t+(k—1)|w|—s’ dt.
(k—1)w] 0
Further, we estimate

=)+ =Dl < (=Dl — e —ol) " < (=2 ul)

and then

/Owu*(t+(k—1)|w|)‘t+(k—1)|w|—s‘wn1dt</O|UJ| i ;h(;))l — 7t

This yields
M

L2 < ) dt ds.
2 (M|w|)1/q/|w|1/p/0 (k™) (S)/O fw[i—7m 1;3 e—2)i o/ s

Noting that 1/¢' > 1 — 1/p+7/n we get

—1/q' Z k -2/t oM/ Vd < ¢,

Summing up the estimates for I; and I, we finally have

|e|1%|w|Ll/p/eV(y)/w/fl(:v)I:v—yl”‘"dﬂcdy
: C( : /ww‘l)*(s) /w v ()]t — s[/"dtds
(M w])/4 [w]*/P 0
1 o] o]
+|w|1/T1/q/ (u‘l)*(s)/ VOt~ I”/"‘ldtds>

el le
<C ) — 5|/ Ydsdt.
+
1/2<\w\/\e|<2 |w| 7

If |w| > le|, then we use similar estimates (We also use v/n < 1/p).
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Thus we obtain the following estimates
AL, (&)=L, @) <CJ,

where

lel le
J= —T / / ) — 5|/ Ydsdt.
1/2<\w\/\e|<2 |w]a 7

We note that the expression on the right-hand side is independent on all
pairs (p, ¢) such that (1/p—1/q) is a constant. Therefore, if J < oo, then the
operator A is a (p, q) weak-type operator for 1/p—1/¢=Cand1 < p < v/n.
Further, there exist two pairs (po, ¢o) and (p1,¢1) such that 1 < pg <p <
p1<00,1<qo<qg<q<oo,and 1/po—1/g0=1/p1 —1/q1 =1/p—1/q.
Therefore, if the right-hand side of (5.2) is bounded, then
A Lpy1 — Lgyoo and A: Ly 1 — Ly o,

where the norms are controlled by C'J. Then by the interpolation theorem,
we write

Az Loy — Lg(o)
and
Al <CJ
for
1/p(0) = (1 —0)/po+6/p1, 1/q(0) =(1—-0)/q +0/q.

We have p(#) = p for some 0 < 6 < 1. Since 1/po — 1/q0 = 1/p1 —
1/q1 = 1/p(0) — 1/q(0), in this case q(f) coincides with g. The proof is now
complete. ([l

Note that in the case when weights satisfy some regular conditions, the
left-hand side and the right-hand side integrals are equivalent. Then Theo-
rem 5.1 implies the following relation for the norm of the potential operator.

Corollary 5.1.1. Let 1 <p < g < oo, 1/q < 1/p— . Suppose weights u
and v satisfy

J
(5.3) ?

J
then

lel le
(AP R,u—1)—Lg(Rpy) = / / d dt.
Y p(R,p=1) a(R,v) < < €|q |’U}| t—Sll o’
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Remark. Any monotone or quasi-monotone (i.e., there exists 7 > 0 such
that p(t)t~7 is monotone) p and v satisfy (5.3).

Proof. By Theorem 5.1, it is sufficient to prove the inequality

el ol
p / / d dt
e |w]> It—sl1 ’

1<
Q\w

Using (5.3), we have

/e|/w OO /e|/w Jecnice Js<ie<st (§)dnd§dsdt
|t—s|1 gl 0 ts|t — s|t—7

el 200l 206l gegy
=C ————dnd¢.
/|e/ / /| tst —s[1=7 s
Now let 0 < & <. If £ > 7, then
/2’5 /2" dtds /°° /OO dtds / / dtds
ts|t — s|i—7 y Je t—s[Trts gl e |t—s|its

1 R dtds B < Cy
nt L[t —s'ts In— &t
1 Ji 77 U
If £ < 7, then

/2£ /2" dids 1 /25 /2" dtds
¢ Jy [t — s|*—7ts = |n —2¢|t— e Jn ts

(In2)? ¢ c

= = < .
3" gt T =gty
Similarly, in the case of 0 < n < &, one has

/25/2’7 dtds e
< :
¢y lt—sltTEs T n ¢ty

2in| r21€] dsdt ¢y
/ 11—~ S 11—~
g lt—sl'ts ~ n—¢|

lel \W\ [w]
dtd <ec / / d dn,
/ / |’5—S|1 K K || |§ 77|1 7

which concludes the proof. ([

Thus,

and
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6. CONVOLUTION IN MULTIDIMENSIONAL LORENTZ SPACES

Let vectors p = (p1,...,Pn); 4 = (¢1,-..,qn) be such that 0 < p;,¢; <

00, j = 1,...,n and if p; = oo, then ¢; = oo. Then for two vectors p
and q and for a given rearrangement * = (ji,j2,- - ,jn) of the sequence
(1,2,--- ,n) we define the following functional
Ppqx ()
1
95 9,
oo | 1 2 Godt. \ o dt "
= / (/ Lt oty tn) t?) t?“ ,
0 0 J1 In

where the expression (fOOO(G(s))q%)l/q is understood as sup, o G(s) for
q = .

Let m = (mq,---,my,) € N® and let f(x1,---,2,) be a measurable
function on R™ = R™ x ... x R™~. Applying decreasing rearrangement
according to x; € R™ ... x, € R™ with other variables being fixed
we will construct a function f*1>*n(¢y,--- ,¢,). This function is called a

decreasing rearrangement of f in R™.
The Lorentz space Lpq.(R™) is defined as the collection of measurable
functions on R™ such that

HfHqu*(Rm) = q)pq*(f*lm*") < 0.

In the case m = (1,--- ,1) and * = (1,--- ,n), this space was introduced
by Blozinski [B11]. He also obtained corresponding convolution inequalities.
In a general case, this definition can be found in [Nu]. Below we prove the
Young-O’Neil-type inequality for this case.

Theorem 6.1. Let m = (mq,---my,) € N and let 1 < q,p,r < 00,
1/q+1=1/p+1/r, 1<h/h;,hs <oo, and 1/h=1/h; +1/hy. Let

also * = (j1,- -+, jn) be a rearrangement of (1,2,--- ,n). If K € Ly n; (R™)
and g € Ly ny(R™), then for the convolution

(K *xg)(y) = - K(x —y)g(z)dx

one has

(6.1) 1K * gll Ly e (rm) < OHKHL,F,,,I(RMH9||Lp,h3(Rm)-
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Proof. First, we show that for all measurable functions f, g and K on R™
one has

(6.2)
/mf(y)/mg(:v)K(:v y)dzdy < / / st (b, )
G (1, ) K (b, -+ ) dty - - - diy,
where

1 tl tn
f**(tl,--- ,tn):ni/ f*l'”*n(sl7"' 7Sn)d51"'d5n-
i:l ti Jo 0
Using (4.1),

/fy) g(@)K(x — y)dzdy

Rm

Rmn /]RmQ /]Rmn /]Rmz

( fly,y) K(xl — Y1, X — y)g(xl,X)dmdyl) dx dy

R™1
/Rmn /]Rm2 V/R'mn /]Rm2

(/ LK™ (t,x —y)g™ (e, x) (T, y) dtl) dxdy
0

:2/ t / f(**)l(thy)/
0 R™mn R™2 R™n

KO (t1,x — y)g(**)1 (t1,x%) dt1> dxdy,
RW‘Lz

where (x) = (z2, - ,z,) and dx = dxg - - -dx,. Continuing this process,
we will obtain the required inequality.
Secondly, inequality (6.2) implies

15 ollgeaom = s / f0) [ Kl = pat)izdy
RM) = m

112 e

Hf”L /h,*(mm) =1

=2" sup / . / Lt () g™ () K™ (t)dt;, - - - dt;,, .
Hf”Lq/h,*(]Rm)ZI 0 0
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Then the Holder inequality implies

”K * g”Lq,h* (Rm)

<2" sup e @) [, s ey 1977 g )
Hf”Lq/h/* (Rm)zl

Using Hardy’s inequality, one can see for 1 < p < oo that
[l Ly o @) =< Y™ Ly e o) 3= Ppn= (U7F).
Thus, we derive
1K * gl @m) < KL, @ 9], b @m)-
The proof is complete. (I

We note that in the case of m = (1,--- ,1) and * = (1,--- ,n) the O’Neil-
type inequality (6.1) was proved by Blozinski [B11].

Remarks. 1. The classical Young-O’Neil inequality for the convolution
Af = K+ finthecase 1 < p = (p,---,p) < ¢ = (g, ,q) < oo and
1/r=1+1/q—1/pis given by
IAllL, &) —L,@&r) < K| L, @)
Also, Stepanov [St] proved the following inequality
(6.3) Al L, @) —Lo@n) < el 1K Lo ®ey) " Lo (R )+
On the other hand, inequality (6.1) yields
(6.4) Al L, @) —Lo@®n) S K Li... ) o ooy ®P)s

which is an improvement. Indeed, suppose n = 2, then

||KHL(T,T),(OO,OO)(R2) = sup t}/rté/TK*l*z(thw)
t1>0,t2>0

to
< sup t}/Tté/T_l/ K*1*2(t1, 89)dso
t1>0,t2>0 0
= sup ti/rté/Pl sup /K*l(tl,xg)dxg
t1>0,t2>0 le|]=t2 Je
= sup t}/r_lté/r_lsup/sup /|K(x1,x2)|d:c1d:c2.
t1>07t2>0 |e\:t2 e\w\:tl w

From the definition of supremum, for a.e. x5 € e there exists a measurable
set w(zz) (in general, depending on z3) such that |w(zz)| = ¢; and

sup /|K(a:1,:1:2)|da:1 §2/ | K (1, 22)|dx1.
w (w2)

[w|=t1
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Therefore,

1
K <2 su 7/ K(x)|dp < ||K
|| ||L(T,T),(m,m)(R2) MQSO (‘LLQ)lil/T Q| ( )| H || ||Lr,ao(R2)

where p is the Lebesgue measure, x = (z1, 2).
Let us also verify that (6.4) implies (6.3). Indeed,

||K||L<T,T),<oo,oo)(R2) < sup ti/rté/r ! sup /K (t1,x2)dxo
t1>0,t2>0 le|=t2
< sup té/r_l sup /sup t}/TK*l(t17$2)d$2
t2>0 le|=t2 Je t1>0
B o1 [P *2
= sup t, K 22) |, ey ) (s2)ds2
t2>0 0
11 [ 1y
T— T
< BNzl (Ray) SUD E3 /0 s3/"dss
= K
CHH ||L7‘oo Rey) HLroo(ng)

Now we show that for the function
K(Uﬁl,!lw):(|961||£102|)71/T7 1<r<oo

one has |K|[z, , . @) <ocand [[K|L, (&e) =0
Obviously, sup;, ¢ 4,0 /4T K (1)) < oo, Let us prove that

SUpsq tY/"K*(t) = oo. Indeed, for & > 0 we define a set e. = {(x1,2) : € <
21 <1, 0< 22 < e/x1}. Then

W/ K$1,$2)d1‘1d1’2X|1H8|1/T—>00 as e —0,
(>

and therefore

= Q.

/e K(z)da

2. The statement of this theorem in the limit case is not true, that is,
if for some ig, we have p;, = 1, then (6.1) does not generally hold. The
counter-example can be constructed as in [B12]. We present an analogue of
Young-O’Neil inequality for the limit case.

Let vectors p=(p1,...,Pn), 4=(q1,--.,¢n) be such that 0 < p;, ¢; < oo,
j=1,...,nand if p; = oo, then ¢; = co. The Lorentz space Lpq«([0,1]™)

1
KLy = SUD 77
e >0 le[* 1/
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is defined as the collection of measurable 1-periodic (on each variable) func-
tions f such that

I £1 e (f0,17m)

_ /01(/01

Theorem 6.2. Let m = (mq,---my) € N* and let 1 < p < q < o0,
1/q—|— 1= 1/p—|— 1/1‘, 1 < h,hl,hg < oo, and l/h: 1/h1 + 1/h2

Let also * = (41, ,jn) be a rearrangement of (1,2,---,n). Then for
the convolution

1

g, Nor ey, |
J1 1 Jn

—_ e — < Q.

t > t

1

1 1
tlpl .. 'tﬁ" f*l;"' skn (tlu . wtn)

J1 Jn

(K g)(y) = / K(z - y)g(z)dx

[0,1]=

one has
K # Gl g e 0,17y < CIUE L, e 0.0 1977 My g c10.21m)-

The proof is similar to the proof of Theorem 6.1 (using inequality (4.2)).
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