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Abstract. In this paper, we investigate galois theory of CP-graded
ring extensions. In particular, we generalize some galois results given
in [1, 2] and, without restriction to nor graded fields nor torsion free of
the grade groups, we show that some results of graded field extensions
given in [3] hold.

Introduction

Let (Γ, +) be an abelian group and R a unitary commutative graded ring
with respect to Γ, i.e., R = ⊕σ∈ΓRσ such that Rσ is a R0-submodule of R
and RσRτ ⊂ Rσ+τ for every (σ, τ) ∈ Γ2. Set ΓR = {σ ∈ Γ | Rσ 6= 0} and
Rh = ∪σ∈ΓRσ the set of homogeneous elements of R. For every nonzero
homogeneous element x ∈ Rσ, we write deg(x) = σ and we call it the degree
of x. If every homogeneous component of R contains an invertible element,
then R will call a CP-graded ring. When this occurs, ΓR is a subgroup of
Γ, called the grade of R, and for every σ ∈ ΓR, Rσ is a free R0-module
of rank 1, which is generated by an invertible element uσ. Since for every
(σ, τ) ∈ Γ2, deg(uσuτ ) = σ + τ , there exists a map c : Γ2 −→ U(R0)
defined by uσuτ = cσ,τuσ+τ , where U(R) is the set of invertible element of
R. In that way, the CP-graded ring will be denoted by R0[Γ, c]. The graded
ring R is said to be a graded field if every nonzero homogeneous element
in R is invertible. In that case, R0 is a field and for every σ ∈ Γ, Rσ is an
R0-vector space of dimension 1.
In [3] Hwang and Wadsworth have given some results of graded fields exten-
sions. Since their goal is to describe an algebraic extension theory of graded
fields analogous to what is known for valued fields, they assumed that the
grade groups are abelian torsion free. In [1, 2], without restriction to tor-
sion free of the grade groups, we have shown that some results of graded
field extensions given in [3] hold. In this paper, we generalize some of these
results to CP-graded ring extensions over a graded field and we give some
other results.
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Throughout this paper, R =
∑

σ∈Γ

R0uσ is a graded field with grade group

ΓR = Γ and S is a commutative graded ring extension, over R, with grade
group 4. In the first section, we show that every homogeneous element of
S, which is integral over R has its minimal polynomial over R, and then we
characterize separability of such an element. Also, we characterize simple
galois extensions of graded rings. In the second section, we characterize
separability of CP-graded ring extensions via the discriminant ideal. In
particular, we generalize separability results of graded fields given in [2] to
any CP-graded algebra over a graded field. We finalize by a classification
theorem. In the third section, we investigate galois extensions of CP-graded
ring extensions. In particular, without restriction to nor graded fields nor
torsion free of the grade groups, we show some galois results given in [1]
and [3] hold.

Prelimenaries

The following proposition generalizes [4, Theorem 3, p. 29].

Proposition 0. 1. Let S/R be a CP-graded ring extension. Then S is a
free R-module such that [S : R] = [S0 : R0][4 : Γ].

Proof. For a subgroup Λ such that Γ ⊆ Λ ⊆ 4, we define S(Λ) :=
⊕x∈ΛSx. In particular, S(Γ) is a graded ring with grade group Γ, and we
have R ⊆ S(Γ) ⊆ S. Define a new grading on S over the group 4/Γ by tak-
ing Sσ := ⊕x∈σSx, for every σ ∈ 4/Γ. Then S is a 4/Γ-graded ring, whose
homogeneous component of degree 0 is S(Γ). Since every homogeneous
component of S contains an invertible element, S/S(Γ) is a CP-graded ring
with grade group 4/Γ. In particular, S is a free S(Γ)-module with a basis
{wσ , σ ∈ 4/Γ}. On the other hand, for every x ∈ Γ, let ux ∈ Rx be an
invertible element, then Sx = ux.S0. Hence the multiplication of S induces
an isomorphism of graded rings S0⊗R0 R ' S(Γ). In that way, we split the
extension S/R into two graded ring extensions R ⊂ S(Γ) and S(Γ) ⊂ S.

Assume that S is a finitely generated R-module, then [4 : Γ] is called the
ramification index of the extension S/R and [S0 : R0] is called its residue
degree.
The extension S/R is called a totally ramified graded ring extension if S is
a finitely generated R-module and [S : R] = [4 : Γ], i.e., S0 = R0.

Recall that for a free R-algebra S of finite rank, every x ∈ S induces an
R-homomorphism lx of S defined by lx(s) = xs for every s ∈ S. Define
TS/R(x) = tr(lx) the trace of lx. Let M be a free R-submodule of S. Then
TS/R is a linear form of S, which induces a bilinear form of M defined by
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TM/R(x, y) = TS/R(xy) for every (x, y) ∈ M2. The determinant of the
bilinear form TM/R with respect to an R-basis (e1, ..., en) of M is denoted
by D(e1, ..., en), and called the discriminant of (e1, ..., en). The discriminant
ideal of the R-module M is the principal ideal generated by D(e1, ..., en),
where (e1, ..., en) is an R-basis of M . For more details see [5, 6].

1. Simple extensions of graded rings

In [3], Hwang and Wadsworth have shown that if R is a graded field
with grade group is a torsion free abelian group, then R is an integrally
closed domain. So every homogeneous integral element of S over R has its
minimal polynomial in R[X]. In this section, without restriction to torsion
free of the grade group of R, we extend this result, and then we characterize
separability of such an element.

Let σ ∈ 4 and P =
∑n

i=0 aiX
i be a polynomial of R[X] of degree

n. P is said to be a σ-homogeneous polynomial if every ai 6= 0, ai is an
homogeneous element of R and for every (i, j) such that ai 6= 0 and aj 6= 0,
deg(ai) + iσ = deg(aj) + jσ. Let λ = deg(an) + nσ, will call the grade
of the polynomial P . For every λ ∈ Γ < σ >, let R[X]λ be the set of σ-
homogeneous polynomials, of R[X], of grade λ. Then R[X] =

∑

λ∈Γ<σ>

R[X]λ

is a graded ring with respect to the semigroup Γ < σ >, which will denote
R[X](σ). In that way P (X) is an homogeneous element of degree λ in the
graded ring R[X](σ). In particular, every polynomial of R[X] splits as a
sum of σ-homogeneous polynomials of R[X].

Proposition 1. 2. Let α be an homogeneous element of S of degree σ.
If α is integral over R, then α has the minimal polynomial over R, which
is σ-homogeneous. So the ideal I(α) = {P ∈ R[X] |P (α) = 0} of R[X]
is a principal ideal of R[X], which is generated by a monic σ-homogeneous
polynomial.

Proof. Let x =
∑n

i=0 riα
i ∈ R[α]. For every i, decompose ri as a sum

of homogeneous elements of R. Since α is an homogeneous element of S,
x =

∑

g∈Γ<σ>

Pg(α), where every Pg(X) is a σ-homogeneous polynomial of

R[X], of grade g. Hence R[α] contains the homogeneous components of x.
Consequently, R[α] is a graded R-algebra with respect to the semigroup Γ <
σ >. Since α is integral over R, R[α] is a finitely generated R-module. From
[4, Theorem 3, p. 29], R[α] is a free R-module of finite rank. Let Pα(X) =
det(XIS − lα) be the characteristic polynomial of the R-homomorphism lα
of R[α], defined by lα(x) = α.x. Since the degree of the polynomial Pα(X)
is [R[α] : R], Pα(X) is the minimal polynomial of α over R. Let µα(X)
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be the nσ-homogeneous component of Pα(X) in the graded ring R[X](σ).
Then µα(X) is a monic polynomial of R[X], of the same degree as Pα(X),
such that µα(α) = 0. The uniqueness of the minimal polynomial implies
that Pα(X) = µα(X) is a σ-homogeneous polynomial.

Corollary 1. 3. Let s ∈ Sσ be an invertible homogeneous element, which
is integral over R. Then
1) R[s] is a CP-graded ring with grade group Γ < σ >.
2) Let d be the cardinal order of Γ < σ > /Γ, a a nonzero homoge-
neous element of R of degree dσ and [R[s] : R] = n. If s is invertible,
then µs(X) = a

n
d H(a−1Xd) is the minimal polynomial of s over R, where

H(X) ∈ R0[X] is the minimal polynomial of a−1sd over R0. In particular,
R[s]0 = R0[a−1sd].

Proof. 1) Since s is integral over R, from Proposition 1.2, R[s] is a free
graded R-algebra of finite rank. Let µs(X) = Xn + ... + a0 be the minimal
polynomial of s. Since s is invertible, a0 is a nonzero homogeneous element
of R, and then it is invertible in R. Hence s−1 = −a−1

0 (sn−1+...+a1) ∈ R[s].
Therefore, R[s] =

∑

g∈Γ<σ>

Rg is a CP-graded ring with grade group Γ < σ >,

where Rg =
∑

τ+nσ=g

Rτsn for every g ∈ Γ < σ >. From Proposition 0.1,

[R[s] : R] = [R[s]0 : R0][Γ < σ >: Γ].
2) Set an = 1 and let 0 ≤ i < j ≤ n such that ai 6= 0 and aj 6= 0. Since
µs(X) is a σ-homogeneous polynomial, (i−j)σ = deg(aj)−deg(ai) ∈ Γ, and
then d divides i− j. In particular, since a0 6= 0, if ai 6= 0, then d divides i.
So, µs(X) =

∑m
i=0 adiX

di. Therefore, µs(X) = b
∑m

i=0 b−1aiadi(a−1Xd)i =
bP ((a−1Xd)), where b = a

n
d and n = [R[s] : R]. On the other hand, since

deg(a−1sd) = −dσ + dσ = 0 and deg(b−1aiadi) = (i.d− n)σ + deg(adi) = 0,
P (X) ∈ R0[X] and R0[a−1sd] ⊂ R[s]0. An account of degree implies that
P (X) is the minimal polynomial of a−1sd over R, and then R[s]0 is a free
R0[a−1sd]-module of rank 1, i.e., R[s]0 = R0[a−1sd].

Remark 1. 4. Preserving notations of the proof of corollary 1.3, let s ∈
Sσ be an invertible homogeneous element which is integral over R. Then
µs(X) = bP (a−1Xd), where P (X) is the minimal polynomial of a−1sd over
R. In particular, if sd ∈ R, then µs(X) = Xd − sd

Proposition 1. 5. Let s ∈ Sσ be an homogeneous element which is integral
over R. Then R[s]/R is separable if and only if the minimal polynomial
µs(X), of s over R, is square free.

Proof. From [5, propostion 5, p 97], R[s]/R is separable if and only if
DR(R[s]) = R. On the other hand, since R[s] ' R[X]/(µs(X)) = R[X̄],
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DR(R[s]) = det(µ′s(X̄))R, where det(µ′s(X̄)) is the determinant of the
endomorphism lµ′s(X̄), of R[X̄], defined by the multiplication by µ′s(X̄).
So, R[s]/R is separable if and only if det(µ′s(X̄)) is invertible in R. Let
µs(X) = Xn + an−1X

n−1 + ... + a0. As µs(X) is a σ-homogeneous poly-
nomial, for every ai 6= 0, deg(ai) + iσ = nσ. Hence for every ai 6= 0,
deg(ai) + (i − 1)σ = (n − 1)σ, i.e., µ′s(X) is a σ-homogeneous polyno-
mial of grade (n − 1)σ. Consequently, µ′s(X̄) is a homogeneous element of
R[X̄] of degree (n − 1)σ, and then det(µ′s(X̄)) is a homogeneous element
of R. Since R is a graded field, det(µ′s(X̄)) is invertible in R if and only if
det(µ′s(X̄)) 6= 0. From [7, (53), A IV.79], that is equivalently to µs(X) is
square free.

Corollary 1. 6. If S is a domain, then for every homogeneous element
α ∈ S, which is integral over R, R[α]/R is separable if and only if α is a
simple root of its minimal polynomial.

Proof. Let K be the quotient field of R and µα(X) the minimal polyno-
mial of α over R. The fact that [K[α] : K] = [R[α] : R] implies that µα(X)
is the minimal polynomial of α over K. Since S is a domain, µα(X) is an
irreducible polynomial of R[X]. Hence α is a simple root of its minimal
polynomial if and only if µα(X) is square free.

Let A be a commutative free R-algebra and G a finite subgroup of
AutR(A) such that AG = R, where AG = {a ∈ A |σ(a) = a forall σ ∈ G}.
Denote A(G) the A-algebra with basis {eσ|σ ∈ G}, where eσ is the idem-
potent (δσ

τ )τ∈G, where δσ
τ = 1 if τ = σ and δσ

τ = 0 elsewhere. Recall that
A/R is said to be a G-galois extension if the following homomorphism h is
an isomorphism of A-algebras

h : A⊗R A −→ A(G)

x⊗ y 7−→
∑

σ∈G

xσ(y)eσ.

The following Proposition gives a criterion to test if R[s]/R is a galois
extension.

Proposition 1. 7. Let T/R be a totally ramified graded ring extension
with respect to a torsion free abelian group and let s ∈ Tσ be an invertible
homogeneous element. Let n be the cardinal order of the group Γ < σ > /Γ.
Then R[s]/R is a galois extension if and only if n is invetible in R0 and R0

contains ζn a nth primitive root of 1.
In that case, the galois group of R[s]/R is G = {g1, ..., gn}, where gi(s) =
ζi
ns.
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Proof. Let a = sn. Since deg(a) = nσ ∈ Γ, there exists v ∈ R[s]0 such
that a = vunσ. Since S0 = R[s]0 = R0, v ∈ R, and then a ∈ R. From
Remark 1.4, µs(X) = Xn − a is the minimal polynomial of s over R. As
R[s]/R is a galois extension, it is separable, and then n is invertible in the
field R0. Let G be a finite subgroup of AutR(R[s]) such that R[s]/R is a
G-galois extension. Then the cardinal order of G is equal to n. Hence µs(X)
splits in R[s], with simple roots s1, ..., sn, where s1

s , ..., sn

s are the distinct
roots of Xn− 1. Since 4 is a a torsion free abelian group, ζn ∈ R[s]0 = R0.
Conversely, assume that n is invetible in R0 and R0 contains ζn. Then
s, ζns, ..., ζn−1

n s are the distinct roots of µs(X). Set G =< σ >, where
σ(s) = ζns. Then G is a finite subgroup ofAutR(R[s]). Let y =

∑n−1
i=0 ris

i ∈
R[s]. For every 0 ≤ k ≤ n− 1, σk(y) = r0 +

∑n−1
i=1 riζ

ik
n si. So, if y ∈ R[s]G,

then y = r0 ∈ R, i.e., R[s]G = R0. We compute det(h), the determinant of
the homomorphism h of R[s]⊗R R[s] into R[s](G), we obtain

det(h) =

∣∣∣∣∣∣∣∣∣∣∣∣

1 s . . . sn−1

1 ζns . . . (ζns)n−1

. . . . . .

. . . . . .

. . . . . .

1 ζn−1
n s . . . ζ

(n−1)2

n sn−1

∣∣∣∣∣∣∣∣∣∣∣∣

= sn(n+1)/2
∏

1≤i<j≤n

(ζi
n − ζj

n)

Since s is an invertible element and
∏

1≤i<j≤n

(ζi
n − ζj

n) ∈ R is a nonzero

homogeneous element of degree 0, det(h) is an invertible element of R, and
then R[s]/R is a G−galois extension.

2. Separable CP-graded ring extensions

In [2], without restrictions to torsion free of graded groups, we have gen-
eralized some separability results given in [3]. In this section, we investigate
separability of CP-graded ring extensions. We finalize by a classification
Theorem.

Lemma 2. 8. If S/R is separable, then S is a free R-module of finite rank.

Proof. From Proposition 0.1, S is a free R-module. So by [8, Proposi-
tion III.3.2], if S/R is separable, then S is a finitely generated R-module.

In the sequel of the paper, S/R is a CP-graded ring extension such that
S is a finitely generated R-module. Set 4/Γ = {σ̄1, ..., σ̄n}. For every i,
fix wσi an homogeneous element, of S, of degree σi. Specify σ1 = 0 and
w0 = 1. Then (wσ1 , ..., wσn) is a S(Γ)-basis of S.
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The following Theorem gives a criterion to test if a CP-graded ring ex-
tension is separable.

Theorem 2. 9. Let S/R be a CP-graded ring extension such that S is a
finitely generated R-module. Then S/R is separable if and only if S0/R0 is
separable and [4 : Γ] is invertible in R0.

Proof. We use a discriminant computation; let M be the R-submodule
of S, generated by (wσ1 , ..., wσn

). Then S ' S(Γ) ⊗R M as R-modules.
From [6, Proposition 2], we have DR(S) = (DR(S(Γ)))n(DR(M))f , where
f = [S0 : R0]. Since S(Γ) ' S0 ⊗R0 R, DR(S(Γ)) = DR0(S0)R. On the
other hand, for every (i, j), there exists cσi,σj an invertible element of S(Γ)
such that wσi

wσj
= cσi,σj

wσi+σj
. Hence TS/S(Γ)(wσi

wσj
) = ncσi,σj

δ
σi+σj

0 ,
where δσ

τ = 0 if τ 6= σ and δσ
τ = 1 elsewhere. Consequently, the determi-

nant of the bilinear form TS/S(Γ), with respect to the basis (wσ1 ..., wσn
),

is D(wσ1 ..., wσn
) = snn, where s is an invertible element of S(Γ). Conse-

quently, DR(S) = nnf (DR0(S0))nR. Therefore, DR(S) = R if and only if n
is invertible in R0 and DR0(S0)R = R. As R0 is a field, that means that n
is invertible in R0 and S0/R0 is separable.

Corollary 2. 10. Let S/R be a CP-graded ring extension such that S is a
finitely generated R-module.
1) If S/R is a totally ramified CP-graded ring extension, then S/R is sep-
arable if and only if [4 : Γ] is invertible in R0. In particular, S/S(Γ) is
separable if and only if [4 : Γ] is invertible in R0.
2) If 4 = Γ, then S/R is separable if and only if S0/R0 is separable. In
particular, S(Γ)/R is separable if and only if S0/R0 is separable.
3) S/R is separable if and only if S(Γ)/R and S/S(Γ) are separable.

Proposition 2. 11. Let R be a domain graded field with quotient field
K and S/R a CP-graded ring extension such that S is a finitely generated
R-module. Then S/R is separable if and only if KS/K is separable.

Proof. In the proof of Theorem 2.9, we have shown that DR(S) =
nnf (DR0(S0))nR, where f = [S0 : R0]. Since every R-basis of S is a K-basis
of KS, DK(KS) = DR(S)K. Therefore DK(KS) = nnf (DR0(S0))nK.
Consequently, KS/K is separable if and only if n is invertible in R and
DR0(S0) = R0, i.e., S/R is separable.

The following Theorem gives a classification of separable CP-graded al-
gebras over a domain graded field.

Theorem 2. 12. Let R be a domain graded field and S/R a CP-graded
ring extension. Then S/R is separable if and only if S = ⊕r

i=1Si, where
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Si/R is a separable graded field extension for each i.
Within a isomorphism, this decomposition is unique.

Proof. Let K be the quotient field of R and assume that S/R is separa-
ble. Then KS/K is separable too. Hence KS = ×r

i=1Ki, where Ki/K is a
separable extension of fields for each i. So, S = ×r

i=1Si, where Si = S ∩Ki

for every i. Let 1 ≤ i ≤ r; to show that Si is a graded subalgebra of S, it
suffices to show that for every x ∈ Si, Si contains the homogeneous compo-
nents of x in S. Let x =

∑
σ xσ ∈ Si and 1 = e1 + ... + er ∈ ×r

i=1Si, where
ei is the unit of Si for every i. Decompose every ek as a sum of homoge-
neous elements of S. Since 1 is an homogeneous element of degree 0, every
homogeneous component of every ek is an homogeneous element of degree
0, and then every ek is an homogeneous element of degree 0. Furthermore,
since x ∈ Si, x = x.ei =

∑
σ xσei, where xσei is an homogeneous element

of degree σ for every σ. The uniqueness of a such decomposition implies
that xσei = xσ for every σ. Since eiSj = δj

i Sj , where δj
i = 1 if i = j and

δj
i = 0 elsewhere, xσei ∈ Si for every σ, and then xσ ∈ Si for every σ. On

the other hand, let s be a nonzero homogeneous element of Si. Since S is a
finitely generated R-module, s is integral over R. Let µs(X) = Xn + ...+a0

its minimal polynomial over R. Since Si is a domain, a0 is a nonzero homo-
geneous element of R, and then it is invertible in R. So, s invertible in R[s]
( s−1 = −a0(an−1s

n−2 + ... + a1)). As Si is a faithful R-algebra, R[s] ⊂ Si.
Hence s invertible in Si, and hence Si is a graded field. Since KSi = Ki

and Ki/K is separable, from Proposition 2.11, Si/R is separable too.
Conversely, assume that S = ⊕r

i=1Si, where Si/R is a separable graded
field extension for each i. Then DR(S) =

∏r
i=1 DR(Si) = R, i.e., S/R is

separable.

3. Galois extension of CP-graded rings

In this section, we give a classification theorem of CP-graded ring exten-
sions over a graded field which is a domain.

Theorem 3. 13. Let S/R be a CP-graded ring extension such that R is a
domain. Then S/R is a galois extension if and only if S ' Sr

1 , where S1/R
is a galois extension of graded fields and r ∈ IN∗.

Proof. Since S/R is a galois extension, then it is separable. From
Thorem 2.12, S = Se1

1 × ... × Ser
r , where Si/R is a separable graded field

extension for each i and Si 6' Sj for i 6= j. Let G be a finite subgroup
of AutR(S) such that S/R is a G−galois extension. Then for every σ ∈
G for every i, σ(Sri

i ) = Sri
i . Let σi be the restriction of σ to Sri

i and
Gi = {σi | σ ∈ G}. Then Gi is a finite subgroup of AutR(Sri

i ) and SG =
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⊕r
i=1(S

ri
i )Gi = ⊕r

i=1Ti. Since S/R is a G−galois extension, r = 1 and
(Sr1

1 )G1 = R. On the other hand, since G =< τ > AutR(S1), where τ is a
permutation of {e1, ..., er1} and ei is the idempotent (δj

i )1≤j≤r1 of Sr1
1 . The

fact that SG = R implies that S
AutR(S1)
1 = R. Since S1/R is separable and

S1 is a domain, from [9, Theorem 2.1, p. 7], S1/R is a galois extension.
Conversely, assume that S ' Sr

1 , where S1/R is a G1-galois extension of
graded fields. Let τ ∈ AutR(Sr

1) defined by τ(ei) = ei+1 for every i ∈
ZZ/rZZ. Let G = {σ ◦ τ i | i ∈ ZZ/rZZ , σ ∈ G1}. Let B be a maximal ideal of
Sr

1 . Without loss generality, we can assume that B = S1× ...×S1×P, where
P is a maximal ideal of S1. From [9, Theorem 2.1, p. 7], it suffices to show
that for any g ∈ G, g((x1, ..., xr))−(x1, ..., xr) ∈ B for every (x1, ..., xr) ∈ S,
implies that g = idS . Let στ i ∈ G such that στ i((x1, ..., xr))−(x1, ...xr) ∈ B
for every (x1, ..., xr) ∈ S.
1st case i = 0, then σ(x1)−x1 ∈ P for every x1 ∈ S1. Since S1/R is a galois
extension, from [9, Theorem 1.6, p. 2], σ = idS1 , and then στ i = idS .
2nd case i 6= 0, then (σ(x) − y) ∈ P and (x − σ−1(y)) ∈ P for every
(x, y) ∈ S2

1 . Hence (σ(x)− y)− (x− σ−1(y)) ∈ P for every (x, y) ∈ S2
1 . For

y = 0, we obtain (σ(x) − x) ∈ P for every x ∈ S1. From [9, Theorem 1.6,
p. 2], since S1/R is a galois extension, σ = idS1 , and hence x ∈ P for every
x ∈ S1. That is impossible, and then i = 0. Consequently, S/R is a galois
extension.
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