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ABSTRACT. In this paper, we investigate galois theory of CP-graded
ring extensions. In particular, we generalize some galois results given
in [1, 2] and, without restriction to nor graded fields nor torsion free of
the grade groups, we show that some results of graded field extensions
given in [3] hold.

INTRODUCTION

Let (T, +) be an abelian group and R a unitary commutative graded ring

with respect to I'; i.e., R = @,cr R, such that R, is a Rg-submodule of R
and R, R, C R, for every (o,7) € 2. Set ' ={0c €T | R, # 0} and
R" = UyerR, the set of homogeneous elements of R. For every nonzero
homogeneous element = € R,,, we write deg(z) = o and we call it the degree
of x. If every homogeneous component of R contains an invertible element,
then R will call a CP-graded ring. When this occurs, I'r is a subgroup of
I', called the grade of R, and for every o € I'g, R, is a free Rg-module
of rank 1, which is generated by an invertible element u,. Since for every
(0,7) € T2, deg(usu,) = o + 7, there exists a map ¢ : I? — U(Rp)
defined by usur = o rUs+r, where U(R) is the set of invertible element of
R. In that way, the CP-graded ring will be denoted by Rg[T, ¢]. The graded
ring R is said to be a graded field if every nonzero homogeneous element
in R is invertible. In that case, Ry is a field and for every o € T', R, is an
Ry-vector space of dimension 1.
In [3] Hwang and Wadsworth have given some results of graded fields exten-
sions. Since their goal is to describe an algebraic extension theory of graded
fields analogous to what is known for valued fields, they assumed that the
grade groups are abelian torsion free. In [1, 2], without restriction to tor-
sion free of the grade groups, we have shown that some results of graded
field extensions given in [3] hold. In this paper, we generalize some of these
results to CP-graded ring extensions over a graded field and we give some
other results.
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Throughout this paper, R = Z Rou, is a graded field with grade group

oel
I'r =T and S is a commutative graded ring extension, over R, with grade

group A. In the first section, we show that every homogeneous element of
S, which is integral over R has its minimal polynomial over R, and then we
characterize separability of such an element. Also, we characterize simple
galois extensions of graded rings. In the second section, we characterize
separability of CP-graded ring extensions via the discriminant ideal. In
particular, we generalize separability results of graded fields given in [2] to
any CP-graded algebra over a graded field. We finalize by a classification
theorem. In the third section, we investigate galois extensions of CP-graded
ring extensions. In particular, without restriction to nor graded fields nor
torsion free of the grade groups, we show some galois results given in [1]
and [3] hold.

PRELIMENARIES
The following proposition generalizes [4, Theorem 3, p. 29].

Proposition 0. 1. Let S/R be a CP-graded ring extension. Then S is a
free R-module such that [S : R] = [Sp : Ro][A : T.

Proof. For a subgroup A such that ' C A C A, we define S(A) :=
@zeaSz. In particular, S(T') is a graded ring with grade group I', and we
have R C S(I') C S. Define a new grading on S over the group A /T’ by tak-
ing Sy := @®reo Sy, for every o € A/T. Then S is a A /T-graded ring, whose
homogeneous component of degree 0 is S(I'). Since every homogeneous
component of S contains an invertible element, S/S(I") is a CP-graded ring
with grade group A/T. In particular, S is a free S(I")-module with a basis
{wy, 0 € A/T}. On the other hand, for every z € T', let u, € R, be an
invertible element, then S, = u,.Sy. Hence the multiplication of S induces
an isomorphism of graded rings So ®r, R ~ S(I'). In that way, we split the
extension S/R into two graded ring extensions R C S(I') and S(I') C S. W

Assume that S is a finitely generated R-module, then [A : T is called the
ramification index of the extension S/R and [Sy : Ro| is called its residue
degree.

The extension S/R is called a totally ramified graded ring extension if S is
a finitely generated R-module and [S : R] = [A : T, i.e., So = Rp.

Recall that for a free R-algebra S of finite rank, every x € S induces an
R-homomorphism [, of S defined by I,(s) = xs for every s € S. Define
Ts/r(x) = tr(ly) the trace of [,. Let M be a free R-submodule of S. Then
Ts/r is a linear form of S, which induces a bilinear form of M defined by
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Tryr(z,y) = Tsyr(zy) for every (z,y) € M?. The determinant of the
bilinear form T;,r with respect to an R-basis (e1,...,en) of M is denoted
by D(eq, ..., e,), and called the discriminant of (eq, ..., €,). The discriminant
ideal of the R-module M is the principal ideal generated by D(ey, ..., e,),
where (e, ..., e,) is an R-basis of M. For more details see [5, 6].

1. SIMPLE EXTENSIONS OF GRADED RINGS

In [3], Hwang and Wadsworth have shown that if R is a graded field
with grade group is a torsion free abelian group, then R is an integrally
closed domain. So every homogeneous integral element of S over R has its
minimal polynomial in R[X]. In this section, without restriction to torsion
free of the grade group of R, we extend this result, and then we characterize
separability of such an element.

Let 0 € A and P = > ;a; X" be a polynomial of R[X] of degree
n. P is said to be a o-homogeneous polynomial if every a; # 0, a; is an
homogeneous element of R and for every (¢, j) such that a; # 0 and a; # 0,
deg(a;) + ioc = deg(a;) + jo. Let A = deg(a,) + no, will call the grade
of the polynomial P. For every A € ' < o >, let R[X], be the set of o-
homogeneous polynomials, of R[X], of grade A. Then R[X] = Z R[X]a

Ael<o>
is a graded ring with respect to the semigroup I' < ¢ >, which will denote

R[X]©). In that way P(X) is an homogeneous element of degree A in the
graded ring R[X](?). In particular, every polynomial of R[X] splits as a
sum of o-homogeneous polynomials of R[X].

Proposition 1. 2. Let o be an homogeneous element of S of degree o.
If « is integral over R, then « has the minimal polynomial over R, which
is o-homogeneous. So the ideal I(a) = {P € R[X]|P(a) = 0} of R[X]
is a principal ideal of R[X], which is generated by a monic o-homogeneous
polynomial.

Proof. Let z = Y. ;o € Rla]. For every i, decompose r; as a sum
of homogeneous elements of R. Since « is an homogeneous element of 5,
x = Z P,(a), where every Py(X) is a o-homogeneous polynomial of

gel<o>
R[X], of grade g. Hence R[a] contains the homogeneous components of .
Consequently, R[a] is a graded R-algebra with respect to the semigroup I" <
o >. Since « is integral over R, R[a] is a finitely generated R-module. From
[4, Theorem 3, p. 29|, R[] is a free R-module of finite rank. Let P, (X) =
det(X1Is —1,) be the characteristic polynomial of the R-homomorphism I,
of R[a], defined by l,(z) = a.z. Since the degree of the polynomial P, (X)
is [R]a] : R], Po(X) is the minimal polynomial of a over R. Let pq(X)
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be the no-homogeneous component of P,(X) in the graded ring R[X]().
Then p,(X) is a monic polynomial of R[X], of the same degree as P, (X),
such that p () = 0. The uniqueness of the minimal polynomial implies
that P, (X) = puo(X) is a o-homogeneous polynomial. [

Corollary 1. 3. Let s € S, be an invertible homogeneous element, which
is integral over R. Then

1) R[s] is a CP-graded ring with grade group T’ < o >.

2) Let d be the cardinal order of ' < o > /I', a a nonzero homoge-
neous element of R of degree do and [R[s] : R] = n. If s is invertible,
then ps(X) = ad@ H(a='X?) is the minimal polynomial of s over R, where
H(X) € Ry[X] is the minimal polynomial of a=s? over Ry. In particular,
R[s]p = Ro[a"ts1].

Proof. 1) Since s is integral over R, from Proposition 1.2, R][s] is a free
graded R-algebra of finite rank. Let us(X) = X™ 4 ... + a¢ be the minimal
polynomial of s. Since s is invertible, ag is a nonzero homogeneous element
of R, and then it is invertible in R. Hence s~ = —ag ' (s" "' +...4a1) € R]s].
Therefore, R[s] = Z R, is a CP-graded ring with grade group I" < ¢ >,

gel<o>
where R, = Z R.s" for every g € I' < ¢ >. From Proposition 0.1,
T+no=g

[R[s] : R] = [R][s]o : Ro][l’ <o >:T].

2) Set a,, =1 and let 0 < ¢ < j < n such that a; # 0 and a; # 0. Since
ps(X) is a o-homogeneous polynomial, (i—j)o = deg(a;)—deg(a;) € T', and
then d divides ¢ — j. In particular, since ag # 0, if a; # 0, then d divides i.
So, ps(X) = 31"y ag X¥. Therefore, ps(X) =b> i b~ talag (a1 X ) =
bP((a=*X%)), where b = a@ and n = [R][s] : R]. On the other hand, since
deg(a™1s?) = —do +do = 0 and deg(b~ta’ay;) = (i.d —n)o + deg(aq;) = 0,
P(X) € Ryo[X] and Ryla—'s?] C R][s]p. An account of degree implies that
P(X) is the minimal polynomial of a=1s¢ over R, and then R[s]y is a free
Rola~'s?-module of rank 1, i.e., R[s]o = Rola~'s. [ ]

Remark 1. 4. Preserving notations of the proof of corollary 1.3, let s €
Sy be an invertible homogeneous element which is integral over R. Then
ps(X) =bP(a"'X?), where P(X) is the minimal polynomial of a='s% over
R. In particular, if s € R, then ps(X) = X — ¢

Proposition 1. 5. Let s € S, be an homogeneous element which is integral
over R. Then R[s|/R is separable if and only if the minimal polynomial
ws(X), of s over R, is square free.

Proof. From [5, propostion 5, p 97], R[s]/R is separable if and only if
Dpr(R[s]) = R. On the other hand, since R[s] ~ R[X]/(us(X)) = R[X],
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Dr(R[s]) = det(u,(X))R, where det(p,(X)) is the determinant of the
endomorphism [, x), of R[X], defined by the multiplication by u’(X).
So, R[s]/R is separable if and only if det(u, (X)) is invertible in R. Let
ps(X) = X"+ an1 X" 1+ ... +ap. As pus(X) is a o-homogeneous poly-
nomial, for every a; # 0, deg(a;) + ic = no. Hence for every a; # 0,
deg(a;) + (i — 1)o = (n — 1)o, ie., u,(X) is a o-homogeneous polyno-
mial of grade (n — 1)o. Consequently, p.(X) is a homogeneous element of
R[X] of degree (n — 1)o, and then det(pu.(X)) is a homogeneous element
of R. Since R is a graded field, det(u/(X)) is invertible in R if and only if
det(p! (X)) # 0. From [7, (53), A IV.79], that is equivalently to p(X) is

square free. ]

Corollary 1. 6. If S is a domain, then for every homogeneous element
a € S, which is integral over R, R[a]/R is separable if and only if « is a
simple root of its minimal polynomial.

Proof. Let K be the quotient field of R and 4, (X) the minimal polyno-
mial of @ over R. The fact that [K[a] : K] = [R]a] : R] implies that pq(X)
is the minimal polynomial of o over K. Since S is a domain, u,(X) is an
irreducible polynomial of R[X]. Hence « is a simple root of its minimal
polynomial if and only if . (X) is square free. [ |

Let A be a commutative free R-algebra and G a finite subgroup of
Autp(A) such that A® = R, where A® = {a € A|o(a) = a forallo € G}.
Denote A(@) the A-algebra with basis {es|0c € G}, where e, is the idem-
potent (872),eq, where 62 = 1if 7 = o and 67 = 0 elsewhere. Recall that
A/R is said to be a G-galois extension if the following homomorphism % is
an isomorphism of A-algebras

h: A®RA — A(G)

TRYy Zza(y)eg.
ceG

The following Proposition gives a criterion to test if R[s]/R is a galois
extension.

Proposition 1. 7. Let T/R be a totally ramified graded ring extension
with respect to a torsion free abelian group and let s € T, be an invertible
homogeneous element. Let n be the cardinal order of the group I' < o > /T.
Then R[s]/R is a galois extension if and only if n is invetible in Ry and Ry
contains C, a n'" primitive root of 1.

In that case, the galois group of R[s]/R is G = {g1,...,gn}, where g;(s) =
¢S
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Proof. Let a = s™. Since deg(a) = no € T, there exists v € R[s]o such
that @ = vu,e. Since Sop = R[s]g = Ro, v € R, and then a € R. From
Remark 1.4, us(X) = X™ — a is the minimal polynomial of s over R. As
R[s]/R is a galois extension, it is separable, and then n is invertible in the
field Ry. Let G be a finite subgroup of Autr(R[s]) such that R[s]/R is a
G-galois extension. Then the cardinal order of G is equal to n. Hence ps(X)
splits in R][s], with simple roots sy, ..., S5, where 2L ..., %z are the distinct
roots of X™ — 1. Since A is a a torsion free abelian group, ¢, € R[s]o = Ro.
Conversely, assume that n is invetible in Ry and Ry contains (,. Then
8,(nS,y ..., (" Ls are the distinct roots of ps(X). Set G =< o >, where
o(s) = (ps. Then G is a finite subgroup of Autgr(R[s]). Let y = Z::Ol rist €
R[s]. Forevery 0 <k <n—1, o%(y) =79+ Z?:_ll ri(Fst. So, if y € R[s]Y,
then y = 7y € R, i.e., R[s] = Ry. We compute det(h), the determinant of
the homomorphism h of R[s] ®x R[s] into R[s](?), we obtain

1 s o snl
1 Cns B (Cns)n_l
det(hy=| "~ j =52 T (6 —=¢)
1<i<j<n
1 (ﬁ’ls . ,(ln_l)25”71

Since s is an invertible element and H (¢} — ¢2) € R is a nonzero
1<i<j<n

homogeneous element of degree 0, det(h) is an invertible element of R, and

then R[s]/R is a G—galois extension. [

2. SEPARABLE CP-GRADED RING EXTENSIONS

In [2], without restrictions to torsion free of graded groups, we have gen-
eralized some separability results given in [3]. In this section, we investigate
separability of CP-graded ring extensions. We finalize by a classification
Theorem.

Lemma 2. 8. If S/R is separable, then S is a free R-module of finite rank.

Proof. From Proposition 0.1, S is a free R-module. So by [8, Proposi-
tion I11.3.2], if S/R is separable, then S is a finitely generated R-module.m

In the sequel of the paper, S/R is a CP-graded ring extension such that
S is a finitely generated R-module. Set A/T' = {&1,...,5,}. For every i,
fix w,, an homogeneous element, of S, of degree o;. Specify o1 = 0 and
wo = 1. Then (wy,, ..., w,, ) is a S(I')-basis of S.
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The following Theorem gives a criterion to test if a CP-graded ring ex-
tension is separable.

Theorem 2. 9. Let S/R be a CP-graded ring extension such that S is a
finitely generated R-module. Then S/R is separable if and only if So/Ro is
separable and [A : T is invertible in Ry.

Proof. We use a discriminant computation; let M be the R-submodule
of S, generated by (wy,,...,ws, ). Then S ~ S(T') ® g M as R-modules.
From [6, Proposition 2], we have Dg(S) = (Dgr(S(I")))*(Dgr(M))?, where
f= [So : Ro] Since S(F) ~ Sy ®p, R, DR(S(F)) = DRO(S())R. On the
other hand, for every (i, j), there exists ¢, ,, an invertible element of S(I)
such that we, wo, = Co, 0,Wo,40,. Hence Ts/g(ry(Wo, Ws,;) = NCo, o, Jgi+aj,
where 07 = 0 if 7 # o and 07 = 1 elsewhere. Consequently, the determi-
nant of the bilinear form T, g ), with respect to the basis (wg,...,ws,,),
is D(wg,...,w,,) = sn™, where s is an invertible element of S(T"). Conse-
quently, Dg(S) = n"/(Dg,(So))"R. Therefore, Dr(S) = R if and only if n
is invertible in Ry and Dg,(So)R = R. As Ry is a field, that means that n
is invertible in Ry and Sy/ Ry is separable. [ |

Corollary 2. 10. Let S/R be a CP-graded ring extension such that S is a
finitely generated R-module.

1) If S/R is a totally ramified CP-graded ring extension, then S/R is sep-
arable if and only if [A : T is invertible in Ry. In particular, S/S(T) is
separable if and only if [N : T] is invertible in Ry.

2) If A =T, then S/R is separable if and only if So/Ro is separable. In
particular, S(T')/R is separable if and only if So/Ro is separable.

3) S/R is separable if and only if S(I')/R and S/S(T') are separable.

Proposition 2. 11. Let R be a domain graded field with quotient field
K and S/R a CP-graded ring extension such that S is a finitely generated
R-module. Then S/R is separable if and only if KS/K is separable.

Proof. In the proof of Theorem 2.9, we have shown that Dr(S) =
n™f (Dg,(S0))" R, where f =[Sy : Ry]. Since every R-basis of S is a K-basis
of KS, Dg(KS) = Dgr(S)K. Therefore Di(KS) = n"f(Dg,(S))"K.
Consequently, KS/K is separable if and only if n is invertible in R and
Dg,(So) = Ro, i.e., S/R is separable. [ ]

The following Theorem gives a classification of separable CP-graded al-
gebras over a domain graded field.

Theorem 2. 12. Let R be a domain graded field and S/R a CP-graded
ring extension. Then S/R is separable if and only if S = ®I_,S;, where
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Si/R is a separable graded field extension for each i.
Within a isomorphism, this decomposition is unique.

Proof. Let K be the quotient field of R and assume that S/R is separa-
ble. Then KS/K is separable too. Hence KS = x!_; K;, where K;/K is a
separable extension of fields for each i. So, S = x]_,.5;, where S; = SN K;
for every ¢. Let 1 < i < r; to show that S; is a graded subalgebra of S, it
suffices to show that for every x € S;, S; contains the homogeneous compo-
nents of x in S. Let z =)z, € S; and 1 = ey + ... + e, € xX[_ S;, where
e; is the unit of S; for every i. Decompose every e; as a sum of homoge-
neous elements of S. Since 1 is an homogeneous element of degree 0, every
homogeneous component of every e is an homogeneous element of degree
0, and then every ej is an homogeneous element of degree 0. Furthermore,
since x € S;, x = T.; = ZJ Ts€;, where x,e; is an homogeneous element
of degree o for every 0. The uniqueness of a such decomposition implies
that z,e; = x, for every o. Since ¢;S; = 875, where §] = 1if i = j and
Jg = 0 elsewhere, z,e; € S; for every o, and then z, € S; for every 0. On
the other hand, let s be a nonzero homogeneous element of S;. Since S is a
finitely generated R-module, s is integral over R. Let pus(X) = X"+ ...+ ao
its minimal polynomial over R. Since .S; is a domain, ag is a nonzero homo-
geneous element of R, and then it is invertible in R. So, s invertible in R[s]
(s = —ag(an_18""2+...4a1)). As S; is a faithful R-algebra, R[s] C S;.
Hence s invertible in S;, and hence S; is a graded field. Since KS; = K;
and K;/K is separable, from Proposition 2.11, S;/R is separable too.
Conversely, assume that S = @®]_;S;, where S;/R is a separable graded
field extension for each i. Then Dg(S) = [[;_; Dr(S;) = R, ie., S/R is
separable. [ ]

3. GALOIS EXTENSION OF CP-GRADED RINGS

In this section, we give a classification theorem of CP-graded ring exten-
sions over a graded field which is a domain.

Theorem 3. 13. Let S/R be a CP-graded ring extension such that R is a
domain. Then S/R is a galois extension if and only if S ~ ST, where S1/R
is a galois extension of graded fields and r € IN*.

Proof. Since S/R is a galois extension, then it is separable. From
Thorem 2.12, S = S7* x ... x 8¢, where S;/R is a separable graded field
extension for each ¢ and S; # S; for @ # j. Let G be a finite subgroup
of Autr(S) such that S/R is a G—galois extension. Then for every o €
G for every i, o(S]") = S;*. Let o; be the restriction of o to S’ and
G; = {0; | 0 € G}. Then G; is a finite subgroup of Autg(S]*) and S =
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®r_,(S7)% = @!_,T;. Since S/R is a G—galois extension, » = 1 and
(S71)% = R. On the other hand, since G =< 7 > Autp(S1), where 7 is a

permutation of {e1, ..., e,, } and e, is the idempotent (67 )1<;<,, of ST*. The

fact that S¢ = R implies that Sf‘um(sl) = R. Since S1/R is separable and

S is a domain, from [9, Theorem 2.1, p. 7], S1/R is a galois extension.
Conversely, assume that S ~ ST, where S1/R is a G1-galois extension of
graded fields. Let 7 € Autgr(ST) defined by 7(e;) = e;41 for every i €
Z|rZ. Let G ={oot!|i€ Z/rZ ,o € G1}. Let B be a maximal ideal of
ST. Without loss generality, we can assume that B = S x... x S1 X P, where
P is a maximal ideal of S;. From [9, Theorem 2.1, p. 7], it suffices to show
that for any g € G, g((z1,...,z,)) — (21, ..., x,) € B for every (x4, ...,z,) € S,
implies that g = ids. Let o7 € G such that o7%((z1, ..., 7)) — (71, ...x,) € B
for every (z1,...,x,) € S.

1% case i = 0, then o(x1) — 1 € P for every z; € S;. Since S1/R is a galois
extension, from [9, Theorem 1.6, p. 2], ¢ = idg,, and then o7! = idg.

2"d case i # 0, then (o(z) —y) € P and (z — o~ '(y)) € P for every
(z,y) € S7. Hence (o(z) —y) — (x — o~ (y)) € P for every (z,y) € S7. For
y = 0, we obtain (o(xz) — z) € P for every z € S;. From [9, Theorem 1.6,
p. 2], since S1/R is a galois extension, o = idg, , and hence x € P for every
x € S1. That is impossible, and then ¢ = 0. Consequently, S/R is a galois
extension. ]
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