LARGE DEVIATIONS FOR ROUGH PATHS OF THE
FRACTIONAL BROWNIAN MOTION

ANNIE MILLET*T AND MARTA SANZ-SOLE*

ABSTRACT. Starting from the construction of a geometric rough path
associated with a fractional Brownian motion with Hurst parameter
H E]i, %[ given by Coutin and Qian in [4], we prove a large deviation
principle in the space of geometric rough paths, extending classical
results on Gaussian processes. As a by-product, geometric rough
paths associated to elements of the reproducing kernel Hilbert space of
the fractional Brownian motion are obtained and an explicit integral
representation is given.

1. Introduction

In the seminal paper [13], Lyons developed a sophisticated mathematical
theory to analyse dynamical systems with an external rough force acting as
a control and influencing their evolution. One of the key ideas is to keep the
non-commutative structure of controls on small time steps. Rough controls
are constructed as elements of direct sums of tensor spaces endowed with
a topology associated with the p-variation distance. Dynamical systems
are proved to be continuous functionals of their rough path controls with
respect to this topology. This result is called the universal limit theorem.

Stochastic modeling deals basically with rough path controls. Indeed, the
ground-breaking It6’s theory on stochastic differential equations is based on
Brownian motion, which has almost surely nowhere differentiable sample
paths but only a-Holder continuous ones, with « €]0, %[ Note that the
solution of a multidimensional stochastic It&’s differential equation is not a
continuous functional of the driving Brownian motion. From Lyons perspec-
tive, the rough path character of Brownian motion is caught by increments
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of both, its trajectories and those of the Lévy area process. His approach
provides a kind of pathwise calculus well-suited for system control in a
stochastic context. We refer the reader to [14] and [12], where the basic
ingredients of the theory are presented.

It0’s theory has been extensively developed in many different directions,
including finite and infinite dimensional settings. Recently, increasing at-
tention is being devoted to a particular stochastic control rougher than the
Brownian motion: the fractional Brownian motion with Hurst parameter
H €]0,1[. Unlike the classical Brownian process (H = 1), the fractional
Brownian motion does not have independent increments and possesses long-
range memory. Many problems in traffic networks, hydrology and econom-
ics, just to mention a few examples, share these properties and therefore
can be realistically analysed including this process in their mathematical
formulation. In [15] a large survey on fractional Brownian motion is given.
Some of the recent developments concerning fractional Brownian motion are
employed in this paper (see for instance [1], [4], [2], [5]). These references
contain an exhaustive list of contributors to the subject and are suggested
to those who would like to have a broad picture on the subject.

In this article, we are interested in the rough path associated with a
fractional Brownian motion with Hurst parameter H G]i, %[, constructed
in [4]. The main goal has been to establish a large deviation principle. For
H = %, this question has been addressed in [11] and the possibility of the
extension given in our work is mentioned. However, we believe that it is
not a straightforward one and gives rise to interesting mathematical issues
which need new ideas to be solved satisfactory. For values of H in |1, 1[, the
problem has an almost obvious answer -see the remark following the proof
of Proposition 4.

In order to give a more detailed description of the results in their context,
some basic notions on rough paths analysis and some notation should be
set up.

Let T > 0 and B be a Banach space. For p > 1, the p-variation norm of
a function x : [0,7] — B is defined by

P

][, = <SUPZ |21, — fﬂtHﬁ) :
P

where the supremum runs over all finite partitions P of [0,7]. In the sequel
we shall take 7' = 1 and consider B = R?.

A continuous map X defined on the simplex A = {(s,t) : 0 < s <t <1},
taking values on the truncated tensor algebra

TP(RY) =RoR* @ (RH®? @ ... @ (R)®P
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is called a rough path in TP)(R?) of roughness p, if X, = (1, X1, 7Xﬂ),
(s,t) € A, satisfies the properties:
i
(a) Finite p-variation: max; << (sup»,;. SulXd |§) " < 0.
(b) Multiplicative property: Xs; = X5 ® Xy, for any (s,u), (u,t) €
A.

The set of rough paths in T (R?) is a metric space with the p-variation
distance

dp(X,Y) = max <SUPZ ‘thl_l,tl - }/tjl_l,t,|1> : (1)
l

1<l \ P
Assume that the function x has finite total variation. For any j = 1,...,[p],
(s,t) € A, consider the j-th iterated integral
X;,t:// dxt1®®dxt] (2)
s<t1<---<t;<t

It is easy to check that X ; = (1,X},,--- ,Xshfl) defined in this way is a
rough path. We shall refer to this class of objects as smooth rough paths
lying above x.

The space of geometric rough paths with roughness p is the closure of
the set of smooth rough paths with respect to the p-variation metric. An
important class in stochastic analysis of geometric rough paths are those
obtained from smooth rough paths based on linear interpolations of z. They
shall be denoted by D,(RY). Indeed, linear interpolations of interesting
examples like Brownian motion, B-valued Wiener process, free Brownian
motion and fractional Brownian motion have been successfully used to define
the corresponding geometric rough path (see [14], [10], [3], [4], respectively).

In this paper, we consider a d-dimensional fractional Brownian motion
WH = (WH t € [0,1]) with Hurst parameter H €]0,1[. Its reproducing
kernel Hilbert space, denoted by H*, consists of functions h : [0,1] — RY
that can be represented as

t
h(t) = / K™ (t,s)h(s)ds, (3)
0
where K (t,s) is the kernel defined by
K7 (t,s) =cy(t—s)7 2

+en (; - H) /:(u— s)H-% (1 - (2)5_}1) du,  (4)
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for cg > 0,0 < s <t<1,and i € L?([0,1]). The scalar product in H is
given by

(h1, ho)yn = <51752>L2[0,1]
(see [5], Theorem 3.3).

For0<s<t
aKH 1 S %7H H-3
St =cn (H—2) (;) (t—s)H-3. (5)
Note that for H €]0, 5[, |[K|(dt,s) = —Ma{tH (t,5) Ly,1((2) dt.

Let E = Cy([0, 1]; R?), endowed with the topology of the supremum norm
and let P be the law of W on E. The triple (E, H¥, P/) is an abstract
Wiener space. We shall denote by i the continuous dense embedding of
HH into E.

A classical result of the theory of Gaussian processes (see for instance
[8], Theorem 3.4.12) establishes that the family (P e > 0) of Gaussian
probabilities satisfies a large deviation principle on E with good rate function

AP () {éll(iH)l(x)I%H if o € it (1), ©)

+00 otherwise.

Along this article we deal with values of H in |1, 3[. For the sake of
simplicity, we shall skip any reference to the parameter H in the sequel and
write W instead of W H instead of H, etc.

For any m € N, we consider the m-th dyadic grid (¢]* = (27™,] =
0,1,...,2™) and set AJ"W = Wym — Wy, for any [ =1,...,2™.

Denote by W (m) = (W(m);,t € [0,1]) the process obtained by linear
interpolation of W on the m-th dyadic grid. That is, W(m)y = 0 and for
t 6]t’lﬁil’ tlTnL

W(m)e = Wyn  +27(t —t]"1) AT'W. (7)

Let p €]1, 4] be such that Hp > 1. In [4], a geometric rough path with rough-
ness p, lying above W is obtained as a limit in the p-variation distance (1) of
the sequence of smooth rough paths F(W (m))= (1, W (m)%, W(m)% W (m)?)
defined as in (2). We denote this object by F(W). By its very construction,
F(W) € D,(RY).

As has been mentioned before, our purpose is to establish a large devia-
tion principle on D,(R?) for the family of probability laws of (F(eW),e €
(0,1)), extending the classical Schilder result for Gaussian processes. By
means of the universal limit theorem of [13], the result can be transferred
to stochastic differential equations driven by fractional Brownian motion.

The next section 2 is devoted to the proof of the main result. We follow
the same strategy as in [11]. That is, since the smooth rough paths based
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on linear interpolations of the process W are easily seen to satisfy a large
deviation principle, we only need to prove that they are exponentially good
approximations of W. In comparison with [11], there are essentially two
new difficulties coming up. Firstly, time increments of fractional Brownian
motion are not independent and secondly, we need to deal with third order
geometric rough paths, making arguments a bit more involved. The main
tools to be used are the hypercontractivity inequality for Gaussian chaos (see
[9]) and a collection of covariance type estimates for W proved in [4]. As
a by-product, we prove the existence of a geometric rough path associated
with each element h in the reproducing kernel Hilbert space H. Section three
is entirely devoted to give a precise description of this geometric rough path
in terms of indefinite multiple integrals. The results might be understood
as deterministic versions of those given in [1] for stochastic integrals with
respect to Gaussian Volterra processes (see also [6]). In our case, integrands
and integrators are of Volterra type, because of the representation (3). The
interest of these results goes beyond the framework of this work; they shall
be useful in the characterization of the topological support of the law of the
rough path associated with the fractional Brownian motion.

As is being usual, we denote throughout the proofs different constants
by the same letter.

2. The large deviation principle
We want to prove the following.

Theorem 1. Let H E]i,%[, p €]1,4[ be such that Hp > 1. The family
of probability laws of (F(eW),e € (0,1)) satisfies a large deviation principle
on D, (RY) with the good rate function defined for X € D,(R%) by:

I(X) = {éu-l(X&,.)m X3, € i), .

400 otherwise.

Let us start by setting the method of the proof, that we borrow from [11]
and fix the notations to be used in the sequel.

Let Z(m) = (Wi, 1 <1 <2™). Clearly, Z(m) = ®,, o W, with &, :
E — (Rd)2m a continuous map. The explicit form of the smooth rough
path lying above W(m) shows that there exists a continuous map ¥, :
(RH2" — D,(R?) such that F(W(m)) = (¥,, o ®,,)(W). Consequently,
the contraction principle implies that for any m the family of probability
laws of (F(eW(m)), € € (0,1)) satisfies a large deviation principle on D, (R¢)
with the good rate function

I (X) =inf{A(z) : x € E, (¥, 0 D) (z) = X}, (9)
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X € D,(RY).
We then transfer the large deviation principle from F'(eWW (m)) to F(eW).
At first we shall prove that for any § > 0,
lim limsup e?log P (d, (F(eW (m)), F(eW)) > §) = —oc. (10)
m—0o0 -0
For any h € H, let h(m) denote the smooth function obtained by linear
interpolation of h on the m-th dyadic grid and let F'(h(m)) be the corre-
sponding smooth rough path.
We will prove that for every a > 0,
lim sup dp, (F(h(m)), F(h(m'))) = 0. (11)

mem’ =00 | |h[5 <o

This result gives in particular the existence of a geometric rough path F'(h)
in D, (RY) obtained as the limit in the d,-variation distance of F(h(m)). In
the last part of the article we shall identify F'(h) as a triple of integrals.

By means of an extension of the contraction principle (see [7], Theorem
4.2.23), (10), (11) provide a proof of Theorem 1.

Let us introduce some technicalities to deal with the p-variation distance
dp.

If X,Y are rough paths of degree [p], we set for j =1,...,[p], v > 0,

,
2" »
D;,(X,Y) = (Zmz]xgn =Y ol )

n=1

and Dj,p<X) == Dj7p(X7 0)
Owing to results proved in [10] and [4] (see also [14]), for any p €]3,4],
Y>p— 17

dp(X,Y)<Cmax (Dlyp(X, Y) D1,(X,Y) [Dl,p(X)JrDLp(Y)] Do (X, Y),
Dy (X, Y)[D1,p(X) + D1p(Y)], D1p(X,Y) [D2p(X) + Doy (Y],
Dip(X,Y) [D1p(X)? 4+ D1y(Y)?], Dsp(X, V). (12)

Therefore, similar arguments as in [11], pp. 273-274 show that (10)
follows from the following statement.

Proposition 2. Let p €]1,4[ be such that pH > 1. Then,
(a) For any j = 1,2,3, there exists a sequence cj(m) converging to zero as
m tends to infinity such that for every q > p,

(B (D; (W (m), W)) )T < ¢;(m)qh. (13)



LDP FOR ROUGH PATHS OF THE FRACTIONAL BROWNIAN MOTION 7

(b) For any j = 1,2, there exists a constant c¢; such that for every g > p,
sup (B (D, (W (m)") ¥ < gt (149
me

Proof: We shall denote by ¢ a standard normal random variable and ob-
serve that, as a consequence of the hypercontractivity inequality (see e.g.
[9], page 65), (E|g\q)% <(q- 1)%, for any ¢q €]2,00[. Along the proof, for
any n > m, l =1,...,2" we denote by k := k(n,m,l) the unique integer
in {1,2,...,2™} such that

g <t <tp <t (15)

First order terms. Let j = 1. From the definition of W (m)? it follows easily,

[eS) 2" 1
Dip(W(m), W) = (3 w7 3o arw - Apwp)’
n=m+1 =1
g =P
As in [11], for ¢ > p and m > 0 set A(m,q) = <Zf=m+1 on (%) 7 ’

for some sequence of real positive numbers (a,,n > 1) to be chosen later.
Hoélder’s inequality yields
00 2™
E(Dy,(W(m),W)?) < A(m,q) Y af » E(2" "APW — AfW|Y)
n=m+1 =1

< A(m,q)(2d)%q* Y af2"(27magmati=H) 4 gmnakl)
n=m+1
< A(m,q)(2d)%q* Y ap2"tTed, (16)
n=m-+1
Set a, = 2"~379 for some e €10, 3(H - %)[; then the series

En alon(l—Hq) converges. Fix § > 0 such that n” < 2™ for some ¢ > 0
and €+ 6 €]0, 3(H — %)[ Then,
A(m,q)% < cpmmH—y e,

Consequently, supq>pA(m7q)% tends to zero as m tends to infinity. By
virtue of (16), the upper bound (13) for j = 1 holds true.

The proof of (14) for j = 1 is similar. Indeed, proceeding as for the proof
of (16), we have

B(D1,(W)7) < A(0,q)(2d)7} 3 af2n(-aH), (17)
n=1
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Since sup,,~.,, A(0,¢) < oo, the inequalities (16), (17) yield (14).

Second order terms. Let j =2. For [ =1,...,2" set

Tar(n,m,l) = W(m + 1)?;11,,5;1 - W(m)?ﬁl,tr-

Assume first n < m. Quoting equation (20) in [4],

2m ="
Tonm)=5 Y (AR e ARVW - AZFW 0 AZTW).
r=2m=n(l—1)+1
Clearly, To(n,m,l) = 0 for d = 1 and for any d > 2, all the diagonal
components Ty(n,m,l)»* vanish. Hence, we may assume that d > 2 and
consider only (4,j) components with ¢ # j. Under these premises, any
couple of random variables AZ’HWi, AZ”le are independent.
Owing to the hypercontractivity inequality,

(B [To(n,m,179]") ¥ < Ca(B | To(n,m, 15 ).

Clearly,
B |Ty(n,m, 1) [* < C (Toa(n, m, )" + Tya(n, m, 1)),
where
P 27’L77Ll 2
To1(n,m, )" = Y. ElARTIW ARFIW, — AREIW; AGW

r=2m—n(l—1)41
2mTn
<c Y ElAptwiElapttw,)
r=2m=n(l—1)+1
< g2 AmH—5), (18)

Lemma 12 in [4] yields

2m=nry oo
Too(n,m, 1) < C Z ( Z (7 — r)4H_5> g~ 4(m+1H

r=2m=n(l—1)41 \F=r+1
< ¢2 o imH—g), (19)
Consequently,
1
(E \TQ(n,m,Z)i»ﬂ'r’) C < g2 B, (20)

This inequality holds also true for n = m. Indeed, using for instance the
identities (5) and (6) in [11] for m = n + 1 and m = n, respectively, we
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obtain

T (n, n, l) = (Agltllw ® ArQLIJFIW - AZIJFIW ® A;thllVV) )

DN =

and therefore,
1
(E | T (n,n, 1) |q) < Cg2H,
Fix M > m. The above inequality (20) and Minkowski’s inequality imply

M-1

q % _n _ 1
(Bwong  w-wmi 4| )" <ce NE g2
=m
< Cq2 2 2m(H—3) (21)

where C is a constant depending only on H,p and d.
By the construction of the rough path lying above W, a.s.,

lim W(M)2, . =W2 .
M—oo 1=1271

1—1°"1

Therefore, Fatou’s lemma and (21) yield for n <m

ay g n
(E ‘Wtzl”;l,t," ~ W) )q < Cq2m3p7mH—D), (22)

1—1°"1

Let m < n; in this case,
W(m)fl[l,t? = 22(min)7l(A?W)®2a

where k = k(n,m,1) satisfies (15) (see [4], equation (17)). By the hyper-
contractivity property,

N
(E‘W(m)fht? ) < Cqang—2mH-1), (23)

The previous estimate (22) for n = m together with Minkowski’s inequality,
imply

q 1
(B[ o))" < ca. (24)

With (23) and (24) we obtain for m < n,

q 1
(E ‘Wtzggl,tf - W(m)fggl,t;l ) " <O, (25)

We now proceed in an analogue way as for j = 1. For ¢ > £, set As(q) =

29—p

2q =
(Z:o_l 2" (ﬁ) * p) , for some positive real sequence (a,,n > 1). By

An,
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Hoélder’s inequality,

© 2 q
B (Do, (W(m), W)!) < As(a) Y ai S E ‘W(m)f“t? “WE ol
n=1 =1
(26)
From (22) and (25), it follows that
m 2q 4
E(D27p(W(m)a W)q) < C'Az(q)qq[z aF 2-n(E=1D)o—2ma(H-})
n=1
(oo} 2¢
4 Z arf 27n(2qH71):|.
n=m-+1
Notice that, for any 7 €]0,2H — 3],
M2 . L O 2
Z a,p 2~ (E-Do=2mq(H~-7) < 9—maqn Z a7 2~ nla@H=—n)—1] (27)
n=1 n=1

2g
Let a, =27 "(<"H#+2+23) with ¢>0. Then the series 3, a,’ 2~ "a(2H=m)-1]
converges. Moreover, this choice of a,, yields

29—-p
P

o0
As(q) = ( an—Jgﬁ,(—Qe-s-QH_n_i)) ’

n=1

oo 2q oo
Z QEQ—”(Q(IH—U: Z 9—nq(n+2e)

n=m-+1 n=m-+1
Let 7, € and ¢ be positive reals such that § +e+4 < H — %, and nY < C2"P,
1
for some C' > 0. Then sup,. z (A2(¢))* < oo and consequently,

1
(B (Da2p(W(m), W)?)) " < Cq27™", (28)
proving (13) for j = 2.
By a similar approach, using the estimate (24), we can prove that
(E(D2p(W)7)) " < Cq.

Thus, (14) for j = 2 holds true.
Third order terms. Finally, let us prove (13) for j = 3. Assume first n < m;
then for any [ =1,...,2",

2
E|W(m+ 1)?211»%‘ _ W(m)%:pt? < 0o—n(1+2H)g—m(4H-1) (29)
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Indeed, for n < m, the inequality is proved in [4], pg. 128. Let n = m;
quoting [4] pg. 119, for any n > 1, we write

21
Wt D g = 3 (WOt Dy g
k=2l—1

+ W(n + 1))1" gt ® W(n + 1)?n+1 gt

1—1""k—1 k—1""k
FWn 412 e @W(n+ 1)k tw). (30)
1—1"k—1 k—1""k

Fix k € {21 — 1,2l}; it is easy to check that for any ¢ € [2, 00),

4 ) " < Cqbo-(+DH
(31)

q 1
) ! + (E ‘W(n + 1)2n+1 g1
k

(E ‘W(n +1), thtl k
ey

n
tl*l’ k—1

Applying (23) we obtain

1 ) "< Cq2~nt2H
(32)

aNg
) +(E‘W(n+1)fn .
1—1""k—1

(B W+ s oo

Moreover, for any m < n,
23(m—n)
W(m)?’;gl,tgl = T(A?W)®37 (33)
with k& = k(n,m,l) satisfying (15). Since W(m)?ﬁl»t? belongs to the third
order Gaussian chaos, the hypercontractivity property yields for m < n,

1
a\ ¢ :
(E’W(m);”ht? )" < Cgiingmimon), (34)

From (30) - (32) and (34), we obtain

2
E )W(n 1 | <270 (35)

This upper bound, together with (34) for m = n and ¢ = 2, imply the
validity of (29) for n = m.
By virtue of the hypercontractivity property and (29) we deduce for
n < m,
)

Q=

(E ‘W(m FDh = W) < Ogban(3+H)g-m@H—1)

Hence, Minkowski’s inequality yields

—1Y

(E ‘W(M)ff tn W(m)??_lyt?

for any M > m > n.
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We observe that, a.s. limy oo W(M)3. 0 Wt?%‘_l,t{“ Therefore, Fa-

-1 l
tou’s Lemma yields for m > n,

1
(E]ng_ L W) ) < Cgian(3tmg—m@H—1) (36

Suppose m < n. Applying the previous estimate (36) and (34) with
m = n, we obtain

1
q) a < Cq%2—3nH

3
(B[wi,
Therefore, using again (34) we deduce for m < n,

1
a\ q
(E‘Wf;i W) ) < CglodnH, (37)

3q %
For ¢ > £, let A3(q) = <Z 2n ("7) 3qp> , where a,, is a sequence

of positive numbers to be determined later. Holder’s inequality yields

00 37(1 2"L
E(Dap (W(m), W)") < As(a) Y- ad S E|Wmhh e = Wi
n=1 =1

By means of (36), (37) we obtain,

E(D?’»P (W(m)vw) ) < Ag, (Za" (3+H—1)—mq(2H—3

= STq —n(3¢H-1)
+ Z an 2 .

n=m-+1

Let n €]0,2H — 3[; clearly,

mo 4 ™M 3q
- 1 1 1 == 1
§ a? 9—nq(3+H—3)—mq(2H—3) < 9—man § a?’ 9—ng(BH—g—n)

n=1

Set a, =2~ np(§5—Higtg;) , with €>0. Then the series Z ~,an v 2 nq(3H—¢—n)
converges. Furthermore,

3q—p

= P
As(q) = ( n321qp2732m (—e+3H— 773)> :

n=1

Z ap 9—nBgH-1) _ i 9—na(etn)

n=m-+1 n=m-+1
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Let n > 0,e > 0 and § > 0 be such that 3d+e+n < 3H—% and nY < C2"P
for some C' > 0. Then sup,.» (Ag(q))% < 0. Thus,
1
(B (Dsy(W(m), W)1) )+ < Cq2~™,
proving (13) for 5 = 3. This concludes the proof of the Proposition. O

In the sequel, we make the convention K (t,s) = 0 if s > ¢, and therefore
write

1
h(t) = / K(t, s)h(s)ds,
0
for any h € H. We denote by || - ||2 the usual Hilbert norm in L?([0, 1]).
Lemma 3. Let h € H and t,t’ € [0,1]. Then

|B(t) = h(t)] < lhllz [t = ¢ (38)

In particular, for any a > 0,
sup  [h(t) — h(t)] < aft — ¢/|". (39)

[Ihll# <o

Proof: With the above convention on the kernel K and by virtue of
Schwarz’s inequality, we have
2

[R(t) — h(t')]?

/0 (K(t,5) — K(t',5)) h(s)ds

IN

1
HM@/(KUJ%Jﬂﬂ@f%
0
A3 EIWe — Wol? = R3¢ — P2, O

In the remaining part of the section, h shall denote a fixed element in H
and h(m), m > 1, the function obtained by linear interpolation of h on the
m-th dyadic grid (¢* =127™,0=0,1,...,2™). That is, h(m)o = 0 and for
telt™ ",

h(m)y = h(t]%q) + 2" (t — ]2 1) A" h. (40)
We shall quote several times algebraic identities set up in [4] for the processes
W{(m), m > 1, and replace W(m) by h(m). Indeed, their proof rely only
on the structure of the linear interpolations and not on the probabilistic
properties of the fractional Brownian motion.

Our next purpose is to prove the convergence stated in (11). By the
inequality (12), this amounts to prove the next proposition.
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Proposition 4. Let p €]1,4[ be such that pH > 1 and « > 0. Then,
(a) For every j =1,2,3,

lim  sup Dj, (h(m),h(m')) =0. (41)

00 | S
(b) For every j = 1,2,

sup sup Dj,(h(m)) < cc. (42)
mEN [[h||n e

Proof: First order terms. Let j = 1 and k the index satisfying (15). By
Lemma 3,

0o 2m
sup (Dyp(h(m),h)’) = sup Y 07D [2""ATh— APRP
[|h]lH <o thlﬁgan:m-‘rl =1
[e’s) 2”

< CaP Z n’YZ(Q*mP(Hfl)fnp_FanpH)

n=m-+1 =1
_ H—1—
< CaP2 m(p 6)7

with € €]0,pH — 1[. Hence, (41) holds for j = 1.
Similarly, for any € €]0,pH — 1],

oo 2m
sup (D1,(h)P)= sup Z n” Z |AlRIP
[[h]l2<e hlln<e, 2 15

<aP Z g—n(pH—1—¢) < Ca?,
n=1
which together with (41) for j = 1 give (42) for j = 1.
Second order terms. Consider now the case j = 2. Assume first m < n.
Following [4], equation (17), pg. 118 for w(m) := h(m), and using Lemma
3, we have for m < n,

sup

h(m+1)2% . —h(m)% .
1Al <a e

1—1°"1

[IAll#<e )
< O (AR + (AR #2))
< Ca2272nH. (43)

Notice that we have also proved that for every m < n,

< sup (‘Mm"‘l)?;gl,ty

+ ‘h(m)?ng,t;L

< Ca?27 %A, (44)

sup

h(m)2. .
L' 15t
[|A]]+ <o
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From equation (19) in [4] pg. 118 and Lemma 3, we easily obtain

sup |h(n+ 1)??71@ < Ca?27nH,

[l <o

Thus, the above upper bound (43) holds for any m < n.

Suppose now n < m. Quoting [4], equation (20), pg 118, we write

1 2m=ny
2 2 m+1 m+1
h(m+1)in n —h(m)in  n = > Z (A5 h® AL R
k=2m—n(I—1)+1
— AL h @ AL R),

forany [ =1,...,2™.

Fix d > 2 and components (z,j) of the tensor products with i # j.
Clearly,

[hm -+ D3 o = h(m)

S C (T:r;,],n,l + T%?n,l) ’

with
o 2m=ny
M - | T aphagen
k=2m—n(]—1)+1
2m—"

- | / / S (KR - Kgh)

k=2m—n(1—1)41
X (Kt s) — K(EnHh 5)) hi(s)h? (t)dsdt‘. (45)

Schwarz’s inequality yields

N

T’ri?gn,l < CO[Q <T'rlr;j,n,l(1) + Tri”:n,l(2)) )
where
N gm—mnj 1 1 )
CEOREED DR A R R (= ))
k=2m-n(1—1)4+170 O
x (K, s) — K(Epth ) 5))” dsdt,
. 2m 11
toa = Y[ et - Ket)
k,k/=2m—"n(1—-1)+1 0 0
k<k’

x (K5t 0) — K5, 0) (K5, s) — K(tgth, s))
x (K(tyt, s) — K(tht ), s)) dsdt.
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Clearly,
2m "]
Tl = > EBlagtiwil Blagtw)
k=2m—n(1—1)+1

< Cc9—mAH-1)—n (46)
Moreover,

2m—"n]
Tolni(2) = Y. E(AREW AR, W) E(ALTIW; ARTIW;) .

ke k/=2m—n(1—1)41
k<k’

Notice that, whenever k < k', 2(k’" — k) > 2. Hence, applying the upper
bound set up in [4], equation (29), pg. 121, we obtain

gm—mn;
Ti,j 1(2) S C2—4(m+1)H Z |I€I _ k|4(H_1)
o k,k/=2m—n (] —1)41
k<k’
gm—n
< C2—4(m+1)H2m—n Z ,],,—4(1—H)
r=1
< C2—m(4H—1)—n. (47)
From (46), (47), it follows that, if n < m,
sup  [h(m + 1) 0 — h(m)E | < Ca?27mEH=2)75, (48)
[Ihlln <o e -

Putting together (43) (valid for m < n) and (48), we obtain

m—1
sup(Day (hlm + 1), h(m)) ) ¥ < Car (Y = Dymmrtii=d
n=1

Ikl <a
+3 nvg—n(pH—n)

n=m

Let € €]0,pH — 1[. The above estimates show the existence of some
positive real number 8 such that
sup  Da, (h(m +1),h(m)) < Ca?27™P, (49)
[[hll#<a
This yields (41) for j = 2. The proof of (42) for j = 2 is an easy consequence
of (49) and (44).
Third order terms. We finally prove (41) for j = 3; note that these terms

only appear when H €)1, 1], so that p €]3,4].
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Assume first m < n. In this case, for any [ = 1,...,2™ and k satisfying
(15)
3 23(m—n) @3
Bl = g (AT (50)
We shall check that
sup |h(m + 1)??,1,75? — h(m)?ﬁpt? < Cal273 8, (51)
[hllH<er

Indeed, if m < n, owing to (50) and Lemma 3,

< sup (‘h(erl)??_l,tn

sup ;
lIhlln<a '

hm+1)3 0 —h(m)
[lh]|# <a 1—10

tl—l’ 1

< CaP23mH-1)=3n < 39—3nH

+ ’h(m)gggl,tp

For m = n, we write the analogue of (30) with W replaced by h. With
Lemma 3, we can check that each term of the resulting formula is bounded
above by Ca?2~("+13H  Consequently, (51) holds for any m < n.

Let us now assume n < m. We write the identity given in Lemma 11 in
[4] with w replaced by h. More precisely,

5
S CZ|IT(m7nal)|a

‘h(m + 1)?7_1,tlﬂ - h(m)%”_l,tf

r=1
with
Il(mvnal) =
=) (h(5) = h(t)) @ (AR R AT h— AT h@ AL B),
Iy(m,n,l

(AL R @ AL R — AT h @ AL R) @ (h(t)—h(t51)))

- -]

Is(m,n,l) = Z AT @ (AT h @ Ath + AT LR @ AR

k

L(m,n,0) =Y ApTthe (AR he ARt h+ ARt he ARR)
k

I(m,n,0) =3 (Apthh @ Apth+ Aptth @ ARt n) o ARih,
k

where the index k in the sums runs in the set {2 (I —1)+1,...,2m "}
The first two terms above have the same structure; the last three ones are
also similar. They shall be analysed separately.
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We start with I (m,n,l). Notice that if d = 1, this term vanishes. More-
over, for d > 2 only the components I;(m,n,[)*% with i # j might not
vanish.

Let i # j. Clearly,

sup ‘Il(m,n,l)”’i7j| < sup Sup|h(tg}€t12)—h(t771)’
[|h]|H<a [|hlln<a k

¥ gyt
X (Tm.n,l + Tm‘n,l) ’

with Tnll]nl defined in (45). Then, Lemma 3 together with (46) and (47)
yield
sup  |I1(m,n,1)*"7| < Cal2mEH=3)-n(H+3) (52)
[hll7 <o
and the same estimate holds for supyj,,<a |I2(m,n, 1)*"7].
Set
2m—n

_ m—+1 m+1 m—+1
J(m,n,1) = >, anthe Aphe AT,
k=2m—n(l—1)+1

where a(k),b(k) and c(k) belong to € {2k — 1,2k} and are such that two
out of the three indices agree. Lemma 3 yields

sup | J(m,n,1)| < CaP2-mBH-D=n,
[[h]]H <o

which implies

sup |1, (m,n,l)| < CaP2 mBH-1)-n (53)
[hllH <er
for any p = 3,4,5.
Since for n < m, 2-m2H+3)—n(H=3) < 9=mBH-1)=n_the estimates (52)
and (53) imply

sup_[h(m+ 1) = h(m)fy || < CaP2rmGH=D= (51

[hllH <

By the very definition of D3 ,(h(m + 1), h(m)) and taking into account
the results obtained for m < n in (51) and for m > n in (54), we obtain

, m—1 oo
Dy (h(m+1), h(m))* < Car (37 nrp-mwH=D=nk L 37 pro-nlwii=1),
n=1

n=m
Since p > 3, this yields

sup D3 p,(h(m +1),h(m)) < Ca®27™F,
Il <o
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for some real 5 > 0. This suffices to establish (41) for j = 3 and ends the
proof of the proposition. O

Remark: For H €] 1[, F(W) = (1,W!) is a geometric rough path of
roughness p, with pH > 1. The large deviation principle stated in Theorem
1 also holds for these values of the parameters H and p. Indeed, it is a
consequence of (13) and (41) for j = 1.

3. GEOMETRIC ROUGH PATHS ON THE REPRODUCING KERNEL HILBERT
SPACE

Proposition 4 implies the existence of a geometric rough path of roughness
p, for any p €]1,4[ with pH > 1, lying above h € H. In this section we give
a representation of this object in terms of multiple integrals based on h.

We start by introducing the type of integrals to be used. They are a sort
of deterministic counterpart of the stochastic integral with respect to the
fractional Brownian motion introduced in [1] (see also [2]).

Following [1], for a function ¢ : [0,1] — R we set

el = | s K (L, 8)%ds + / s ( / le(t) — ()] 1Kt >)
(55)

K*(plpo,)(s) = @(s)K(t, s) +/ (o(r) = p(s)) K (dr, s). (56)

Notice that, |[¢||x < oo implies |[¢l ||k < oo as well, for any ¢ € [0,1].
We denote by Hx the completion of the set £ of step functions on [0, 1]
with respect to the semi-norm || - || k.

In the sequel, we set (Kh)(t) = h(t) for any h € H with representation
given in (3) in terms of 4 € L?([0,1]). By Lemma 1 in [1], for any step
function ¢ € &, we have

/ (t)h(dt) = / () () (dt) = / K (o) Oh(dt.  (57)
0 0 0

Thus, the linear continuous functional ¢ +— fol o(t)h(dt) defined on & -
endowed with the topology induced by the semi-norm || - || - taking values
in R, can be extended to Hx. Hence, we attach a meaning to the indefinite
integral of ¢ € Hx with respect to h € H by means of the formula

t 1
/ o(s)h(ds) = / K*(¢lo.)(s) h(s)ds. (58)
0 0
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The following lemma establishes the existence of the indefinite multiple
It6-Wiener integral with respect to the fractional Brownian motion and its
continuity. Recall that we set K(t,s) =0 for s > t¢.

Proposition 5. Let ¢ be a Hélder continuous real-valued function defined
on [0,1], of order X € (0,1) with A\+H > %. Then ¢ € Hx and the function

t— fot w(s)h(ds) is Holder continuous of order H.

Proof: First we prove that ||¢||x < co. Clearly,

1 1
| orrsras <l [ K(Lsds = |lol < .
0 0

with [|¢[ec = sup,ejo 17 [0(t)[- Moreover, (5) implies

/ s (/ lo(t) — (o) |K|<dt,s>)2sc / s (/ e s|A+H-3dt)2< .

The two above inequalities yield ||¢||x < 0.
For any m > 1, we consider the step function ¢y, (s)=> ;_; Iam (s)p (" ;).
Since ¢ is Holder continuous,

sup  sup |om(s) — p(s)| < C27A™,
I=1,...,2m s€ A"

Consequently,

1 1
lim lom(s) — ()] K(1,5)%ds < lim C’272>‘m/ K(1,5)%ds = 0.
0

m— 00 0 m—0o0
Moreover,
dim (e (t) = om(s)) — (9(t) — @(s))| < C lim 272" =0,
and

sup [ (em(t) = om(s)) — (o(t) — @(s))| < CJt — 5],

whenever s € A", t € A[', with [l = U'| > 1.
Set
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and I, (p) < C’Z?:l Il (o) with

2m 1 2
L =3 NG ( [ 1en® = nl®) = (o(0) - 0(s)) | 1K (et s>> ,

2m tlm 2
I2(p) = ds( (t) — (s) |K|(dt»8)> ;
@ ;/r / () — o(s)]
2m 2
=3 [ a ( s !(som(t)—som(S))—(sﬂ(t)—w(s))!|f<|(dt78)> .
=1 1

1+1

By the bounded convergence theorem applied first to the integral with
respect to the measure |K|(dt,s) and then to the Lebesgue measure, we
have lim,, o I}, (¢) = 0.

Moreover,

om

2
& ,
I2(p) < CZ/M ds (/ It — 5|’\+H3dt>
=1 T S

< 09—m(2A+2H-1)

Thus, lim, . I2 () = 0.
Since

fél[gl] (lem (1) — ()] + lm(s) — @(s)]) < C27*™,

it follows that

gm

2
I () SCZT”’”/M ds (/m |t—s|H3’dt>
=1 1

41
— 22A+2H -1
< 02— ™A+ ),

and therefore, lim,, .o, I3 () = 0.

Therefore, lim,, o I;n(p) = 0 and we have thus established that ¢ €
Hri.

Let us now prove the Holder continuity of the indefinite integral
fot o(s)h(ds). Fix 0 <ty <ty < 1. By virtue of (58) and (56),

3

/OQgp(s)h(ds)—/O1¢(s)h(ds):ZTi(t1,t2),

i=1
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Ty(t1, 1) = / " dsh(s) ( / w(r)K(dnS)> ,

Ty(tr,ts) = / (5K (t2, 3) h(s)ds,

t1

with

Tytnst) = [ dshs) (/ " (o) — pls)) K (dr. 9).

ty

Schwarz’s inequality yields

1
. t1 b
< Nl 1z ( [ ) - K(tl,s>|2ds)
< Npllo 1l [tz — 217 (59)

Similarly,

1
. to 2
To(ts,12)] < |lllollilz ( / K(t275)2d5>
t1
< ligllocllills It2 — 2], (60)

The Holder continuity of the function ¢ together with the upper bound
given in (5), imply

v g
|T3(t1,t2)| SCHhHQ (/ ds (/ |7“_S|A+H—§ d?") )
ty s

< Ollhllz |tz — ta M. (61)

With (59)—(61), we have
< Cllhllz [t2 = ]

[ etsintas) - [ otsintas)

This completes the proof of the proposition. O

The preceding proposition provides a background to define indefinite it-
erated integrals with respect to elements of the reproducing kernel Hilbert
space of the fractional Brownian motion, as follows.
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Corollary 6. The reproducing kernel Hilbert space H of the fractional
Brownian motion with Hurst parameter H 6]4, 2[ is contained in Hg.
Given h € 'H, the indefinite integral ho L= fo h(ds) defines a H-Hélder
continuous function. Therefore, the function t — h 0. belongs to Hy. Thus,
it can be integrated again with respect to h. The resulting integral inherits
the H-Holder continuity property.

Let g be a measurable Lebesgue integrable function defined on [0, 1]. For
le{l, -, 2™} set

a"(t) = 2m/ g(s)ds.
APA0,2]

Consider the linear interpolation of h, that is the function h(m) defined in
(40). Obviously,

. [27¢]+1
[ stomemya@s) = 3= arwarn
=1
2™ t]+1 '
o (K - (K E)) . (62)
=1

Following the steps of the proof of Lemma 1 in [1], consisting actually into
an integration by parts, we obtain

/( )(ds) /K Y (g1p0.0) (5) h(s)ds, (63)

with
[2™¢]+1
K(m)* (gljo.n)( Z Lap (s)af™ () K (tfmg 115 9)
[274] pmq+1
+ > dap(s) Do (@i (1) —a" (1) (K(t',s) = K(t7y,5)) -
=1 V=141
(64)
Notice the similarity between the expressions (64) and (56).
Our next aim is to prove that hmm_,oofot )(s (ds fOtG(s)h(ds)
for the pairs G(m) = h(m), G = h, and G(m fo (m)(ds), G =

fd h(s)h(ds), respectively. As a consequence we shall obtam in Theorem 9
an integral expression for the geometric rough path lying above h. A basic
ingredient of its proof is provided by the next statement.
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Proposition 7. Let g be a A-Hélder continuous real-valued function defined
n [0,1], with A+ H > % Then, there exists a constant C > 0 such that
Jorany 0 <t <ty <1,
sup

sup | [ gpmimy(as) = [ gnim)(as)

In particular, each indefinite integral [, g(s)h(m)(ds) defines a H-Holder
continuous function.

< Cltg — t1]7. (65)

Proof: Fix m > 1. Assume first that [2™t1] = [2™1s], so that [to — 1] <
27™. Owing to (62),

i/0t29(8)h(m)(ds) — /Ot1 Q(S)h(m)(ds)‘ _ ‘Qm, (/jg(r) dr)

1
x /O (Kt 1, 13158) = K (#m1,0,9)) h(s) ds
< llglloo lella 27 H =D [tz — 1] < O fts — 2] . (66)

Suppose now that [2t1] < [2™t2]. Then using (62) we have

/;g<s>h<m><ds>— /Otlg<s>h< / S(t1,t2, 5) h(s) ds

with
m tigmtlHl m m
2 [ gl | (K (y08) — K (E.9)

t1

)

Sl(t17t275)

ta
Sg(tl,tg,s) = <2m/t g(?”)dT) (K(tgmtﬂJrhs) — K(tfg’"‘tﬂ’s))’
[ ]

m
2M ¢y

[2™t2]

Sa(ti,ta,s) = Y, a"(t) A'K(.,s),

I=[2mt1]+2

with the convention that ZLI xp=0if I > J.
The arguments used to prove (66) show that

/ S tl,tg, ()ds <C|t2—t1|H (67)

The inequalities (66) and (67) prove (65) if [2™t3] = [2™¢1] + 1. In order
to conclude the proof, assume that [2™¢5] > [2™¢1] 4+ 2 and let us estimate
Sg(tl, tg, S)
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Following again the steps of the proof of Lemma 1 in [1], we deduce
Sg(tl,tg, 8) = Z;’:l Sg’j(tl,tg, S), Wlth

[2™ 2]
5371(751,75'2,8) :1]O’tf§vrztl]+1[(s) Z a{"(tg)AlmK(.,s),
1=[2mt1]42
[2™ 2]
5372(t1,t2,8) = Z 1A{n (8) alm(tg)K( gth],s),
I=[2mt1]+2
[2™t2]—-1 [2™ 2]
Spaltites) = > Tap(s) (D0 (af'(te) — o' (12)) AP K ().
1=[2mt1]42 =141

Note that this decomposition is similar to that used to prove the Holder
regularity of the indefinite stochastic integral [; ¢(s)h(ds). Actually, out

of the factor h, Ss.j(t1,t2,5), j =1,2,3, are the analogue of the integrands
of T;(t1,1t2), j = 1,2, 3, respectively.

By (5), we have that the function ¢t — K(t,s) is decreasing on |s,1].
Hence, given 1 < I < J and s <74,

J
SO IATK ()| = |[K (7. 5) — K(674,9)]
=1
Since sup,, 1, [af" (£)] < [[g]|oc, we have

1
| [ Saattrstacs) s)ds| < gl il
0

tgmtﬂJrl m m 2
X /0 d5|K(t[2mt2], ) — K(t[th1]+1a 3)|

H
<C ’tg%] - tf;mhm’ < Clty — 1|7 (68)
and
1
1 . . tgm ] 2 2
‘/ S3.2(t1,t2,5) h(S)ds‘ < |9l A2 (/ dS|K(tg’”tz]’s)| )
0 -

m m a H
=C ’t[thz] ~ i1 SCl2—tf". (69)

The Holder continuity of g implies that for s € A" | r € A} with [2™¢;] +
2 <1<l < [2Mty), [al (ta)—a™(t2)| < C (I — 1)27™)* < C(27™ My
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+|r — s|*1{>141y). Therefore, since [ty — t1] > 27™,

! . . 1 (2™ ta] -1
\/‘%3@¢%®th#SCMMb(/ ds S Aap(s)
’ 0 I=[2mt1]4-2
tfgmm] 5 9 tl"i1 X ) %
X ([/ I — sMH—8ar]) + [2—m>\/ v — s/ $dr] )>
e i
. 1 [2™t2] -1
< C’||h||2</ ds Z 1am (s) [(tg%] B
0 I=[2mt1]+2

+2—2m)\(t/lm _ S)QH_1]>%
< C|[h)]2(ta — ta P 4 27 mOFH= D) [y — 4 |3)
< C|lhf[aftz — t1 P -

The inequalities (67)-(70) conclude the proof of the proposition. O

We next prove the announced result on convergence of integrals.

Proposition 8. Let h = Kh € H, G(m), m > 1, and G be real continuous
functions defined on [0,1]. Assume that for any 0 < t; <ty <1,
(i) |G(t2) = G(t)| < Clt2 — ta] ",
(i) suppen [G(m)(t2) = G(m)(t1)| < Clt2 — ta] ",
(iii) ¢(m) 1= supycp,1) |G(m)(t) — G(t)| — 0, as m — oc.

Then

lim sup
M=o ¢c0,1]

=0.

/Gmmmmww—/a@mw
0 0

Proof: Set A*(t) = 2™ fAlmm[o " G(m)(s)ds. We first prove that

‘ om ]_,'_1
lim Sup] ‘/ds h(s)( Iap () AT () K (t5m )41 s))—G(S)K(t7 s)|=0.
0 1

M= 4c(0,1 =

(71)
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Indeed, Schwarz’s inequality yields

t [2™
/ ds h(s Z Tap (s (K(tfgmt] +1,s)—K(t,s))

[2™¢t]+1 9 %
< 1Al /ds > 1) [K @) ~ Kt

<Cc2 ™, (72)
Owing to (44) and (4i7),

sup  sup |G(m)(r) — G(s)| < C(27™H 4 ¢(m)).
1<I<[2mt] r,s€EAT

Therefore,
- 2"
/0 ds h(s)K (t{3m4)11:5) Z Iam (s < (t)—2m o G(s)dr)
<O o) [ IR 1,90 ds
< C||h||2(2_mH +¢(m)). (73)

By (ii) and (iii),

t
sup G(s) — 2m/ G(m)(r)dr| < c(2—m# +c¢(m) +||Gllo) < C
r,sEAT tm
[2™ t]+ [2™m ]
Hence,

<0/ Sy ([ (g, )] ds < €277, (74)

With (72)—(74), we have proved (71).
The second step of the proof consists in checking that

lim sup ‘ / ds h(s / G(r) — G(s)) K (dr, 5)

M=o ¢c0,1]

(2] 41
—[Zhr Z (A (t) — A?(t))(K(t?“,S)—K(t?f_l,s)D‘:o.
=1

U'=l+1
(75)
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Clearly,

/Otdsh(s)(/:(G(r)G( K (dr, 5) ZR’"

with

Ry (1) = /A L [ @)~ Geptar,),
27¢)

Z / dslam (s . (/stlm(G(r) - G(s))K(dr,s)),
R3'(t) =

[2mt] [2 t]+1 tm

B Z / dslay(s Z /t G(8)L{s<r<ty K (dr, s))

v=i41 YU
By virtue of Schwarz’s inequality, assumption (i) and (5) we have

1

rr @< cllblla( [ ol ([ r=spr-tar)’)’

[2 g

< C||l'z||22*2mH.

Using again (i) and (5) we obtain

tm

/ (G(r) — G(s))K (dr, s)‘ <Ot — 5)*H-3,

S

It follows that

sup sup ‘/ G(s))K(dr, 8)‘ SCme@Hf%

I=1,...,[2mt] s€AT"

and consequently

[2™¢]
R ()] < C27 2H“>Z / dstap (s)|h(s)| < C2-m A=

Thus we have shown

lim sup (|RP(6)| + |RE(t)]) = 0.

M—=00 ¢c(0,1]
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Therefore, the proof of (75) reduces to that of

[2™¢] Lrg+1
lim sup ’ Z/ dslap (s (/ (G(r) — G(3))L{s<r<ty
T te(0,1] r=i+1 Y

— (AP () —A:”(t)))K(dr,s>)\ = 0. (76)

Set

2™

Z ds/ K (dr,s)h(s)lam (s )]lALH( r)

x [(G(r) ~ G)azreny — (AP (1) - AP ()],

The Holder continuity of G together with (5) implies

27n

‘ Z /m dsh(s K(dr,s)(G(r) — G(s))Lis<r<ty

AWL

2 my

<c‘ Z/ dsh(s / |r —s|2H*%dr‘§C||h||22*m<2H*%

l+1
(77)
By assumption (i), for any { = 1,...,[2™¢] — 1, we have

sup [Af1 (1) — A7 (1)] < C27,
te[0,1]

while for I = [2™],

S [475(8) = AP (O] < 7+ elm) +|Gll) < €
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Therefore,
(2]
‘Z / dsh(s K(dns)(Aﬁl(t)—A}”(t))‘
" At

27nt] 1

<c2 Z / ds|h(s) |/ dr\r—s|H

+C’/ ds|h(s |/ dr|r75|H75

[2m ) [2"Lt]+1
[2m 1
< Ca iy ( Z / sl — 1) 40 [l 2

< O|[h]|p (27 5= 1> +27mH), (78)
From (77) and (78) we obtain
lim sup |R}(t)| = 0.

m—0o0 ¢elo,1]

Consequently, it remains to prove that

[2’“ [2m¢]+1
T}grlootzl[épl] 2 / dslap (s Py </A{” ((G(T)—G(S))l{sgrgt}
—(W@—ArwnKun@ﬂza (79)
Set
[2mt]—1 [27¢]
Un(tis,r) = 30 3 dap(slag () ((G)—G(s) — (AP (1) - A" @) ).
=1 U=i+2

A simple analysis based on the hypotheses (i) — (iii) gives

sup  [lap(s) (G(s) = AP () [+ sup  [Llag (r)(G(r)— A7 (2))]
I=1,...,[2mt]—1 I'=142,...,[27m1]

< @27 4 ¢(m)).
Thus
|\I]m(t> S, T)| < C(z_mH + c(m))l{(s,r)G[O,t]z:sgr}
and therefore,

lim sup sup | W, (t;s,7)] = 0.
M=o ¢e(0,1] (s,7)€[0,1]2:5<r

Forany I =1,...,[2™t]| - 1,1I'=1+2,...,[2™¢],
Lap (5)1ag; (DIAR (1) — AP (1)) < Clr — s/,
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Indeed, a change of variables and the assumption (i7) yield
Lag (s)lan (r)|A7 (1) = AP (8)] = Lap (s)la (r)
x2"(|] [ Gm)(w)du— [ G(m)(u)dul)
A;;L Alm
-1
2m

SC( )HSC\T—S|H.

Hence

bu>p1 |\I’m(t7 S,T)| < C|7ﬁ - 8|H]l{(s,r)€[0,t]2:s§r}7

and consequently,
Sup sup ‘\Ilm(t’ S T)‘ < C|T - S‘H]l{(s,r)E[O,lP:sgr}'
m>1te0,1]

The function (s,7) — h(s)\r — s|Hl{(57r)€[071]z:S§T} is integrable on the set
[0,1]% with respect to the measure ds x |K|(dr, s). Hence,

lim sup /0 dsh(s)/o K(dr,s)U,(t;s,7) = 0. (80)

m=00¢cl0,t]

In order to complete the proof of (79), we must check that

lim sup |R5(¢)]
m—0o0¢g(0,1]

0, (81)

where

-1 1
RI'(t) = l; /0 ds h(s)lap (s) /0 K(dr,s)1ag,, ., (1)
x ((G(T) - G(3)>1{8Sr§t} - (Afgmqﬂ(t) - A?n(t)))

Forl=1...,[2m] -1,

Lap (9]6(6) = A7 (0] = 1ap (927] [ () )~ Gl9)u
<Cc(27mH + c(;n)) <C
and
Lap (Nag,, (MG gacrcty — Ay (8)] < C.

m
[2m )41
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Moreover, given any a €]0, H],

tomyy_1
/ ds(/
0 A

o, 201-a)(H-}) ((m ~1_m 12
< C/o ds(t[th]—s) ‘ 2(( [2mt]_5)H 2= (tmy 1 — s) 2) ‘

\ 2
|r — s|H_% dr)

m
[2m¢]+1

i
< C2—2am/ dS(tfgmt] _ S)QH—1—2a < C2—2am.
0

Hence for a €]0, H|,
Rg'(t) < Clhl]227"™.
This clearly implies (81) and concludes the proof of the proposition. O

The following theorem gives an integral representation of the geometric
rough path (1, ht, h2, h3) associated with h € H.

Theorem 9. Let h = Kh be an element of the reproducing kernel Hilbert

space of the fractional Brownian motion with Hurst parameter H E]%, %[
Then for every s <t, i,j,x € {1,---,d},
1
e = [ a () () G0 du — BB, (52)
0

1
hoyT" = / K (R0 ) () () du = BEERLE = gh2d™. (83)
0

Proof: For simplicity, we shall assume d = 1 and consequently, we remove
the indices 1, j, K.

To prove (82), set G := h and G(m) := h(m). Then owing to (38), G is
H-Hélder continuous. Suppose [2"s] = [2t]. Then |t — s| < 27 and we
have

[B(m)(¢) = h(m)(s)| < C27mU =]t —s| < CJt — 5|7

Assume [2s] < [2™t]. Since
[(m) () = h(m)(s)| <[ (m)(£) = h(m) (Egon )|+ A00) (Erg1) — () (s)]
()~ (1)
the Holder continuity of h yields

sup [A(m)(t) — h(m)(s)| < C'[t — s|".

Moreover, sup;(o 1] |h(m)(t) — h(t)] < C27™H . Thus, the assumptions (i)-
(iii) of Proposition 8 are satisfied, so that for every r € [0, 1], the sequence

)
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(fy h(m)(u) h(m)(du), m > 1), converges to

/0 " () h(du) = /0 K* (ho.p,) (u) i (u) du.

The construction of the geometric rough path based on h given in Proposi-
tion 4 shows that h3 . = [; h(u)h(du). Then, formula (82) follows from the
multiplicative properties of rough paths.

For the proof of (83), we fix G(.) := h§ and G(m)(.) := h(m)§_. Corol-
lary 6, Proposition 7 and the results set up in the first part of this proof
show that the assumptions of Proposition 8 hold true. Therefore, for any
fixed 7 € [0,1] the sequence ( h(m)§. (u)h(m)(du), m > 1) converges to
Jo 1. (w)h(du) = fol K*(h3 1j0,,))(u)h(u)du. By Proposition 4, the limit
must coincide with A§,.. Then the expression (83) follows from the multi-
plicative property of rough paths. O
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