A FEW REMARKS RELATING TO THE SOLUBILITY OF
DIOPHANTINE EQUATIONS.

B.Z. MOROZ

§1. Some consequences of Matiyasevich’s theorem.

1. In 1970, Yu.V. Matiyasevich proved [14] the following remarkable
theorem.

Theorem 1. Fvery recursively enumerable set is Diophantine.

Corollary 1. There is no algorithm deciding whether a given Diophantine
equation is soluble in 7.

It follows from this result that any recursively enumerable first order the-
ory of Diophantine equations is necessarily incomplete. In this section we
comment on that observation and its consequences for the theory of Dio-
phantine equations. It is to be contrasted with the results from the analytic
theory of Diophantine equations, discussed in the subsequent sections of
this brief survey.

Notation and conventions. As usual, in what follows C,R,Q,Z,Z,,
and N stand for the field of complex numbers, the field of real numbers,
the field of rational numbers, the ring of rational integers, the ring of p-adic
integers, and the monoid of positive rational integers respectively; p ranges
over the rational primes. We let PA, ZFC, and ZFCI denote the first
order Peano Arithmetic, the Zermelo-Fraenkel set theory with the Axiom
of Choice, and the "ZFC + {there is an inaccessible cardinal}” respectively.
For brevity, we shall write "variety” for what is normally called algebraic
set, irreducibility not being thereby implied.

Let us recall that a subset S of Z is said to be recursively enumerable if
there is a recursive function F': N — Z such that F(N) = S. If both sets
S and Z \ S are recursively enumerable, the set S is called recursive. For
n €N let

ft, %) e Z[t, &), T := (x1,...,2Tn),
and let B
A(f):={alaecZ 3b(beZ"&f(a,b) =0)}

1



2 B.Z. MOROZ

A subset B of Z is said to be Diophantine if there are n in N and a poly-
nomial f(t,Z) in Z[t,Z] such that B = A(f). In view of Church’s thesis
(cf. [20, p. 160]), Corollary 1 follows from Theorem 1 since there exist re-
cursively enumerable sets which are not recursive. As a point of fact, given
a recursively enumerable set B, one can actually construct a polynomial
f(t,Z) in Z[t, Z] such that B = A(f) (cf. [4, p. 325]) ; moreover, one can
construct a polynomial U (t, Z) in Z[t, Z], for some n in N, such that there is
no algorithm to determine whether an integer a satisfies the formula
35 (b€ 2" &U(a,b) = 0),

cf. [15, p. 17].

Let 7 be a first order theory. We denote by L(7) the language of 7, let
F(7T) be the set of all the formulae in L(7), and let ¥(7) be the set of the
theorems of 7. By definition,

(T)CF(T).
We shall assume that there exists an one-to-one map

p:8(T) =N,
a “canonical” numbering of F(7 ), such that the set ¢(T(7)) is recursively
enumerable. In view of that assumption, one can construct a polynomial
Fr(t,@) in Z[t, ] with

¢(3(T)) = A(Fr).
Suppose that

L(PA) C L(T).

Moreover, let us assume that a formula of the shape
3b(beZ” &f(b) =0),

with f(Z) € Z[Z], is provable in 7 if and only if it is ¢rue ; in particular,
the theory 7 is assumed to be consistent. It follows then that there is an
infinite sequence of polynomials

L@, @), -
such that f;(Z) € Z[Z] and the formula
Vb (beZ — fi(b)#0)
is true but not provable in 7, for every i ; one could let, for instance,

f@(f) = U(ai,f), = 1, 2, N
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for a suitable sequence of integers a1, as, ... . Therefore the theory 7 is
incomplete. Assume, moreover, that the theory 7 is an extension of PA,
and let €7 be the formula in L(7) stating that 7 is consistent. Let
e(€1) = ag
and let
fo(.’f) = FT(ao, f)
By Go6del’s theorem [20, p. 213],

Cr & 3(T).
Therefore it follows that the formula
(1) Vo (beZ — fo(b)#0)

is true but not provable in 7.

On letting 7 = PA, one obtains a formula of the form (1) which is
true but not provable in Peano Arithmetic. Moreover, it is well-known that
consistency of ZFC' is provable in ZFCT; see, for instance, [11, p. 167].
Therefore, on letting 7 = ZFC, one obtains a formula of the form (1)
provable in ZFCI, but not in ZFC. The reader may consult the works
[12], [5], and references therein for some related results.

2. As above, let ¥ := (21,...,2,) be a set of n independent variables, let

ﬁz (gla"'vgr), g](f) € Z[f]» 1 S] S T,

and let d; denote the degree of the polynomial g;; without loss of generality,
we may assume that d; > 2,1 < j < r, and n > r. The systems of
Diophantine equations of the form

(2) g(#) =0

fall into three groups: (I) those soluble in Z, (II) those 7 -provably insoluble
in Z, and (IIT) those insoluble in Z equations, whose insolubility can not
be proved in 7 (cf. [17]). A class of Diophantine equations is said to be
decidable if there is an algorithm to determine solubility in Z of an arbitrary
equation in this class. The set (1) U (III) is trivially decidable, the set
(I) U (II) is also decidable; in view of Corollary 1, the set (I) U (I11) is
undecidable. One should also note that (III) is, of course, not a recursively
enumerable set. After the work of Minkowski, Hasse, Siegel, and Watson,
the class of quadratic equations is known to be decidable; F.J. Grunewald
and D. Segal [6] describe the corresponding algorithm in detail. On the other
hand, an easy (and well - known) argument shows that there is a system
of quadratic equations, or what amounts to the same thing an equation of
degree 4, whose solubility in Z is equivalent to the solubility of a system of
Diophantine equations of the form (2). Moreover, there is a Diophantine
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equation g(x)z™ + 2> — 1 = 0 of degree 4 + m,m > 0, soluble in Z if
and only if the fourth degree equation g(x) = 0,g(x) € Z[x], is soluble in
Z. In particular, if [ > 3, the set of Diophantine equations of degree [ is
undecidable, and the set (III) contains a Diophantine equation of degree [
(cf. [4]). I do not know whether the set (III) contains a cubic Diophantine
equation, let alone if the class of cubic Diophantine equations is undecidable.
We shall return to the problem of solubility of cubic equations in §4.

The analytic methods of classical number theory, to be discussed in §2 —
§5, allow one to describe some classes of (systems of ) Diophantine equations
contained in (I) U (I1), with 7 = ZFC say, in that an equation in a given
class is proved to be soluble if it satisfies certain necessary conditions of
solubility (for instance, if it is soluble in R and in Z, for each prime p).

3. It is an outstanding open problem to determine whether the class of
the homogeneous Diophantine equations is decidable.

Lemma 1. The following two decision problems are equivalent:

1) the problem of determining the existence of a rational solution for an
arbitrary Diophantine equation;

2) the problem of determining the existence of a non-trivial integer solu-
tion for an arbitrary homogeneous Diophantine equation.

Proof. See [16, §7.4].

Let R be a commutative ring and suppose that Z C R. For n € N, let
f(t, %) € R[t,&], & :=(x1,...,Tn),
and let
A(R, f):={ala€R, 3b(be R" &f(a,b) =0)}.
A subset S of R is said to be definable in R if S = A(R, f) for some n in N
and a polynomial f(¢,Z) in R[t,Z]. Thus a subset B of Z is Diophantine if
and only if B is definable in Z. The ring R is said to be universal if every
recursively enumerable subset B of Z is definable in R. Finally, we say that
R is a real ring if
Z a?:O — Vj(a; =0)
1<j<r

for any @ in R", r € N.

Corollary 2.(cf. [16, §7.3]) A real commutative ring R, containing Z, is
universal if and only if Z is definable in R.

Proof. If R is an universal ring, then Z is definable in R since the set Z
is recursively enumerable. Conversely, suppose that

(3) Z = A(R, f)
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for some [ in N and a polynomial f(¢,%) in R[t,Z], & := (x1,...,2). Let us
consider a recursively enumerable subset B of Z. By Theorem 1, the set B
is Diophantine, therefore

(4) B = A(g)
for some m in N and a polynomial g(¢,%) in Z[t, 3], ¥ := (y1,.-.,Ym). Let
(5) F(t,a) = g(t,7)* + f(t,2)* + > fly;, D)2,

1<j<m

where @ stands for the array of m + [ + ml independent variables
g, 7, 9, 1< 5 <m.

It follows from the relations (3) - (5) that B = A(R, F). This completes
the proof of the corollary.

Open problem. Is the field Q universal ?

This problem lies at the heart of the current research, relating to Hilbert’s
10th problem (see, for instance, [19] and references therein). In view of
Corollary 2, the field Q is universal if and only if the ring Z is definable in
Q. As above, it follows from Church’s thesis that if the field Q is universal,
then there is no algorithm deciding whether a given Diophantine equation is
soluble in Q. Therefore, in view of Lemma 1, the class of the homogeneous
Diophantine equations is undecidable if the field QQ is universal.

Open problem. Is the class of the cubic homogeneous Diophantine
equations decidable?

§2. The Hardy-Littlewood circle method

Introduced in a paper of Hardy and Ramanujan in 1918 and developed in
the classic series of papers ”Some problems of Partitio Numerorum” (1920-
1928) by Hardy and Littlewood, the circle method remains an important
tool in studying Diophantine equations. The recent monograph [24] and
the survey article [18] contain an extensive bibliography of numerous works,
relating to this method and its applications in number theory; one may also
wish to consult the recent memoir [8] on a new form of this method and the
survey article [2] on the ”adelic” version of the circle method.

The circle method is designed to give an asymptotic formula for the
number

N(t)=card{d|detB,gd) =0,aecZ"}
of integer solutions of the equation (2) contained in the subset ¢B of R™, as
t — oo, where ‘B is a fixed convex subset of R”.
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Let S' = R/Z be the unit circle and let T = (S!)" be an r-dimensional

torus. Let
w(d’) _ Z 6271'1‘&5‘;‘(&‘)
actBnNLr
for @ € T’ clearly,

Nm:Am@m

For 8 € R, let || 8| := miny,ez |8 —m|. One divides T into two subsets, the
major arcs
M={a|decT,3qgeZ(1<qg<t’and|qo;| <t749T01<5<r)l,

and the minor arcs m = T \ 9, the parameter § > 0 being adjusted in the
course of calculations. It follows that

N(t) = I(9M) + I(m)
with

um:/m@m

U
for a (measurable) subset U of T'. Let P stand for the set of rational primes.
Let
Gg=f+h f=(f1,.... fr), h:=(h1,... . hs),

where f; is a homogeneous polynomial of degree d; and the degree of the

polynomial h; is smaller than d;, 1 < j < r, and let
7)1 = max 1158
The circle method is said to work if the following conditions are satisfied:
1) For p € P, there exists the ”local density” of solutions
pp = Jim p'""Weard {@ | @ € (Z/p'Z)", §(@) =0 (mod p')}
— 00

and the infinite product

Ho = H Hp
pEP
converges.

2) The integrals I(9t) and I(m) can be estimated as follows:
1) = pt" =P (1 + 0(1)), I(m) = o(t"~")

as t — oo, with
D= Y dj, p=p(c0)po,

1<g<r
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where
T

Jimozr [ IO Lf(E) dé

€%, L|f(§I<1 j=1

w(oo) = lim Lr/ 3
3

The circle method works well if it works with g > 0. The constants p(oo)
and pg are called the singular integral and the singular series respectively.
If the circle method works well, one obtains an asymptotic formula

(6) N(t) ~ pt"™P, p >0,

and, a fortiori, proves that equation (2) is soluble. The asymptotic formula
(6) may still hold, and even be provable by other methods, when the circle
method fails (:= does not work). Let (I.1) denote the class of those equations
(2) which satisfy relations (6) for a suitably chosen set B and let (I.2) be
the set of the equations (2) satisfying A/ (¢) > ¢7 with v > 0 for some B.
Clearly, (I.1) C (1.2) C (I) and, moreover, (I.1) # (1.2) # (I).

Remark. It is hardly possible to give reasonably simple conditions de-
scribing the sets (I.1) and (I.2); I do not even know whether those sets are
recursively enumerable. Nor seems it possible to describe, in simple terms,
the class of the Diophantine equations satisfying condition 1) above.

The circle method, as described above, should be regarded as a highly
successful tool for investigating the solubility of certain classes of Diophan-
tine equations. In the next section, we give a simple sufficient condition for
the circle method to work (well), see Theorem 3. In the monograph [24],
the reader will find several examples of (classes of) Diophantine equations,
which have been proved to be soluble by the circle method. Our exposition
in this section has been somewhat influenced by the work [18].

§3. Two theorems of B.J.Birch

In the mid-thirties, Tartakovskii applied the circle method to prove sol-
ubility of a ”generic” equaton (2) for large n. In 1957, Birch proved that
a system of homogeneous equations of odd degrees has a non-trivial zero,
providing the number of independent variables be big enough; a few years
later he obtained another general theorem asserting that equation (2) is
soluble in Z" as soon as the codimension of the ”singular locus” of the va-
riety, defined by (2), is sufficiently large. We give a modern version of these
theorems, following the recent papers [22], [27] (cf. also [28]).

Let us suppose, for simplicity, that dy = --- = d, =: d. Let v(3,r) =
(10r)%, v(5,7) = exp(10**r°(log 3r)"), and v(d,r) = Y(4_5)/2(dr) ford > 7,
assuming d is odd, where g(z) = €%, and ;(z) = l[zilog”:] () for z >0

(as usual, [y] stands for the biggest integer < y). The following variant
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of the first theorem of Birch is due to T.D.Wooley (for d > 5), and to
W.M.Schmidt (for d = 3).

Theorem 2.. Suppose g;, 1 < j < r, be a homogenous polynomial of odd
degree d. Then

n>ov(d,r) — 3acZ" (§a) =0&a+#0).

To state the second theorem of Birch, we require some further notation.
Given a polynomial map ¢ : C* — C™, let V(q) be the affine complex
variety defined by the equation ¢(x) = 0; let W stand for the singular locus
of an affine complex variety W. Finally, let A(f) be equal to the dimension
of the affine complex variety defined by the condition rank J(f) < r, where

oFf
1= asj<nisisn
stands for the Jacobian of the map

ficm—cm

One can prove that A(f) is actually equal to the dimension of the Zariski
closure of the union

Urecr V(f = A)
of the loci of singularities of the affine varieties defined by the (systems of)
equations

fl@)=A el
ifdimV(f) =n—r,cf. [1].

Theorem 3. Let b:= (by,...,by) and let

B = ﬁ[bj —1/2,b; +1/2).

(i) If
(7) n>A(f) + 299D (d—1)r(r+1),

then the circle method works.
(ii) Suppose that condition (7) is satisfied and dimV (f) =n —r. Then

Uoo >0
(8) be (VIH\V()) R),
and

po >0
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as soon as

(9) VNNV (Zp) # 0

for every p in P.
(iti) In particular, if all the three conditions (7) — (9) are satisfied, then
the circle method works well.

§4. Cubic Diophantine equations

In this section, we review rather old (but rarely cited) results of Dav-
enport, Lewis, and Watson. Suppose that r = 1, d; = 3 and write, for
brevity,

9:=g,9=Ff+h,
where f is a cubic form and h is a quadratic polynomial. Following [3], [25],
[26], we let

v(g) =min{s | f = Zli%‘}

with linear [; and quadratic g;. Suppose the polynomial g be irreducible
and non-degenerate, that is not equivalent (over Z) to a polynomial of less
than n variables. Suppose also the congruence

(10) g(x) =0 (mod p*)

be soluble for every prime power p¥, p € P. Then each of the following
three conditions implies solubility of the equation (2) in Z :

(i) v(g) = 17;

(i) n > 15 and 4 < v(g) < n —3;

(ili)n > 14, and there is an indefinite quadratic form q(z1,...,Zp—1)
such that f(z) = zpq(z1,...,2,—1), the quadratic form g(z1,...,2,-2,0)
is positive definite, and equation (2) cannot be put into the shape

(azn +0)S(x) = a'z?_| +Vw, 1+,

except possibly with a’ # 0 and b'* — 4a'c’ a square.

Let us remark that each of the conditions (i)-(iii) is decidable, and refer
to the original papers [3], [25], [26] for the detailed proof and a discussion
of the cited results.

Corollary 3. Ifn > 19, v(g) > 4, and the congruence condition (10) is
satisfied, then equation (2) is soluble in Z.

These results allow one to isolate a big decidable subclass of cubic Dio-
phantine equations. One can hardly expect, however, the whole class of the
cubic equations be decidable.
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The known results, concerning the solubility of cubic equations in ratio-
nals, are much easier to state. By an old theorem of Davenport, a homo-
geneous cubic polynomial f represents zero non-trivially over Z (or, what
amounts to the same thing, over Q) if n > 16. In the eighties, Heath-Brown
proved [7] that every non-singular form f represents zero non-trivially over
Z as soon as n > 10, and Hooley proved [10] the Hasse-Minkowski principle
to hold for the class of non-singular cubic forms f with n > 9.

§5. Concluding remarks

The second theorem of Birch and Davenport’s ”sixteen variables result”
have been proved by an adaptation of the classical circle method. On the
other hand, in order to prove the first theorem of Birch and to obtain the
results on solubility of non-homogeneous cubic equations, described in §4,
the authors supplement the circle method by some elementary, albeit highly
non-trivial, considerations. Finally, Heath-Brown’s ”ten variable result”
and Hooley’s "nine variable result” have been proved by making use of
the variant of the circle method introduced in the work of Kloosterman
on quarternary quadratic forms; this form of the circle method allows to
incorporate the estimates of exponential sums, obtained as a consequence
of the Weil conjectures proved by Deligne.

By the very nature of the circle method, it can not be applied to treat
those equations which are insoluble, or do not have enough solutions to fall
into the set (I.2). Moreover, there are many difficult Diophantine problems
given by equations contained in the set (I.2) which could not be solved by
the circle method; I do not attempt to describe the many ingenious methods,
which have led to a solution of some of those problems (cf., for instance,
).

However, other methods of analytic number theory can sometimes be
applied to study Diophantine equations having not too many solutions. For
instance, as an application of A. Baker’s estimates on linear forms in log-
arithms of algebraic integers, one can prove that the class of Thue and
superelliptic equations is decidable (cf. [21]). The Birch and Swinnerton-
Dyer conjecture, if true, can probably be used to prove Q-decidability of
the class of curves of genus one defined over Q (cf., for instance, note 11.2,
a) in [13] and [23, p. 160]); it would then follow that the class of the homo-
geneous cubic equations in three variables is decidable. Those problems lie
far beyond the scope of this survey, however, and we shall not comment on
these questions any further.
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