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Abstract. We consider the linear theory of homogeneous and isotro-
pic thermo-micro- stretch elastic solids. First, we present the basic
equations which characterize the bending of thin plates. Then we
establish a uniqueness result with no definiteness assumption on con-
stitutive coefficients. Existence of solutions is proved under assump-
tion that the internal energy density is positive definite. Finally, the
asymptotic behavior is analyzed.

The theory of microstretch elastic solids has been introduced by Erin-
gen [1-3]. This theory is a special case of the micromorphic theory. In
the framework of micromorphic theory a material point is endowed with
three deformable directors. When the directors are constrained to have only
breathing-type microdeformations, then the body is a microstretch contin-
uum [3]. The material points of this continua can stretch and contract
independently of their translations and rotations. The theory is expected
to find applications in the treatment of the mechanics of composite materi-
als reinforced with chopped fibers and various porous materials. The theory
of microstrech continua is a generalization of the theory of micropolar con-
tinua. In [4], Eringen presented a micropolar plate theory and established
basic theorems in the context of isothermal case. These results have been
used to investigate the isothermal bending of microstretch elastic plates [5].
A detailed discussion of the theory of micropolar plates was presented in
[3,4].

In [2], Eringen has extended the theory of microstretch elastic solids to
include the heat conduction. In this paper we use the results of Eringen
[2,4], Nowacki [6] and Inan [7] to derive a theory of bending of thermo-
microstretch elastic thin plates. In Section 2 we present the basic equations
of the linear theory of thermo-microstretch elastic solids. The Section 3
is devoted to the equations of the bending theory of thermoelastic thin
plates. In Section 4 we establish a uniqueness result with no definiteness
assumption on constitutive coefficients. In Section 5 we prove an existence
result under assumption that the internal energy density is positive definite.
The asymptotic behavior is studied in the last section.
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BASIC EQUATIONS

We refer the motion of the continuum to a fixed system of rectangu-
lar Cartesian axes Oxk(k = 1, 2, 3). We consider a body that at time t0
occupies the regular region B of Euclidean three-dimensional space and is
bounded by the surface ∂B. We designate by n the outward unit normal
of ∂B. Letters in boldface stand for tensor of an order p ≥ 1, and if v has
the order p, we write vij...s(p subscripts) for the components of v in the
Cartesian coordinate system. We shall employ the usual summation and
differentiation conventions: Latin subscripts are understood to range over
the integers (1, 2, 3), summation over repeated subscripts is implied, and
subscripts preceded by a comma denote partial differentiation with respect
to the corresponding Cartesian coordinate. In all that follows, we use a
superposed dot to denote partial differentiation with respect to the time.

We assume that B is occupied by a homogeneous and isotropic thermo-
microstretch elastic solid. We denote by ui the components of the displace-
ment vector and by ϕi the components of the microrotation vector. Let
ψ be the microstretch function. The strain measures in the context of the
linear theory are defined by

(1) εij = uj,i + εjirϕr, κij = ϕj,i, γi = ψ,i,

where εijk is the alternating symbol.
Let tij be the stress tensor and let mij be the couple stress tensor over

B. We denote by σi the microstress vector. The equations of motion of a
microstretch continua can be expressed as

(2)

tji,j + fi = ρüi,

mji,j + εirstrs + gi = Jϕ̈i,

σi,i − τ + ` = jψ̈,

where f ,g and ` are body loads, ρ is the reference mass density, j and J
are coefficients of inertia (j = 3J/2) and τ is the microstress function. The
energy equation is given by

(3) ρT0η̇ = qi,i + s,

where η is entropy, q is the heat flux vector, s is the heat supply, and T0 is the
constant absolute temperature of the body in the reference configuration.
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In the context of the linear theory of isotropic and homogeneous elastic
bodies the constitutive equations have the form

(4)

tij = λerrδij + (µ + κ)eij + µeji + λ0ψδij − β0θδij ,

mij = ακrrδij + βκji + γκij + b0εsjiψ,s,

σi = a0ψ,i + b0εirsκsr,

τ = λ0err + λ1ψ − β1θ,

ρη = β0err + aθ + β1ψ,

qi = kθ,i,

where θ is the temperature measured from the constant temperature T0,
and λ, µ, κ, α, β,
γ, a, a0, β0, β1, λ0, λ1, b0 and k are constitutive constants.

The components of surface traction, the components of surface couple,
the microsurface traction and the heat flux at regular points of ∂B are
defined by

(5) ti = tjinj , mi = mjinj , p = σini, q = qini,

respectively.
Let M and N be non-negative integers and T a given interval of time.

We say that f is of class CM,N on B × T if f is continuous on B × T and
the functions

∂m

∂xi∂xj . . . ∂xs

(
∂nf

∂tn

)
, m ∈ {0, 1, 2, . . . ,M}, n ∈ {0, 1, 2, , . . . , N},

m + n ≤ max{M, N},
exist and are continuous on B × T . We write CM for CM,M .

Let P = (ui, ϕi, ψ, θ). We say that P is an admissible process on B × T
provided: (i) us, ϕs and ψ are of class C2 on B × T ; (ii) θ is of class C2,1

on B × T ; (iii) ui, ϕi, ψ and θ are of class C1 on B × T .
We assume that f ,g, ` and s are continuous on B × T and that ρ and J

are positive constants.

THERMOELASTIC PLATES

In what follows we assume that the region B refers to the interior of a
right cylinder of length 2h with open cross-section Σ and the smooth lateral
boundary Π. Let Γ be the boundary of Σ. The rectangular Cartesian
coordinate frame is supposed to be chosen in such a way that the plane
x1Ox2 is middle plane. Thus, we have

B = {x : (x1, x2) ∈ Σ,−h < x3 < h}, Π = {x : (x1, x2) ∈ Γ,−h < x3 < h}.
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An admissible process P = (ui, ϕi, ψ, θ) is a state of bending on B × T
provided [4]

(6)

uα(xρ, x3, t) = −uα(xρ,−x3, t), u3(xρ, x3, t) = u3(xρ,−x3, t),

ϕα(xρ, x3, t) = ϕα(xρ,−x3, t), ϕ3(xρ, x3, t) = −ϕ3(xρ,−x3, t),

ψ(xρ, x3, t) = −ψ(xρ,−x3, t),

θ(xρ, x3, t) = −θ(xρ,−x3, t), (xρ, x3) ∈ B, t ∈ T .

Here and in what follows the Greek subscripts are confined to the range
1, 2. In view of (1), (4) and (6) we find that

(7)
tαβ(xρ, x3, t) = −tαβ(xρ,−x3, t), t33(xρ, x3, t) = −t33(xρ,−x3, t),

tα3(xρ, x3, t) = tα3(xρ,−x3, t), t3α(xρ, x3, t) = t3α(xρ,−x3, t),

mαβ(xρ, x3, t) = mαβ(xρ,−x3, t), m33(xρ, x3, t) = m33(xρ,−x3, t),

mα3(xρ, x3, t) = −mα3(xρ,−x3, t), m3α(xρ, x3, t) = −m3α(xρ,−x3, t),

τ(xρ, x3, t) = −τ(xρ,−x3, t), σα(xρ, x3, t) = −σα(xρ,−x3, t),

σ3(xρ, x3, t) = σ3(xρ,−x3, t), η(xρ, x3, t) = −η(xρ,−x3, t),

qα(xρ, x3, t) = −qα(xρ,−x3, t), q3(xρ, x3, t) = q3(xρ,−x3, t).

We say that the system of body loads (f ,g, `, s) is compatible with a
state of bending if

(8)

fα(xρ,−x3, t) = −fα(xρ, x3, t), f3(xρ,−x3, t) = f3(xρ, x3, t),

gα(xρ,−x3, t) = gα(xρ, x3, t), g3(xρ,−x3, t) = −g3(xρ, x3, t),

`(xρ,−x3, t) = −`(xρ, x3, t), s(xρ,−x3, t) = −s(xρ, x3, t).

In what follows we assume that the body loads satisfy the restrictions (8).
Following [4], we derive a theory of thermoelastic thin plates of uniform

thickness assuming that the fields ui, ϕi, ψ and θ do not vary violently with
respect to x3. We denote
(9)

τij =
1
2h

∫ h

−h

tijdx3, µij =
1
2h

∫ h

−h

mijdx3, πi =
1
2h

∫ h

−h

σidx3,

Hi =
1
2h

∫ h

−h

qidx3, η∗ =
1
2h

∫ h

−h

ηdx3, τ∗ =
1
2h

∫ h

−h

τdx3,

f∗i =
1
2h

∫ h

−h

fidx3, g∗i =
1
2h

∫ h

−h

gidx3, `∗=
1
2h

∫ h

−h

`dx3, s∗=
1
2h

∫ h

−h

sdx3.
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From (7) and (8) we get

(10)
ταβ = 0, τ33 = 0, µα3 = 0, πα = 0, Hα = 0, η∗ = 0,

τ∗ = 0, f∗α = 0, g∗3 = 0, `∗ = 0, s∗ = 0.

We assume that the functions ti,mi, p and q are prescribed on the surfaces
x3 = ±h. We integrate the equations (2) with respect to x3 between the
limits −h and h. On the basis of (6) and (10) we obtain the equations

(11)
τα3,α + F = ρẅ,

µβα,β + ε3ρα(τ3ρ − τρ3) + Gα = Jψ̈α, on Σ× T ,

where

(12)
w =

1
2h

∫ h

−h

u3dx3, ψα =
1
2h

∫ h

−h

ϕαdx3,

F = f∗3 +
1
h

t33(x1, x2, h, t) Gα = g∗α +
1
h

m3α(x1, x2, h, t).

If we multiply by x3 the equations (2)1 and (2)3 and integrate from x3 = −h
to x3 = h, then we obtain

(13)
Mβα,β − 2hτ3α + Lα = ρIv̈α,

Λα,α − 2hπ3 − P + H = ζü, on Σ× T ,

where

(14)

Mαβ =
∫ h

−h

x3tαβdx3, Λα =
∫ h

−h

x3σαdx3, P =
∫ h

−h

x3τdx3,

Ivα =
∫ h

−h

x3uαdx3, Iu =
∫ h

−h

x3ψdx3, I =
2
3
h3, ζ = jI,

Lα = 2ht3α(x1, x2, h, t) +
∫ h

−h

x3fαdx3,

H = 2hσ3(x1, x2, h, t) +
∫ h

−h

x3`dx3.

Now multiply by x3 the equation (3) and integrate from x3 = −h to x3 = h.
In view of (7)-(9) we obtain

(15) ρT0σ̇ = Qα,α − 2hR + S,

where

(16)
σ =

∫ h

−h

x3ηdx3, Qα =
∫ h

−h

x3qαdx3, R = H3,

S = 2hq3(x1, x2, h, t) +
∫ h

−h

x3sdx3.
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The functions F, Gα, Lα,H and S are prescribed.
Following [3,4,7] we restrict our attention to the state of bending char-

acterized by

(17)

uα = x3vα(x1, x2, t), u3 = w(x1, x2, t),

ϕα = ψα(x1, x2, t), ϕ3 = 0, ψ = x3u(x1, x2, t),

θ = x3T (x1, x2, t), on B × T .

In the isothermal theory of micropolar elasticity the representation (17) has
been introduced by Eringen [4].

In view of (17) we have

(18)
eαβ = x3εαβ , eα3 = εα3, e3α = ε3α, e33 = 0,

καβ = ηαβ , κα3 = κ3α = 0, κ33 = 0, γα = x3ξα, γ3 = u,

where

(19)
εαβ = vβ,α, εα3 = w,α + ε3αβψβ , ε3α = vα − ε3αβψβ ,

ηαβ = ψβ,α, ξα = u,α.

From (4) and (18) it follows that

(20)

tαβ = x3[λερρδαβ + (µ + κ)εαβ + µεβα + λ0uδαβ − β0Tδαβ ],

tα3 = (µ + κ)εα3 + µε3α, t3α = (µ + κ)ε3α + µεα3,

t33 = x3(λερρ + λ0u− β0T ),

mκν = αηρρδκν + βηνκ + γηκν + b0ε3νκu,

mα3 = b0x3εβ3αu,β , m3α = b0x3εβα3u,β ,

m33 = αηρρ, qα = kx3T,α, q3 = kT,

ρη = x3(β0ερρ + aT + β1u), σα = x3a0u,α,

σ3 = a0u + b0ε3αβηβα, τ = (λ0ερρ + λ1u− β1T )x3.

It follows from (9), (14), (16) and (20) that

(21)

τα3 = (µ + κ)εα3 + µε3α, τ3α = (µ + κ)ε3α + µεα3,

µκν = αηρρ + βηνκ + γηκν + b0ε3νκu,

π3 = a0u + b0ε3αβηβα, ρσ = I(β0ερρ + aT + β1u),

Mαβ = I[λερρδαβ + (µ + κ)εαβ + µεβα + λ0uδαβ − β0Tδαβ ],

Λα = Ia0u,α, Qα = IkT,α, R = kT,

P = I(λ0ερρ + λ1u− β1T ).

The equations of the theory consist of the equations of motion (11), (13),
the energy equation (15), the constitutive equations (21) and the geomet-
rical equations (19). These equations can be expressed in terms of the
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functions vα, w, ψα, u and T . Thus, we obtain

(22)

I[(µ + κ)∆vα + (λ + µ)vρ,ρα − β0T,α + λ0u,α]−
−2h[(µ + κ)vα + µw,α] + 2hκε3αβψβ + Lα = ρIv̈α,

(µ + κ)∆w + µvρ,ρ + κε3αβψβ,α + F = ρẅ,

γ∆ψα + (α + β)ψρ,ρα + κε3ρα(vρ − w,ρ)− 2κψα+

+b0ε3ανu,ν + Gα = Jψ̈α,

Ia0∆u− 2hb0ε3αβψα,β − I(λ0vρ,ρ − β1T )−
−(2ha0 + Iλ1)u + H = ζü,

Ik∆T − IT0(β0v̇ρ,ρ + β1u̇ + aṪ )− 2hkT = −S, on Σ× T .

To the field equations we adjoin initial conditions and boundary condi-
tions. The initial conditions are

(23)

vα(x1, x2, 0) = v0
α(x1, x2), w(x1, x2, 0) = w0(x1, x2),

ψα(x1, x2, 0) = ψ0
α(x1, x2),

u(x1, x2, 0) = u0(x1, x2), T (x1, x2, 0) = T 0(x1, x2),

v̇α(x1, x2, 0) = να(x1, x2), ẇ(x1, x2, 0) = ω(x1, x2),

ψ̇α(x1, x2, 0) = χα(x1, x2),

u̇(x1, x2, 0) = ξ0(x1, x2), (x1, x2) ∈ Σ,

where v0
α, w0, ψ0

α, u0, T 0, να, ω, χα and ξ0 are prescribed functions.
We consider the boundary conditions

(24)
Mβαnβ = M̃α, τα3nα = τ̃ , µβαnβ = µ̃α,

Λαnα = Λ̃, Qαnα = Q̃, on Γ× T ,

where the functions M̃α, τ̃ , µ̃α, Λ̃ and Q̃ are given.

RECIPROCITY AND UNIQUENESS

In this section we use the method presented in [8] to establish reciprocity
and uniqueness results. Let F and G be scalar fields on Σ × T that are
continuous in time. We denote by F ∗G the convolution of F and G, i.e.

[F ∗G](x, t) =
∫ t

0

F (x, t− s)G(x, s)ds, x ∈ Σ, t ∈ T .

We suppose that T = (0,∞). Let f and g be functions on T defined by

(25) f(t) = 1, g(t) = t, t ∈ T .
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If F is a continuous function on Σ× T , then we write F̂ for f ∗ F , that is

F̂ (x, t) =
∫ t

0

F (x, s)ds, x ∈ Σ, t ∈ T

We define the function W 0 on Σ× T by

(26) W = Ŝ + ρT0σ
0.

where

(27) ρσ0 = I(β0v
0
ρ,ρ + aT 0 + β1u

0).

In view of (15), (21), (23), (26) and (27) we get
Lemma 1. The functions σ ∈ C0,1, Qα ∈ C1,0 and R ∈ C0,0 satisfy the
equation (15) and the initial condition σ(x, 0) = σ0(x),x ∈ Σ, if and only
if

(28) ρT0σ = Q̂α,α − 2hR̂ + W, on Σ× [0,∞).

The proof is immediate.
We now consider two external data systems Z(α) = {F (α), G

(α)
ρ , L

(α)
ρ , H(α),

S(α), M̃
(α)
ρ , τ̃ (α), µ̃

(α)
ρ , Λ̃(α), Q̃(α), v

(0)(α)
ρ , w(0)(α), . . . , ξ(0)(α)}, (α = 1, 2). Let

A(α)={w(α), ψ
(α)
ρ , v

(α)
ρ , u(α), T (α), ε

(α)
ij , η

(α)
νρ , τ

(α)
ij , µ

(α)
κν , π

(α)
3 , σ(α),M

(α)
νκ , Λ(α)

ν ,

Q
(α)
ν , R(α), P (α)} be a solution corresponding to Z(α). We denote

(29)
M

(ρ)
α = M

(ρ)
βα nβ , τ (ρ) = τ

(ρ)
α3 nα, µ

(ρ)
α = µ

(ρ)
βαnβ ,

Λ(ρ) = Λ(ρ)
α nα, Q(ρ) = Q

(ρ)
α nα, W (α) = Ŝ(α) + ρT0σ

0(α)

and introduce the notations
(30)

Πκν(r, s) =
∫

Γ

[M (κ)
α (r)v(ν)

α (s)+2hτ (κ)(r)w(ν)(s) + 2hµ(κ)
α (r)ψ(ν)

α (s)+

+Λ(κ)(r)u(ν)(s)− 1
T0

Q̂(κ)(r)T (ν)(s)]d`+
∫

Σ

[2hF (κ)(r)w(ν)(s)+

+2hG(κ)
α (r)ψ(ν)

α (s) + L(κ)
α (r)v(ν)

α (s) + H(κ)(r)u(ν)(s)−
− 1

T0
W (κ)(r)T (ν)(s)]da,

Kκν(r, s) =
∫

Σ

{ρIv̈(κ)
α (r)v(ν)

α (s)+ζü(κ)(r)u(ν)(s)+2hρẅ(κ)(r)w(ν)(s)+

+2hJψ̈(κ)
α (r)ψ(ν)

α (s)− 1
T0

k[IT̂ (κ)
,α (r)T (ν)

,α (s)+

+2hT̂ (κ)(r)T (ν)(s)]}da,

where, for convenience, we have suppressed the argument x.
A general reciprocity relation is expressed by the following theorem.
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Theorem 1. Let

(31) Eκν(r, s) = Πκν(r, s)−Kκν(r, s),

for all r, s ∈ T . Then

(32) Eκν(r, s) = Eνκ(s, r).

Proof. Let

(33)

Iκν(r, s) = M
(κ)
αβ (r)ε(ν)

αβ (s) + Λ(κ)
α (r)u(ν)

,α (s)+

+P (κ)(r)u(ν)(s)− ρσ(κ)(r)T (ν)(s) + 2h[τ (κ)
3α (r)ε(ν)

3α (s)+

+τ
(κ)
α3 (r)ε(ν)

α3 (s) + µ
(κ)
αβ (r)η(ν)

αβ (s) + π
(κ)
3 (r)u(ν)(s)].

In view of (21) we obtain
(34)

Iκν(r, s) = I{λε
(κ)
ρρ (r)ε(ν)

ηη (s) + (µ + κ)ε(κ)
αβ (r)ε(ν)

αβ (s)+

+µε
(κ)
βα (r)ε(ν)

αβ (s) + a0u
(κ)
,α (r)u(ν)

,α (s)+

+λ0[ε
(ν)
ρρ (s)u(κ)(r) + ε

(κ)
ρρ (r)u(ν)(s)]− β0[ε

(ν)
ρρ (s)T (κ)(r)+

+ε
(κ)
ρρ (r)T (ν)(s)]− β1[u(κ)(r)T (ν)(s) + u(ν)(s)T (κ)(r)]+

+λ1u
(κ)(r)u(ν)(s)}+ 2h{(µ + κ)ε(κ)

3α (r)ε(ν)
3α (s)+

+µ[ε(κ)
α3 (r)ε(ν)

3α (s) + ε
(ν)
α3 (s)ε(κ)

3α (r)]+

+(µ + κ)ε(κ)
α3 (r)ε(ν)

α3 (s) + αη
(κ)
ρρ (r)η(ν)

ββ (s) + βη
(κ)
βα (r)η(ν)

αβ (s)+

+γη
(κ)
αβ (r)η(ν)

αβ (s) + b0ε3αβ [η(κ)
βα (r)u(ν)(s) + η

(ν)
βα (s)u(κ)(r)]+

+a0u
(κ)(r)u(ν)(s)}.

It follows from (34) that

(35) Iκν(r, s) = Iνκ(s, r).

On the other hand, in view of (11), (13), (28) and (19), we obtain
(36)

Iκν(r, s) = {M (κ)
αβ (r)v(ν)

β (s) + Λ(κ)
α (r)u(ν)(s)− 1

T0
Q̂(κ)

α (r)T (ν)(s)+

+2h[µ(κ)
αβ (r)ψ(ν)

β (s) + τ
(κ)
α3 (r)w(ν)(s)]},α+

+2h[F (κ)(r)w(ν)(s) + G(κ)
α (r)ψ(ν)

α (s)] + L(κ)
α (r)v(ν)

α (s)+

+H(κ)(r)u(ν)(s)− 1
T0

W (κ)(r)T (ν)(s)− ρIv̈(κ)
α (r)v(ν)

α (s)−
−ρü(κ)(r)u(ν)(s)−2h[ρẅ(κ)(r)w(ν)(s)+Jψ̈(κ)

α (r)ψ(ν)
α (s)]+

+
1
T0

k[IT̂ (κ)
,α (r)T (ν)

,α (s)+2hT̂ (κ)(r)T (ν)(s)].
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By using the divergence theorem, from (30) and (31) we find that
∫

Σ

Iκν(r, s)da = Eκν(r, s).

In view of (35) we conclude that (32) holds.
A consequence of Theorem 1 is the following proposition.

Corollary 1. Let
(37)

Π(r, s) =
∫

Γ

{Mα(r)vα(s) + Λ(r)u(s) + 2hτ(r)w(s)+

+2hµα(r)ψα(s)− 1
T0

Q̂(r)T (s)}d` +
∫

Σ

[Lα(r)vα(s)+

+H(r)u(s) + 2hF (r)w(s) + 2hGα(r)ψα(s)− 1
T0

W (r)T (s)]da,

for all r, s ∈ T , where {w,ψα, vα, u, T} is a solution of the boundary-initial-
value problem (22)-(24). Then
(38)

d

dt
{
∫

Σ

[ρIvαvα + ζu2 + 2h(ρw2 + Jψαψα)]da+

+
1
T0

k

∫ t

0

∫

Σ

(IT̂,αT̂,α + 2hT̂ 2)dtda} =

=
∫ t

0

[Π(t− s, t + s)−Π(t + s, t− s)]ds +
∫

Σ

{ρI[v̇α(0)vα(2t)+

+v̇α(2t)vα(0)] + ζ[u̇(2t)u(0) + u̇(0)u(2t)] + 2hJ [ψ̇α(0)ψα(2t)+

+ψ̇α(2t)ψα(0)] + 2hρ[ẇ(0)w(2t) + ẇ(2t)w(0)]}da.

Proof. On the basis of (32) we can write

(39)
∫ t

0

E11(t + s, t− s)ds =
∫ t

0

E11(t− s, t + s)ds.

We apply this relation for w(1) = w, ψ
(1)
α = ψα, v

(1)
α = vα, u(1) = u, T (1) = T.

In view of (30), (31) and (37) we obtain
(40)∫ t

0

E11(t + s, t− s)ds =
∫ t

0

Π(t + s, t− s)ds−
∫

Σ

[ρIv̈α(t + s)vα(t− s)+

+ζü(t + s)u(t− s) + 2hJψ̈α(t + s)ψα(t− s) + 2hρẅ(t + s)w(t− s)]da+

+
1
T0

k

∫

Σ

[IT̂,α(t + s)T,α(t− s) + 2hT̂ (t + s)T (t− s)]da
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and
(41)∫ t

0

E11(t− s, t + s)ds =
∫ t

0

Π(t− s, t + s)ds−
∫

Σ

[ρIv̈α(t− s)vα(t + s)+

+ζü(t− s)u(t + s) + 2hJψ̈α(t− s)ψα(t + s) + 2hρẅ(t− s)w(t + s)]da+

+
1
T0

k

∫

Σ

[IT̂,α(t− s)T,α(t + s) + 2hT̂ (t− s)T (t + s)]da.

We note that
(42)∫ t

0

f(t + s)ḣ(t− s)ds = −h(0)f(2t) + f(t)h(t) +
∫ t

0

ḟ(t + s)h(t− s)ds,

∫ t

0

f̈(t + s)h(t− s)ds = ḟ(2t)h(0)− ḟ(t)h(t) +
∫ t

0

ḣ(t− s)ḟ(t + s)ds,

∫ t

0

ḧ(t− s)f(t + s)ds = ḣ(t)f(t)− ḣ(0)f(2t) +
∫ t

0

ḣ(t− s)ḟ(t + s)ds.

If we substitute (40) and (41) in (39) and take into account the relations
(42) then we conclude that (38) holds.

Corollary 1 forms the basis of the following uniqueness result.
Theorem 2. Assume that
(i) ρ and J are strictly positive;
(ii) k is strictly positive.

Then the boundary-initial-value problem has at most one solution.
Proof. If there are two solutions, then their difference {w, ψα, vα, u, T}
corresponds to null data. In view of (38) and the initial conditions we get

(43)

∫

Σ

[ρIvαvα + ζu2 + 2h(ρw2 + Jψαψα)]da+

+
1
T0

k

∫ t

0

∫

Σ

(IT̂,αT̂,α + 2hT̂ 2)dtda = 0.

By the hypotheses of theorem and (43) we conclude that w = 0, ψα =
0, vα = 0, u = 0 and T = 0 on Σ× T . ¤

Theorem 1 implies the following reciprocal theorem.
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Theorem 3. Let A(α) be a solution corresponding to the external data
system Z(α)(α = 1, 2). Then
(44)∫

Σ

[M(1)
α ∗ v(2)

α + 2hH(1) ∗ w(2) + 2hN (1)
α ∗ ψ(2)

α + Y (1) ∗ u(2)−

− 1
T0

g ∗W (1) ∗ T (2)]da+
∫

Γ

g∗[M (1)
α ∗ v(2)

α +2hτ (1) ∗ w(2)+2hµ(1)
α ∗ ψ(2)

α +

+Λ(1) ∗ u(2)− 1
T0

f ∗Q(1) ∗ T (2)]ds=
∫

Σ

[M(2)
α ∗ v(1)

α +

+2hH(2) ∗ w(1) + 2hN (2)
α ∗ ψ(1)

α + Y (2) ∗ u(1) − 1
T0

g ∗W (2) ∗ T (1)]da+

+
∫

Γ

g ∗ [M (2)
α ∗ v(1)

α + 2hτ (2) ∗ w(1) + 2hµ(2)
α ∗ ψ(1)

α + Λ(2) ∗ u(1)−

− 1
T0

f ∗Q(2) ∗ T (1)]ds,

where
(45)
M(ν)

α = g ∗ L
(ν)
α + ρI(tν(ν)

α + v
0(ν)
α ), N (ν)

α = g ∗G
(ν)
α + J(tχ(ν)

α + ψ
0(ν)
α ),

H(ν) = g ∗ F (ν) + ρ(tω(ν) + w0(ν)), Y (ν) = g ∗H(ν) + ζ(tξ0(ν) + u0(ν)).

Proof. If we take in (32) r = y and s = t− y, and integrate with respect to
y from 0 to t, we arrive at

(46)

∫

Σ

[M (1)
α ∗ v(2)

α + 2hτ (1) ∗ w(2) + 2hµ(1)
α ∗ ψ(2)

α +

+Λ(1) ∗ u(2) − 1
T0

f ∗Q(1) ∗ T (2)]d` +
∫

Σ

[2hF (1) ∗ w(2)+

+2hG(1)
α ∗ ψ(2)

α + L(1)
α ∗ v(2)

α + H(1) ∗ u(2) − 1
T0

W (1) ∗ T (2)]da−

−
∫

Σ

{ρIv̈(1)
α ∗ v(2)

α + ζü(1) ∗ u(2) + 2hρẅ(1) ∗ w(2)+

+2hJψ̈(1)
α ∗ ψ(2)

α − 1
T0

k[If ∗ T (1)
,α ∗ T (2)

,α + 2hf ∗ T (1) ∗ T (2)]}da =

=
∫

Σ

[M (2)
α ∗ v(1)

α + 2hτ (2) ∗ w(1) + 2hµ(2)
α ∗ ψ(1)

α +

+Λ(2) ∗ u(1) − 1
T0

f ∗Q(2) ∗ T (1)]d` +
∫

Σ

[2hF (2) ∗ w(1)+

+2hG(2)
α ∗ ψ(1)

α + L(2)
α ∗ v(1)

α + H(2) ∗ u(1) − 1
T0

W (2) ∗ T (1)]da
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−
∫

Σ

{ρIv̈(2)
α ∗ v(1)

α + ζü(2) ∗ u(1) + 2hρẅ(2) ∗ w(1)+

+2hJψ̈(2)
α ∗ ψ(1)

α − 1
T0

k[If ∗ T (2)
,α ∗ T (1)

,α + 2hf ∗ T (2) ∗ T (1)]}da

We note that

(47) g ∗ ü = u− tu̇(x, 0)− u(x, 0).

If we take the convolution of the relation (46) with g and use (47) and (45)
then we obtain (44).¤

As in [6], we can obtain various applications of the reciprocal theorem.
A study of the thermal stresses in microstretch elastic cylinders has been
presented in [9].

EXISTENCE OF SOLUTION

In this section we use the results of the semigroup of linear operators
theory to obtain an existence theorem. Thought other boundary conditions
could be proposed, we restrict our attention to the following boundary con-
ditions

(48) vα = 0, w = 0, ψα = 0, u = 0, T = 0, on Γ× T .

In what follows we assume that the internal energy density is a positive defi-
nite quadratic form. We can see that the necessary and sufficient conditions
that the internal energy density be positive are

(49)

2µ + κ > 0, κ > 0, 2α + β + γ > 0, γ + β > 0, a0 > 0,

λ1 + ϑa0 > 0, a > 0, (2λ + 2µ + κ)(λ1 + ϑa0)− 2λ2
0 > 0,

(γ − β)[(λ1 + ϑa0)(2λ + 2µ + κ)− 2λ2
0]− 2b2

0ϑ(2λ + 2µ + κ) > 0,

where ϑ = 2h/I. The positive definiteness of the internal energy density
implies the existence of a positive constant C such that

(50)

I [λερρενν + (µ + κ)εαβεαβ + µεβαεαβ + 2λ0ερρu]

+2h
[
(µ + κ)(ε3αε3α + εα3εα3) + 2µε3αεα3 + αηρρηνν + βηνρηρν

+γηαβηαβ + 2b0ε3αβuηαβ

]
+ Ia0u,αuα + (Iλ1 + 2ha0)u2 + IaT 2

≥ C
[
εαβεαβ + ε3αε3α + εα3εα3 + ηαβηαβ + u2 + u,αuα + T 2

]
,

for any εij , ηαβ , u, u,α and T .
We also suppose that the constants ρ, J, I, ζ and k are strictly positive.
We now transform the boundary initial value problem defined by the

system (22), the initial conditions (23) and the boundary conditions (48)
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into an abstract problem on a suitable Hilbert space. We denote

Z = {U = (v, z, w, y, Ψ,Φ, u, s, T ); vα, ψα, w, u ∈ W 1,2
0 (Σ),(51)

zα, φα, y, s, T ∈ L2(Σ)},
where W 1,2

0 (Σ) and L2(Σ) are the usual Sobolev spaces.
Let us consider the operators

Aα(v) =
1
ρ

[(µ + κ)∆vα + (λ + µ)vρ,ρα]− 2h(µ + κ)
Iρ

vα,

Bα(w) = −2hµ

Iρ
w,α, Cα(Ψ) =

2hκ

Iρ
ε3αβψβ ,

Dα(u) =
λ0

ρ
u,α, Eα(T ) = −β0

ρ
T,α,

F1(w) =
(µ + κ)

ρ
∆w, Gv =

µ

ρ
vν,ν , H1(Ψ) =

κ

ρ
ε3αβψβ,α,

Kα(Ψ) =
γ

J
∆ψα +

(α + β)
J

ψρ,ρα − 2κ

J
ψα, Zα(v)=

κ

J
ε3ραvρ,

Mα(w) = −κ

J
ε3ραw,ρ, Nα(u) =

b0

J
ε3αβu,β ,

P1(u) =
Ia0

ζ
∆u− (2ha0 + Iλ1)

ζ
u, Q(Ψ) = −2hb0

ζ
ε3αβψα,β ,

R1(v) = −Iλ0

ζ
vρ,ρ, S1(T ) =

Iβ1

ζ
T,

U1(T )=
k

aT0
∆T − 2hk

aIT0
T, V1(z)=−β0

a
zρ,ρ, W1(s)=−β1

a
s.

We denote

(52) D =
(
W1,2

0 ∩W2,2
)
×W1,2

0 ×
(
W 1,2

0 ∩W 2,2
)
×W 1,2

0 ×

×
(
W1,2

0 ∩W2,2
)
×W1,2

0 ×
(
W 2,2 ∩W 1,2

0

)
×W 1,2

0 ×
(
W 2,2 ∩W 1,2

0

)
.

Let A the matrix operator defined on D by

(53) A =




0 Id 0 0 0 0 0 0 0
A 0 B 0 C 0 D 0 E
0 0 0 Id 0 0 0 0 0
F1 0 G 0 H1 0 0 0 0
0 0 0 0 0 Id 0 0 0
Z 0 M 0 K 0 N 0 0
0 0 0 0 0 0 0 Id 0

R1 0 0 0 Q 0 P1 0 S1

0 V1 0 0 0 0 0 W1 U1




,
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where A = (Aα),B = (Bα),C = (Cα),D = (Dα),E = (Eα),Z = (Zα),M =
(Mα),N = (Nα),K = (Kα) and Id, Id represent the identity in the respec-
tive spaces. We note that that the domain D is dense in Z.

The initial boundary value problem (22), (23), (48) can be transformed
into the following abstract equation in the Hilbert space Z,

(54)
dU
dt

= AU(t) + F(t), U(0) = U0,

where
(55)

F=
(
0,

Lα

ρI
, 0,

F

ρ
,0,

Gα

J
, 0,

H

ζ
,

S

aIT0

)
,U0 =

(
v0

α, να, w0, ω, ψ0
α, φ0

α, u0, ξ0, T 0
)
.

We introduce in Z the inner product

(56)
< U,V >=

=
1
2

∫

Σ

(
ρIzαz∗α+2hρyy∗+2hJφαφ∗α+ζss∗+IaTT ∗+M[

U0,V0
])

da,

where

U = (v, z, w, y, Ψ, Φ, u, s, T ), V = (v∗, z∗, w∗, y∗, Ψ∗, Φ∗, u∗, s∗, T ∗),

U0 = (vα, w, ψα, u), V0 = (v∗α, w∗, ψ∗α, u∗)
and
M[

U0,V0
]

= I
[
λερρε

∗
νν + (µ + κ)εαβε∗αβ + µεαβε∗βα + λ0(ερρu

∗ + ε∗ρρu)
]

+2h[(µ + κ)(ε3αε∗3α + εα3ε
∗
α3) + µ(εα3ε

∗
3α + ε3αε∗α3) + αηρρη

∗
νν + βηνρη

∗
ρν

+γηνρη
∗
νρ + b0ε3αβ(uη∗αβ + u∗ηαβ)] + Ia0u,αu∗,α + (Iλ1 + 2ha0)uu∗.

In the above relations we have used the notation

ε∗αβ = v∗β,α, ε∗α3 = w∗,α + ε3αβψ∗β , ε∗3α = v∗α − ε3αβψ∗β , η∗αβ = ψ∗β,α.

We note that on the basis of the inequality (50) and the Korn inequality
the norm induced in Z by the product (56) is equivalent to the usual one
in Z.

Lemma 2. The operator A has the property

(57) < AU,U >≤ 0,

for any U ∈ D.
Proof. Let U = (v, z, w, y, Ψ,Φ, u, s, T ) ∈ D. A use of the divergence

theorem and the boundary conditions gives

(58) < AU,U >=
∫

Σ

(− zα,βMβα − 2hzατ3α − 2hy,ατα3 − 2hφα,βµβα
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+2hφαε3ρα(τ3ρ − τρ3)− sαΛα − 2hsΠ3 − Ps− Ik

T0
T,αT,α − 2hk

T0
T 2

)
da

−
∫

Σ

(
Iβ0zρ,ρT + Iβ1sT −M

[
U0,U0

] )
da

= −
∫

Σ

(
Ik

T0
T,αT,α +

2hk

T0
T 2)da.

In view of the assumptions on the constitutive coefficients the lemma is
proved.¤

Lemma 3. The operator A satisfies the range condition

(59) Range (I − A) = Z.

Proof. Let U∗ = (v∗, z∗, w∗, y∗,Ψ∗,Φ∗, u∗, s∗, T ∗) ∈ Z. We must show that
the equation

(60) U−AU = U∗,

has a solution U = (v, z, w, y, Ψ, Φ, u, s, T ) ∈ D. If we take into account the
operator A, then from (60) we find the system

(61)

v − z = v∗, w − y = w∗, Ψ−Φ = Ψ∗, u− s = u∗,

z−Av −Bw −CΨ−Du−ET = z∗,

y − F1v −Gw −H1Ψ = y∗,

Φ− Zv −Mw −KΨ−Nu = Φ∗,

s−R1v −QΨ− P1u− S1T = s∗,

T − V1z−W1s− U1T = T ∗.

Substituting the first fourth equations in the others, we obtain the following
system with unknowns (v, w,Ψ, u, T )

(62)

v −Av −Bw −CΨ−Du−ET = z∗ + v∗,

w − F1v −Gw −H1Ψ = y∗ + w∗,

Ψ− Zv −Mw −KΨ−Nu = Φ∗ + Ψ∗,

u−R1v −QΨ− P1u− S1T = s∗ + u∗,

T − V1v −W1u− U1T = T ∗ − V1v∗ −W1u
∗.

To study this system, we introduce the following bilinear form

(63) Λ [Γ1, Γ2] =< N ∗,P >L2 ,

where
Γ1 = (v, w,Ψ, u, T ), Γ2 = (v̂, ŵ, Ψ̂, û, T̂ )

N ∗ = (v(1), w(1),Ψ(1), u(1), T (1)), P = (ρIv̂, 2hŵ, 2hJΨ̂, ζû, aIT̂ ),
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and
v(1) = v −Av −Bw −CΨ−Du−ET,

w(1) = w − F1v −Gw −H1Ψ,

Ψ(1) = Ψ− Zv −Mw −KΨ−Nu,

u(1) = u−R1v −QΨ− P1u− S1T,

T (1) = T − V1v −W1u− U1T.

It is easy to see that Λ is a bilinear form defined on W1,2
0 and that Λ is

bounded in each variable. We note that

(64) Λ [Γ1, Γ1] =

=
∫

Σ

(
ρIvivi + 2hρw2 + 2hJψiψi + ζu2 + aIT 2 +

k

T0
(IT,αT,α + 2hT 2)

)
da

+
∫

Σ

M [
(U0,U0

]
da.

In view of our assumptions on the constitutive constants, we see that Λ is
coercive on W1,2

0 . On the other hand, it is easy to see that the vector

(65) (z∗ + v∗, y∗ + w∗,Φ∗ + Ψ∗, s∗ + u∗, T ∗ − V1v∗ −W1u
∗) ,

lies in W−1,2. Hence the Lax- Milgram theorem implies that there exists a
solution (v, w,Ψ, u, T ) ∈ W1,2

0 of the system (62). Thus, the system (61)
has also a solution.¤

Theorem 4. The operator A generates a semigroup of contractions in
Z.

The proof follows from the above lemmas and Lumer-Phillips corollary
to the Hille-Yosida theorem.¤

Theorem 5. Assume that Lα, F, Gα,H, S ∈ C1([0,∞), L2) and U0 ∈ D.
Then, there exists a unique solution U(t) ∈ C1([0,∞),Z) ∩ C0([0,∞),D)
to the problem (54).

Since the semigroup defined by the operator A is contractive, we obtain
the estimate

||U(t)||Z ≤
(66)

≤ ||U0||Z+
∫ t

0

(||L(τ)||L2 +||F (τ)||L2 +||G(τ)||L2 +||H(τ)||L2 +||S(τ)||L2) dτ,

which proves the continuous dependence of the solutions upon initial data
and body loads. Thus, the problem of bending of thermo-microstretch elas-
tic plates is well posed.

ASYMPTOTIC BEHAVIOR
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In this section we study the asymptotic behavior of solutions when the
body loads are zero. We will continue to assume that the hypotheses on the
constitutive coefficients considered in the previous section hold.

We recall that for any semigroup of contractions such that its generator
A has only the fixed point 0 and whose orbits are precompact the orbits
tend to the ω-limit sets (see for instance [10]). The structure of the ω-limit
sets is determined by the eigen-vectors of eigen-value iξ (where ξ is a real
number) in the closed subspace

(67) L =<< {U ∈ Z;< AU,U >= 0} >>,

where << C >> denotes the closed vectorial subspace generated by the set
C.

Lemma 4. The operator A has the property

(68) (I − A)−1 is compact.

Proof. Let (v̂n, ẑn, ŵn, ŷn, Ψ̂n, Φ̂n, ûn, ŝn, T̂n) be a bounded sequence in
Z and (vn, zn, wn, yn,Ψn,Φn, un, sn, Tn) the sequence of the respective
solutions of the system (61). We have

(69) Λ [Γn,Γn] = 〈N ∗
n ,Pn〉L2 ,

where

Γn = (vn, wn,Ψn, un, Tn), N ∗
n = (v(1)

n , w(1)
n ,Ψ(1)

n , u(1)
n , T (1)

n ),

Pn = (ρIv̂, 2hŵ, 2hJΨ̂, ζû, aIT̂ ),

and
v(1)

n = vn −Avn −Bwn −CΨn −Dun −ETn,

w(1)
n = wn − F1vn −Gwn −H1Ψn,

Ψ(1)
n = Ψn − Zvn −Mwn −KΨn −Nu,

u(1)
n = un −R1vn −QΨn − P1un − S1Tn,

T (1)
n = Tn − V1vn −W1un − U1Tn.

In view of the definition of (v(1)
n , w

(1)
n ,Ψ(1)

n , u
(1)
n , T

(1)
n ), it follows that it is

a bounded sequence in L2 and then the sequence (vn, wn,Ψn, un, Tn) is
bounded in W1,2

0 . The Rellich-Kondrasov theorem implies the existence of
a subsequence which is convergent in L2. In a similar way the sequence
(znj , ynj ,Ψnj , snj ), where znj = unj − v̂nj , ynj = wnj − ŵnj ,Φnj = Ψnj −
Ψ̂nj , snj = unj − ûnj , has a subsequence which is convergent in L2. It
follows that the sequence

(vnj , znj , wnj , ynj ,Ψnj ,Φnj , unj , snj , Tnj ),

is convergent in Z.¤
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This lemma implies that the orbits starting in D are precompact (see
[11]). From the inequality (58) and the positivity of the thermal conductiv-
ity constant it follows that A−10 = 0. Now, we can state a result on the
asymptotic behavior of solutions.

Let us consider the following problem characterized by the equations
(70)
I [(µ + κ)∆vα + (λ + µ)vρ,ρα]−
2h(µ + κ)vα − 2hµw,α + 2hκε3αβψβ + Iλ0u,α + ρIξ2vα = 0,

(µ + κ)∆w + µvν,ν + κε3αβψβ,α + ρξ2w = 0,

κε3ραvρ − κε3ραw,ρ+γ∆ψα+(α+β)ψρ,ρα − 2κψα+b0ε3αβu,β +Jξ2ψα =0,

−Iλ0vρ,ρ−2hb0ε3αβψα,β +Ia0∆u−(2ha0+Iλ1)u + ζξ2u = 0,

β0vρ,ρ + β1u = 0, on Σ

and the boundary conditions

(71) v = 0, w = 0, Ψ = 0, u = 0, on Γ,

Theorem 6. Let U0 = (v0, z0, w0, y0,Ψ0,Φ0, u0, s0, T0) ∈ D and let
U(t) be the solution to the initial boundary value problem (54). Then

(72) T (t) → 0 as t →∞ in L2.

Moreover

(73)
vα(t), w(t), ψα(t), u(t) → 0 as t →∞ in W 1,2

0 ,

zα(t), y(t), φα(t), s(t) → 0 as t →∞ in L2,

whenever the problem (70), (71) has only the null solution
Proof. We have to study the structure of the ω-limit set. Thus, we

consider the equation

(74) ÂU = iξU,

for some real number ξ, where U ∈ D(Â) and Â = AL is the generator of a
group on L. As U ∈ L, then < AU,U >= 0. As I, k, h and T0 are positive,
it follows that T = 0 and the asymptotic behavior of the temperature is
proved. The fact that the equation (74) has nontrivial solutions is equivalent
to the fact that the system

Av + Bw + CΨ + Du + ξ2v = 0,

Fv + Gw + H1Ψ + ξ2w = 0,

Zv + Mw + KΨ + Nu + ξ2Ψ = 0,

R1v + QΨ + P1u + S1T + ξ2u = 0,

V1v + W1u = 0,
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has only the trivial solution. This system is equivalent to system (70) and
the result is proved.¤

System (70) contains one equation more than the number of unknowns.
Thus, generically we expect that the null solution is the unique solution and
we expect asymptotic stability. However, it could happen that for certain
geometries and choice of the parameters there exists nontrivial solutions.
Qualitatively, the situation is similar to the asymptotic behavior in classical
thermoelasticity. In this theory there exists some examples of undamped
solutions [10].
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