THERMAL STRESSES IN MICROSTRETCH
ELASTIC PLATES

D. IESAN AND R. QUINTANILLA

ABSTRACT. We consider the linear theory of homogeneous and isotro-
pic thermo-micro- stretch elastic solids. First, we present the basic
equations which characterize the bending of thin plates. Then we
establish a uniqueness result with no definiteness assumption on con-
stitutive coefficients. Existence of solutions is proved under assump-
tion that the internal energy density is positive definite. Finally, the
asymptotic behavior is analyzed.

The theory of microstretch elastic solids has been introduced by Erin-
gen [1-3]. This theory is a special case of the micromorphic theory. In
the framework of micromorphic theory a material point is endowed with
three deformable directors. When the directors are constrained to have only
breathing-type microdeformations, then the body is a microstretch contin-
uum [3]. The material points of this continua can stretch and contract
independently of their translations and rotations. The theory is expected
to find applications in the treatment of the mechanics of composite materi-
als reinforced with chopped fibers and various porous materials. The theory
of microstrech continua is a generalization of the theory of micropolar con-
tinua. In [4], Eringen presented a micropolar plate theory and established
basic theorems in the context of isothermal case. These results have been
used to investigate the isothermal bending of microstretch elastic plates [5].
A detailed discussion of the theory of micropolar plates was presented in
[3,4].

In [2], Eringen has extended the theory of microstretch elastic solids to
include the heat conduction. In this paper we use the results of Eringen
[2,4], Nowacki [6] and Inan [7] to derive a theory of bending of thermo-
microstretch elastic thin plates. In Section 2 we present the basic equations
of the linear theory of thermo-microstretch elastic solids. The Section 3
is devoted to the equations of the bending theory of thermoelastic thin
plates. In Section 4 we establish a uniqueness result with no definiteness
assumption on constitutive coefficients. In Section 5 we prove an existence
result under assumption that the internal energy density is positive definite.
The asymptotic behavior is studied in the last section.

1



2 D. IESAN AND R. QUINTANILLA

BASIC EQUATIONS

We refer the motion of the continuum to a fixed system of rectangu-
lar Cartesian axes Oxy(k = 1,2,3). We consider a body that at time ¢
occupies the regular region B of Euclidean three-dimensional space and is
bounded by the surface 0B. We designate by n the outward unit normal
of 0B. Letters in boldface stand for tensor of an order p > 1, and if v has
the order p, we write v;; s(p subscripts) for the components of v in the
Cartesian coordinate system. We shall employ the usual summation and
differentiation conventions: Latin subscripts are understood to range over
the integers (1,2,3), summation over repeated subscripts is implied, and
subscripts preceded by a comma denote partial differentiation with respect
to the corresponding Cartesian coordinate. In all that follows, we use a
superposed dot to denote partial differentiation with respect to the time.

We assume that B is occupied by a homogeneous and isotropic thermo-
microstretch elastic solid. We denote by u; the components of the displace-
ment vector and by ¢; the components of the microrotation vector. Let
1) be the microstretch function. The strain measures in the context of the
linear theory are defined by

(1) €ij = Uji + EjirPr, Kij = Pji, Vi = Vi,

where €53, is the alternating symbol.

Let t;; be the stress tensor and let m;; be the couple stress tensor over
B. We denote by o; the microstress vector. The equations of motion of a
microstretch continua can be expressed as

tjij + fi = p,
(2) Mji 5 + Eirstrs + gi = J P4,

040 —T+£:]1f),
where f, g and ¢ are body loads, p is the reference mass density, j and J
are coefficients of inertia (j = 3J/2) and 7 is the microstress function. The
energy equation is given by

(3) pTon = qii + s,

where 7) is entropy, q is the heat flux vector, s is the heat supply, and T} is the
constant absolute temperature of the body in the reference configuration.
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In the context of the linear theory of isotropic and homogeneous elastic
bodies the constitutive equations have the form

tij = Aeprlij + (1 + K)esj + peji + Aopds; — Bobdsj,
Mij = Qkpr0ij + BRji + YRij + DoEsjit s,

o; = ao; + boCirsksr,

T = )\067*7' + A1¢ - ﬂlev

PN = BOerr +af + ﬁ1w7

qgi = ke,’ia
where 0 is the temperature measured from the constant temperature Tj,
and )‘7 Ky &y 57
v, a,ag, Bo, B1, Ao, A1, b and k are constitutive constants.

The components of surface traction, the components of surface couple,
the microsurface traction and the heat flux at regular points of OB are
defined by
(5) t; =tyng, my; = mgng, p= 0N, q= N,

respectively.

Let M and N be non-negative integers and 7 a given interval of time.
We say that f is of class CMN on B x T if f is continuous on B x 7 and
the functions

87’” 87Lf
0x;0z; ...0x, ( otm
m+n < max{M,N},

), me{0,1,2,...,M},ne{0,1,2,,...,N},

exist and are continuous on B x 7. We write CM for CM:M

Let P = (u;, @i, %, 6). We say that P is an admissible process on B x T
provided: (i) us, s and ¥ are of class C2? on B x T; (ii) 6 is of class C*!
on B x T; (iii) us, i, v and @ are of class C' on B x T.

We assume that f, g, ¢ and s are continuous on B x 7 and that p and J
are positive constants.

THERMOELASTIC PLATES

In what follows we assume that the region B refers to the interior of a
right cylinder of length 2h with open cross-section ¥ and the smooth lateral
boundary II. Let I' be the boundary of 3. The rectangular Cartesian
coordinate frame is supposed to be chosen in such a way that the plane
x10z9 is middle plane. Thus, we have

B={x:(r1,22) €8, ~h <zg < h}, I={x:(21,22) €T, —-h < x3 < h}.
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An admissible process P = (u;, ¢;, %, 0) is a state of bending on B x T
provided [4]

Ua (), 23, 1) = —ua(x)y, —23,1), ug(z,, x3,t) = usz(x,, —3,1),
Vo, 23,t) = 0al(Tp, —x3,t),  @3(2,,23,t) = —p3(2,, —T3,1),
w(mpv‘er ) = _w(xm —I3, )7

0(x,, x3,t) = —0(z,, —x3,1), (xp,z3) € B, teT.

(6)

Here and in what follows the Greek subscripts are confined to the range
1,2. In view of (1), (4) and (6) we find that

(7)

tap(xp, x3,t) = —tap(T,, —23,1), tss(zp, x3,t) = tgg(xp, —x3,t),
tas(x,, x3,t) = tas(z,, —23,1), tsa(z), T3,t) = t3a(z), —x3,1),
Map(Zp, T3,t) = mag(T,, —x3,t),  maz(T,, x3,t) = (xp, —x3,1),
Ma3(Zp, T3,t) = —Ma3(T,, —x3,t), Maa(z,,x3,t) = 3a(zp, —x3,1),
T(2,,3,t) = —7(x),, —x3,1), oalxp, x3,t) = —O’a(l'p, —x3,t),
03(2p, T3, 1) = 03(2p, —T3,1), n(zp, 23,t) = —n(z)p, —23,1),
Qa(Tp, 23,t) = —qa(T)p, —T3,1), 43(7p, 73, 1) = q3(xp, —T3,1).

We say that the system of body loads (f,g,¥,s) is compatible with a
state of bending if

f(x(x/h —s3, t) = _fa(x/ﬂ Z3, t)a f3(xpa —s3, t) = f3(x/)a z3, t)7
(8) ga(l‘p,—.fg,t) :ga(xp,ﬂf?,,t), gg(l‘p,—l‘g,t) = —g3(:cp,x3,t),
Uzxp, —x3,t) = —l(z), 23,1), s(x,, —x3,t) = —s(x,, x3,1).
In what follows we assume that the body loads satisfy the restrictions (8).
Following [4], we derive a theory of thermoelastic thin plates of uniform

thickness assuming that the fields u;, @;, % and 6 do not vary violently with
respect to x3. We denote

(9)
1 h

1 sk 1 fh
Tij = 57 7htijd$37 Pij = ﬁ/;h mgjdzs, m = ﬁ/;h oidxs,
1k h

1 h
Hi_i zd ) = 37 d ) = — d )
on |, Gidvs =gy | ndrs, T 2h/_hT s

1 rh h 1
I 2h/ fidxs, g’_Qh gzdxg, = h/_hﬁdxg, s :ﬁ/_hsdxg.
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From (7) and (8) we get
Taﬁzoa 7'3320, Moz?):O, 7Ta207 Hoc:Oa n*zo’
™ =0, f3=0, g3=0, £*=0, s*=0.

We assume that the functions t;, m;, p and ¢ are prescribed on the surfaces
x3 = th. We integrate the equations (2) with respect to x3 between the
limits —h and h. On the basis of (6) and (10) we obtain the equations

(10)

Ta3,a +F= pwv

11 .
) HBa,8 + €3pa(T3p — Tp3) + Go = J1ho, on X x T,
where
h 1 h
W= uzdrz, Yo = 7/ Yadrs,
(12) 2h . 2h ), 1
F=fi+ Et33($1,9€27h,t) Gy =95+ Emga(xl,x27h,t),

If we multiply by 3 the equations (2), and (2), and integrate from x5 = —h
to x3 = h, then we obtain
(13) Mﬁa,ﬁ — 2h734 + Lo = pliq,

Aoo —2hmy3 — P+ H = (i, on ¥ x 7T,

where

h h h
Maﬁ :/ l’gtaﬁdl'g, Aa :/ $30Qd$3, P:/ $3le’3,
—h —h —h
. 4 2 .
Tv, :/ T3Uqdrs, Iu :/ zgdrs, I==h% (=jl,
—h —h 3
(14) N
L, = 2ht3a(x17x27 h,t) + / x3 fadxs,
—h
h
H = 2]’LO’3($1,$2, ]’L,t) +/ r3ldrs.

—h
Now multiply by z3 the equation (3) and integrate from x3 = —h to x3 = h.
In view of (7)-(9) we obtain

(15) pTo6 = Qoo — 2hR + S,

where

h h
0=/ x3ndzs, Qa:/ T3qadr3, R = Ha,

S = 2hqs(x1, 2, h,t) —l—/ r38dT3.
—h
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The functions F, G, Lo, H and S are prescribed.
Following [3,4,7] we restrict our attention to the state of bending char-
acterized by
U = $3va($1,mg,t), uz = w(xlax%t)’

(17) Pa :¢a(331a5'327t)7 @3207 1/)21173’&(331,{13271‘:),
0= $3T($1,l‘2,t), on BxT.

In the isothermal theory of micropolar elasticity the representation (17) has
been introduced by Eringen [4].
In view of (17) we have

€aB = T3EaB, €a3 = Ea3; €3aq = €3q, €33 =0,

(18)

Rag = Naps; Ka3 = K3a = Oa K33 = 07 Yo = $3§Ou V3 = u,
where
(19) €apf = VB,ay €a3 = W + E3aﬁ'(/)ﬁv €3a = Va — 53aﬁw57

Nap = Yp.ar o = Uan
From (4) and (18) it follows that
tag = T3[Xepp0ag + (1 + K)Eap + HEBa + AoUbaps — FoTdag),s
taz = (1t + K)€az + H3a; 30 = (U + K)E3a + HEas,
tss = x3(Ae,p + Aou — BoT),
My = MppOry + BNur + Vkw + boE3uwtt,
Ma3 = boT3E83aU,8, M3a = boT3E8a3U,3,
ms3 = Mpp, o = kagTa, g3 =FkT,
pn = x3(Boepp + a1 + fiu), 040 = T300U,q,
03 = ap + boe3apnga, T = (Mogpp + Aiu— H1T)xs.
It follows from (9), (14), (16) and (20) that

Taz = (U + K)€a3 + €30, T3a = (1 + K)E3a + a3,

Ky = Q)pp + BNk + Yk + bog3urtt,

T3 = apt + boe3apnga, po = I(Boc,p + oI + fru),

Mg = IXeppbap + (1t + K)eap + 180 + Aodas — FoTdas],

Ao =Tagu,e, Qo =1kT,, R=ET,

P =I(Xogpp + Mu— BiT).

The equations of the theory consist of the equations of motion (11), (13),

the energy equation (15), the constitutive equations (21) and the geomet-
rical equations (19). These equations can be expressed in terms of the
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functions v, w, ¥, u and T. Thus, we obtain
I(n+ k) Avg + (A + 1)vp pa — BoT.a + Aoth,a]—
—2h[(u + K)vo + pw o] + 2hkesasths + Lo = plia,
(t+ K)Aw + pv, , + Ke€308Y8.a + F = p,
YAYo + (a4 B)Up,pa + KE3pa(Vp — W,p) — 2680+
+boesart,y + Ga = Jta,
TagAu — 2hboesagta,p — I(Novy,, — 51T)—
—(2hag + IX\1)u+ H = (i,
TkAT — ITy(Bov, , + Brti + aT) — 2hkT = —S, on ¥ x 7.

(22)

To the field equations we adjoin initial conditions and boundary condi-
tions. The initial conditions are

va (1, 22,0) = 09 (21, 22), w(21,72,0) = W' (21, 22),
Ya(@1,22,0) = ¥4 (1, 22),

u(wy,12,0) = u¥(z1,22), T(x1,22,0) = T(21,22),
Vo (21, 22,0) = Vo (21,22), W(x1,22,0) = w(z1,22),
Ya(@1,72,0) = Xa(@1,72),

W(xy, m2,0) = (w1, 22), (71,22) €,

where v2, w%, 0 u®, T vy, w, xo and €Y are prescribed functions.
We consider the boundary conditions

M,Banﬁ =My, TazNa = 5:, Hpallg = /7047

(24) - 8
Aana = A, Qana =Q, onT'x T,

where the functions Ma, T, Py A and @ are given.
RECIPROCITY AND UNIQUENESS
In this section we use the method presented in [8] to establish reciprocity
and uniqueness results. Let F' and G be scalar fields on 3 x 7 that are
continuous in time. We denote by F * G the convolution of F' and G, i.e.
t
[F * G](x,t) = / F(x,t —s)G(x,s)ds, xe€3,teT.
0

We suppose that 7 = (0,00). Let f and g be functions on 7 defined by
(25) f) =1, g(t)=t, teT.
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If F' is a continuous function on ¥ x 7, then we write F for f = F, that is
t
F(x,t) :/ F(x,s)ds, xe L, teT
0

We define the function W9 on ¥ x 7 by

(26) W =58 + pTyo”.
where
(27) po’o = I(ﬁo’ug’p + CLTO —+ ﬂluo).

In view of (15), (21), (23), (26) and (27) we get
Lemma 1. The functions o € C%',Q, € CY° and R € C°° satisfy the
equation (15) and the initial condition o(x,0) = o%(x),x € X, if and only

if
(28) pToo = @a,a —2hR+W, on X x [0,00).
The proof is immediate.
We now consider two external data systems Z(®) = {F(O‘), GE,O‘)7 L,(f'), H(@),
S(a),M/go‘),;(a)ﬂf)o‘)?]i(a)’@(a)’ﬂgo)(o‘) ()@@} (o =1,2). Let

A(a):{w(a)7’Q/J,()a),véa),u(a),T(a),Ega) 771(/%)7 Z(Ja)7ﬂf€?/)77ré )’ O'(O‘), MV(%), A,(ja),

Qf,a), R(®) P(O‘)} be a solution corresponding to Z(®). We denote
M) = M(p)ng, (p) — Tég)na, ,LL( P _ ngnﬁv
AlP) — A(ap)nm QP = g’)nm Wi = gla ) + pToo@)

and introduce the notations
(30)

M (r,s) = / M () (5) 257 ()™ (3) + 20l (1) o) () +

AR (T)u(”)(s)—i@(“)(r)T(”)(s)}dE—&—/ [2hF®) (1w (s)+
T 5

+2hG ()l (s) + LE (1ol (s) + H" (r)u (s)

—*W( (T (s)]da,

(29)

K (7, 5) / {pIt") (1)) () + i) (r)u™ (s)+2hpi ™) (r)w™) (s 1+
+2RTGL (r)p D (s) — T k[IT(*”">( )T (5)+

+2hT ) (r)T¥) ()] }a,

where, for convenience, we have suppressed the argument x.
A general reciprocity relation is expressed by the following theorem.
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Theorem 1. Let
(31) Eqo(r,s) =1, (r,s) — Keu(r,s),
for allr,s € T. Then
(32) Em/ (’I", 5) - Eun(sa T).
Proof. Let
L (r,s) = MU (r)el) (s) + AS (r)ul (s)+
(33) +PE (r)u) (s) — po™ ()T (5) + 2h[7i (r)el) (s)+
+738 (el (5) + 1 ()0l (s) + 7l (r)ul) (s)].

In view of (21) we obtain
(34)

L (r,8) = I{Aehy) (r)el (s) + (1 + w)elg (el (s)+

+pele) (1259 (5) + aoul®) (r)ule) (s)+
+olzbs ($)ul (1) + b (r)u® (s)] — Bolel) ()T (r)+
+ep) (T (5)] = B1[u® ()T (5) + u® (5)TH (1)) +
A (1)) (s)} + 2h{ (1 + K)eSs) (1)) () +
+ulels (el (s) + 259 ( >sga< )+
4 1)l (Ml () + anby) (S (s) + Bl (rn) (s)+
s ()03 (5) + bogsaslnle) (r)ul () + 0o (s)ul (r)]+
+a0u(”)( )u(”)(s)}.

It follows from (34) that

(35) Too(r,8) = L(s, 7).

On the other hand, in view of (11), (13), (28) and (19), we obtain
(36)

T (r,5) = (M5 (10 (5) + AP () (5) = QLT (5)+
+2[ul) () (s) + 78 (1w ()]} o+
F2R[FE) (1)) (s) + G () (s)] + LE (r)old) (s)+
+H® (r)u”) (s) - TOW‘” (rYTW)(s) — pIi ()0 (s) -
it (r)u®) (5) = 2h[pis ") (ryw® () + T ()l (s)]+

Wk[[]j(o’j)(r)fg’)(s)+2hT(”)(r)T(”)(s)].
0
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By using the divergence theorem, from (30) and (31) we find that

/ I, (r,s)da = Eg,(r,s).
Y

In view of (35) we conclude that (32) holds.

A consequence of Theorem 1 is the following proposition.
Corollary 1. Let
(37)

T(r, ) = /F (Mo (r)va(s) + A(r)u(s) + 27 (r)w(s)+

+2hpo(r)a(s) — %O@(T)T(S)}df+ /E[LQ(T)UQ(SH

+H(r)u(s) + 2hF(r)w(s) + 2hG o (1) (s) — TLOW(T)T(S)]da,

for allr,s € T, where {w, ¥y, va,u, T} is a solution of the boundary-initial-
value problem (22)-(24). Then
(38)

d
G pToava + i + 2h(pu? + Tl dot
=
1 t PR -
+—k/ /(IT,aT,a+2hT2)dtda} =
To Jo Jx

= /t[H(t —s,t+s)—II(t+s,t—s)|ds+ / {pI0a(0)va(2t)+
0 )

+00(2t)v4 (0)] + C[a(2t)u(0) + w(0)u(2t)] + 2T [1ha (0)1ha (26)+
+1ha (28) 10 (0)] 4 2hp[i (0)w(2t) + i (2t)w(0)] }da.

Proof. On the basis of (32) we can write
t t
(39) / Ey(t+s,t—s)ds = / Ei(t—s,t+ s)ds.
0 0

We apply this relation for w™) = w, @/}&1) =Yg, v((xl) =vg, M) =4, TM =T.
In view of (30), (31) and (37) we obtain
(40)

/t Ev1(t+s,t—s)ds = /t II(t + s,t — s)ds — / [pIV0,(t + $)va(t — s)+
0 0 o
+Cu(t + s)u(t —s) + 2hJ1l}a(t + 8)a(t — 8) 4+ 2hpi(t + s)w(t — s)|da+

1 ~ ~
+Tok /Z[IT_Q(t +5)To(t —s)+2hT(t+ s)T(t — s)]|da
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and
(41)

/0 Eii(t—s,t+s)ds = /0 (¢t — s,t + s)ds — /E[pli}a(t — s)va(t + 8)+
+¢u(t — s)u(t + s) + 2hJ1l}a(t — 8)Ua(t + 8) + 2hpw(t — s)w(t + s)]da+

1 ~ .
+70k /Z[Ira(t = 8)To(t+ )+ 20T (t — s)T(t + s)]da.

We note that
(42)
/Of(t+s)h(t—s)ds:—h(O)f(Qt)+f(t)h(t)+ [+ it = s)as.

/0 F(t+ s)h(t — s)ds = f(2t)h(0) — f()h(t) +/0 h(t — s)f(t + s)ds,

/0 h(t — s)f(t + s)ds = h(t)f(t) — h(0)f(2t) +/O h(t — s)f(t + s)ds.

If we substitute (40) and (41) in (39) and take into account the relations
(42) then we conclude that (38) holds.

Corollary 1 forms the basis of the following uniqueness result.
Theorem 2. Assume that
(i) p and J are strictly positive;
(i) k is strictly positive.

Then the boundary-initial-value problem has at most one solution.
Proof. If there are two solutions, then their difference {w,q,vq,u,T}
corresponds to null data. In view of (38) and the initial conditions we get

/ [pTvava + Cu? + 2h(pw? + Jipat)s)]dat

s

(43) A R

+?k/ /(IT,aT,a + 2hT?)dtda = 0.
0 Jo Jz

By the hypotheses of theorem and (43) we conclude that w = 0,¢, =
0,0 =0,u=0and T=0on X x7. 0
Theorem 1 implies the following reciprocal theorem.
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Theorem 3. Let A be a solution corresponding to the external data
system Z(*) (o =1,2). Then
(44)

MWD 5 0@ 4 2hHD 5@ 4 2N 5P 4 YD (2 -
s

1
7?@‘(] « WD T(Q)]da+/fq*[Mé1) * v((f)JrZhT(l) * w(2)+2hu8) * ¢é2)+
AW @ L oo *T<2>]ds:/w<2> coDy
To s ¢
+2hH® 5w + 20N 5 D + Y 5 ) Tig « W s TW]da+
0
+ / g* [MP 50V + 207@ 5 w® 4+ 2@ 5 D 4 A 5D -
r
Q@ s TM)gs,
Ty
where
(45)
MY =g« LY + pI(th/) + vgf”)), N =gxGW) + J(txt(xy) + 1/12('/)),

Proof. If we take in (32) » =y and s =t — y, and integrate with respect to
y from 0 to ¢, we arrive at

/[M((Xl) x 0@ 4 207 % w® 4 2hu « @ 4
b))
A 4@ Tio FQW o« T1de 1 /2 2R 5 1
+2RGW £ @) 4 LW 4 0@ 1 HO 4 @) Tiowm  T®)dg—
- / {pI5 % 0@ + ¢tV % u® 4 2hpH™ 5 w4

b
+2hJPH x P — Tiok[lf «TW TP onf« TW « TP }da =
= / (M2 50D + 207 @ 5 w® 4 20u@ 5 D+

=

0

FA® 4y Ti FQ® w TWde 1 / 2RF®) 5 )1
b

+2hGP) 5 (M) 4+ L2 g (D) 4 () (D) — iw(2) * T(l)]da
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- / {pIt® 5 v + Ci™® s u® + 2hpi® % M+
b

+2h )P 5 pH) — Tik[lf « TP« TW 4 2nf « T « TW]}da
0
We note that
(47) g* i =u—tiu(z,0) —u(z,0).

If we take the convolution of the relation (46) with g and use (47) and (45)
then we obtain (44).00

As in [6], we can obtain various applications of the reciprocal theorem.
A study of the thermal stresses in microstretch elastic cylinders has been
presented in [9].

EXISTENCE OF SOLUTION

In this section we use the results of the semigroup of linear operators
theory to obtain an existence theorem. Thought other boundary conditions
could be proposed, we restrict our attention to the following boundary con-
ditions

(48) Vo =0, w=0, 9,=0, u=0,T=0 onI'x7T.
In what follows we assume that the internal energy density is a positive defi-

nite quadratic form. We can see that the necessary and sufficient conditions
that the internal energy density be positive are

2u+Kk>0, k>0, 20+8+7>0, v+ 58>0, ap >0,
(49) A\ +Pag >0, a> 0,2\ +2u+ r) (A1 +dag) — 223 > 0,

(v = B) (M1 + Dag)(2X + 21 + &) — 202 — 2b39(2\ + 21 + k) > 0,
where ¢ = 2h/I. The positive definiteness of the internal energy density
implies the existence of a positive constant C such that
I Xeppevy + (10 + K)eapeas + HEBaEap + 2X0€ ppt]
+2h[(1 + K)(€30E3a + £asEas) + 20E3aEas T+ MMppTuw + BT pTow
+YNasNas + 2b063a5unag] + Tagu qUe + (TN + 2hag)u’ + IaT?
> C [eapEap + E3aE3a + Eas€as + Napllas + U° + Uala + T7],

(50)

for any €;5,Ma8, U, u,o and T'.
We also suppose that the constants p, J, I, and k are strictly positive.
We now transform the boundary initial value problem defined by the
system (22), the initial conditions (23) and the boundary conditions (48)
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into an abstract problem on a suitable Hilbert space. We denote
(51) Z2={U=(v,z,w,y,V,®,u,8,T); Vo, Ya,w,u € Wol’z(E),
ZO[’ ¢CM7 y? 5? T G L2(E)}?

where W, %(2) and L?(X) are the usual Sobolev spaces.
Let us consider the operators

1 2h(p+ K
Aa() = 5 5+ 1) B+ O )] — 2D
2hp 2hk
B = — 0 \II _
a(w> IP W,y Ca( ) Ip 53aﬁwﬁa
Ao Bo
Doc U) = —Uq, Ea T)= _711,04;
(u) ; (T) )
+ K K
Fi(w) = (w )Aw, Gv = HUW/, Hi(V) = —€303Y8,a;
p p p
2 (a+p) 2K K
Ka(‘l]) = jAwa + 7 wp,pa - 71/}(17 Za(v): j53pavpa
K b
M, (w) —jsgpaw,p, Ny (u) = 705304/314[37
Ia 2hag + I\ 2hb
Pu(u) = 20 a0 - B0t ) gy = P,
¢ ¢ ¢
I\ I
Ri0) =~ 20, Si(T) = 72T,
k 2hk Bo b1
T)=—AT - =T S =2
U (T) o oIy Vi(z) o Co Wi(s) s
We denote

(52) D= (W5 nW22) x Wi x (W2 n w22 x W2 x

X (Wéf" N W“) X Wh? x (W“ N W01’2> x W% x (WQ’Q n Wol’2> .
Let A the matrix operator defined on D by

0 Id o 0 0 0 0O O O
A 0 B 0O C 0D 0 E
0O 0 0 Id 0 0 0 0 O
FF 0 G 0 H 0 0 0 0
(53) A=]l0 o o o o0 Id o o0 o[,
Z 0 M 0 K 0 N 0 0
O 0 0 0 0 0 0 Id 0
R. 0 0 0 Q 0 P 0 &
O VW 0 0 0 0 0 W U
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where A = (A,),B = (B,),C = (Cy),D = (Do), E = (Eu),Z = (Z,),M =
(M,),N = (N,),K = (K,) and Id,Id represent the identity in the respec-
tive spaces. We note that that the domain D is dense in Z.

The initial boundary value problem (22), (23), (48) can be transformed
into the following abstract equation in the Hilbert space Z,

dU
(54) e AU(t) + F(t), U(0) = Uy,
where
(55)
L F G H S
F=(0 =20 =0 -0 =, — | Uy=(v", vy, w’ 0 40 4,0 ¢0 70y
< ap1707p7 ) J707CaalTO)7 0 (’UO‘,V,’LU,(.U,LZJO[, avuvé.v )
We introduce in Z the inner product
(56)
< U,V >=
1
= 3 / (pIza2+2hpyy* +2hJ o ¢+ (ss* +1aTT*+ M[U?, V] )da,
b
where

U= (v,z,w,y, ¥, ® u,sT), V= (v, z* w, y" U &% u* s T"),
U° = (va, w, Pa,u), VO = (v, 0,95, u”)
and
MU, VO] =TI [Xeypes, + (14 K)eapeng + HEaBE ho + Ao(Epptt™ + 5 u)]
ORI+ K) (€025 + 2asEs) + {EasSo + 30Ehs) + Aol + Byl
VMM + bog3as(Ungs + u nap)] + Lagu ou’, + (IA1 + 2hag)uu”.
In the above relations we have used the notation
€aB = VBar €a3 = W T E3apY5, €30 = Vo = €308V, Tlap = Vpa-
We note that on the basis of the inequality (50) and the Korn inequality
the norm induced in Z by the product (56) is equivalent to the usual one
in Z.
Lemma 2. The operator A has the property
(57) < AU, U ><0,

for any U € D.
Proof. Let U = (v,z,w,y, ¥V, P, u,s,T) € D. A use of the divergence
theorem and the boundary conditions gives

(58) < AU, U >= / ( — Za’gMga — 2hzaT30 — 2hy7a7'a3 — 2h¢a7g,uga
2
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Ik 2hk
+2h¢ac3pa(T3p — Tp3) — Sala — 2hslly — Ps — ?T,QT,Q — TT2)da
0 0

— / (1Bozp,,T + 1B1sT — M [U°, U] )da
>

Ik 2hk
= / (5T oT o+ —-T?)da.
= To T
In view of the assumptions on the constitutive coefficients the lemma is
proved.[d

Lemma 3. The operator A satisfies the range condition
(59) Range (Z — A) = Z.
Proof. Let U* = (v*,z*, w*, y*, U* &* u* s* T*) € Z. We must show that
the equation
(60) U - AU = U™,

has a solution U = (v,z,w,y, ¥, ®,u,s,T) € D. If we take into account the
operator A, then from (60) we find the system

v—z=v", w—y=w", V- =" y—s=u"
z— Av—-Bw - C%¥ — Dy — ET = z",

y— Fv—Gw— HiW =y*,

P —-7Zv—-Mw—-K¥ — Ny =",
s—Riv—Q¥ — Plu— 5T =s",
T—Viz—Wis—UT=T".

(61)

Substituting the first fourth equations in the others, we obtain the following

system with unknowns (v, w, ¥, u,T)
v—Av—-Bw-C¥ —Du—-ET =z"+v",
w—Fv—Guw—HY=y"+w"

(62) ¥ —Zv—Mw-—K¥ - Ny =" + P,
u—Riv—QW¥ — Piu— 5T =s"+u",
T—-Viv—-Wu-UT=T*-Vv—Wu*.

To study this system, we introduce the following bilinear form

(63) ATy, To] =< N*, P >z,

where

I =(v,w,®uT), T's=V,w,¥,417T)
N* = (v w® @@ O 7MY P = (pI%, 20, 20T ¥, (i, al T,
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and
v =v—Av—-—Bw - CV¥ — Du — ET,
w® = — Fiv—-Gw— H\W,
¥ =¥ — Zv — Mw — K¥ — Nu,
M =u— Ryv— QY — Pyu— 51T,
TW =T - Viv — Wiu — U T.
It is easy to see that A is a bilinear form defined on W{® and that A is

bounded in each variable. We note that
(64) Ay, T =

k
= / (p[vivi + 2hpw? 4 2hJith; + Cu? 4+ alT? + ?(IT@T,Q + 2hT2)) da
b 0

+ /2 M[(U°, U] da.

In view of our assumptions on the constitutive constants, we see that A is
coercive on Wy>. On the other hand, it is easy to see that the vector

(65) (z" 4+ v,y +w", @ + T s +u", T — Vv — W),

lies in W12, Hence the Lax- Milgram theorem implies that there exists a
solution (v, w, ¥, u,T) € Wé’Q of the system (62). Thus, the system (61)
has also a solution.lJ

Theorem 4. The operator A generates a semigroup of contractions in
Z.

The proof follows from the above lemmas and Lumer-Phillips corollary
to the Hille-Yosida theorem.[]

Theorem 5. Assume that Ly, F,Gy, H, S € C1(]0,00), L?) and Uy € D.
Then, there exists a unique solution U(t) € C([0,00), Z) N C°([0,00), D)
to the problem (54).

Since the semigroup defined by the operator A is contractive, we obtain
the estimate
(66)

U@z <
< I\Uollz+/0(||L(T)IIL2+|IF(T)IIL2+|IG(T)HL2+HH(T)|IL2+|IS(T)|IL2)dT,

which proves the continuous dependence of the solutions upon initial data
and body loads. Thus, the problem of bending of thermo-microstretch elas-
tic plates is well posed.

ASYMPTOTIC BEHAVIOR
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In this section we study the asymptotic behavior of solutions when the
body loads are zero. We will continue to assume that the hypotheses on the
constitutive coefficients considered in the previous section hold.

We recall that for any semigroup of contractions such that its generator
A has only the fixed point 0 and whose orbits are precompact the orbits
tend to the w-limit sets (see for instance [10]). The structure of the w-limit
sets is determined by the eigen-vectors of eigen-value i£ (where ¢ is a real
number) in the closed subspace

(67) L=<<{Ue€ Z;< AU, U >= 0} >>,
where << C >> denotes the closed vectorial subspace generated by the set

C.
Lemma 4. The operator A has the property

(68) (T — A "is compact.

Proof. Let ((fn,in,zbn,gjn,\iln,@mﬁnﬁn,fn) be a bounded sequence in
Z and (Vp,Zn, W, Yn, Coy ®o,ytn, Sn, Tn) the sequence of the respective
solutions of the system (61). We have

(69) A [F", Fn] = <./\/:;,73n>L2 y
where
L= (Vi W, ®ry i, Tp), N = (v D, @D (D 7))y
P, = (pIV, 2had, 2hJ W Cit, alT),

and

vl =v, — Av,, — Bw, — C¥,, — Du,, — ET},,

wg) =w, — v, - Guw, — H1¥,,

v = w, - Zv, — Mw, — K¥, — Nu,

ul) =u, — Riv, — Q¥ — Pru, — ST,

TN =T, — Vivy, — Wiu, — Ui T,.
In view of the definition of (VS), wg), \I/ﬁ}),u,(}),Té”), it follows that it is
a bounded sequence in L? and then the sequence (v, w,, ¥,,un,,Ty) is
bounded in W(l)’Z. The Rellich-Kondrasov theorem implies the existence of

a subsequence which is convergent in L2. In a similar way the sequence
(AZ"J‘ Ynys Wny s Sn; ), Where 2y, =Wy, — Vi Y, = W, — Wy, By = Wy —
W, ,8n; = Up; — lUn,;, has a subsequence which is convergent in L2 It
follows that the sequence

(an ) an ) wnj ) ynj ) ‘PTLJ' ) (}nj ) unj ) S’Vlj ) Tnj )7

is convergent in Z.[J
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This lemma implies that the orbits starting in D are precompact (see
[11]). From the inequality (58) and the positivity of the thermal conductiv-
ity constant it follows that A='0 = 0. Now, we can state a result on the
asymptotic behavior of solutions.

Let us consider the following problem characterized by the equations
(70)

I{(p+ K5)Ava + (A + 1)y, pal —

2h(p + K)vg — 2hpw o + 2hkesapts + It o + pI&%v, =0,

(M + K)Aw + 1y, + KE3aYE,a T p£2w =0,

RE3palp — ’i€3paw,p+7Awa+(a+6)¢P7pa - 2H¢a +b053aﬁu,ﬁ+J§2¢a :07
~I o), p—2hboe3apVa, s+ TaoAu—(2hag+IA; )u + (&%u = 0,

BoVp,p + Biu =0, on X
and the boundary conditions
(71) v=0, w=0, ¥=0, u=0, onT,

Theorem 6. Let Uy = (vg, 2o, wo, Yo, Yo, Po, uo, S0, To) € D and let
U(t) be the solution to the initial boundary value problem (54). Then
(72) T(t) —0ast— oo in L
Moreover
73) Vo (1), w(t), u(t),u(t) = 0 as t— oo in W2,
2a(t),y(t), da(t),s(t) =0 as t— oo in L2,

whenever the problem (70), (71) has only the null solution
Proof. We have to study the structure of the w-limit set. Thus, we
consider the equation

(74) AU = iU,

for some real number ¢, where U € D(A) and A = A is the generator of a
groupon L. As U € £, then < AU, U >=0. As I, k, h and T} are positive,
it follows that T = 0 and the asymptotic behavior of the temperature is
proved. The fact that the equation (74) has nontrivial solutions is equivalent
to the fact that the system

Av +Bw 4+ C¥ + Du + £%v =0,
Fv+Guw+ H ¥ + 2w =0,

Zv + Muw + K¥ + Ny + £2® = 0,
Riv+ Q¥+ Pu+ ST+ &u=0,
Viv+ Wiu =0,
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has only the trivial solution. This system is equivalent to system (70) and
the result is proved.[J

System (70) contains one equation more than the number of unknowns.
Thus, generically we expect that the null solution is the unique solution and
we expect asymptotic stability. However, it could happen that for certain
geometries and choice of the parameters there exists nontrivial solutions.
Qualitatively, the situation is similar to the asymptotic behavior in classical
thermoelasticity. In this theory there exists some examples of undamped
solutions [10].
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