THE SIGNATURE AND THE ELLIPTIC GENUS
OF EVEN 4-MANIFOLDS WITH S! ACTIONS

HAYDEE HERRERA* AND RAFAEL HERRERA '

ABSTRACT. We prove the vanishing of the signature of oriented smooth
4-manifolds with even intersection form and admitting circle actions.

When the manifold is Spin, such a vanishing follows from the Atiyah-

Hirzebruch vanishing of ﬁ—genus regardless of the parity of the inter-

section form. We prove the vanishing of the signature in the non-Spin

case by proving the vanishing of the g—genus via the rigidity of the el-

liptic genus under S! actions. As a corollary we see that the Enriques

surface and its n-fold connected sums admit no smooth S! actions.

1. INTRODUCTION

In the study of the topology of oriented smooth 4-manifolds, the intersec-
tion form is one of the classical invariants and determining which quadratic
forms can represent such an intersection form is still a subject of central
interest. In this paper we address this question on 4-manifolds with even
intersection form and admitting smooth circle actions. More precisely, let
FEs be the unique irreducible negative definite quadratic form of rank eight
and let H be the hyperbolic quadratic form. By the classification of qua-
dratic forms any indefinite even intersection form @ is of the form a Es G bH.
Throughout the paper, we shall assume that the manifolds are oriented,
compact, connected and smooth. We prove the following theorem.

Theorem 1.1. Let M be an even 4-manifold admitting smooth (isometric)
circle actions, and let Q = aFg ® bH denote its intersection form. Then,
the signature of M wvanishes, sign(M) = 0, i.e. the intersection form is
Q =0bH.
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If the 4-manifold is Spin, the vanishing of the signature follows from the
Atiyah-Hirzebruch vanishing of the A-genus [3] regardless of the parity of
the intersection form. Therefore, the main goal of this paper is to prove
the theorem in the non-Spin case. Note that even non-Spin manifolds are
not simply-connected [1]. As an example, consider the oriented 4-manifold
S2xS?/(x,y) ~ (—x, —y), which is oriented, non-Spin, has even intersection
form H, and admits smooth S* actions [1].

Since in dimension 4, the two characteristic numbers satisfy
sign(M) = —8 A(M),

we prove the vanishing of the signature by proving the vanishing of the
E—genus. This, however, does not follow from index theory for the Dirac
operator, since such an operator is not defined on non-Spin manifolds. In
a similar fashion to that of [7, 8], we prove the vanishing of the A-genus on
even non-Spin 4-manifolds admitting circle actions by means of the rigidity
of the elliptic genus.

The elliptic genus was introduced as a topological genus by Ochanine
[12, 13] and reinterpreted by Witten [15, 16] in a Quantum Field Theoretical
context. Witten conjectured the rigidity property under S! actions on Spin
manifolds which was proved by Taubes [14], Bott and Taubes [5] and Liu
[11]. The rigidity theorem has been extended to Spin® manifolds by Dessai
[6] and to ma-finite non-Spin manifolds by the authors [7, 8]. The latter
extension allowed the authors to prove the vanishing of the A\—genus of -
finite non-Spin manifolds admitting circle actions [7, 8], therefore extending
Atiyah and Hirzebruch’s vanishing theorem [3].

The note is organized as follows. In Section 2 we recall the definition of
the elliptic genus and prove the rigidity theorem. In Section 3 we briefly re-
call the argument that renders the vanishing of the A\—genus and in Section 4
we give some of applications.
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2. RIGIDITY OF THE ELLIPTIC GENUS

Let D: T'(E) — I'(F) be an elliptic operator acting on sections of the
vector bundles £ and F' over the manifold M. The index of D is the
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virtual vector space ind(D) = ker(D) — coker(D). If M admits a circle
action preserving D, i.e. such that S! acts on E and F, and commutes
with D, ind(D) admits a Fourier decomposition into complex 1-dimensional
irreducible representations of S ind(D) = " a,,, L™, where a,, € Z and L™
is the representation of S* on C given by e — ¢, The elliptic operator
D is called rigid if a,, = 0 for all m # 0, i.e. ind(D) consists only of the
trivial representation with multiplicity ag. The elliptic operator D is called
universally rigid if it is rigid under any S' action on M by isometries.

Let /\Ci be the even and odd complex differential forms on the oriented,
compact, smooth 4-manifold M under the Hodge *-operator, respectively.
The signature operator

dM =d—xdx : NS — N\

is elliptic and the virtual dimension of its index equals the signature of M,
sign(M). If W is a complex vector bundle on M endowed with a connection,
we can twist the signature operator to forms with values in W

A @ W: NJ(W) — AL (W).
This operator is also elliptic and the virtual dimension of its index is denoted
by sign(M, W).

Definition 2.1. Let T = TM ® C denote the complexified tangent bundle
of M and let R; be the sequence of bundles defined by the formal series

R(g,T)=> ¢ Ri=QQNT®) ST,
i=0 i=1 j=1

where S¢T =Y o o tF SET, N\, T = >0 t* /\kT, and ST, /\kT denote the
k-th symmetric and exterior tensor powers of T, respectively. The elliptic
genus of M is defined as

®(M) = ind(d}' ©@ R(q,T)) = > ¢ -sign(M, R;). (1)
=0
The first few terms of the sequence R(q,T) are Rg = 1, Ry = 2T, Ry =
2(T®% +1T), etc. In particular, the constant term of ®(M) is sign(M).

Theorem 2.1. Let M be an oriented, compact, connected, even, smooth 4-
manifold admitting smooth S' actions. Then, each of the operators d, ® R;
is universally rigid.

Proof. Without loss of generality let us assume that the S' action is
effective.
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The proof is carried out along the lines of [5] from which we recall the
main arguments and give appropriate modifications. By the Atiyah-Segal
G-signature theorem [4]

- yur

{P}
where P runs over the connected components of the fixed point set of the
St action [5, p. 155]. Note that in this dimension the connected compo-
nents P are oriented, totally geodesic submanifolds of even codimension,
i.e. oriented surfaces or isolated fixed points. The contribution u(P) of P
to ®(M) is given by the index of the signature operator on P twisted by an
appropriate power series of vector bundles on P; namely,

o0

(14 Am) I (14 gFAm1) (1 4 gFa—mr)
(1 _ )\ml (1 _ qk)\—nzl (1 _ qk)\—ml)

p(P)
)3 )

(1+X72) 5 (14 gPAm2) (1 + gFA—m2)

(1 —am2) L1 (1 — ghx—m2)(1 — ghA—m2)’

’.:1

l:l

if P is an isolated fixed point and TM|p = E# & E7, , where E7, denotes
the canonical underlying real bundle of the complex bundle E,,, on which

S1 acts by sending A to A™:; or

/\)\7”2 Em2 )
/\7)\7"2 Em2 ’

when P is 2-dimensional, where TM|p = TP & ET#n , E,,, is now a
trivial representation (m; = 0) and df’ is the signature operator on P.

The contributions u(P) are meromorphic functions on the 2-dimensional
torus Ty = C*/ g? considered as the quotient of the multiplicative group of
non-zero complex numbers C* by the subgroup generated by the element
¢> # 0. The rigidity of the elliptic genus is equivalent to the function
(M) = >_(py #(P) having no poles at all on T

Define the translation ¢,®(M) of ®(M) with a € C*, by the map at
the character level A — aX. The rigidity theorem for ®(M) follows from
showing that none of the translations t,®(M), by points a € Ty of finite
order, has a pole on the circle |\| = 1. Let k € N and a be any root of the
form

p(P) = ind (df ®

a = as, ak =dq,
with k£ and s relatively prime. Define the formal power series

/\F °°( agn F /\alnF*>
aan A a—1 nF*

@a(F
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where F' denotes a complex vector bundle and F™* its complex dual bundle,

and define .
®n:1 /\iqn—l/2E

®ZO:1 /\ﬂFq"*INE
for a real vector bundle E. The translations t,:®(M) can be expressed as
twists of ® on the connected components M}, of the fixed point submanifold
of the subgroup Z; = {e2™/*|l = 1,..,k} C S* which do contain fired
points of the S' action, as follows

tae®(M) = ind (d% ® R(q, TM), © C) ® pyor (Tp,) © @ocora (T,.2)> (2

Prql/2 (E)

where M, is the submanifold M}, with a specific orientation and the bundles
T, are defined below.

Given (2), [5, Proposition 6.1] says that the translations ¢,s®(M) con-
verge on some annulus containing the unit circle |A] = 1 to the Laurent
series of a meromorphic function on T, which has no poles on the unit
circle. The function t4s74(M) on the variable ¢ is regular on an annulus
containing the unit circle for all k& € N, so that t,-®(M) has no poles on
the unit circle |A| = 1. Hence, ®(M) has no poles at all on T2, and must
be constant, i.e. the rigidity theorem follows.

In order to define the aforementioned twists, the submanifolds M}, must
be orientable. The connected components of M, that we are interested
in are only those that contain S'-fixed points since they are intermediate
steps between M and the S'-fixed point submanifolds P. The orientability
of such components is confirmed as follows.

Since the transformations in Z, C S' are orientation-preserving, the
codimension of the components of M} is even, so that in our case, they
are isolated points or surfaces. The surfaces containing S'-fixed points are
orientable since they either coincide with a S'-fixed component P, or are
Sl-invariant with positive Euler characteristic, i.e. they are 2-dimensional
spheres. The subgroup Zj acts on the normal bundle of M} in M

T|nm, = Tff ® Tﬂf if My, is an isolated fixed point, or ()
Ty, =TM @ Tf; if My, is a surface,

where T# is an irreducible real representation of Z; with 1 < r < [k/2],
[k/2] is the greatest integer smaller than or equal to k/2, and TMj, is a
trivial representation. The S! action on M induces an S action on My,
whose differential induces an action on T|ps, preserving the decomposition,
and making each 77 an S* bundle over My, for 1 < r < [(k —1)/2]. Each
T#, with r # k/2if k is even, is endowed with a complex structure such that
A€ Stactsby A7, for 1 <r < [(k—1)/2]. Hence, T comes from a complex

vector bundle T;.. For k even, the action on 7T} 1y = Ty, /2 is multiplication



6 HAYDEE HERRERA AND RAFAEL HERRERA

by —1, and it does not necessarily come from a complex vector bundle,
while the TT# inherit an orientation from the complex structure on 7., for
r=1,...,[(k—1)/2]. Hence, if k is odd, T M}, has an induced orientation. If
k is even, however, we only know that T'My & Ty /5 is orientable, if Ty /5 does
appear in (3). On the other hand, we know that M}, is also orientable. Let
us, therefore, choose an orientation. In this way, T}, /o inherits an orientation
from M and M.

We must choose the orientation of Mj to be compatible with the orien-
tations of the S'-fixed point submanifolds P as follows. Recall the decom-
position of TM along P

TM|p =E,, ®E,, P isisolated fixed point, (4)
TM|p=TP® E,,, P isasurface.

When k is odd, the decomposition (3) determines an orientation on T'Mj,
denoted by +1. If P C My, choose the exponents along P so that each
m; # 0 (mod k) is congruent to some r € {1,...,(k—1)/2}. Choose the ori-
entation of T'P and the sign of those m; = 0 (mod k) so that the induced ori-
entation on TM|p is the given one. The induced orientation on T My|p will
be the +1 orientation. For my and ma let (I1,w1), (l2,w2) € Zx{1,...,k—1}
be such that

s-mi=11-k+wi, s-mg =1l k+ wy (5)

and define
e(P) =1+l (6)

The orientation for M} is now defined as (+1) - (—1)*(F), if M, D P.
Lemma 2.1 below ensures that this orientation is well defined. When £k is
even, T'M |y, decomposes according to (3), so that T'Mj, @ Tj, /o always in-
herits an orientation if the summand T}, /o does appear in (3). Let us choose
an orientation for 7'M}, and call it +1, which induces an orientation on T} 5.
If P C My, select the exponents at P as follows. If m; # 0,k/2 (mod k),
make the choice as before so that (m;)moar € {1,...,k/2 —1}. Choose
the signs for those m; =0, k/2 (mod k) and the orientation of TP to make
the induced orientation of (T'M}y @ T},/2)|p correct. This ensures that the
induced orientation of TM|p is correct. The induced orientation of T My|p,
however, may not be the correct one (+1). Let g = 0,1, with gg = 0 if
the induced orientation on T'My|p is correct, and €9 = +1 if the induced
orientation on T'Mj|p is incorrect. For each my, define (I;,w;) by (5) and
set

E(P):€0+l1 +12 (7)
The orientation of M}, is given by (+1)-(—=1)*(¥)if My D P. The orientation
of Mj, is well defined by the following lemma.
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Lemma 2.1. Let M be an oriented, compact, connected, even smooth 4-
manifold admitting a smooth S action. Let k € N and M}, be a connected
component of the fired point set of Zy.. Let s € Z be relatively prime to k,
and P, P' C My, be connected components of the S*-fized point set. Use the
prescription (6) or (7) above to define the numbers e(P) and £(P’). Then
R

Proof. Lemma 2.1 is analogous to [5, Lemma 8.1}, so we shall concentrate in
the relevant changes to the proof. Let k € N, P be a connected fixed point
submanifolds of S' contained in a connected component of Mj,, which we
shall also denote also by M. Just as before, given that we are working in
dimension 4, there are three cases: (i) dim My = dim P = 2 ; (ii) dim M} =
2, dim P =0 ; (iii) dim My, = dim P = 0. In (i) and (iii) the components P
and M}, coincide so that we do not have to check any compatibility of the
exponents (P). In case (ii), we can have two isolated S!-fixed points p and
p’. Consider a path joining p and p’ which avoids other S'-fixed points. Let
the path flow with the S' action to generate a sphere S = S? with “north”
and “south” poles p and p’ respectively (which, in fact, coincides with the
component of My). Let the sets of integers {my, mo} and {m/, m}} denote
the exponents of the S* action on T, M and T, M respectively.
By [5, Lemmas 9.1, 9.2], the number

e(P)—¢e(P") =c-(m1+mg —mi —m)) (mod 2),
where c is a constant, while
(m1 +mg —mj —mb) = / c1(TM|s),
s
so that the lemma is reduced to finding the parity of the integer represented
by the last integral. Notice that
TM|s =TS ®v,

where v is the (real rank 2) normal bundle of S in M. The three bundles
on S can be considered as complex vector bundles over S (cf. [5, p. 159]).
Hence,

Cl(TM‘S) = Cl(TS) +c1(v),

/S et (TM]s) = /S e1(TS) + /S () =2+ /S ),

so that the parity depends on the last integral only. Given that we are
working in dimension 4

/cl(u) =5-5=0 (mod 2),
s

and
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the self-intersection number of this sphere, which by the hypothesis on the
intersection form is an even number. O

3. VANISHING OF THE SIGNATURE
Proof of Theorem 1.1. Since in dimension 4
sign(M) = —8 A(M)

we shall prove Theorem 1.1 by proving the vanishing of E(M ).

Since we are also considering the case when M may be non-Spin, E(M )
may only be defined as a characteristic number and may not represent the
index of an elliptic operator. Thus, A\(M ) may, in principle, be a rational
number.

Since S' acts on M, the equivariant genus ®(M), is defined for any

g€ St as
(M), = sign(M,Ri)y-q',

where sign(M, R;), = tr|, ker(ds ® R;) —tr| coker(ds ® R;). The coefficients
of its g-development are now equivariant twisted signatures. Thus, accord-
ing to Theorem 2.1, the value of ®(M), does not depend on g. Applying
the Atiyah-Bott fixed point theorem [2], ®(M), can be expressed in terms
of the fixed point set MY of g and the action of g on the normal bundle of
M9 C M. In particular, let g be the orientation preserving involution in
Zy C S'. We denote the transversal self-intersection of My by My o M. In
[10, p. 315], Hirzebruch and Slodowy showed that

O(M)y = P(Ms o My).
On the other hand, applying Theorem 2.1, ®(M) = ®(M),, i.e.

The codimension of Ms is positive and even, so that the elliptic genus ® (M)
can now be computed from the elliptic genera of submanifolds of M of
codimension at least 4, i.e. isolated points.

Let us now recall the expansion of ®(M) at the other cusp [9]
- 1 >

‘I’(M)ZW AM,R}) - ¢,

j=0
where R;- is the sequence of virtual tensor bundles given by

R = @ AgTe @ SuT,

kE=2m-+1 k=2m-+2
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and the A(M, R}) = <A\(M) - ch(R}),[M]) may only defined be as charac-
teristic numbers. The first few terms of the sequence are R, = 1, R} = -T,
R, = /\2T+ T, etc. This expansion is obtained by considering ¢ = e™ and
changing the ¢ coordinate in (1) by ¢ — —1/¢, and then by t — 2t (cf. [9]).
This expansion has, a priori, a pole of order 1/2. On the other hand, by (8)
we also have

O(M) = &(M3 o M), (9)
whose right hand side has a pole of order at most 1/2 — 1/2 = 0, since the
dimension of any connected component of My o M, is at most 0. Therefore
(9) implies that the first coefficient on the left hand side vanishes,

A(M) =0,

ie.
sign(M) = 0.

4. APPLICATIONS

In dimension 4, given the modular nature of the elliptic genera, ® and P
satisfy

5 . —86 ~
(M) = WS%H(M):WA(M%
. -85 0 .
O(M) = mA(M):m&gn(M),
where
1
0 = 7+6(a+¢*+40"+¢" +60"+4¢° + .. ),
1
g = 1—6—q+7q2—28q3+71q4—126q5+196q6:|:...,

are the generators of degree 2 and 4 respectively of the space of modular
forms for the subgroup

To(2) = {A € SLy(Z) | A= ( ; I > (mod 2)} C SLy(Z).

Hence, we have also proved the following.

Corollary 4.1. Let M be an oriented, compact, connected even 4-manifold
admitting smooth S actions. Then, the elliptic genus vanishes identically
on M

O(M) =sign(M) =0 and ®(M)=0.
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Furthermore, every genus vanishes on M and, in particular, the Witten
genus [9]

pw (M) =ind | d) @ () SgnT | =0
n=1

vanishes on M. O

Corollary 4.2. The Enriques surface and the n-fold sum of Enriques sur-
faces admit no smooth S*-actions.

Proof. The Enriques surface has intersection form Eg & H, so it is in-
compatible with Theorem 1.1. Similarly for the n-fold connected sum of
Enriques surfaces which have intersection form nFEg ® nH. O

Finally, let us remark that the arguments in Sections 2 and 3, and partic-
ularly equation (2), prove the rigidity of the elliptic genus and the vanishing
of the signature in a wider class of non-Spin 4-manifolds, including non-Spin
mo-finite manifolds [7, 8].

Theorem 4.1. Let M be an oriented, compact, connected, smooth 4-manifold
admitting a smooth S* action. Furthermore, assume that the normal bundle
to every S'-invariant 2-sphere contained in M is topologically trivial. Then,

(1) the elliptic genus ®(M) of M is rigid under the S' action;
(2) the signature and A-genus of M vanish

sign(M) =0, A(M) =0;
(3) the elliptic genus ®(M) and all other genera vanish on M.
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