THERE MAY BE NO HAUSDORFF ULTRAFILTERS

TOMEK BARTOSZYNSKI AND SAHARON SHELAH

ABSTRACT. An ultrafilter U is Hausdorff if for any two functions
fig € w?, f(U) = gU) iff fIX = g|X for some X € U. We will
show that it is consistent that there are no Hausdorff ultrafilters.

1. INTRODUCTION

For f €w® and an ultrafilter U on w define f(U)={X Cw: f~1(X) € U}.
Let FtO be the collection of all finite-to-one functions f € w®.

Definition 1. Let U be an ultrafilter on w. We say that
(1) U is Hausdorff if for any two functions f,g € w*, if f(U) = g(U)
then f1X = g X for some X € U.
(2) U is weakly Hausdor(f if for any two functions f,g € FtO, if f(U) =
g(U) then f1X = gl X for some X € U.

It is worth mentioning that the following appears as an exercise in [10].

Lemma 2. If f(U) = U then there exists X € U such that f(n) = n for
neX.

Therefore, if U is not Hausdorff, then this is witnessed by two functions,
both not one-to-one mod U. It follows from it that Ramsey ultrafilters are
Hausdorft.

The notion of a Hausdorff ultrafilters was reintroduced and studied by
Mauro Di Nasso, Marco Forti and others in a sequence of papers ([9], [8],
[2] and [7]) in context of topological extensions. They used the name Haus-
dorff because Hausdorff ultrafilters are precisely those ultrafilters whose
ultrapowers equipped with the standard topology are Hausdorff topological
spaces. They asked whether the existence of a Hausdorff ultrafilter can be
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proved in ZFC. We will show that, at least for ultrafilters on w, the answer
is negative. However such ultrafilters (with various extra properties) may
be constructed under from additional set theoretical assumptions (see [8]).

2. CONSTRUCTION OF THE MODEL

In this section we will show how to build a model where there are no
Hausdorff ultrafilters modulo the proofs of theorems 4 and 6 below.

Definition 3. An ultrafilter U is strongly mon-Hausdorff if for every
f € FtO, f(U) is not weakly Hausdorff.

Theorem 4. Assume CH. There exists a strongly non-Hausdorff p-point.

Definition 5. [3], [4], [6]. Let NCF stand for the following statement:
for any ultrafilters U,V on w there exists h € FtO such that h(U) = h(V).

Theorem 6. There exists a proper forcing notion P such that

(1) There is an strongly non-Hausdorff filter Uy in V such that
VP |= Uy generates a strongly non-Hausdorff ultrafilter.
(2) VP = NCF.
Corollary 7. Suppose that V = GCH. Then in VT there are no weakly

Hausdorff ultrafilters. In particular, there are no Hausdorff ultrafilters in
this model.

Proof. Let Uy be a strongly non-Hausdorff ultrafilter in V given by theorem
6. Thus V7 satisfies NCF and there is there is a strongly non-Hausdorff
ultrafilter in VM«2. So suppose that U is an ultrafilter in VM«2. By NCF
there exists h € FtO such that h(U) = h(Up). Since Uy is strongly non-
Hausdorff in V7 it follows that h(Uy) is not Hausdorff. On the other hand if
U were Hausdorff then h(U) would be Hausdorff as well, a contradiction. O

3. A CONSTRUCTION OF NON-HAUSDORFF ULTRAFILTER

Let I C w be a finite set and let A = {(n,n) : n € w}. Denote by
[I112 = (I x I)\ A. For a set X C [I]? define

| X[, =min{k:3A;, B; :i <k Vi<k A;NB;=0 and XC|J A; x B;
i<k
We will drop the subscript I if it is clear from the context what it is.
Lemma 8. (1) |12, — oo as [I] — oo,
2) [XuY], <[X]; +IY1,,
() if Z C 1 and X C [I]?, |X|; > 2, then either |[Z*NX|, >
IXI;/2=1or [I\NZPNX|, > ]X]; /2 -1
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Proof. 1f (1) fails then there is k € w and sets {A, B} : n,j < k} such that
A?NB} = for j < kand [n]* = U< A} x B}. By compactness we get sets
{AY, By : j < k} such that AYNBY = for j < kand [w]* = U, AY xBY,
which is not possible.

A more direct argument shows that ||[I]2||1 > I —-2.

(2) is obvious.

(3) Note that

1X[; < [((ZP VN ZPU(Z x (I\2)U((I\Z) x Z)) N X||; <
lZPnX|, + [\ Z2PnX|,+1+1.
Thus
2 n x|, + [T\ 2 nX||, > IX], — 2.
0

For I € [w]<* let 7y, ma : [I]> — I be projections onto first and second
coordinate respectively.

Lemma 9. Suppose that X C [I]2, and | X |; > 2. Then mo(X)Nm(X) # 0.

Proof. Suppose that mo(X) = w and m(X) = v. funNov =0 then X C
(uxv)U (v xwu). Thus | X]; <2. O

Next we define functions f°, ¢ € FtO that will witness that ultrafilter
Vo that we are about to construct is not Hausdorff.
Let {I;,Jr : k € w} be two sequences of disjoint consecutive intervals
such that for k € w,
(M) Jim?l, =2,
(2) [kl = |[Ix)?]-
Bijection implicit in (2) allows us to define projections 75, 7F : Jp — I.
Let fO=J, n§ and ¢° = {J, n}. Note that fO(z) # ¢°(x) for any x € Jy, =
[IkP, kew.
As a warm-up let us use these definitions to show the following;:

Lemma 10. Assume CH. There exists a p-point that is not weakly Haus-
dorff.

Proof. We will need the following easy observation:

Lemma 11. If f,g € FtO and U is an ultrafilter then the following condi-
tions are equivalent:

(1) fU) #g(U),
(2) fIX]Ng[X]=0 for some X € U. O



4 TOMEK BARTOSZYNSKI AND SAHARON SHELAH

We will build an ultrafilter Vj on the set | J, [I)]? which we identified with
w. Let {Z : o < w1} be enumeration of [w]*.

We will build by induction a sequence {X, : @ < w;} so that

(1) V3 < a Xa C* Xj,

(2) Xa41NZy=0or Xoq C Z, for all a.

(3) for every a < wy, fO[Xa]Ng°[Xa] # 0.

(4) for every a < wi, limsupy [Xa N Ji|;, = oo,
Let Vo = {X : 3o X, C* X}. Note that the conditions (1) and (2) guaran-
tee that Vp is a p-point, and lemma 11 and (3) implies that f°(Vp) = ¢°(Vp).
Finally, (4) is the requirement that (by lemma 9) implies (3).

SUCCESSOR STEP. Suppose that X, is given. Find a strictly increas-
ing sequence {lj, : k € w} such that the set A = {k : |Xo N Jk|; =}
is infinite. Let A9 = {k : [XoaNZaNJkl;, > lk/2 =1} and Ay = {k :
[(Xa \ Za) N Jkl;, > 1k/2 — 1}. By lemma 8(3), one of these sets, say Ao,
is infinite. Let X441 = Uker XoNZy N Jg. The other case is the same.

LiviT STEP. Given {Xg: 3 < a <wi} let {0k : k € w} be an increasing
sequence cofinal in «. By finite modifications we can assume that Xg, , , C
Xg, for all k. Build by recursion a strictly increasing sequence {uy, : k € w}
such that

VEV) <kdie [uk,uk+1) ||X5j n Jl”Il >k,

and let
Xo=U (X560 U
k 1€[Ug, Uk+1)
It is clear that X, satisfies (1) and (4). O

Observe that CH was only needed in the limit step. If we do not require
that that V{ is a p-point then we have the following:

Theorem 12. There ezists an ultrafilter that is not weakly Hausdorff.
Proof. As in lemma 10, we will build an ultrafilter on the set [ J, [I)]?. Let

7= {X C (JI]? : limsup [ X N T, < oo} .
k
k

Note that Z is an ideal, and let U be any ultrafilter orthogonal to Z. Func-
tions fY, g° witness that U is not Hausdorff. O

4. A CONSTRUCTION OF A STRONGLY NON-HAUSDORFF ULTRAFILTER
UNDER CH

Now we are ready to prove Theorem 4 and to construct a p-point ultra-
filter Uy whose all finite-to-one images are not weakly Hausdorff.
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Let C be the Cohen forcing interpreted as adding a function e € FtO.
Specifically, the conditions are finite sequences of consecutive intervals
{Ep:k<n}ande(i) =k < i€ Ej. Let X C 2 be a non-meager set.
It is well known that for every countable model M there exists e € X which
is Cohen over M.

Let (M, : a < wy) be a tower of countable transitive elementary sub-
models of H(x) such that

(1) Mg C M, for f < a < w,

(2) Mo EUgc, Mg is countable,

(3) VNuw* =U,cn, Ma Nw®,

(4) eq € M, is a Cohen real over Mg for 8 < a. (interpreted as generic
object for C defined above).

We will build by induction sequence { X, : @ < w;} defining an ultrafilter
Up ={X € [w]“: Ja X, C* X}. We will require that
(1) V<o X, CF Xz,
(2) U*={X € MyN[w]¥: Xq+1 CF X} is an ultrafilter in M,,
(3) for every B < a and for every h € Mz NFtO, fOoe,, g o e, witness
that h(Up) is not Hausdorff.
(4) VB < aVh e MgNFtO Vy < w;y fPoeqoh[X,]Ngloeq 0h[X,] # 0.
As before, (1) and (2) guarantee that Uy is a p-point, and (3) implies
that Up is strongly non-Hausdorff, and (4) is a specific form of (3). Note
that at the limit stages we only have to preserve the induction hypothesis.

Definition 13. A finite set Y C X, is a (n, h, 5, o)-witness if there exists
k € w such that |eg o R[Y] N Ji[; > n.

To satisfy (3), we demand that for 8 < a < wy,
(5) for every h € Mg N FtO, limsupy, |egr1 0 h[Xa] N Jk|;, = oo, or
equivalently
(6) Vn Vh € Mz NFtO 3Y € [X,]<* Y is a (n, h, 8, a)-witness.
LIMIT STEP.
Suppose that {Xg : 8 < a} are defined and « is a limit ordinal. Work in
M, and let {0 : k € w} be an increasing sequence cofinal in a. By finite
modifications we can assume that Xg, C Xg, if £ > [. Let

X, = U (X, Next(Jr))-
k
It is clear that X, satisfies (1) and (4).
SUCCESSOR STEP.
Suppose that X, satisfying (4) is already defined and we want to define
Xot1 satisfying (2) and (5). Recall that by the induction hypothesis, for
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f<a,
Vn Vh € Mg Y € [X,]<¥ Y is a (n, h, B, a)-witness.

We will work in M,41. Let {Z,, : n € w} be the enumeration of M,N[w]“.
We will build by induction sequence {X” : n € w}. Let X = X, and
suppose that {X* : k < n} are already given and they satisfy the same
inductive hypothesis as X.

CasE 1. If for some 3 < o, and h € Mg N FtO,

limksup les+1 0 h[Znia N XG0 Tk, < oo

Put X"t = X\ Z,.4.
CAsE 2. If for some 3 < o, and h € Mg N FtO,

limksup Heg+1 © h[XZ \ Xn+1] n Jk”[k < 00.

Put X2t = X" N Z,41.

In all other cases let X! = X" N Z,,1.

We have to check that cases 1 and 2 are mutually exclusive. Without loss
of generality we can assume that the case 1 holds and let By be the smallest 3
such that for some hg € Mp,, limsupy, [eg,+1 0 ho[Zn+1 N XZ] N Ji[;, < oo

The following lemma will complete the construction:

Lemma 14. For every § < «, and every h € Mg NFtO,

limksup leg+1 0 A Xy \ Znta] N k[, = oo

Proof. By minimality of 3y, the statement is true for § < f[y. It also
holds for 8 = [ since the induction hypothesis gives us that
lim supy, [egy+1 © A[X5] N Jk|;, = oo, for every h € Mg,.

Suppose that the Lemma is false and let 7y > 3y be the first ordinal such
that limsupy, [€y,+1 0 hi[X3 \ Za] N Ji[; < oo for some hy € M,, N FtO.
It means that

VK €v0+1 © hl[Xg \ Zn+1] N Jk 7é Jk

If 1 & Ji \ eqoq1 © ha[X2\ Znya] then by (el ) ({1}) N Xa € Zpny1. Since
€yo+1 18 & Cohen real over Mg, there are infinitely many k such that for
every | € Ji, hfl(e;01+1({l})) N X, contains an (ng, hg, By, &) witness, where
n; — oo when [ — oco. Thus limsupy, [eg,+1 0 ho[Xa N Zn41] N Ji[;, = o0,
which is a contradiction.

To define X,+1 work in M,4+1 and apply the limit step construction to
the sequence {X” : n € w}.
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5. A CONSTRUCTION OF A NONDESTRUCTIBLE STRONGLY
NON-HAUSDORFF ULTRAFILTER

Now we are ready to prove Theorem 6.

Let M, be a countable support iteration of Miller forcing (or Blass-
Shelah forcing notion) of length wo (see [1] for definitions). We will show
that ultrafilter Uy constructed in the proof of theorem 4 remain strongly
non-Hausdorff in VMe:

The following list gives the relevant properties of either forcing:

(1) My, preserves p-points (see [5] or [1] 6.2.6),

(2) VMe2 = NCF, [6] or [5].

(3) My, preserves non-meager sets ([1], 6.3.20). In particular, for every
countable elementary submodel M < H(x) containing M,,, a con-
dition p € M, N M and a Cohen real e over M there exists ¢ > p
such that ¢ is (M, M,,) generic and q Iy, e is Cohen over MI[G).

Since a potential counterexample would involve only countably many
generic reals it suffices to show that VM |= “Uj is strongly non-Hausdorff”,
for all v < wy.

Fix v < w; and let G be a M, -generic filter over V. We would like
to argue that the ultrafilter Uy constructed for the sequences {e, : a <
w1} and {M, : a < w1} is exactly the same as the one constructed for
sequences {ey : @ < wi} and {M,[G] : @ < wy}. Clearly by (3) for every
a > f3, eq is Cohen over Mg[G]. To finish the proof it would suffice (by
(1)) to know that for every a, M, = “Uy N M, is a p-point.” In order
to have it we need to modify the successor step of the construction of Uyp.
Suppose that X, is given and in addition M, | CH. By the Theorem
6, M, | there exists a strongly non-Hausdorff p-point U% containing X,
The rest of the construction is identical, X, is defined from a sequence
{X?:a <w} € Myy; cofinal in the tower generating U®.
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