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In [R1] we gave the character formula for integrable infinite dimensional
highest weight modules of Borcherds-Kac-Moody (BKM) Lie superalgebras.
In this short note, we give a formula for their super-character. The proof is
similar to the one in [R1]. However in [R1] we omitted certain details which

ought to be emphasized for otherwise one of the main arguments would not
hold.

We first remind the reader of the definition of a BKM Lie superalgebra.

Let I be a finite set indexing the simple roots and S a subset of I indexing
the odd simple roots. The finite dimensional Borcherds-Kac-Moody Lie
superalgebras have a Cartan decomposition of Borcherds-Kac-Moody type.
In other words, they have an abelian even Lie algebra subalgebra H — called
a Cartan subalgebra — with bilinear form (.,.) containing elements h;, i € I
such that the Cartan matrix A = (ai;), a;; = (hs, h;) satisfies
(i) iy <0 if i # j;

(i1) 222 € Z if a;; > 0;
and are generated by the Lie subalgebra H and elements e;, f;,i € I satis-
fying the following defining relations:

(1) e, f5] = dijhi;

( 2) [h7€7§} = (h7hi)ei7 [ha fZ] = _(hyhl)fla

(3)dege; =0=degf;ifi €S, dege; =1 =degf;ifi €S}

2a;; 2a;;

(4) (ad (&) "= ej = 0= (ad (f;))'~ =t f; if az; > 0 and i # j;

( 5) [ei,ej] =0= [fmf]] if Q5 = 0.
We next fix some more notation, which we keep standard.

Notation. Set G to be a BKM superalgebra and H a Cartan subalgebra.
The roots spaces will be written Go = {z € G : [h,z] = a(h)z}.

We will write A for the set of roots and respectively AT, Ag, Ay, Aar,
AT for the set of positive, even, odd, even positive, odd positive roots of
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G. We also set AL, = {a € AJ : Ja ¢ A}, Ic = {i € I : a;; < 0} and
SOZ{iESIaiiZO}.

The Weyl group W is the group generated by the reflections induced by all
the simple roots of positive norm.

For w € W, set

e(w) = { 1 if w is the product of an even number of reflections
—1 otherwise '

For any weight A € H*, L(A) will denote the G-module of highest weight
A

Set p to be the Weyl vector, i.e. (p, ;) = 3(;, a;) for all i € I.

We now state a result proved in [R2, Lemma 2.2] which we will be
frequently using:

Lemma 1. For any root a € A" of norm 0, there exists w € W such that
w(a) is a simple odd root. Furthermore for all w € W, w(a)A™T.

We are interested in integrable modules. This means that all finite type
[R2, Definition 2.3] root vectors act in a locally nilpotent manner. Hence,
(A, ;) > 0 whenever a;; > 0. In this paper, we add a technical condition
and so consider irreducible highest weight modules L(A) for which that

(A,a;) >0 Viel (1)

We are mostly interested in infinite dimensional BKM superalgebras. Hence
all roots of negative norm are of infinite type [R2, Corollary 2.5]. Therefore,
the super-character formula we give in this paper applies to a large class of
modules.

Remark 2. When the BKM Lie superalgebra G is finite dimensional,
because there may be roots of negative type, which would then necessarily
be of finite type, the formula we give applies to a class of highest weight
modules which are in general of infinite dimension: Indeed, the module
L(A) is integrable if and only if 2((02\)23)) € Z, for all roots « of finite type
with non-trivial norm. Hence, if there is a positive root a of negative norm,
then the above condition (1) implies that (A, a) > 0, whereas integrability
forces (A,a) < 0. Therefore (A,a) = 0. As (A,a;) > 0 for all ¢ € I and
all i € I appear in the support of 8 [R2, Corollary 2.5], this implies that
(A,a;) =0 for all 4 € I and so A = 0. So the only integrable module the
formula we give here applies to is the trivial irreducible representation of
finite dimensional BKM Lie superalgebras with roots of negative norm. See
[R3] for arbitrary integrable modules.
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When G is finite dimensional with no roots of negative norm, G is either
of type A(m,0) or B(0,n). In the latter case, all roots have positive norm,
and our formula applies to all integrable modules, and we recover the results
of [K1]. In the former case, there is a unique simple odd root «; of norm 0
and by definition of the Weyl vector (p, a1) = 0. And so our formula applies
in this case, to all typical integrable modules satisfying (A, 1) > 0 and to
all atypical modules satisfying (A, aq) = 0.

So, when G is finite dimensional, our formula applies to highest weight
modules which are not in general integrable, and in particular are infinite
dimensional.

Similarly as in [K3] or [R1], the super-character of the Verma module
of highest weight A can be computed and the next equalities follow using
standard arguments.

Proposition 3. The super-character of the highest weight G-module L(A)
is given by:

e(p) J] (1—e(—a))sch L(A) = > axe(A+p) J] @ —e(-a)
a€AT A<A acA}
ol s
(2)

where ¢y € Z and cp = 1.

Before proving the super-character formula, we need to see that the Weyl
group W keeps the set of weights A satisfying ¢, # 0 invariant as it is not
completely obvious in the case when there are odd roots of norm O.

Lemma 4. We keep the notation of Proposition 3. For all A € H* and all
w € Wg, Cuirtp)—p = €(w)ex.

Proof. To prove the Lemma, it suffices to show that for any weight A € H*
satisfying ¢y # 0,
ri()\—l—p)SA-i-p Va;; > 0. (Z)

Indeed suppose this holds. Then A + p = r;(u + p) for some weight p € H*
such that p < A and |,u + p| = ‘A + p|. Hence, we may write

> dre(A+p) = > exe(ri(A +p)).
A<A A<A
ool <o ool ool
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If o € D] has non-zero norm, then 2o € D*. Hence, equation (2) may be
re-written as:

elp) [] @—e(=a)) J[ (1 +e(—a))schL(p)

aEA], acA-AY
= Y. acl+p) I @-e-a)
A<ZA aeAj
’)\+p’2:‘A+p{2 (a,)=0

(2)
Applying the reflection 7; to the left hand side of (2') multiplies it by —1.
Furthermore by Lemma 1,

r( I Q—e(=a))= J] (0 -e(=a)).
acAf acAf
(e,a)=0

Hence applying r; to the right hand side of equality (2/), we can deduce that

> (dr+eer+p) [ A+e(-a)=o0. (i)
A<A aeAf
IA+p|2:|A+p|2 (a,)=0

Suppose there exists a weight A for which dy # —c)\. We may take A to be
such that the height A — A is minimal. Then, equation (i) gives

dy + ¢ +Zd)‘+“ + e = 0,
o

the sum being taken over all distinct sums p of positive odd roots of norm
0. By minimality of the weight A, it follows that

dyx+cy =0,

contradicting the definition of .

We now prove property (i). Let A € H* be a weight satisfying ¢, # 0
and r;(A + p) £ A+ p for some i € I such that a;; > 0. We may take a
weight A with this property such that the height of A — X\ is minimal. To
complete the proof, we only need to show that this leads to a contradiction

Suppose that ¢y + Zu Cxt+pn # 0, where p runs over all sums of distinct
positive odd roots of norm 0. Considering the left hand side of (2/), we then
get a contradiction. Hence,

cx + ZC’\‘H‘ =0,
“w
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where p runs over all sums of distinct positive odd roots of norm 0. So,
there is a sum p of positive odd roots of norm 0 such that cy;, # 0. By
minimality of the height of A — A, r;(A+ p+ p) < A+ p. By Lemma 1,
r;(pn) > 0. So,

again contradicting assumption, and proving the result. L]

Let u = Ziel k;a;, where k; > 0 for all ¢ € I and write

hto(p) = Z ki.

i€l—S
Set
Th=e(A+p) Y e(ue(p)

with

(—1)ho) | if p= 3 kja; € ZLAY, k<1 unless i€ S

_ icl

E(M) - ai]‘:O,(Afai):O

0 otherwise

We are now ready to prove the super-character formula.

Theorem 5. Let L(A) be an integrable G-module satisfying (A, «;) > 0
for alli e I. Set

R=clp) [T 1 =e(-a)) I] (1 —e(=a)™*

aEAT aeAt

The super-character formula for for the module L(A) is:

schL(A) = e(p) D e(w)w(T'x)L' .
weWw

Proof.Let A be a weight satisfying inequalities (1). From Proposition 3,
we get
e(p)ch L(A)L = > exe(A + p). (i)
A<A
2 2
el =[as|

Lemma 4 gives ¢y = e(w)c, if w(A+ p) = p+ p for some w € W. Let
A be such that ¢y # 0. Hence, for all w € W, cyaqp)—p # 0 and so
w(A+p) <A+ p. Let p € {w(X+p) — plw € W} be such that ht(A — u)
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is minimal. Then (x4 + p,a;) > 0 for all ¢ € I such that a; > 0, and
|/¢—|—p|2 = ’A—i—pf. Setting u = A=, xsa4, x; € Z, the latter equation
gives
> @A+ p+2p,05) =0. (i4)
i€l
From the above and the definition of p and A, (A 4+ u + 2p,a;) > 0 for
all ¢ € I such that a;; > 0. Next, consider ¢ € I such that a;; < 0.
Now, (A + p+ 2p,a;) = (A + p + a;, ;). Suppose that x; # 0. Then
pto;=A—=>;ya; and y; > 0foralli € I, and so (A+p+2p, ;) > 0.
Hence, equation (i7) forces x; # 0 only if a;; < 0 and (A + p+ 2p, ;) = 0.
Therefore, for all 7 such that x; # 0,

(A,Oéi) =0, 1 }éj = (Oéi,Oéj) =0 z;,>22= (Oéz',Oéi) =0. (ZZZ)

We need to compute the sum T of all terms in the right hand side of
(¢) for which (A + p, ;) > 0 for all ¢ € I with a;; > 0. Equation (2) can be
re-written as

e(p)eh L(A) [T (1—e(=a))y™e = 3 w(@) [ (—e(=a))™he. (iv)

O‘EA: weW aeA;r
Let cye(A + p) be a term in T;. Set
A=A—a—0,

where o = > . gxioy and B = ), gz, T4,2; € Zy. For 2; # 0 and
z; # 0, «; satisfies conditions (#41).
Claim: If e(w(A + p) + ) is a term in Ty for 0 # v = >
and w € W, then w(A + p) = A + p.

From the above, (A + p,a;) > 0 for all ¢ € I. Therefore

ies i, Zi € Z+

wA+p)=A+p— Z cih; (v),

i,a4; >0

where ¢; € Z.. Since e(w(A+ p) + () is a term in Ty, D7, ;- g(@i + ¢i)ou +
> ics(Wi + zi)a; must satisfy conditions (44i). Hence ¢; # 0 = a;; < 0, and
so from (v) we can deduce that w(A+ p) = A+ p.

We now show by induction on ht(8) that ¢y = e(«), where e(a) = (—=1)"
if o is the sum of n distinct pairwise perpendicular simple even roots «;
perpendicular to A, and e(«) = 0 otherwise.
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Suppose that ht(3) = 0. Then, there must be a term on the left hand
side of (iv) equal to cye(A + p). However, ch L(A) does not have A as a
term since (A, «;) = 0 for all ¢ € T such that z; # 0 [K2, Proposition 11.2].
Hence, A = A — ngbﬁ w; and the roots p; in the sum are all distinct.
The support of a root being connected [K2, §1], without loss of generality
u; = a; and it follows that z; < 1 for all ¢ € I and so we get the desired
answer for c.

Next assume that ht(3) > 0 and that the result holds for all weights A
with 8 of smaller height. Then, no term on the left hand side of (iv) equals
exe(A + p). Since f§ is the sum of mutually orthogonal simple roots and if
any appear more than once, it has norm 0, no sub-sum of (3 is a root. Hence
the above Claim gives

cexe(N) + Z(*l)schﬁ—ail—k--.aise()‘ + iy +eqg)e(—ay,).e(—ay,) =0,
s=1

where 7 is the number of distinct simple roots «; with z; # 0 since in each
term, the «;’s must be distinct. It follows by induction that

ey (£) =

s=1

giving the desired answer for c). L]

The super-character formula for the trivial module leads to one of the
most important formulae associated to a BKM superalgebra:

Theorem 3.4. For any BKM superalgebra G, the super-denominator for-
mula is

(1 — e(—q))multe _ g,
Moeag (1~ e(-a)) ) 3wyl

[ocar (I~ e(—a)C =
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