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1. INTRODUCTION

Some finite dimensional simple Lie superalgebras have a Cartan decom-
position with a Cartan matrix of Borcherds-Kac-Moody type. With respect
to such a decomposition, the root system either has no roots of negative
norm or has exactly one positive even root of negative norm. The first
group contains the Lie superalgebras of type A(m, 0), B(0, n), B(m, 1),
C(n) and D(m, 1). The second one has two subclasses, one with no odd
roots of negative norm of type A(m, 1) and one with odd roots of negative
norm, namely the exceptional classical Lie superalgebras, i.e. G(3), F (4)
and D(2, 1; α), α 6= 0, 1 [R2]. The character and super-character formulae
are known for all the finite dimensional classical modules of finite dimen-
sional classical Lie superalgebras which are not exceptional. In [K2], this
was given by Kac for typical modules and his result in particular applies to
finite dimensional typical modules of G(3), F (4) and D(2, 1;α). For atypi-
cal modules of simple finite dimensional Lie superalgebras, they were given
by several people [H,HM1, HM2, M, MSS, NRS, S1, S2, V, VHKT]. In the
case of atypical modules of the exceptional Lie superalgebras, they are not
yet known. The character and super-character formulae we gave in [R1,3]
apply to integrable modules of infinite dimensional BKM superalgebras and
to some finite dimensional modules – typical and atypical – of classical Lie
superalgebras but in the case of exceptional Lie superalgebras aaply only
to the trivial representation. In this paper we give a proof of the character
and super-character formulae which applies to all finite dimensional mod-
ules of Borcherds-Kac-Moody Lie superalgebras except of type A(m, 1). In
particular, we derive the character and super-character of all atypical finite
dimensional representations of the exceptional classical Lie superalgebras.

2. THE STRUCTURE OF BORCHERDS-KAC-MOODY LIE SUPERALGEBRAS

In this section, we give the specific properties of the finite dimensional Lie
superalgebras of Borcherds-Kac-Moody type which make the proof possible.
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Most of the results can be found in [R2] and we only state them. Others
are simple consequences.

Let I be a finite set indexing the simple roots and S a subset of I indexing
the odd simple roots. The finite dimensional Borcherds-Kac-Moody Lie
superalgebras have a Cartan decomposition of Borcherds-Kac-Moody type.
In other words, they have an abelian even Lie algebra subalgebra H – called
a Cartan subalgebra – with bilinear form (., .) containing elements hi, i ∈ I
such that the Cartan matrix A = (aij), aij = (hi, hj) satisfies

(i) aij ≤ 0 if i 6= j;
(ii) 2aij

aii
∈ Z if aii > 0;

and are generated by the Lie subalgebra H and elements ei, fi, i ∈ I satis-
fying the following defining relations:

( 1) [ei, fj ] = δijhi;
( 2) [h, ei] = (h, hi)ei, [h, fi] = −(h, hi)fi;
( 3) deg ei = 0 = deg fi if i 6∈ S, deg ei = 1 = deg fi if i ∈ S;

( 4) (ad (ei))
1− 2aij

aii ej = 0 = (ad (fi))
1− 2aij

aii fj if aii > 0 and i 6= j;
( 5) [ei, ej ] = 0 = [fi, fj ] if aij = 0.

As we are concerned with finite dimensional simple Lie superalgebras, the
conditions are stronger. The proof of the character and super-character
formulae which we give is strongly based on the following properties, which
are immediate from [R2, Lemma 2.4].

Lemma 2.1. Let G be a finite dimensional simple BKM Lie superalgebra.
Then for all i ∈ I, aii ≥ 0. Furthermore, aii = 0 implies that i ∈ S.

We next list the BKM finite dimensional Lie superalgebras and their
BKM type Cartan matrices: The BKM Lie superalgebras of type A(m, 0) =
sl(m + 1, 1), A(m, 1) = sl(m + 1, 2), B(0, n) = osp(1, 2n), B(m, 1) =
osp(2m + 1, 2), C(n) = osp(2, 2n − 2), D(m, 1) = osp(2m, 2), D(2, 1; α)
for α 6= 0,−1, F (4), and G(3) have a base with respect to which the Cartan
matrix is respectively:




0 −1 0 . . . 0
−1 2 −1 . . . 0
0 −1 2 . . . 0
...

...
...

. . .
...

0 0 0 . . . 2




,




0 −1 0 . . . 0 0
−1 2 −1 . . . 0 0
0 −1 2 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 2 −1
0 0 0 . . . −1 0




,
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


1 −1 0 . . . 0
−1 2 −1 . . . 0
0 −1 2 . . . 0
...

...
...

. . .
...

0 0 0 . . . 2




,




0 −1 0 . . . 0 0
−1 2 −1 . . . 0 0
0 −1 2 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 2 −1
0 0 0 . . . −1 1




,




0 −1 0 . . . 0 0
−1 2 −1 . . . 0 0
0 −1 2 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 2 −2
0 0 0 . . . −2 4




,




2 0 −1 . . . 0 0
0 2 −1 . . . 0 0
−1 −1 2 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 2 −1
0 0 0 . . . −1 0




,




0 −1 −α
−1 2 0
−α 0 2α


 for α > 1,




0 −1 0 0
−1 2 −2 0
0 −2 4 −2
0 0 −2 4


,




0 −1 0
−1 2 −3
0 −3 6


,

where in all cases i ∈ S if and only if aii = 0 or 1. Furthermore D(2, 1, α)
and D(2, 1;β) are isomorphic when α and β belong to the same orbit of the
group of order 6 generated by α 7→ −1− α, α 7→ 1

α .

Remarks 2.2. (i) The usual Cartan matrices (which we will write B) for
example for G(3), F (4) and D(2, 1; α) (given in [K1]) are respectively:




0 1 0
−1 2 −3
0 −1 2







0 1 0 0
−1 2 −2 0
0 −1 2 −1
0 0 −1 2







0 1 α
−1 2 0
−1 0 2


 .

However in each case, there exists a diagonal matrix D with positive entries
such that the matrix A = DB is symmetric. With respect to these matrices,
the Lie superalgebras G have similar types of generators e′i, f ′i as the ones
given above, the only difference being that for i, j ∈ I, (h′i, h

′
j) = d−1

i d−1
j aij ,

where h′i = [e′i, f
′
i ] and di is the (i, i)-th entry of the diagonal matrix D.

However, we may as well take the symmetric version A of the Cartan matrix
for reasons of simplicity since these generators are multiples of the above
ones.
(ii) As the Lie superalgebras in question are simple, the elements hi form
a basis of the Cartan subalgebra H.
(iii) The reason we do not consider the case A(m, 1) is that it is the only
finite dimensional BKM superalgebra with two odd simple roots. Part of
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proof applies to this case and it could be presumably completed to deal
with it. However as the character and super-character formulae for it have
already been computed in [VHKT], there is no need to do so.

Notation. Set G to be a BKM superalgebra and H a Cartan subalgebra,
G0 (resp. G1) the even (resp. odd) part. Set GE to be the Lie subalgebra
generated by the root spaces G±αi

, i ∈ I − S.
The roots spaces will be written Gα = {x ∈ G : [h, x] = α(h)x}. The follow-
ing will denote the usual nilpotent Lie sub-superalgebras: N = ⊕α∈∆+Gα,
and N0 = N ∩G0.
We will write ∆ for the set of roots and respectively ∆+, ∆0, ∆1, ∆+

0 , ∆+
1

for the set of positive, even, odd, even positive, odd positive roots of G
with respect to the above given Cartan decomposition. Furthermore, we
will write ∆E for the set of roots generated by the even simple roots, i.e.
αi with i ∈ I − S. In all cases, α1 will denote the unique odd simple root.
It has norm 0.
The Weyl group W is the group generated by the reflections induced by all
the even roots. And WE will denote the Weyl group induced by the even
simple roots. For i ∈ I − S, ri will denote the reflection corresponding to
the simple root αi.

We next give some further properties specific to finite dimensional BKM
superalgebras, which will play an important role in the proof of the character
and super-character formulae. They are easy consequences of the above
Cartan matrices or else see [R2, Lemmas 2.2, 2.4, Corollary 2.5, Proposition
2.6].

Lemma 2.3.
(i) All positive roots of norm 0 are conjugate to a simple root of norm 0

under the action of the group WE .

(ii) If the roots γ1, γ2 ∈ ∆+ have non-positive norm, then (γ1, γ2) ≤ 0. ;
(iii) There is at most one odd positive root of negative norm. It has norm -2.

If such an odd root β exists, then the Lie superalgebra G is exceptional,
2β is the unique even positive root 2β of negative norm and there is a
unique simple root of norm 0. Furthermore, 2β is the highest root of ∆.

(iv) If the root β given in (ii) exists, then rβw = wrβ for all w ∈ WE , where
rβ be the reflection induced by the even root 2β. Equivalently, (β, α) = 0
for all α ∈ ∆E .

(v) All positive odd roots of norm 0 are conjugate to an odd simple root
under the action of the group WE . Moreover, WE(∆+

1 ) = ∆+
1 and

rβ(∆+
1 ) = −∆+

1 in the case when the root β exists.

(vi) All the root spaces have dimension 1.
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(vii) For any α, γ ∈ ∆+
1 of norm 0, either [Gα, Gγ ] = 0 or [Gα, Gγ ] = G2β .

Moreover if there are roots of negative norm, then for every α ∈ ∆+
1 ,

there 2β − α ∈ ∆+
1 .

Proof. We only prove (vii): Suppose that α, γ ∈ ∆+
1 are of norm 0 and

that [Gα, Gγ ] 6= 0. Then α + β is an even root containing 1 in its support.
Therefore, it cannot have positive norm since it would then have to be be
conjugate to a simple root of positive norm under the action of WE [R2,
Lemma 2.2]. As the Lie superalgebra G is finite dimensional, it does not
have even roots of norm 0 [R2, Lemma 2.4] and hence α + γ has negative
norm. The first part of (vii) then follows from (vi). Now, for any α ∈ ∆+

1 ,
α = α1 +

∑
i>1 kiαi, and so by (ii) and (iv) (α, β) < 0. Therefore α− 2β is

a root, proving the second part of (vii).

Notation. When there is an even root of negative norm, it will be called
2β and rβ will denote the corresponding reflection.

Remarks 2.4. (i) There is a a root of negative norm when the even part
of the exceptional Lie superalgebras is not an irreducible Lie algebra and
S2β = G−2β ⊕ [G−2β , G2β ] ⊕ G2β is isomorphic to a A1 summand of G0.
Moreover, G0 has at most one simple summand corresponding to a root of
negative norm. Indeed, A(m, 0)0 = Am ⊕ C, A(m, 1)0 = Am ⊕ A1 ⊕ C,
B(0, n)0 = Cn, B(m, 1) = Bm ⊕ A1, D(m, 1)0 = Dm ⊕ A1, D(2, 1;α)0 =
A1 ⊕A1 ⊕A1 for α 6= 0,−1, F (4) = B3 ⊕A1, and G(3) = G2 ⊕A1 [K1].

(ii) Since an even root of negative norm is the highest root, it contains all
the simple roots in its support.

(iii) The characteristic property of BKM superalgebras stated in Lemma
2.3 (ii) [R2, Proposition 2.6] is the reason why there is a proof valid for
all simple finite dimensional Lie superalgebras with a BKM type Cartan
decomposition. This condition does not hold for any other simple finite
dimensional Lie superalgebra.

Example 2.5. The exceptional Lie superalgebra G(3) has three simple
roots α1, α2, α3 with S = {1}. The set of positive odd roots is

∆+
1 ={α1, α1 + α2, α1 + α2 + α3, α1 + 2α2 + α3,

α1 + 3α2 + α3, α1 + 3α2 + 2α3, α1 + 4α2 + 2α3}
and the set of positive even roots generated by the simpler roots α2, α3 – in
other words the set of positive roots of G2 – is

∆+
E = {α2, α3, α2 + α3, 2α2 + α3, 3α2 + α3, 3α2 + 2α3}.



6 URMIE RAY

The unique positive odd root of negative norm is β = α1 + 2α2 + α3. All
the other positive odd roots have norm 0.

3. THE CHARACTER AND SUPER-CHARACTER FORMULAE FOR FINITE

DIMENSIONAL REPRESENTATIONS

We first fix some more notation, which we keep standard.

Notation. For w ∈ W , set

ε(w) =
{ 1 if w is the product of an even number of reflections
−1 otherwise

.

For any weight Λ ∈ H∗, L(Λ) will denote the finite dimensional module of
highest weight Λ and P (Λ) the set of weights of L(Λ).
Set ρ to be the Weyl vector, i.e. (ρ, αi) = 1

2 (αi, αi) for all i ∈ I. Set
ρ0 = 1

2

∑
α∈∆+

0
α and ρ1 = 1

2

∑
α∈∆+

1
α.

To start with, an elementary well known result about the Weyl vector
of finite dimensional BKM superalgebras. It follows from the above given
Cartan matrices.

Lemma 3.1. Suppose that the BKM Lie superalgebra G is finite dimen-
sional. Then, ρ = ρ0 − ρ1. Furthermore, (ρ0, β) = −2.

Proof. The equality follows from the fact that (ρ0, 2β) = 1
2 (2β, 2β) and

that the root β has norm −2 (Lemma 2.3 (iii)).

We are interested in integrable modules. This means that all finite type
[R2, Definition 2.3] root vectors act in a locally nilpotent manner. As here
our Lie superalgebra G has finite dimension, all its roots are of finite type.
Clearly, all root vectors x corresponding to roots of norm 0 and finite type
act in this manner on any G-module since [x, x] = 0. Furthermore as 2β is is
the highest root (if roots of negative norm exist), its roots space commutes
with every positive root space [R2, Lemma 2.4].

Lemma 3.2. Let V be a G-module.
(i) For any v ∈ V and any α ∈ ∆+

1 such that (α, α) = 0, x2v = 0 for all
x ∈ Gα.

(ii) If there is an odd root of negative norm β, then e2βv = 2eβv and e2βxv =
xe2βxv for all eβ ∈ Gβ , e2β ∈ G2α, x ∈ N and v ∈ V .

Remarks 3.3. For Kac-Moody Lie superalgebras, integrable modules and
irreducible ones are the same [K4, §10]. This is no longer necessarily true
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for BKM with simple roots of non-positive norm. Indeed there may be non-
trivial vectors v which are not highest weight such that eiv = 0 for all i ∈ I.
The module L(Λ) is integrable if and only if (Λ, α) ≥ 0 for all roots α of
finite type. In [R1,3], we give the character and super-character formulae for
irreducible integrable highest weight modules L(Λ) of BKM superalgebras
G satisfying (Λ, αi) ≥ 0 for all i ∈ I, so with the added technical condition
(Λ, αi) ≥ 0 when aii ≤ 0. Hence, (Λ, α) ≥ 0 for all α ∈ ∆+.

When G is finite dimensional, as we have seen in the previous section, it
may have roots of negative norm and finite type. In this case, integrability
forces (Λ, β) ≤ 0. Therefore (Λ, β) = 0. As (Λ, αi) ≥ 0 for all i ∈ I and
all i ∈ I appear in the support of β (see Remark 2.4 (iii)), this implies that
(Λ, αi) = 0 for all i ∈ I and so Λ = 0. So the formulae given in [R1,3] only
apply to the trivial irreducible representation of finite dimensional BKM
Lie superalgebras with roots of negative norm.

When G is finite dimensional with no roots of negative norm, G is either
of type A(m, 0) or B(0, n). In the latter case, all roots have positive norm,
and our formulae apply to all integrable modules, and we recover the results
of [K3]. In the former case, there is a unique simple odd root α1 of norm 0
and by definition of the Weyl vector (ρ, α1) = 0. And so our formulae apply
to all typical integrable modules satisfying (Λ, α1) > 0 and to all atypical
modules satisfying (Λ, α1) = 0.

When G is infinite dimensional, there are no roots of finite type and
negative norm [R2, Corollary 2.5] and hence the formulae apply to the large
class of irreducible integrable modules L(Λ) for which (Λ, αi) ≥ 0 for all
i ∈ I.

From now on G will be a finite dimensional BKM Lie superalgebra and
the G-module L(Λ) will be finite dimensional. We need to introduce some
further notation.

Notation. Since G0 is a semisimple Lie algebra, as a G0-module L(Λ) is a
direct sum of irreducible G0-modules, which will be written Vi, 1 ≤ i ≤ m.
The highest weight of the module Vi will be denoted Λi.

Since ρ0 is the Weyl vector of the Lie algebra G0, the next result gives
the character formula of the G0-module L(Λ).

Lemma 3.4.

e(ρ0)
∏

α∈∆+
0

(1− e(−α))chL(Λ) =
∑

w∈W

m∑

i=1

ε(w)e(Λi + ρ0). (1)

We next find more information about the weights Λi.
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Lemma 3.5. For any 1 ≤ i ≤ m, Λ− Λi is a sum of distinct positive odd
roots.

Proof. Let v ∈ L(Λ) be a highest weight vector of the G0-module Vi. Since

L(Λ) = U(N−
0 )U(N−

1 )vΛ,

v = v1 + v2, where v1 ∈ U(N−
1 )vΛ and v2 ∈ U(N−

0 )N−
0 U(N−

1 )vΛ.

We first show that v1 6= 0. So, suppose that

v = v2.

We may then write

v =
∑

i>1

fiui + f2βuβ for some ui, u ∈ L(Λ).

Since the weights of the vectors ui and uβ are strictly greater than Λi, the
vectors ui, uβ belong to a direct sum of ⊕Vk of G0-modules of highest weight
strictly greater than Λi. It follows that v ∈ ⊕Vk. Hence, the weight of the
vector v is strictly greater than Λi. This contradiction forces v1 6= 0.

We can therefore deduce that Λ−λ is a sum of odd positive roots. Since
v1 ∈ U(N−

1 )vΛ, by Lemmas 2.3 (vii) and 3.2, there are no repeats in this
sum.

Similarly as in [K3] or [R1], the character of the Verma module of highest
weight Λ can be computed and the next equalities follow using standard
arguments.

Proposition 3.6. The character and super-character of the finite dimen-
sional highest weight G-module L(Λ) are given by:

e(ρ0)
∏

α∈∆+
0

(1−e(−α))chL(Λ) =
∑

λ≤Λ∣∣λ+ρ
∣∣2=

∣∣Λ+ρ
∣∣2

cλe(λ+ρ)e(ρ1)
∏

α∈∆+
1

(1+e(−α)) (2)

and

e(ρ0)
∏

α∈∆+
0

(1−e(−α))schL(Λ) =
∑

λ≤Λ∣∣λ+ρ
∣∣2=

∣∣Λ+ρ
∣∣2

c′λe(λ+ρ)e(ρ1)
∏

α∈∆+
1

(1−e(−α)) (3)

where cλ, c′λ ∈ Z and cΛ = 1 = c′Λ.

The first step and crux of the proof is given in the following result.
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Proposition 3.7. We keep the notation of Proposition 3.6. Suppose that
λ ∈ H∗ is a weight for which either cλ 6= 0 or c′λ 6= 0.
(i) If there are no roots of negative norm, then there is an element w ∈ W

such that w(Λ + ρ)− (λ + ρ) is a sum of positive odd roots.
(ii) If (Λ + ρ, β) ≤ 0 (resp. (Λ + ρ, β) ≥ 0), then there is an element w ∈ W

(resp. w ∈ WE) such that w(Λ + ρ) − (λ + ρ) is a sum of positive odd
roots.

Proof. We prove case (ii). Suppose first that (Λ + ρ, β) ≤ 0. Suppose that
the result is false. Then, there is a weight λ ∈ H∗ such that cλ 6= 0 and for
which for any element w ∈ W , w(Λ+ ρ)− (λ+ ρ) is never a sum of positive
odd roots. We may choose a weight λ with this property and such that the
height of Λ− λ is minimal.

Suppose first that cλ +
∑

µ cλ+µ 6= 0, where µ runs over all possible sums
of distinct positive odd roots. Equating the left hand sides of equations (1)
and (2), we get

λ + ρ0 = w(Λi + ρ0)

for some w ∈ W and 1 ≤ i ≤ m. The definition of ρ1 together with Lemma
2.3 (iv) imply that for any w ∈ WE , w(ρ1) = ρ1 and rβ(ρ1) = −ρ1. Hence,
since 2ρ1 =

∑
α∈∆+

1
α, there is an element w ∈ WE such that either

λ + ρ = w(Λi + ρ) (i)

or
λ + ρ = rβw(Λi + ρ)−

∑

α∈∆+
1

α. (ii)

If equality (i) holds, then it follows immediately from Lemmas 3.5 and 2.3
(v) that w(Λ+ ρ)− (λ + ρ) is either 0 a sum of positive odd roots. Suppose
that equality (ii) holds. Then, by Lemma 3.5, µ = Λ − Λi is a sum of
distinct positive odd roots. Hence by Lemma 2.3 (v), so is −wrβ(µ) and
thus either wrβ(µ) +

∑
α∈∆+

1
α is also a sum of distinct positive odd roots

or 0. So again, w(Λ+ ρ)− (λ+ ρ) is either 0 or a sum of positive odd roots.
Therefore, in both cases, assumptions are contradicted.

Therefore, cλ +
∑

µ cλ+µ = 0, where µ runs through all sums of distinct
positive odd roots. Hence there exists a sum of positive odd root µ such
that cλ+µ 6= 0. By minimality of the weight λ, there is an element w ∈ W
for which λ + ρ + µ = w(Λ + ρ) − γ for some sum γ of positive odd roots.
Hence w(Λ+ρ)− (λ+ρ) is a sum of positive odd roots, again contradicting
assumptions and proving the result when (Λ + ρ, β) ≤ 0.
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Suppose next that (Λ+ ρ, β) ≥ 0 and that the result is false. Then, there is
a weight λ ∈ H∗ such that cλ 6= 0 and for which for any element w ∈ WE ,
w(Λ + ρ)− (λ + ρ) is never a sum of positive odd roots. We may choose a
weight λ with this property and such that the height of Λ − λ is minimal.
Again either equality (i) or (ii) holds. If (i) does, then we get a contradiction
to the definition of λ as above. Suppose that (ii) holds. Then, by Lemma
2.3 (iv) and (v) together with Lemma 3.1,

λ + ρ = wrβ(Λi + ρ0)− ρ1

= w(Λ + ρ0) + (Λ + ρ0, β)β − wrβ(µ)− ρ1

= w(Λ + ρ) + (Λ + ρ0, β)β − wrβ(µ).

Since λ + ρ ≤ Λ + ρ,

(Λ + ρ0, β)β − wrβ(µ) ≤ Λ + ρ− w(Λ + ρ). (iii)

Since w ∈ WE , by Lemma 3.8, w(Λ + ρ) ≤ Λ + ρ, and so Λ + ρ− w(Λ + ρ)
is a positive sum of the simple roots αi, i ∈ I − S. Since for any α ∈ ∆+

1 ,
α = α1 +

∑
i 6∈S kiαi, inequality (iii) implies that −(Λ + ρ0) is greater than

the number of positive odd roots appearing in the sum −wrβ(µ). Moreover,
as L(Λ) is an integrable module, 2(Λ,2β)

(2β,2β) is an integer and so (Λ, β) is an even
integer since by Lemma 2.3 (iii), the norm of β is −2. Hence, by Lemma
3.1, (Λ + ρ0, β) is also an even integer. Now, for any α ∈ ∆+

1 , 2β − α ∈ ∆+
1

by Lemma 2.3 (vii). We can therefore deduce that −(Λ + ρ0, β)β + wrβ(µ)
is a sum of positive odd roots. Therefore we again get a contradiction to
the definition of λ. The result then follows in the same way as above.
The case when c′λ 6= 0 is dealt with in the same manner so is Case 1.

Before proving the second main step leading to a description of the
weights λ with cλ 6= 0 or c′λ 6= 0, we need to see that the group WE keeps
the set of weights λ satisfying cλ 6= 0 invariant and consider the effect of
the reflection rβ on this set.

Lemma 3.8. We keep the notation of Proposition 3.6. For all λ ∈ H∗ and
all w ∈ WE , cw(λ+ρ)−ρ = ε(w)eλ and c′w(λ+ρ)−ρ = ε(w)c′λ.

Proof. To prove the first equality, it suffices to show that for any weight
λ ∈ H∗ satisfying cλ 6= 0,

ri(λ + ρ) ≤ Λ + ρ ∀i 6= 1. (i)

Indeed suppose this holds then λ + ρ = ri(µ + ρ) for some weight µ ∈ H∗

such that µ ≤ Λ and
∣∣µ + ρ

∣∣ =
∣∣Λ + ρ

∣∣. Hence, we may write
∑

λ≤Λ∣∣λ+ρ
∣∣2=∣∣Λ+ρ

∣∣2
dλe(λ + ρ) =

∑

λ≤Λ∣∣λ+ρ
∣∣2=∣∣Λ+ρ

∣∣2
cλe(ri(λ + ρ)).
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On the other hand, applying the reflection ri to the left hand side of (2)
multiplies it by −1. Now, by Lemma 2.3 (v) and by definition of ρ1,

ri(ρ1) = ρ1 and ri(
∏

α∈∆+
1

(1 + e(−α))) =
∏

α∈∆+
1

(1 + e(−α)).

Hence applying ri to the right hand side of equality (2), we can deduce that

∑

λ≤Λ∣∣λ+ρ
∣∣2=∣∣Λ+ρ

∣∣2
(dλ + cλ)e(λ + ρ)e(ρ1)

∏

α∈∆+
1

(1 + e(−α)) = 0. (ii)

Suppose there exists a weight λ for which dλ 6= −cλ. We may take λ to be
such that the height Λ− λ is minimal. Then, equation (ii) gives

dλ + cλ +
∑

µ

dλ+µ + cλ+µ = 0,

the sum being taken over all distinct sums µ of positive odd roots. By
minimality of the weight λ, it follows that

dλ + cλ = 0,

contradicting the definition of λ.

We now prove property (i). Let λ ∈ H∗ be a weight satisfying cλ 6= 0
and ri(λ + ρ) 6≤ Λ + ρ for some i 6= 1. We may take a weight λ with this
property such that the height of Λ− λ is minimal. To complete the proof,
we only need to show that this leads to a contradiction

Suppose that cλ +
∑

µ cλ+µ 6= 0, where µ runs over all sums of distinct
positive odd roots. Equating the right hand sides of equations (1) and (2),
we can deduce that

λ + ρ0 = w(Λi + ρ0)

for some index 1 ≤ i ≤ m and some element w ∈ W . It follows that

ri(λ + ρ0) ≤ Λ + ρ0.

Therefore, as ri(ρ1) = ρ1,

ri(λ + ρ) ≤ Λ + ρ,
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contradicting assumption. Hence,

cλ +
∑

µ

cλ+µ = 0,

where µ runs over all sums of distinct positive odd roots. So, there is a sum
µ of positive odd roots such that cλ+µ 6= 0. By minimality of the height of
Λ− λ, ri(λ + µ + ρ) ≤ Λ + ρ. By Lemma 2.3 (v), ri(µ) > 0. So,

ri(λ + ρ) ≤ Λ + ρ,

again contradicting assumption, and proving the first equality. The second
equality is proved in the same way.

Remark 3.9. Note that lemma 3.8 does not necessarily hold for all w ∈ W .
Indeed if there is an even weight 2β of negative norm, then (ρ, 2β) ≥ 0 since
(ρ, αi) ≥ 0 for all i ∈ I. The inequality is strict if there are simple roots of
positive norm and so we may have rβ(Λ+ρ) > Λ+ρ even though rβ(Λ) ≤ Λ
since L(Λ) being finite dimensional, rβ(P (Λ)) = P (Λ). And as we will see
later, even when rβ(Λ+ρ) ≤ Λ+ρ, Lemma 3.8 may not hold for all weights
λ ∈ H∗ such that cλ 6= 0. However a restricted version of Lemma 3.8 holds
for the reflection rβ .

Lemma 3.10. We keep the notation of Proposition 3.6. Suppose that
there is an even root 2β of negative norm. Then, for any weight λ ∈ H∗,
crβ(λ+ρ)−ρ = −cλ 6= 0 (resp c′rβ(λ+ρ)−ρ = −c′λ) if and only if −Λ− ρ ≤ λ +
ρ ≤ Λ+ρ. Furthermore, such a weight λ exists if and only if (Λ+ρ, β) ≤ 0.

Proof. First notice that for any weight µ ∈ H∗ such that (µ, αi) ≥ 0 for
all i 6= 1 and (µ, β) ≤ 0,

−µ ≤ w(µ) ≤ µ

for all w ∈ W since there is an element w0 ∈ W such that w0(µ) = −µ.
Suppose that for λ ∈ H∗, crβ(λ+ρ)−ρ = −cλ 6= 0. Hence, Lemma 3.8 and

the above imply that

−Λ− ρ ≤ −λ− ρ ≤ rβ(λ + ρ) ≤ λ + ρ ≤ Λ + ρ

or
−Λ− ρ ≤ −rβ(λ + ρ) ≤ λ + ρ ≤ rβ(λ + ρ) ≤ Λ + ρ

depending on the sign of (λ + ρ, β). This proves the result.

We next prove the second main step. We deal with two cases depending
on the sign of (Λ + ρ, β).
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Proposition 3.11. We keep the notation of Proposition 3.6. Suppose that
either there is no roots of negative norm or (Λ + ρ, β) > 0. If cλ 6= 0, then
there exits w ∈ W such that either
(i) λ + ρ = w(Λ + ρ) or
(ii) there is an infinite chain of weights λi:

w(Λ + ρ) > λ + ρ > λ1 + ρ > ... > λn + ρ > ...

such that cλi
6= 0, λi − λi+1 is a sum of odd roots.

Proof. Assume that there is a root β as the case when no such roots
exist can be proved in a similar simplified manner. Suppose that there is
a weight λ such that for all w ∈ W , λ + ρ 6= w(Λ + ρ) and cλ 6= 0. Set
µ = λ−∑

α∈∆+
1

α. By Lemma 3.7, there is an element w ∈ WE and a sum
γ of positive odd roots such that

µ + ρ = w(Λ + ρ)− γ −
∑

α∈∆+
1

α. (i)

Claim: cµ +
∑

α cµ+α = 0, where the sum is over all sums α of distinct
positive odd roots.

Suppose this is false. Then from equation (2), we get µ+ρ0 = w1(Λi+ρ0)
for some element w1 ∈ W and some index 1 ≤ i ≤ m. So equation (i)
becomes

w1(Λi + ρ0)− ρ1 = w(Λ + ρ)− γ −
∑

α∈∆+
1

α.

By definition,
∑

α∈∆+
1

α = 2ρ1. So,

w1(Λi + ρ0) = w(Λ + ρ)− γ − ρ1

= w(Λ + ρ0)− γ −
∑

α∈∆+
1

α

since w ∈ WE . Setting δ = Λ− Λi, the above can be re-written as

w1(Λ + ρ0)− w(Λ + ρ) = −γ −
∑

α∈∆+
1

α + w1(δ). (ii)

Now, by Lemma 3.5, δ is a sum of distinct positive odd roots. Hence if
w1 ∈ WE , then by Lemma 2.3 (v), the right hand side of equation (ii) is a
sum of positive odd roots, whereas this cannot be the case of the left hand
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side. So w1 6∈ WE and there is an element w2 ∈ WE such that w1 = w2rβ .
Then,

µ + ρ = w2rβ(Λi + ρ0)− ρ1

= w2rβ(Λi + ρ)− 2ρ1.

Hence, the definition of µ gives

λ + ρ = w2rβ(Λi + ρ). (iii)

From Lemmas 2.3 (iv) and 3.5 and the assumption (Λ+ρ, β) > 0, (w2(Λi +
ρ), β) > 0. Hence, by equation (iii), (λ + ρ, β) < 0. On the other hand,
Equation (i) together with Lemma 2.3 (ii) imply that (λ + ρ, β) > 0. This
contradiction proves the Claim.
An immediate consequence of the above Claim is that there is some weight
λ′ such that λ − λ′ is a sum of distinct positive odd roots and cλ′ 6= 0.
Hence, the result follows from Proposition 3.7 and repeating the argument
for λ′ and so on.

The next result also applies to the case (Λ + ρ, β) > 0. Nevertheless, we
give Proposition 3.11 to show that the case (Λ+ρ, β) > 0 can be dealt with
in a straightforward manner.

Proposition 3.12. Suppose that the G-module L(Λ) is irreducible. We
keep the notation of Proposition 3.6. Suppose that cλ 6= 0 or c′λ 6= 0. If for
any w ∈ W , w(λ + ρ) 6= Λ + ρ, then there is some root α ∈ ∆+

1 of norm 0
such that (λ + ρ, α) = 0.

Proof. We give the proof in the context of the character formula, the
super-character formulae can be dealt with in the same manner.

From the denominator formula given in [R1], it follows that

e(ρ1)Πα∈∆+
1
(1 + e−α)

∑

w∈WE

ε(w)(−1)le(w(ρ− lα1))chL(Λ)

= e(ρ0)Πα∈∆+
0
(1− e−α)chL(Λ)

= e(ρ1)Πα∈∆+
1
(1 + e−α)

∑

λ≤Λ∣∣λ+ρ
∣∣2=

∣∣Λ+ρ
∣∣2

cλe(λ + ρ)
.

Clearly,

∑

w∈WE

ε(w)(−1)le(w(ρ− lα1))chL(Λ) =
∑

λ≤Λ

dλeλ+ρ
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for some constants dλ ∈ Z. Suppose that dλ 6= cλ for some weight λ. We
may take λ such that the height Λ − λ is minimal. The above equation
then forces dλ − cλ +

∑
µ dλ+µ − cλ+µ = 0, where the sum is taken over

all distinct sums µ of positive odd roots. So, by minimality of λ, dλ = cλ,
contradicting assumption. Hence,

∑

w∈WE

ε(w)(−1)le(w(ρ− lα1))chL(Λ) =
∑

λ≤Λ∣∣λ+ρ
∣∣2=∣∣Λ+ρ

∣∣2
cλe(λ + ρ). (i)

Let λ ∈ H∗ be a weight such that cλ 6= 0 and such that for any w ∈ W ,
w(λ + ρ) 6= Λ + ρ. From equation (i), we can deduce that

λ + ρ = w(µ + ρ− lα1)

for some µ ∈ P (Λ) and some integer l ≥ 0. We show that when w = 1,
(λ, α1) = 0, which by Lemma 2.3 (v) is sufficient to prove the Proposition.
So suppose that w = 1 and (λ, α1) 6= 0.
Case 1: Assume that for all v ∈ L(Λ) of weight µ, either

e1(v) 6= 0 or f1(v) 6= 0.

Claim: The µ-weight space of the module L(Λ) has a basis consisting of
vectors v for which either f1v = 0 or e1v = 0.

Take a basis vi, 1 ≤ i ≤ s of the µ-weight space of the module L(Λ). By
assumption, (λ, α1) 6= 0 and so (µ, α1) 6= 0. Hence, as

(µ, α1)vi = f1e1vi + e1f1vi,

the µ-weight space is generated by the vectors f1e1vi, e1f1vi, 1 ≤ i ≤ s,
which proves our Claim.

Set vi, 1 ≤ i ≤ s to be a basis satisfying this condition. Consider the
left hand side of (i). Since λ− lα1 = λ− α1 − (l− 1)α1, it follows from the
above Claim that l = 0 and so µ = λ and cλ is at most the number of basis
vectors vk for which e1vk = 0. So, as cλ 6= 0, there exists basis vectors vk for
which e1(vk) = 0. Let such basis vectors be labelled by indices 1 ≤ k ≤ r.
Let J ⊂ I−S be the indexing set for simple root αj such that (αj , α1) = 0.
For all j ∈ J , rj(ρ) = ρ − αj , rj(α1) = α1 and e1ejvk = eje1vk = 0 for
all 1 ≤ k ≤ r. Hence, if there is some index j ∈ J such that ejvk 6= 0 and
ej(vk − vi) 6= 0 for all 1 ≤ i, k ≤ r, then the left hand side of equation (i)
forces cλ = 0, contradicting assumption. Now, except for the case when
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the Lie superalgebra G is of type D(2, 1;α) when J = ∅, J = {αi : i ≥ 3}.
Suppose that J 6= ∅. Therefore replacing vk by vk − vi if necessary, we may
assume that there are basis vectors vk with 1 ≤ k ≤ r for which e3vk = 0.
Let the indexes 1 ≤ k ≤ r3 label all such basis vectors vk. Then, repeating
this argument as many times as necessary, we may assume that there are
basis vectors vk for which

e1vk = 0 and ejvk = 0 ∀j ∈ J. (ii)

Let B the set of all vectors satisfying conditions (ii). Since the G-module
L(Λ) is irreducible, for all

u, v ∈ B, e2(u) 6= 0 and e2(u− v) 6= 0.

(Note that when G is of type D(2, 1;α), this may also be assumed). Set
eα1+α2 = [e1, e2].
Claim. Either, eα1+α2e2 = 0 or eα1+α2f1v 6= 0.
Suppose that

eα1+α2e2v 6= 0 (iii)

and that
u = eα1+α2f1v = 0. (iv)

Equation (iv) can be re-written as

e1e2f1v = e2e1f1v = (λ, α1)e2v.

Hence, by Lemma 3.2 (i),

0 = (λ, α1)e1e2v.

So, as (λ, α1) 6= 0,
eα1+α2v = 0

since e1v = 0. By Lemma 2.3 (vii), e2eα1+α2v = eα1+α2e2v. Hence we get
a contradiction to assumption (iii) which proves the Claim.

Suppose that u, v ∈ B such that eα1+α2e2v = 0 and eα1+α2e2u 6= 0. We
show that

eα1+α2f1u 6= e2v. (v)

So suppose that inequality (v) does not hold. Then,

eα1+α2v = e1e2v

= eα1+α2e1f1u

= eα1+α2(λ, α1)u.
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Hence, as (λ, α1) 6= 0,
e2eα1+α2u = 0,

contradicting assumption.
If u, v ∈ B such that eα1+α2e2v 6= 0 and eα1+α2e2u 6= 0, then replace

u by u − v. Hence, considering the left hand side of equality (i), we can
conclude that cλ = 0, which contradicts assumption. Hence, (λ, α1) = 0
holds, proving the result in Case 1.
Case 2. Assume next that

e1vµ = 0 = f1vµ.

for some non-trivial vector vµ of weight µ.
Then,

0 = f1e1vµ = (λ, α1)vµ

and so (µ, α1) = 0. Hence, from the definition of the weight λ, it follows
that (λ, α1) = 0, which proves the result in Case 2.

As a consequence of the last two results, we can now find more precise
crucial information on the sum Λ − λ for all weights λ for which cλ 6= 0
or c′λ 6= 0. We do this in couple of stages as this will be useful later for
technical reasons.

Lemma 3.13. Suppose that λ ∈ H∗ is a weight satisfying:
(i) Λ− λ is a sum of positive odd roots,
(ii) (λ + ρ, λ + ρ) = (Λ + ρ,Λ + ρ)
(iii) (λ + ρ, µ) = 0 for some root µ ∈ ∆+

1 of norm 0.

Then, there is an element w ∈ WE and a root α ∈ ∆+
1 orthogonal to

Λ + ρ of norm 0 such that λ + ρ = w(Λ + ρ − lα) for some non-negative
integer l.

Proof. Let λ be a weight satisfying the conditions stated in the Lemma.
For any non-negative integer s, set λs = λ− sµ. Due to conditions (ii) and
(iii),

(λs + ρ, λs + ρ) = (Λ + ρ, Λ + ρ). (a)

For any w ∈ WE , w(λs+ρ) ≤ Λ+ρ follows from condition (i) and Lemma 2.3
(v). Hence, without loss of generality, we may assume that (λ + ρ, αi) ≥ 0
for all i > 1. Furthermore, for each non-negative integer s, there is an
element ws ∈ WE such that the height of Λ + ρ − ws(λs + ρ) is minimal.
Then, (ws(λs + ρ), αi) ≥ 0 for all i > 1.
Claim: For s > 0, λ + ρ− ws(λs + ρ) is a sum of positive odd roots.
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Suppose that there is some i 6= 1 such that (λs+ρ, αi) < 0. Equivalently,

(λ + ρ, αi) < s(µ, αi).

Hence our assumption implies that (µ, αi) > 0 and s(µ−(µ, αi)αi)+(λ+ρ)αi

is therefore a sum of positive odd roots since for any integer 0 ≤ t ≤ (µ, αi),
µ − tαi is a root which is necessarily odd since so is µ whereas the simple
root αi is even. This proves our Claim.

Hence,
λ + ρ− ws(λs + ρ) = sα1 + γ (b)

where γ ∈ Z+∆E and s can be taken as large as wanted. It follows that for
s large enough,

(ws(λs + ρ), αi) ≥ 0 ∀i ∈ I.

In particular, (ws(λs + ρ), ws(µ)) = 0 implies that (ws(λs + ρ), α1) = 0. So,
equations (a) and (b) imply that

(λ + ρ, λ + ρ) = (λ + ρ− γ, λ + ρ− γ).

Since γ ∈ Z+∆E , considering w(λ + ρ) for w ∈ WE such that the height of
λ+ρ−w(γ +ρ) is as small as possible, we can conclude that w(Λ+ρ−γ) =
Λ + ρ. As a result, equality (b) becomes

ws(λs + ρ) = w(λ + ρ)− sα1. (c)

A similar equation holds with respect to Λ. Namely that for some non-
negative integer t ≥ s and some element w1 ∈ WE ,

ws(λs + ρ) = w1(Λ + ρ)− tα1. (d)

From (c) and (d), we immediately get

(λ+ ρ) = w−1w1(Λ+ ρ)− (t− s)w−1(α1) = w−1w1(Λ+ ρ− (t− s)w−1
1 (α1))

and as w1 ∈ WE , w−1
1 (α1) is an odd positive root of norm 0. Moreover,

from (a) it follows that the root w−1
1 (α1) is orthogonal to Λ+ρ. This proves

the result.

Further information on weights λ with cλ 6= 0 or c′λ 6= 0 now follows
immediately from Proposition 3.12 and Lemma 3.13.
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Corollary 3.14. We keep the notation of Proposition 3.6. Suppose that λ
is a weight such that cλ 6= 0 or c′λ 6= 0.
(i) If there are no roots of negative norm or if (Λ + ρ, β) < 0, then there

exists w ∈ W such that w(Λ + ρ)− (λ + ρ) = sα for some positive odd
root α ∈ ∆+

1 of norm 0 orthogonal to w(Λ + ρ) and some non-negative
integer s.

(ii) If (Λ+ρ, β) > 0, then there exists w ∈ WE such that w(Λ+ρ)−(λ+ρ) =
sα for some positive odd root α ∈ ∆+

1 of norm 0 orthogonal to w(Λ+ ρ)
and some non-negative integer s.

Proof. We only need to notice two facts: first that in the case when there
are roots of negative norm and (Λ + ρ, β) < 0, then Lemma 3.13 can be
applied to a weight λ ∈ H∗ such that rβ(Λ + ρ) − (λ + ρ) is a sum of
positive odd roots; second that when the finite dimensional module L(Λ) is
not irreducible, Lemma 3.13 still implies this result.

Remark 3.15. Notice that the proof of Lemma 3.13 can be modified in a
straightforward manner in order to derive Corollary 3.14 for the case when
either there are no roots of negative norm or (Λ+ρ, β) > 0 from Proposition
3.11. This shows that when either of these conditions are fulfilled, the
situation is much simpler and Proposition 3.12 is not needed.

It now remains to calculate the exact values of the coefficients cλ. First,
we need to notice that the degree of atypicality of the Lie superalgebra G
is at most 1.

Lemma 3.16. There is at most one positive odd root α of norm 0 orthog-
onal to Λ + ρ.

Proof. Suppose that (Λ + ρ, α) = 0 = (Λ + ρ, γ) for α, γ ∈ ∆+
1 . Hence,

(Λ + ρ, γ − α) = 0 Without loss of generality, we may assume that γ ≥ α.
As both α and γ are odd roots, the simple root α1 appears exactly once
in the expression of α or γ as a sum of simple roots. So, γ − α is then a
positive sum of the simple roots αi, i 6∈ S. Hence, as (Λ + ρ, αi) ≥ 0 for all
i 6∈ S, if γ 6= α, then there is some i 6∈ S for which (Λ+ ρ, αi) = 0. However
(ρ, αi) > 0 and as L(Λ) is an integrable module, (Λ, αi) ≥ 0 and thus, we
get a contradiction. It follows that γ = α.

We are almost ready to give the character and super-character formulae
for the G-module L(Λ). We first remind the reader about the Casimir
operator [K3,R1]. We need to fix some further notation. The Cartan matrix
of G being symmetric and non-degenerate, it follows that there is a non-
degenerate super-symmetric bilinear form – which we will write (., .) – on
G (namely, the super-Killing form [K1]). So for each positive root α ∈ D+,
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we can set eα ∈ Gα and fα ∈ G−α be such that

(eα, fα) = 1.

In particular, for α ∈ ∆+
1 such that α = α1 + γ for some γ ∈ ∆+

0 , we take

eα = [e1, eγ ].

Lemma 3.17. For all γ ∈ ∆+
0 such that γ + α1 ∈ ∆, [e1, fα1+γ ] = −fγ

Proof. Let c ∈ C such that [e1, fα1+γ ] = cfγ . By definition of the vector
fγ , c = (eγ ,

[e1, fα1+γ ]) = −(eα1+γ , fα1+γ) = −1,

proving the result.

The Casimir operator Ω is a linear operator acting on all H∗-graded
G-modules in the following manner: If v is vector of weight λ, then by
definition

Ω(v) = ((λ + ρ, λ + ρ)− (ρ, ρ))v +
∑

α∈∆+

fαeαv.

Furthermore, as L(Λ) is a highest weight module, as shown in [R1]

Ω(v) = ((Λ + ρ,Λ + ρ)− (ρ, ρ))v.

For reasons of clearness of presentation, we next split the proof of the main
Theorem by first giving a result using properties of the Casimir operator.

Lemma 3.18. We keep the notation of Proposition 3.6. Suppose that the
G-module L(Λ) is irreducible. Let λ ∈ H∗ be a weight such that cλ 6= 0 or
c′λ 6= 0. Then, if there exits w ∈ W , 1 ≤ i ≤ m such that

λ + ρ0 6= w(Λi + ρ0),

then there is an odd root of negative norm, Λi = 0, and Λ = (ρ, β)β. In
particular, (Λ, αj) = 0 for all j 6= 1.

Proof. Suppose the Lemma is false. So there is an index 1 ≤ i ≤ m such
that

(Λi + ρ, Λi + ρ) = (Λ + ρ, Λ + ρ) and (i)

and
λ + ρ0 = w(Λi + ρ0) for some w ∈ W. (i′)
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Furthermore, there is a vector v ∈ L(Λ) of weight Λi satisfying

xv = 0 ∀ x ∈ N+
0 . (ii)

Hence, applying the Casimir operator Ω,

Ω(v) =
∑

µ∈∆+
1

fµeµv +((Λi + ρ,Λi + ρ)− (ρ, ρ))v = ((Λ+ ρ, Λ+ ρ)− (ρ, ρ))v.

(iii)
Equations (i) and (iii) imply that

∑

µ∈∆+
1

fµeµv = 0. (iv)

Hence, using the above definition of the vectors eµ together with Lemma
3.1 and equality (ii), (iv) can be re-written as

f1e1v −
∑

γ∈∆+
0

α1+γ∈∆

fα1+γeγe1v + f2β−α1e
2
2e1v = 0. (v)

Next, apply the operator e1 to both sides of (v). By Lemma 3.17, this leads
to:

(Λi, α1)e1v +
∑

γ∈∆+

fγeγe1v = 0

since when α1 + γ 6∈ ∆, fγeγe1v = fγe1eγv = 0. In other words,

Ω(e1v) = ((Λi + α1 + ρ,Λi + α1 + ρ)− (ρ, ρ)− (Λi, α1))e1v.

Now, e1v 6= 0 for otherwise xv = 0 for all x ∈ N+ and the G-module L(Λ)
would have a non-trivial submodule, contradicting the irreducibility of L(Λ).
Hence, the above mentioned property of the Casimir operator together with
equality (i) force

(Λi + α1 + ρ,Λi + α1 + ρ)− (Λi, α1) = (Λi + ρ, Λi + ρ).

Thus,
2(Λi + ρ, α1) = (Λi, α1),

which in turn gives
(Λi, α1) = 0 (vi)
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since (ρ, α1) = 0. As Λi is a highest weight of the irreducible finite dimen-
sional G0-module V (Λi), (Λi, αi) ≥ 0 for all i > 1 and (Λi, β) ≤ 0. So
from (vi), we can deduce that (Λi, β) = 0 and so (Λi, αi) = 0 for all i ∈ I.
Therefore

Λi = 0.

Hence, Lemma 3.5 tells us that Λ is a sum of distinct positive odd roots.
We next need to deal with various cases.
Case 1: There is an odd root β of negative norm.

Then, we may write Λ = sβ ± γ, where s is a positive integer, γ is a
non-negative sum of the simple roots αi, i 6= 1 and 0 ≤ γ ≤ 2(β − α1).
Hence, as (Λ, αi) ≥ 0 and (β, αi) = 0 for all i 6= 1 and there are no positive
roots in ∆+

E such that (γ, αi) ≤ 0 for all i 6= 1, g ≥ 0 and either γ = 0,
β − α1 or 2(β − α1). Furthermore because of (i), we must have

(Λ + 2ρ, Λ) = 0.

Equivalently,
−2s2 + (γ, γ) + 2s(ρ, β) + (ρ, γ) = 0.

Suppose that γ = β − α1. Then,

−2s2 + 2 + (2s + 1)(ρ, β) = 0.

However (ρ, β) being an odd integer, we get a contradiction. Next suppose
that γ = 2(β − α1). Then,

−s2 + 4 + (s + 1)(ρ, β) = 0.

Again, s cannot be even since then (s+1)(ρ, β) is odd and s cannot be odd,
since then 4 + (s + 1)(ρ, β) is even. Hence,

γ = 0 and s = (ρ, β).

Since (β, αj) = 0 for all j 6= 1, the result follows is this case.
Case 2: There are no odd roots of negative norm, but there is an even root
2β of negative norm, i.e. G is of type D(2, 1; α).

In this case, write Λ = sα1 + γ, where s is a positive integer, γ is a
non-negative sum of the simple roots αi, i 6= 1. Since (α1, αi) = −(ρ, αi)
for all i ∈ I, we get

(1− 2s)(ρ, γ) = 0.
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Since s is an integer, it follows that (ρ, γ) = 0. In other words, γ = 0 and
so Λ = α1. However this implies that (Λ, αi) < 0 for all i 6= 1, contradicting
the integrability of the module L(Λ).
Case 3: There are no roots of negative norm, i.e. G is of type A(m, 0).

In this case, write Λ = α1 or Λ = sα1 +
∑s

j=1 γj , where s is a positive
integer and each γj is a positive even root and furthermore (γj , γk) = 1 for
all j 6= k and (α1, γj) = −1. However

s(s− 1) + (ρ,

s∑

j=1

γj) = 0

is not possible as both summands are non-negative and the second one
is positive. Hence, Λ = α1, in which case (Λ, α2) < 0, again giving a
contradiction and proving the Lemma.

We are now ready to prove the character and super-character formulae.

Theorem 3.19. Let L(Λ) be a finite dimensional highest weight G-module
of highest weight Λ. Set

R = e(ρ)
∏

α∈∆+
0

(1− e(−α))
∏

α∈∆+
1

(1 + e(−α))−1

and
R′ = e(ρ)

∏

α∈∆+
0

(1− e(−α))
∏

α∈∆+
1

(1− e(−α))−1

(i) Suppose that for all positive odd roots α of norm 0, (Λ + ρ, α) 6= 0.
Then,

R ch L(Λ) =
∑

w∈W

ε(w)e(w(Λ + ρ))

and
R′ sch L(Λ) =

∑

w∈W

ε(w)e(w(Λ + ρ))

(ii) Suppose that α is a positive odd root such that (Λ + ρ, α) = 0. If
(Λ + ρ, β) > 0, then

R ch L(Λ) =
∑

w∈WE

ε(w)(−1)le(w(Λ + ρ− lα))

and
R′ sch L(Λ) =

∑

w∈WE

ε(w)(−1)le(w(Λ + ρ− lα)).
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If (Λ + ρ, β) < 0, then

R ch L(Λ) =
∑

w∈WE

ε(w)(−1)l(e(w(Λ + ρ− lα))− e(w(rβ(Λ + ρ + lα)))

and

R′ sch L(Λ) =
∑

w∈WE

ε(w)(−1)l(e(w(Λ + ρ− lα))− e(w(rβ(Λ + ρ + lα))).

Proof. Part (i) is a direct consequence of Proposition 3.7 and Corollary
3.14. So we only need to prove Part (ii). The proof for the character and
the super-character formulas being the same, we only prove the former.
Suppose first the module L(Λ) is irreducible. Let the root α ∈ ∆+

1 of norm
0 satisfy (Λ + ρ, α) = 0. By Lemma 3.8 and Corollary 3.14, we only need
to show that

cΛ−lα = (−1)l (i)

and that
crβ(Λ+ρ)−ρ−lα = −(−1)l (ii)

when there are roots of negative norm and (Λ+ρ, β) < 0. We prove equality
(i) as (ii) will follow from similar arguments. We do this by induction of l.
This is clearly true for l = 0. So suppose this holds for l. Let us consider
λ = Λ− (l + 1)α.

Suppose first that the weight λ can also be written as follows:

λ + ρ = w(Λ + ρ− sα)− δ, (iii)

where w ∈ W and δ is a sum of distinct positive odd roots or δ = 0.
Furthermore, we may assume that w ∈ WE for otherwise cλ will follow from
equality (ii). From Lemmas 3.13 and 3.16 we get that Λ + ρ − w−1(δ) =
w1(Λ + ρ − tα) for some non-negative integer t. Hence, as δ is a sum of
distinct positive odd roots, t = 1. Hence equation (iii) becomes

Λ + ρ− (l + 1)α = w(w1(Λ + ρ− α)− sα).

Since the left hand side has the same norm as Λ + ρ, by Lemma 3.16, we
can deduce that w1 = 1. This in turn forces s = l + 1 and so

w(λ + ρ) = λ + ρ.

Let r ∈ WE be such that (r(λ + ρ), αi) ≥ 0 for all i > 1. Therefore, rw
is the product of reflections ri leaving r(λ + ρ) invariant [K4, proposition
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3.12.a]. The subgroup Wλ of WE generated by these reflections is either
trivial or has even order. Suppose it is not trivial. Then by Lemma 3.8,
ε(ri)cr(λ+ρ)−ρ = cr(λ+ρ)−ρ and so as ε(ri) = −1, cλ = 0. However, the
subgroup Wλ having even order,

∑

w∈Wλ

ε(w)ε(r)erw(λ+ρ) = 0.

As a result we may take any values for cλ, in particular, we may set
cΛ−(l+1)α = (−1)l+1 as wanted.

Suppose next that if the weight λ satisfies an equation of type (iii), then
w = 1 and δ = 0. Hence there is some i 6= 1 such that (Λ, αi) > 0 since
there is some i 6= 1 for which (α, αi) ≥ 0 and α − αi ∈ ∆+

1 . Hence, as a
result of Lemma 3.17, equality (2) implies that

cλ +
∑

µ

cλ+µ = 0, (iv)

where the sum is taken over all distinct sums µ of positive odd roots. Equal-
ity (iv) implies that cΛ−(l+1)α = (−1)l+1. This proves the Theorem when
the module L(Λ) is irreducible.

Suppose next that the module L(Λ) is finite dimensional but not nec-
essarily irreducible. Then there may be non-trivial vectors in L(Λ) which
are not highest weight vectors such that eiv = 0 for all i ∈ I. In this case
the Theorem in the irreducible case together with Corollary 3.14 give the
character formula.

In particular this Theorem answers a question asked in [K2] about atyp-
ical finite dimensional representations of exceptional Lie superalgebras and
thus improves [K2, Theorem 2]

Corollary 3.20. The condition (Λ + ρ, α) 6= 0 for α ∈ ∆+
1 is sufficient for

the finite dimensional highest weight module L(Λ) to be typical in the case
of the exceptional Lie superalgebras D(2, 1; α), F (4) and G(3)
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