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Abstract

This paper is concerned with the linear theory of thermo-microstretch
elastic solids. We present a method to reduce the thermoelastic plane strain
problem to an isothermal one with zero body loads and with certain bound-
ary data. The result is used to study the thermoelastic deformation of a
tube and the problem of thermal stresses in a cylinder subjected to a uni-
form temperature gradient.

1. Introduction

In a series of papers Eringen [1-4] established the general theory of micro-
morphic continua for prediction of behavior of materials with inner structure.
In [3], Eringen introduced the theory of microstretch elastic solids. This the-
ory is a generalization of the theory of micropolar elasticity. The material
points of microstretch solids can stretch and contract independently of their
translations and rotations. The microstretch continua are used to model
composite materials reinforced with chopped fibers and various porous me-
dia. In [4], Eringen has extended the theory of microstretch elastic solids to
include the heat conduction. The linear theory of thermoelastic microstretch
solids has been studied in various papers (see, e.g., [5], [6]).

In this paper we consider the equilibrium theory of thermo-microstretch
elastic solids. In the framework of the classical thermoelasticity, Muskhel-
ishvili [7] established a method of reduction of the thermoelastic plane prob-
lem to an isothermal one. In what follows we generalize the method of
Muskhelishvili to the plane strain problem for thermo-microstretch elastic
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bodies. The result is used to study the thermoelastic deformation of a tube
and the problem of thermal stresses in a cylinder subjected to a uniform
temperature gradient.

2. Basic Equations

In this section we summarize the basic equations of the linear theory of
isotropic microstretch thermoelastic solids. We let B denote the bounded
regular region of the three-dimensional Euclidean space occupied by the
body at time t0. The deformation of the body is referred to a system
of rectangular Cartesian axes Oxi and to the reference configuration B.
Throughout this paper Latin indices have the range 1, 2, 3, Greek indices
have the range 1, 2, and the usual summation convention is employed. We
call ∂B the boundary of B, and designate by ni the outward unit normal of
∂B.

Let ui be the displacement field, and let ϕi be the microrotation field on
B. Further, let ψ be the microstretch function. We define the linear strain
measures eij , κij and γi by [2]

eij = uj,i + εjikϕk, κij = ϕj,i, γi = ψ,i, (2.1)

where εijk is the alternating symbol. In these equations f,i denotes partial
differentiation of f with respect to the reference coordinate xi.

We designate by tij the stress tensor and by mij the couple stress tensor.
Let πi be the microstretch vector and let qi be the heat flux vector. The
surface traction, the surface couple, the microstretch traction, and the heat
flux at regular points of ∂B are given by

ti = tjinj , mi = mjinj , τ = πini, q = qini, (2.2)

respectively.
The equilibrium equations in the absence of body loads can be written

as
tji,j = 0, mji,j + εirstrs = 0, πi,i − σ = 0, (2.3)

where σ is the microstretch net pressure [4]. In the framework of the equi-
librium theory, the energy equation, in the absence of heat sources, reduces
to

qi,i = 0. (2.4)
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Let T be the temperature measured from the constant reference tem-
perature T0. The constitutive equations of homogeneous and isotropic mi-
crostretch thermoelastic solids are given by

tij = (λerr + λ0ψ − β0T )δij + (µ+ κ)eij + µeji,

mij = ακrrδij + βκji + γκij + b0εkjiγk,

πi = a0γi + b0εirsϕr,s,

σ = λ0err + λ1ψ − β1T,

qi = kT,i,

(2.5)

where δij is Kronecker’s delta and the constitutive coefficients are constants.
We assume that the internal energy density is a positive definite quadratic
form. This assumption implies that [4]

3λ+ 2µ+ κ > 3λ2
0/λ1, 2µ+ κ > 0, κ > 0,

3α+ β + γ > 0, γ + β > 0, γ − β > 0,
a0 > 0, λ1 > 0.

(2.6)

We also suppose that k is strictly positive.
The basic equations of thermoelastostatics of microstretch solids consist

of the equilibrium equations (2.3), the energy equation (2.4), the constitutive
equations (2.5) and the geometrical equations (2.1) on B. To these equations
we must adjoin boundary conditions. In the case of Neumann problem the
boundary conditions are

tjinj = t̃i, mjinj = m̃i, πini = τ̃ , qini = q̃ on ∂B, (2.7)

where t̃i, m̃i, τ̃ and q̃ are prescribed functions.

3. The plane strain

We assume that the region B from here on refers to the interior of a
right cylinder with the open cross-section Σ and the lateral boundary Π.
The rectangular Cartesian coordinate frame is supposed to be chosen in
such a way that the x3 - axis is parallel to generators of B. We denote by L
the boundary of Σ. We consider the thermoelastic plane strain parallel to
the x1, x2-plane, characterized by

uα = uα(x1, x2), u3 = 0, ϕα = 0, ϕ3 = ϕ(x1, x2),
ψ = ψ(x1, x2), T = T (x1, x2), (x1, x2) ∈ Σ.

(3.1)
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The above restrictions, in conjunction with the geometrical equations (2.1)
and the constitutive equations (2.5) imply that eij , κij , γi, tij ,mij , πi, σ and
qi are all independent of x3. The non-zero strain measures are given by

eαβ = uβ,α + εβα3ϕ, κα3 = ϕ,α, γα = ψ,α. (3.2)

The constitutive equations (2.5) show that the non-zero dependent consti-
tutive variables are tαβ , t33,mα3,m3α, πα, σ and qα. Further

tαν = (λeρρ + λ0ψ − β0T )δαν + (µ+ κ)eαν + µeνα,

mα3 = γκα3 + b0ε3ανψ,ν ,

πα = a0ψ,α + b0ε3ραϕ,ρ,

σ = λ0eρρ + λ1ψ − β1T,

qα = kT,α.

(3.3)

The equations of equilibrium (2.3) reduce to

tβα,β = 0, mα3,α + ε3ρνtρν = 0, πα,α − σ = 0 on Σ. (3.4)

In view of (3.3) the energy equation (2.4) becomes

∆T = 0 on Σ, (3.5)

where ∆ is the Laplacian. Given on Π the surface traction t̃, the surface
couple m̃, the microstretch traction τ̃ and the heat flux q̃, with t̃, m̃, τ̃ and q̃
independent of x3 and t̃3 = 0, m̃α = 0, the boundary conditions (2.7) imply
that

tβαnβ = t̃α, mα3nα = m̃, παnα = τ̃ , qαnα = q̃ on L. (3.6)

We note that the temperature field T is the solution of the boundary
value problem (3.5), (3.6)4. Generally, we shall treat the temperature field
having already been so determined. The determination of the thermoelastic
equilibrium consists in finding of the functions uα, ϕ and ψ on Σ which
satisfy the equations (3.2)-(3.4) on Σ and the boundary conditions (3.6)1−3

on L. It follows from (3.2)-(3.4) that the field equations can be expressed in
the form

(µ+ κ)∆uα + (λ+ µ)uβ,βα + κεαβ3ϕ,β + λ0ψ,α − β0T,α = 0,

γ∆ϕ+ κε3αβuβ,α − 2κϕ = 0,

a0∆ψ − λ0uρ,ρ − λ1ψ + β1T = 0, on Σ.

(3.7)
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4. Generalization of Muskhelishvili’s method

In this section we present a method of reduction of the thermoelastic
plane strain problem to an isothermal one with zero body loads and with
certain known boundary data.

In the context of the classical thermoelasticity Muskhelishvili [7] estab-
lished a method of reduction of the thermoelastic plane problem to an
isothermal one which is based on the assumption that the heat source is
absent. The result has been extended to micropolar thermoelastic bodies in
[8]. In what follows we generalize the method of Muskhelishvili to the plane
strain problem for thermo-microstretch elastic solids. In the absence of heat
sources the function T satisfies the equation (3.5). Since T is harmonic in
Σ we can define the analytic function

F (z) = T + iP, (4.1)

of the complex variable z = x1 + ix2. We introduce the functions wα by

w1 + iw2 =
∫
F (z)dz. (4.2)

Clearly, we have

w1,1 = w2,2 = T, w1,2 = −w2,1 = −P. (4.3)

If the domain Σ is simply-connected then wα are single-valued functions.
The relations (4.3) can be written in the form

wα,β = Tδαβ + ε3βαP. (4.4)

We introduce the notation

d = (2λ+ 2µ+ κ)λ1 − 2λ2
0. (4.5)

Clearly,
3d = 2[λ1(3λ+ 2µ+ κ)− 3λ2

0] + (2µ+ κ)λ1.

Thus, in view of (2.6) we find that

d > 0. (4.6)

We define the constants A1 and A2 by

A1 = (β0λ1 − β1λ0)/d, A2 = [(2λ+ 2µ+ κ)β1 − 2λ0β0]/d. (4.7)
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We note that

(2λ+ 2µ+ κ)A1 + λ0A2 = β0, 2λ0A1 + λ1A2 = β1. (4.8)

Let us introduce the functions u0
α, ϕ

0 and ψ0 on Σ by

uα = u0
α +A1wα, ϕ = ϕ0 +A1P, ψ = ψ0 +A2T. (4.9)

We denote
e0αβ = u0

β,α + εβα3ϕ
0, κ0

α3 = ϕ0
,α. (4.10)

It follows from (3.2), (4.4), (4.9) and (4.10) that

eαβ = e0αβ +A1Tδαβ , κα3 = κ0
α3 +A1P,α. (4.11)

We introduce the functions t0αν ,m
0
α3, π

0
α and σ0 by

t0αν = (λe0ρρ + λ0ψ
0)δαν + (µ+ κ)e0αν + µe0να,

m0
α3 = γκ0

α3 + b0ε3ανψ
0
,ν ,

π0
α = a0ψ

0
,α + b0ε3ραϕ

0
,ρ,

σ0 = λ0e
0
ρρ + λ1ψ

0.

(4.12)

The equations (4.12) are the constitutive equations in the isothermal theory
corresponding to the deformation characterization by the displacements u0

α,
the microrotation ϕ0, and the microstretch function ψ0.

If we take into account the relations (4.7) and

T,α = εαβ3P,β , P,α = εβα3T,β ,

then from Eqs. (3.3), (4.11) and (4.12) we obtain

tαβ = t0αβ ,

mα3 = m0
α3 + (γA1 − b0A2)ε3ραT,ρ,

πα = π0
α + (a0A2 − b0A1)T,α,

σ = σ0.

(4.13)

Upon substituting tαβ ,mα3, πα and σ given by (4.13) into the equations (3.4)
and using (3.5), we obtain the equations

t0βα,β = 0, m0
α3,α + ε3ρνt

0
ρν = 0, π0

α,α − σ0 = 0, (4.14)
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on Σ. We assume that L is a piecewise smooth curve parameterized by its
arc length s. The mechanical boundary conditions (3.6) reduce to

t0βαnβ = t̃α, m0
α3nα = m̃+ η1

dT

ds
,

π0
αnα = τ̃ + η2

∂T

∂n
, on L,

(4.15)

where
η1 = γA1 − b0A2, η2 = b0A1 − a0A2. (4.16)

We conclude that the thermoelastic plane problem associated to the
simply-connected domain Σ is reduced to the plane strain problem of isother-
mal elastostatics (T = 0) characterized by the field equations (4.10), (4.12),
(4.14) on Σ, and the boundary conditions (4.15) on L.

Remark 1. Assume that
a) the domain Σ is simply-connected;
b) the heat source is absent;
c) the mechanical loads are absent.
Then the thermoelastic plane strain problem associated to Σ reduces to

solving of the isothermal elastic plane strain problem corresponding to zero
body loads, zero boundary traction, the surface couple η1dT/ds and the
microstretch traction η2∂T/∂n.

Let us consider now a finite multiply-connected domain Σ. We assume
that inside Σ there are m contours Lk(k = 1, 2, · · · ,m) which have no com-
mon points; the outer contours is denoted by Lm+1. Since the temperature
is single-valued then the function F has the form

F (z) =
m∑

k=1

Bk log(z − zk) + F0(z), (4.17)

where zk is a point inside the contour Lk, Bk are real constants and F0 is
analytic and single-valued function on Σ. From (4.2) and (4.17) we obtain

w1 + iw2 = z
m∑

k=1

Bk log(z − zk) +
m∑

k=1

(ak + ibk) log(z − zk) + f0(z), (4.18)

where ak and bk are real constants, and f0 is single-valued and analytic on
Σ. Thus, we obtain

[w1 + iw2]Lk
= 2πi(zBk + ak + ibk),

[F ]Lk
= 2πiBk,

(4.19)
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where [g]Lk
denotes the change in value of the function g inside on passing

once round a contour in the conventional positive sense which keeps the
area enclosed on the left, the contour lying entirely in the body. Since the
functions uα, ϕ and ψ are single-valued, it follows that the functions u0

α and
ϕ0 are multi-valued [

u0
1

]
Lk

= 2πA1(Bkx2 + bk),[
u0

2

]
Lk

= −2πA1(Bkx1 + ak),[
ϕ0

]
Lk

= −2πA1Bk, [ψ0]Lk
= 0.

(4.20)

In this way, the thermoelastic problem associated to the multiply-connected
domain Σ reduces to a plane problem of mechanical dislocations defined by
the field equations (4.10), (4.12) and (4.14) on Σ, the boundary conditions
(4.15) on L and the dislocation characteristics

ε0k = −2πA1Bk, α0
k = 2πA1bk, β0

k = −2πA1ak. (4.21)

Remark 2. Assume that
a) the domain Σ is multiply-connected;
b) the heat sources is absent;
c) the mechanical loads are absent.
Then the thermoelastic plane strain problem associated to Σ reduces

to solving of the isothermal plane problem of dislocations corresponding to
zero body loads, zero boundary traction, the boundary couple η1dT/ds, the
microstretch traction η2∂T/∂n, and to the dislocation characteristics (4.21).

5. Thermoelastic deformation of a hollow cylinder

Let us study the thermoelastic problem for a tube. We assume that the
domain Σ is defined by Σ =

{
x : R2

1 < x2
1 + x2

2 < R2
2, x3 = 0

}
where R1 and

R2 are positive constants. We suppose that the body is in equilibrium in
the absence of mechanical loads and heat sources. Further, we suppose that
the temperature on the outer surface is T2 and that the temperature on the
inner surface is T1, where T1 and T2 are given constants.

We denote r = (x2
1 + x2

2)
1/2. The thermal boundary conditions are

T = T1 for r = R1, T = T2 for r = R2. (5.1)
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The solution of the equation (3.5) which satisfies the boundary conditions
(5.1) is given by

T = C1 ln r + C2, (5.2)

where

C1(lnR2 − lnR1) = T2 −T1, C2(lnR2 − lnR1) = T1 lnR2 −T2 lnR1. (5.3)

The function F defined by (4.1) is

F (z) = C1 log z + C2. (5.4)

It follows from (4.2) and (5.4) that

w1 + iw2 = z(C1 log z + C2 − C1). (5.5)

The constants B1, a1 and b1 which appear in (4.18) are given by

B1 = C1, a1 = 0, b1 = 0.

Thus, according to Remark 2, in this case the thermoelastic problem reduces
to the problem of mechanical dislocations defined by the equations (4.10),
(4.12) and (4.14) on Σ, the dislocation characteristics

ε01 = −2πA1C1, α0
1 = 0, β0

1 = 0 (5.6)

and the boundary conditions:

t0βαnβ = 0, m0
α3nα = 0 for r = R1 and r = R2,

π0
αnα = −η2

1
R1

C1 for r = R1, π
0
αnα = η2

1
R2

C1 for r = R2.

(5.7)

We shall study this problem by using the polar coordinates (r, θ). We denote
by u and v the physical components of the displacement vector in polar
coordinates

u+ iv = (u0
1 + iu0

2)e
−iθ. (5.8)

In polar coordinates, the geometrical equations (4.10) can be written as

err =
∂u

∂r
, eθθ =

1
r
(u+

∂v

∂θ
), erθ =

∂v

∂r
− ϕ0,

eθr =
1
r
(
∂u

∂θ
− v) + ϕ0, κrz =

∂ϕ0

∂r
, κθz =

1
r

∂ϕ0

∂θ
.

(5.9)
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The constitutive equations (4.12) can be expressed in the form

trr = (λ+ 2µ+ κ)err + λeθθ + λ0ψ
0,

tθθ = λerr + (λ+ 2µ+ κ)eθθ + λ0ψ
0,

trθ = (µ+ κ)erθ + µeθr, tθr = (µ+ κ)eθr + µerθ,

mrz = γ
∂ϕ0

∂r
+

1
r
b0
∂ψ0

∂θ
, mθz =

1
r
γ
∂ϕ0

∂θ
− b0

∂ψ0

∂r
,

πr = a0
∂ψ0

∂r
− 1
r
b0
∂ϕ0

∂θ
, πθ =

1
r
a0
∂ψ0

∂θ
+ b0

∂ϕ0

∂r
,

σ0 = λ0(err + eθθ) + λ1ψ
0.

(5.10)

The equations of equilibrium (4.14) become

∂trr

∂r
+

1
r

∂tθr

∂θ
+

1
r
(trr − tθθ) = 0,

∂trθ

∂r
+

1
r

∂tθθ

∂θ
+

1
r
(trθ + tθr) = 0,

∂mrz

∂r
+

1
r

∂mθz

∂θ
+

1
r
mrz + trθ − tθr = 0,

1
r

∂

∂r
(rπr) +

1
r

∂πθ

∂θ
− σ0 = 0.

(5.11)

The boundary conditions (5.7) reduce to

trr = 0, trθ = 0, mrz = 0 for r = R1 and r = R2,

πr =
1
R1

η2C1 for r = R1, πr =
1
R2

η2C1 for r = R2.
(5.12)

We seek the solution (u, v, ϕ0, ψ0) in the form

u = Λr ln r + rH(r),

v =
1
2π
ε01rθ,

ϕ0 =
1
2π
ε01θ, ψ0 = G(r),

(5.13)
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where
Λ =

2µ+ κ

4π(λ+ 2µ+ κ)
ε01, (5.14)

and H and G are unknown functions of class C2. We note that the func-
tions u, v, ϕ0 and ψ0 from (5.13) correspond to the dislocation characteristics
(5.6). It follows from (5.9), (5.10) and (5.13) that

trr = (λ+ 2µ+ κ)(Λ ln r + Λ +H + rH ′) + λ(Λ ln r +H +
ε01
2π

) + λ0G,

tθθ = λ(Λ ln r + Λ +H + rH ′) + (λ+ 2µ+ κ)(Λ ln r +H +
ε01
2π

) + λ0G,

trθ = tθr = 0,

mrz = 0, mθz =
1

2πr
γε01,

πr = a0G
′ − 1

2πr
b0ε

0
1, πθ = 0,

σ0 = λ0(2Λ ln r + Λ + 2H + rH ′ +
1
2π
ε01) + λ1G,

(5.15)
where f ′(r) = df(r)/dr. The equations of equilibrium (5.11) reduce to

d

dr

[
1
r

d

dr
(r2H)

]
= − λ0

λ+ 2µ+ κ
G′,

1
r

d

dr
(rG′)− λ1

a0
G− λ0

a0r
(r2H)′ =

2λ0

a0
Λ ln r + Γ,

(5.16)

where
Γ =

2λ+ 6µ+ 3κ
4πa0(λ+ 2µ+ κ)

ε01λ0. (5.17)

The first equation of the system (5.16) implies that

(r2H)′ = − λ0

λ+ 2µ+ κ
rG+D1r, (5.18)

where D1 is an arbitrary constant. Thus, the second equation from (5.16)
becomes

G′′ +
1
r
G′ − p2G =

2λ0

a0
Λ ln r + Γ +

λ0

a0
D1, (5.19)

where

p =
[
λ1(λ+ 2µ+ κ)− λ2

0

a0(λ+ 2µ+ κ)

]1/2

. (5.20)
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It follows from (2.6) that p2 > 0. The general solution of the equation (5.19)
is given by

G = G0(r)−
1
p2

(
Γ +

λ0

a0
D1 +

2λ0

a0
Λ ln r

)
, (5.21)

where
G0(r) = C∗

1I0(pr) + C∗
2K0(pr), (5.22)

C∗
α are arbitrary constants, and In and Kn are modified Bessel functions of

order n. We note that
d

dr
(rG

′
0) = p2rG0.

From (5.18) we obtain

H = − λ0

p2(λ+ 2µ+ κ)r
G

′
0(r) +

λ2
0Λ

2a0p2(λ+ 2µ+ κ)
(2 ln r − 1)+

+
1
r2
D2 +

1
2
MD1 +

λ0Γ
2p2(λ+ 2µ+ κ)

,

(5.23)

where D2 is an arbitrary constant and

M =
λ2

0

p2a0(λ+ 2µ+ κ)
+ 1.

We note that

rH ′ =
λ0

p2(λ+ 2µ+ κ)

(
2
r
G′

0 − p2G0

)
+

λ2
0Λ

a0p2(λ+ 2µ+ κ)
− 2
r2
D2. (5.24)

It follows from (5.15), (5.21)-(5.24) that

trr =
(2µ+ κ)λ0

p2(λ+ 2µ+ κ)r
G′

0(r) +
d

2p2a0
D1 −

2µ+ κ

r2
D2+

+
d

p2a0
Λ ln r +

d

4πa0p2
ε01,

πr = a0p[C∗
1I1(pr)− C∗

2K1(pr)]−
2λ0Λ
p2r

+
b0

2πr2
ε01,

(5.25)

where d is defined in (4.5). The boundary conditions for πr reduces to

C∗
1 = [g(R2)K1(pR1)− g(R1)K1(pR2)]N,

C∗
2 = [g(R2)I1(pR1)− g(R1)I1(pR2)]N,

(5.26)
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where

g(r) =
1
a0p

(
2λ0

p2r
Λ− b0

2πr2
ε01 +

1
r
η2C1

)
,

N−1 = I1(pR2)K1(pR1)− I1(pR1)K1(pR2).

The remaining boundary conditions are satisfied if the constants D1 and D2

have values

D1 = (2µ+ κ)H̃
[

1
R2

1

h(R2)−
1
R2

2

h(R1)
]
,

D2 =
dH̃

2p2a0
[h(R2)− h(R1)],

(5.27)

where

H̃−1 =
(2µ+ κ)d
2p2a0R2

1R
2
2

(R2
2 −R2

1),

h(r) = − d

4πa0p2
ε01 −

d

p2a0
Λ ln r − (2µ+ κ)λ0

p2(λ+ 2µ+ κ)r
G′

0(r).

In this way the functions H and G are completely determined. Thus, the
solution of the isothermal plane strain problem is given by (5.13) and the
solution of the thermoelastic problem follows from (4.9), (5.5), (5.8) and
(5.13).

6. Thermal stresses in a cylinder subjected to a uniform temper-
ature gradient

Let B be a right cylinder with the cross-section Σ defined by Σ ={
x : x2

1 + x2
2 < a2, x3 = 0

}
where a is a positive constant. The cylinder is in

equilibrium in the absence of mechanical loads and heat sources. We sup-
pose that the heat flux q̃ associated to the boundary of Σ is kQn1, where Q
is a given constant. In this case the temperature field T is the solution of
the equation (3.5) on Σ with the boundary condition

∂T

∂n
= Qn1 for r = a. (6.1)

The solution of this boundary value problem is given by

T = Qr cos θ, (6.2)
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where r and θ are the polar coordinates. The function F defined by (4.1)
has the form

F (z) = Qz. (6.3)

It follows from (4.2) and (6.3) that

w1 =
1
2
Qr2 cos 2θ, w2 =

1
2
Qr2 sin 2θ. (6.4)

On the basis of Remark 1 the thermoelastic problem reduces to the solving of
the isothermal elastic plane strain problem defined by the equations (4.10),
(4.12) and (4.14) on Σ, and the boundary conditions

t0βαnβ = 0, m0
α3nα = −η1Qn2,

π0
αnα = η2Qn1 for r = a.

(6.5)

The boundary conditions (6.5) can be expressed with the help of notations
(5.10) in the form

trr = 0, trθ = 0, mrz = −η1Q sin θ,

πr = η2Q cos θ for r = a.
(6.6)

We seek the solution of the isothermal problem in the form

u = U(r) cos θ, v = V (r) sin θ,

ϕ0 = W (r) sin θ, ψ0 = Ψ(r) cos θ,
(6.7)

where U, V,W and Ψ are functions only on r. From (5.9), (5.10) and (6.7)
we obtain

trr = [(λ+ 2µ+ κ)U ′ +
1
r
λ(U + V ) + λ0Ψ] cos θ,

tθθ = [λU ′ + (λ+ 2µ+ κ)
1
r
(U + V ) + λ0Ψ] cos θ,

trθ = [(µ+ κ)V ′ − 1
r
µ(U + V )− κW ] sin θ,

tθr = [µV ′ − 1
r
(µ+ κ)(U + V ) + κW ] sin θ,

mrz =
(
γW ′ − 1

r
b0Ψ

)
sin θ,

mθz =
(

1
r
γW − b0Ψ′

)
cos θ,

πr =
(
a0Ψ′ − 1

r
b0W

)
cos θ, πθ =

(
b0W

′ − 1
r
a0Ψ

)
sin θ,

σ0 =
{
λ0[U ′ +

1
r
(U + V )] + λ1Ψ

}
cos θ.

(6.8)
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It follows from (5.11) and (6.8) that the functions U, V,W and Ψ satisfy the
following system of equations

r2
d2U

dr2
+ r

dU

dr
− (1 + c1)U + (1− c1)r

dV

dr
−

−(1 + c1)V + c3rW − c2r
2dΨ
dr

= 0,

c1

(
r2
d2V

dr2
+ r

dV

dr

)
− (1 + c1)V − (1− c1)r

dU

dr
−

−(1 + c1)U − c3r
2dW

dr
− c2rΨ = 0,

r2
d2W

dr2
+ r

dW

dr
− (1 + 2c4r2)W + c4r

2dV

dr
+ c4rV + c4rU = 0,

a0

[
1
r

d

dr
(r
dΨ
dr

)− 1
r2

Ψ
]
− λ0

[
1
r

d

dr
(rU) +

1
r
V

]
− λ1Ψ = 0,

(6.9)

where

c1 =
µ+ κ

λ+ 2µ+ κ
, c2 =

λ0

λ+ 2µ+ κ
, c3 =

κ

λ+ 2µ+ κ
, c4 =

κ

γ
. (6.10)

Let us introduce the independent variable t through the relation

t = ln r. (6.11)

If we denote D = d/dt then the first two equations (6.9) can be written in
the form

[D2 − (1 + c1)]U + [(1− c1)D − (1 + c1)]V = −et(c3W + c2DΨ),[
(c1 − 1)D − (1 + c1)]U + [c1D2 − (1 + c1)

]
V = et(c3DW + c2Ψ).

(6.12)
The general solution of the homogeneous system (6.12) which correspond to
a non-rigid displacement is given by

U0 = E1t+ E2e
2t + E3e

−2t,

V0 = −1− c1
1 + c1

E1 − E1t−
3− c1
1− 3c1

E2e
2t + E3e

−2t,
(6.13)
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where Ej are arbitrary constants. A particular solution of nonhomogeneous
system is

U∗ = − c3
2c1

(S1 − S2e
−2t)− 1

2
c2(S3 + S4e

−2t),

V ∗ =
c3
2c1

(S1 + S2e
−2t) +

1
2
c2(S3 − S4e

−2t),
(6.14)

where

S1(t) =

t∫
exW (x)dx, S2(t) =

t∫
e3xW (x)dx,

S3(t) =

t∫
exΨ(x)dx, S4(t) =

t∫
e3xΨ(x)dx.

(6.15)

In view of (6.13) - (6.15) we find that

U = E1 ln r + E2r
2 + E3r

−2 − c3
2c1

 r∫
W (x)dx− r−2

r∫
x2W (x)dx

−

−1
2
c2

 r∫
Ψ(x)dx+ r−2

r∫
x2Ψ(x)dx

 ,

V = −1− c1
1 + c1

E1 − E1 ln r − 3− c1
1− 3c1

E2r
2 + E3r

−2+

+
c3
2c1

 r∫
W (x)dx+ r−2

∫ r

x2W (x)dx

 +

+
1
2
c2

 r∫
Ψ(x)dx− r−2

r∫
x2Ψ(x)dx

 .

(6.16)
Since U and V must be finite for r = 0 we conclude that E1 = 0 and E3 = 0.
If we substitute U and V from (6.16) into the third equation of (6.9) then
we obtain

r2
d2W

dr2
+ r

dW

dr
− (1 + ζ2r2)W =

8
1− 3c1

c4E2r
3, (6.17)

where

ζ =
[
κ(2µ+ κ)
γ(µ+ κ)

]1/2

. (6.18)

The solution of this equation is

W = E4K1(ζr) + E5I1(ζr)−
8(µ+ κ)

(2µ+ κ)(1− 3c1)
E2r, (6.19)
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where E4 and E5 are arbitrary constants. Since W must be finite for r = 0
we have E4 = 0. If we substitute U and V from (6.16) into the last equation
from (6.9) we find the following equation for Ψ

r2
d2Ψ
dr2

+ r
dΨ
dr

− (1 + p2r2)Ψ = − 8
a0(1− 3c1)

c1λ0E2r
3,

where p has been defined in (5.20). The solution which is finite for r = 0 is
given by

Ψ = E6I1(pr) +
8

a0p2(1− 3c1)
c1λ0E2r, (6.20)

where E6 is an arbitrary constant. It follows from (6.16), (6.19) and (6.20)
that the solution of the system (6.9) can be expressed in the form

U = Λ1E2r
2 − 1

2c1ζ
c3E5[I0(ζr)− I2(ζr)]−

− 1
2p
c2E6[I0(pr) + I2(pr)],

V = −Λ2E2r
2 +

1
2c1ζ

c3E5[I0(ζr) + I2(ζr)]+

+
1
2p
c2E6[I0(pr)− I2(pr)],

W = E5I1(ζr)− Λ3E2r, Ψ = E6I1(pr) + Λ4E2r,

(6.21)

where

Λ1 =
1

1− 3c1

(
1− 3c1 +

κ

2µ+ κ
− c1c2λ0

a0p2

)
,

Λ2 =
1

1− 3c1

(
3− c1 +

3κ
2µ+ κ

− c1c2λ0

a0p2

)
,

Λ3 =
8(µ+ κ)

(2µ+ κ)(1− 3c1)
, Λ4 =

8c1λ0

a0(1− 3c1)p2
.

(6.22)
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In view of (6.8) and (6.21) we obtain

trr =
[
Γ1E2r −

1
r
ζγE5I2(ζr) +

2µ+ κ

pr
c2E6I2(pr)

]
cos θ,

trθ =
[
−Γ2E2r −

1
r
ζγE5I2(ζr) +

2µ+ κ

pr
c2E6I2(pr)

]
sin θ,

mrz =
{
γζE5I

′
1(ζr)−

1
r
E6b0I1(pr)− P1E2

}
sin θ,

πr =
{
a0pE6I

′
1(pr)−

1
r
E5b0I1(ζr) + P2E2

}
cos θ,

(6.23)

where
Γ1 = (3λ+ 4µ+ 2κ)Λ1 − λΛ2 + λ0Λ4,
Γ2 = µΛ1 + (µ+ 2κ)Λ2 − κΛ3,
P1 = γΛ3 + b0Λ4, P2 = b0Λ3 + a0Λ4.

(6.24)

We can see that Γ1 = −Γ2 so that the first two boundary conditions (6.6)
imply that

E2 =
1

a2Γ1
ζγE5I2(ζa)−

2µ+ κ

pa2Γ1
c2E6I2(pa). (6.25)

The remaining boundary conditions from (6.6) determine the constants E5

and E6

E5 = − Q

P3
Γ1(R12η2 +R22η1), E6 =

Q

P3
Γ1(R11η2 +R21η1), (6.26)

where

R11 =
1
2
γζΓ1I0(ζa) + γζ

(
1
2
Γ1 −

1
a2
P1

)
I2(ζa),

R12 =
2µ+ κ

pa2
P1c2I2(pa)−

1
a
Γ1b0I1(pa),

R21 =
1
a2
γζP2I2(ζa)−

1
a
Γ1b0I1(pa),

R22 =
1
2
a0pΓ1I0(pa) +

[
1
2
a0pΓ1 −

2µ+ κ

pa2
P2c2

]
I2(pa),

P3 = R11R22 −R12R21.
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Thus, the solution of the isothermal plane strain problem is given by (6.7)
and (6.21), where the constants E2, E5 and E6 can be determined from (6.25)
and (6.26). By (5.8) and (6.7), we get

u0
1 = U cos2 θ − V sin2 θ, u0

2 =
1
2
(U + V ) sin 2θ.

In view of (6.4), (4.9) and (6.3) we obtain the solution of the thermoelastic
problem in the form

u1 = (U +
1
2
A1Qr

2) cos2 θ − (V +
1
2
A1Qr

2) sin2 θ,

u2 =
1
2
(U + V +A1Qr

2) sin 2θ,

ϕ = (W +A1Qr) sin θ, ψ = (Ψ +A2Qr) cos θ.

We note that in the classical theory of thermoelasticity [7] the plane
stresses generated by the temperature field (6.2) are equal to zero.
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