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Abstract

This paper is concerned with the linear theory of thermo-microstretch
elastic solids. We present a method to reduce the thermoelastic plane strain
problem to an isothermal one with zero body loads and with certain bound-
ary data. The result is used to study the thermoelastic deformation of a
tube and the problem of thermal stresses in a cylinder subjected to a uni-
form temperature gradient.

1. Introduction

In a series of papers Eringen [1-4] established the general theory of micro-
morphic continua for prediction of behavior of materials with inner structure.
In [3], Eringen introduced the theory of microstretch elastic solids. This the-
ory is a generalization of the theory of micropolar elasticity. The material
points of microstretch solids can stretch and contract independently of their
translations and rotations. The microstretch continua are used to model
composite materials reinforced with chopped fibers and various porous me-
dia. In [4], Eringen has extended the theory of microstretch elastic solids to
include the heat conduction. The linear theory of thermoelastic microstretch
solids has been studied in various papers (see, e.g., [5], [6]).

In this paper we consider the equilibrium theory of thermo-microstretch
elastic solids. In the framework of the classical thermoelasticity, Muskhel-
ishvili [7] established a method of reduction of the thermoelastic plane prob-
lem to an isothermal one. In what follows we generalize the method of
Muskhelishvili to the plane strain problem for thermo-microstretch elastic
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bodies. The result is used to study the thermoelastic deformation of a tube
and the problem of thermal stresses in a cylinder subjected to a uniform
temperature gradient.

2. Basic Equations

In this section we summarize the basic equations of the linear theory of
isotropic microstretch thermoelastic solids. We let B denote the bounded
regular region of the three-dimensional Euclidean space occupied by the
body at time t3. The deformation of the body is referred to a system
of rectangular Cartesian axes Ozx; and to the reference configuration B.
Throughout this paper Latin indices have the range 1, 2,3, Greek indices
have the range 1,2, and the usual summation convention is employed. We
call OB the boundary of B, and designate by n; the outward unit normal of
0B.

Let u; be the displacement field, and let ¢; be the microrotation field on
B. Further, let ¢ be the microstretch function. We define the linear strain
measures e;;, ki; and y; by [2]

€ij = Wji + EjikPhs Kij = Pjir Vi = Vs (2.1)

where €;;;, is the alternating symbol. In these equations f; denotes partial
differentiation of f with respect to the reference coordinate x;.

We designate by ¢;; the stress tensor and by m;; the couple stress tensor.
Let 7; be the microstretch vector and let ¢; be the heat flux vector. The
surface traction, the surface couple, the microstretch traction, and the heat
flux at regular points of 0B are given by

ti = tiing, m; = ming, T = TN, = N, (2-2)

respectively.
The equilibrium equations in the absence of body loads can be written
as
tjij; = 0, Myi j + Eirstrs = 0, T — 0 = 0, (2.3)

where o is the microstretch net pressure [4]. In the framework of the equi-
librium theory, the energy equation, in the absence of heat sources, reduces
to

gii = 0. (2.4)



Let T be the temperature measured from the constant reference tem-
perature Ty. The constitutive equations of homogeneous and isotropic mi-
crostretch thermoelastic solids are given by

tij = (Aepr + Ao — BoT)dij + (1 + K)eij + peji,

Mij = krpOij + BKji + VKij + bockjivr,

i = ao%i + bo€irsPr,s, (2.5)
o= Xoerr + MY — 5T,

qi = kT,

where d;; is Kronecker’s delta and the constitutive coefficients are constants.
We assume that the internal energy density is a positive definite quadratic
form. This assumption implies that [4]

3N+2u+ K>3\ /N1, 2u+K>0, k>0,
3a+pB+7>0, Yy+B>0, v—pF>0, (2.6)
ag > 0, A1 > 0.

We also suppose that k is strictly positive.

The basic equations of thermoelastostatics of microstretch solids consist
of the equilibrium equations (2.3), the energy equation (2.4), the constitutive
equations (2.5) and the geometrical equations (2.1) on B. To these equations
we must adjoin boundary conditions. In the case of Neumann problem the
boundary conditions are

tjmj = E‘, mging = ﬁ”Li, TN, = 7A:, qin; = q~on 63, (2.7)
where t;,m;, 7 and ¢ are prescribed functions.

3. The plane strain

We assume that the region B from here on refers to the interior of a
right cylinder with the open cross-section ¥ and the lateral boundary II.
The rectangular Cartesian coordinate frame is supposed to be chosen in
such a way that the x3 - axis is parallel to generators of B. We denote by L
the boundary of . We consider the thermoelastic plane strain parallel to
the x1, ro-plane, characterized by

Ug = Ua(21,22), uz =0, o =0, @3 =p(z1,22),

Y =1Y(x1,22), T =T(x1,22), (x1,22) € X. (3.1)



The above restrictions, in conjunction with the geometrical equations (2.1)

and the constitutive equations (2.5) imply that e;j, kij, Vi, tij, mij, 7, 0 and

g; are all independent of x3. The non-zero strain measures are given by
€aB = UB,a T €Ba3¥; Ka3 = Par Ya = w,a- (32)

The constitutive equations (2.5) show that the non-zero dependent consti-
tutive variables are t,g, t33, M3, M3a, Ta, 0 and g,. Further

tav = (Aepp + Aoy — BoT)0ar + (1 + K)eay + pieva

Ma3 = YKa3 + b0E3a0 Y v,

Ta = ao¥,a + boE3pap,p (3.3)
o= Xoepp + MY — BT,

o = kTa.
The equations of equilibrium (2.3) reduce to
t8a,8 =0, Ma3a + 3ty =0, Taa—0=0o0nX. (3.4)
In view of (3.3) the energy equation (2.4) becomes
AT =0on ¥, (3.5)

where A is the Laplacian. Given on II the surface traction t, the surface
couple m, the microstretch traction 7 and the heat flux ¢, with t, m, 7 and ¢
independent of z3 and #3 = 0, M, = 0, the boundary conditions (2.7) imply
that
tgang = ta, Ma3Na =M, Tala =T, GaMa =g on L. (3.6)
We note that the temperature field T' is the solution of the boundary
value problem (3.5), (3.6)4. Generally, we shall treat the temperature field
having already been so determined. The determination of the thermoelastic
equilibrium consists in finding of the functions u,, ¢ and ¥ on X which
satisfy the equations (3.2)-(3.4) on ¥ and the boundary conditions (3.6)1_3
on L. It follows from (3.2)-(3.4) that the field equations can be expressed in
the form

(1 + K)Aug + (A + p)ug go + K€apszp,g + Moo — BoT.a =0,
VAP + Keszapug e — 260 = 0, (3.7)
aoAYp — Xoupp — M) + 81T =0, on X.
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4. Generalization of Muskhelishvili’s method

In this section we present a method of reduction of the thermoelastic
plane strain problem to an isothermal one with zero body loads and with
certain known boundary data.

In the context of the classical thermoelasticity Muskhelishvili [7] estab-
lished a method of reduction of the thermoelastic plane problem to an
isothermal one which is based on the assumption that the heat source is
absent. The result has been extended to micropolar thermoelastic bodies in
[8]. In what follows we generalize the method of Muskhelishvili to the plane
strain problem for thermo-microstretch elastic solids. In the absence of heat
sources the function T satisfies the equation (3.5). Since T' is harmonic in
> we can define the analytic function

F(z)=T+iP, (4.1)
of the complex variable z = x1 + ix2. We introduce the functions w, by
wy + twy = /F(z)dz. (4.2)
Clearly, we have
wig =we2 =1, wip=—wy =—PF. (4.3)

If the domain ¥ is simply-connected then w,, are single-valued functions.
The relations (4.3) can be written in the form

We,3 = T00p + €384 P (4.4)
We introduce the notation
d= (2N + 21+ k)1 — 2)3. (4.5)

Clearly,
3d = 2[\1 (B + 21 + k) — 3N + (2u + k).

Thus, in view of (2.6) we find that
d>0. (4.6)
We define the constants A; and As by

A1 = (BoA — Bido)/d, Az = [(2A + 2u + k) B1 — 2X0/50] /d. (4.7)



We note that
2N+ 2u+ k)AL + Mo A2 = Bo, 2X0A1 + A1 A = (. (4.8)
Let us introduce the functions u, ¢’ and ¥° on ¥ by
Uo = ud + Ajwy, @ =+ AP, 1 =" + AyT. (4.9)

We denote
€as = UG +€6a3P’s Koz = ¢l (4.10)
It follows from (3.2), (4.4), (4.9) and (4.10) that

eaB = 6(015 + A1T60p, Kaz = ngg + A1P,. (4.11)

We introduce the functions t2 . mY

0 0
ows M3, T and oo by

tgy = ()‘egp + AU¢O)5QV + (M + H)e(o)a/ + Megav

mgg = 7/@23 + b053w¢9j,
(4.12)
772 = aO@Z{% + b053pa80?p>

ol = )\Oegp + )\11/)0.

The equations (4.12) are the constitutive equations in the isothermal theory
corresponding to the deformation characterization by the displacements u?,
the microrotation ¢, and the microstretch function .

If we take into account the relations (4.7) and

To =¢€ap3Pp, Pa=¢epasTp,
then from Egs. (3.3), (4.11) and (4.12) we obtain

tap = tog;
mea3 = mgg + ('YAl - b0A2)53paT,p7
T = 772 + (agAz — boA1)T

O'ZO'O.

(4.13)

Upon substituting t,3, ma3, 7o and o given by (4.13) into the equations (3.4)
and using (3.5), we obtain the equations

e =0, Mozq +espth, =0, m, — 0" =0, (4.14)
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on Y. We assume that L is a piecewise smooth curve parameterized by its
arc length s. The mechanical boundary conditions (3.6) reduce to

% ng =to, mlang, = m + dr
Ba’tB — las 5; a = m-—— ds’ (4.15)
7T0 =T+ nN— on on L,
where
m =vA; —boAz, 12 = boA1 — apAa. (4.16)

We conclude that the thermoelastic plane problem associated to the
simply-connected domain X is reduced to the plane strain problem of isother-
mal elastostatics (1" = 0) characterized by the field equations (4.10), (4.12),
(4.14) on ¥, and the boundary conditions (4.15) on L.

Remark 1. Assume that

a) the domain ¥ is simply-connected;

b) the heat source is absent;

¢) the mechanical loads are absent.

Then the thermoelastic plane strain problem associated to ¥ reduces to
solving of the isothermal elastic plane strain problem corresponding to zero
body loads, zero boundary traction, the surface couple 7;dT'/ds and the
microstretch traction 7,07/ 0n.

Let us consider now a finite multiply-connected domain ¥. We assume
that inside X there are m contours Li(k = 1,2,--- ,m) which have no com-
mon points; the outer contours is denoted by L,,+1. Since the temperature
is single-valued then the function F' has the form

= Z By log(z — zx) + Fo(2), (4.17)
k=1

where z; is a point inside the contour Lj, By are real constants and Fjy is
analytic and single-valued function on . From (4.2) and (4.17) we obtain

m m

wy + iwg = zZBk log(z — 2x) + Z ay + ibg) log(z — z) + fo(z), (4.18)
k=1 k=1

where a; and b, are real constants, and fy is single-valued and analytic on

>.. Thus, we obtain

[wy + iwa], = 2mi(2By + a + iby),
(4.19)
[F],, = 2miBy,



where [g]r, denotes the change in value of the function g inside on passing
once round a contour in the conventional positive sense which keeps the
area enclosed on the left, the contour lying entirely in the body. Since the
functions w4, ¢ and 9 are single-valued, it follows that the functions u2 and
" are multi-valued

[u(l)] L = 27TA1 (Bkl'g + bk),
[u3] ,, = —2mA1(Byz1 + ag), (4.20)

[goo] L= —2m A1 By, [@ZJO}Lk =0.

In this way, the thermoelastic problem associated to the multiply-connected
domain ¥ reduces to a plane problem of mechanical dislocations defined by
the field equations (4.10), (4.12) and (4.14) on X, the boundary conditions
(4.15) on L and the dislocation characteristics

52 = —2w A1 By, 042 = 2w A1bg, ,32 = —2mAjay. (4.21)

Remark 2. Assume that

a) the domain ¥ is multiply-connected;

b) the heat sources is absent;

c¢) the mechanical loads are absent.

Then the thermoelastic plane strain problem associated to X reduces
to solving of the isothermal plane problem of dislocations corresponding to
zero body loads, zero boundary traction, the boundary couple 11dT'/ds, the
microstretch traction 7207"/0n, and to the dislocation characteristics (4.21).

5. Thermoelastic deformation of a hollow cylinder

Let us study the thermoelastic problem for a tube. We assume that the
domain ¥ is defined by ¥ = {x: R} < 2% + 23 < R3, 23 = 0} where Ry and
Ry are positive constants. We suppose that the body is in equilibrium in
the absence of mechanical loads and heat sources. Further, we suppose that
the temperature on the outer surface is 75 and that the temperature on the
inner surface is 77, where 17 and 75 are given constants.

We denote r = (27 + 22)'/2. The thermal boundary conditions are

T=T forr=Ry, T =T, forr = Rs. (5.1)



The solution of the equation (3.5) which satisfies the boundary conditions
(5.1) is given by
T=Cilnr + Csy, (52)

where
Ci(lnRy—InRy)=T5—Ty, Co(lnRy—InRy) =T1InRy—TolnR;. (5.3)
The function F' defined by (4.1) is
F(z) =Cilogz+ Cs. (5.4)
It follows from (4.2) and (5.4) that
wy + twy = z(Cy log z + Cy — C1). (5.5)
The constants By, a; and by which appear in (4.18) are given by
Bi1=Cq1, ag=0, by =0.

Thus, according to Remark 2, in this case the thermoelastic problem reduces
to the problem of mechanical dislocations defined by the equations (4.10),
(4.12) and (4.14) on X, the dislocation characteristics

) = 214,01, of =0, B =0 (5.6)
and the boundary conditions:

t%anﬂ =0, mgg,na =0 forr =Ry and r = R,

B (5.7)

Ry

1
Wgna = —np—C, forr = Ry, ﬂ'gna = ngR—Cl for r = Ro.
2
We shall study this problem by using the polar coordinates (r, ). We denote
by u and v the physical components of the displacement vector in polar
coordinates
u+iv = (ud + iud)e . (5.8)

In polar coordinates, the geometrical equations (4.10) can be written as

_@ _1( 4_@) _@_ 0
err—araeé’ﬁ—ru 80767"9—8r @
(5.9)
1 0u 0 _(‘9@0 _18@0
o = (gg )T e =T e =g



The constitutive equations (4.12) can be expressed in the form

by = ()‘ + 2u + ﬁ)er’r + Aegg + )‘0¢03
top = Aerr + (A 4 21+ K)egp + Ao,

trg = (1 + K)erg + pegr, tor = (1 + K)eor + pierg,

_ 080, b oy 108 ot (5.10)
= o 006 r oo O or’

oo ¢° _1 oY ”
Tr = 0, *bom To = a0 g T

% = Xo(err + egg) + A0
The equations of equilibrium (4.14) become

ot 10t 1
rr L Otor + ;(t’r‘r _ t@&) = ()7

or r 00
atrg 1 87599 1
- tor) =0
87‘+7’3«9+ (bro +tor) ’
(5.11)
8m7~2 1 8m,9z 1
- - trg — tor =0
or +T’ 90 +rm7‘z+ rd or ’
————0 =0.
rar Tt g O
The boundary conditions (5.7) reduce to
=0,tg =0, m,, =0 forr = Ry and r = Ry,
. . (5.12)
T, = R—lngCl forr = Ry, m = R—QngCl for r = Ry.
We seek the solution (u, v, ¢?,4°) in the form
u=Arlnr+rH(r),
L o
v = %617“9, (5_13)
R
o 17 ’



where
2u+ kK 0

B A (A +2p + /{)81’

(5.14)

and H and G are unknown functions of class C2. We note that the func-
tions u, v, ¢° and ¥ from (5.13) correspond to the dislocation characteristics
(5.6). It follows from (5.9), (5.10) and (5.13) that

0
trr = ()\+2M+n)(Alnr+A+H+7~H’)+>\(A1nr+H+;—1)+)\oG,
i

0
tog = XAInr+A+H+rH)+ (A+2u+rx)(Alnr + H + ;—1) + MG,
T
trg = tor :07
=0 _i 0
My, = U, My, = 27”_7517

1
Ty = CL()G/ — 71)06(1), T — 0,
2mr

1
o® =Xo(2AInr + A+ 2H +rH' + 2—5?) + MG,
s
(5.15)
where f'(r) = df(r)/dr. The equations of equilibrium (5.11) reduce to
df1d, , Ao ,
Sl e o = o A
dr [rdr(r )] )\+2,u—|—/<G’
(5.16)
1 2
fi(TG/) - &G — ﬁ( ’HY = ﬁAlnr—i— T,
rdr ag aopr ao
where WA+ 64+ 3
HTSK o
= Ao- 5.17
Aag( A+ 2+ K) £140 (5.17)
The first equation of the system (5.16) implies that
A
2 ! 0
H =————7rG+D 5.18
(r°H) )\+2,u+/£T + (5-18)

where D; is an arbitrary constant. Thus, the second equation from (5.16)
becomes

1 2 A
G+ -G —p’G=""Alnr+T+ 22D, (5.19)
r ag a

where

MO+ 2+ 5) = ]

ao(A + 2u + K) (5:20)
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It follows from (2.6) that p? > 0. The general solution of the equation (5.19)

is given by
1 2
G =Go(r) — — (I‘ + EDl + AOAInr) , (5.21)
p ao ao
where
Go(T‘) = Cf]o(p’r‘) + C;Ko(pr), (5.22)

C? are arbitrary constants, and I,, and K, are modified Bessel functions of
order n. We note that

i(rGE)) = p’rGy.

dr
From (5.18) we obtain
Ao / AA
H=- 2Inr —1
P*(A+2p+ /@)TGO(T) " 2000\ + 2+ ) (2l = 1)+
(5.23)
1 1 Aol
—D -MD
TRy 1+2p2()\+2,u—|—/€)’
where Ds is an arbitrary constant and
)\2
M= 0 +1.
p2ap(A+ 21+ k)
We note that
o 2 MNA 2
H=——"__ _(2G)-p’G 0 — —=Ds. (5.24
" P2\ + 21 + K) <r 07 P 0)+a0p2()\+2u+n) r2 2 (5:24)
It follows from (5.15), (5.21)-(5.24) that
(2p+ K)o , d 2u+ K
trr = G Dy — D
pP?(A+2u+ K)r o(r) + 2p2ag 72 2t
d d
Al ) 5.25
+p2a0 nr+ pr— 1, (5.25)

7y = aoplCi 1y (pr) — O5 K (pr)] = 5= + 50l

where d is defined in (4.5). The boundary conditions for 7, reduces to

Cf = [9(R2)K1(pR1) — g(R1) K1(pRa)| N, 5.26)
5.26
C3 = [9(R2)[1(pR1) — g(R1)I1(pR2)] N,
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where

= — | —A — _
g(T‘) agp <p27‘ 271'7“281 + 7”77201 )

N~!' = I(pR2)K1(pR1) — I (pR1) K1 (pR2).

The remaining boundary conditions are satisfied if the constants D and Do
have values

Dy = (2p+k)H [1h(R2) — 1h(Rl)] :

Rj R3
) (5.27)
dH
Dy = h —h
2 2p2a0[ (R2) — h(R1)],
where
- 21+ K)d
-l — ( R2 _ R2
d d (20 + k)Xo
h(r) = — 0_ Alnr — Gh(r).
(r) 4magp? “1 plag nr P2(A+2u+ K)r o(7)

In this way the functions H and G are completely determined. Thus, the
solution of the isothermal plane strain problem is given by (5.13) and the
solution of the thermoelastic problem follows from (4.9), (5.5), (5.8) and
(5.13).

6. Thermal stresses in a cylinder subjected to a uniform temper-
ature gradient

Let B be a right cylinder with the cross-section ¥ defined by ¥ =
{x : x% + IL‘% <a?,x3 = O} where a is a positive constant. The cylinder is in
equilibrium in the absence of mechanical loads and heat sources. We sup-
pose that the heat flux ¢ associated to the boundary of X is kQnq, where @
is a given constant. In this case the temperature field 7" is the solution of
the equation (3.5) on ¥ with the boundary condition

ZZ; =Q@ny for r =a. (6.1)

The solution of this boundary value problem is given by

T = Qrcosé, (6.2)
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where r and 6 are the polar coordinates. The function F' defined by (4.1)
has the form

F(z) =Qxz. (6.3)
It follows from (4.2) and (6.3) that

1 1
wy = 5@7"2 cos20, wy = 5@7“2 sin 26. (6.4)

On the basis of Remark 1 the thermoelastic problem reduces to the solving of
the isothermal elastic plane strain problem defined by the equations (4.10),
(4.12) and (4.14) on X, and the boundary conditions

t%a”ﬂ =0, mgg”a = —mQna,
(6.5)

0

To

Nng = 2@Qny for r =a.

The boundary conditions (6.5) can be expressed with the help of notations
(5.10) in the form

trr =0, t,g =0, m, =—mQsinb,

(6.6)
m, =1m2Qcosf for r=a.
We seek the solution of the isothermal problem in the form
u=U(r)cosf, v="V(r)sinb,
(6.7)

¢ = W(r)sinf,y° = ¥(r) cos ¥,

where U, V, W and ¥ are functions only on r. From (5.9), (5.10) and (6.7)
we obtain

1
trr = [N+ 2u+ K)U + ;A(U + V) + Ao¥]cosb,
1
tog = NU'+ (N +2u + K);(U + V) + Ao¥] cos b,
1
trg = [(u+ r)V' — ;,u(U + V) — kW]sin#,
1
tor = WV — —=(p+ &) (U +V) + sW]sin6,
T
1
Myr = [ YW — Zbo¥ | sin¥), (6.8)
r
1
mes = | =YW — bW’ | cos ),
T
1 1
Ty = ao‘lf/ - boW) COSs 9, T = <boW/ - ag‘l’) sin 9,
r r

1
¥ = NU + ;(U+ V) + )\1‘11} cos 6.
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It follows from (5.11) and (6.8) that the functions U, V, W and ¥ satisfy the
following system of equations

d*U dU dav
2 pa— —_— —_—
" +7r . 1+c)) U+ (1 —c)r o

Y
—(1+ )V +czrW — 027“2% =0,

) —(1l+a)V->1- cl)rd—U—

< Zd?V  adV
= dr dr

" dr? T dr
(6.9)

d
—(14c)U — 037’2% — cor¥ =0,

d? d d
2 d:;/ + r% — (14 2c4m®)W + C4T2d—‘; + cgrV 4+ eqrU =0,

1d, 6 dvU 1 ] [ld
ap - Ao

1
Sl il R Sl 7 T v [ W
rdr(rdr) r2 rdr(r )+7“ ] 1 ’

where

Y
Pt h 0 i =", (6.10)

co=———— g =——— (3= — ",
! A+2u+ kK 2 A+2u+ kK 3 A2+ kK v

Let us introduce the independent variable ¢ through the relation
t=Inr. (6.11)

If we denote D = d/dt then the first two equations (6.9) can be written in
the form

[D? — (1+c)]U+[(1—=c1)D — (1+c1)]V = —et(csW + 2 DY),

[(c1 =1)D = (14 1)U + [e1D? — (14 ¢1)] V = €' (csDW + 2 ¥).
(6.12)
The general solution of the homogeneous system (6.12) which correspond to
a non-rigid displacement is given by

Uy :E1t+E2€2t—|—E3€_2t,
1—61 3—61

— FEy — Eqit —
l+e + 78 123

E2€2t 4 E3€_2t, (613)

Vo =
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where E; are arbitrary constants. A particular solution of nonhomogeneous
system is

1
U* = —3(8) — Spe=2) — Sea(Ss+ Sie™ 2,

o ) (6.14)
Vi= (51 + 526_%) + —ca(S5 — 546_2t),
261 2
where
t t
Si(t) = /exW(:c)dx, Sa(t) = /eSIW(aﬁ)dw,
t t (615)
Sa(t) = /em\ll(:c)dm, Sa(t) = /egw\ll(a:)da:.
In view of (6.13) - (6.15) we find that
U=Eilnr+ Ey? + Ezr—2 — ;—3 /W(a:)da: — 2 /mQW(:c)dx —
€1
1 / -2 / 2
—5¢2 U(x)de +r x*¥(x)dzx |,
11— 3—a 2 -2
=— Ey—FEilnr— E E.
Vv 1—{—61 1 1inr 1—361 or® + BE3r "+
—i—;% /W(a:)dx + r_z/ 2*W(z)dzx | +
1
1 A -2 / 2
+§CQ U(z)dx —r x*V(z)dr
(6.16)

Since U and V must be finite for » = 0 we conclude that £1 = 0 and F3 = 0.
If we substitute U and V from (6.16) into the third equation of (6.9) then
we obtain

A>W dw 8
2 2.2 3
—(1 = E 1
" +Td7“ (1+rHw 1_30104 o, (6.17)
where 12
2
(= [’W] i (6.18)
Y(p+ k)
The solution of this equation is
8(p + k)

W = E4K1(C7‘) + E511(C'f‘) — Eosr, (6.19)

(2u+ k)(1 —3c1)
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where F4 and FE5 are arbitrary constants. Since W must be finite for r = 0
we have E4 = 0. If we substitute U and V from (6.16) into the last equation
from (6.9) we find the following equation for ¥

8
L — N O
a0(1—301)61 0521

where p has been defined in (5.20). The solution which is finite for r = 0 is

given by
8

app?(1 — 3cq)
where Ejg is an arbitrary constant. It follows from (6.16), (6.19) and (6.20)
that the solution of the system (6.9) can be expressed in the form

U = Fglq (p?”) + ci o For, (620)

U = MEar® = g B {Io(Gr) = R(¢r))-

—21pCQE6 [Io(pr) + Lx(pr)],

1
V= —A2E2’I”2 + 9

61C03E5[10(C7“) + I (¢r)]+ (6.21)

+21pczE6[IO(PT) = I (pr)],

W = E511(CT) — A3E2T, U = E@Il(pT‘) + A4E27’,

where

1 K 1020
A= 1-3 _
' 130 ( Aot R ap?
1 3K 6162)\0
Ay = 3— — 6.22
2 1—301< cl+2u+/<; CLgpQ)7 (6.22)
A3 _ S(M + /'i) A4 . 861)\0

(2u+ k)(1 —3c1)’ ~ag(1 —3c))p?’
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In view of (6.8) and (6.21) we obtain

[ 1 20U+ K
trr = |1 Eor — ;C’YE{;IQ(CT) + Mpr 02E6]2(pr)} cosf,
I 1 2+ K )
trg = | —LoEqr — ;§7E5IQ(C7’) + Hpr CQEGIQ(pT)] sin 0,

(6.23)

/ 1 .
my, = {7€E5I1(C7“) — —Esboli(pr) — P1E2} sin ),

1
T = {aopE(;I{ (pr) — ;E5b011 (Cr) + PQEQ} cos 0,

where
Iy = (3)\ +4p + QK)Al — Ao + Aoy,
Iy = puAy + (M + 2/43)A2 — kg, (6.24)
Py =~yAg+boAs, P =boAs+ apha.
We can see that I'y = —I'y so that the first two boundary conditions (6.6)
imply that
2u+ kK
pa’Ty

1
E2 = GTFIC’}/EBIQ(ga) — CQE6IQ(pa). (625)

The remaining boundary conditions from (6.6) determine the constants Ej
and FEg

Es = ggrl(Rw??Q + Room), Eg = gaFl(Rnle + Ro1m1), (6.26)

where
1 1 1
Ry = 57CF110(C<1) +7¢ <2F1 — a2P1) I>(Ca),

2+ K 1
Ry = 2 Prcalz(pa) — gFlboll (pa),

a?

1 1
Roy = E’YCP2I2<C@) - EPlbOIl (pa),

1 1 2+ K
Ros = —appl'1lo(pa) + | =aopl's — /;az Pyea| I(pa),

2 2
P3 = R11Rog — R12Ro1.
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Thus, the solution of the isothermal plane strain problem is given by (6.7)
and (6.21), where the constants Eo, E5 and Eg can be determined from (6.25)
and (6.26). By (5.8) and (6.7), we get

1
u) = Ucos?f — Vsin?h, ud = §(U+ V') sin 26.

In view of (6.4), (4.9) and (6.3) we obtain the solution of the thermoelastic
problem in the form

1 1
up = (U + §A1Qr2) cos? 0 — (V + §A1Qr2) sin” 0,

ug = %(U +V 4 A1Qr?)sin 26,

o= W+ A1Qr)sinf, ¢ = (¥ + A2Qr) cosb.

We note that in the classical theory of thermoelasticity [7] the plane
stresses generated by the temperature field (6.2) are equal to zero.
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