ULTRAFILTERS AND PARTIAL PRODUCTS
OF INFINITE CYCLIC GROUPS

ANDREAS BLASS*AND SAHARON SHELAHT

ABSTRACT. We consider, for infinite cardinals x and a < k7T, the
group II(k, <a) of sequences of integers, of length x, with non-zero
entries in fewer than « positions. Our main result tells when II(k, <a)
can be embedded in II(\, <(). The proof involves some set-theoretic
results, one about families of finite sets and one about families of
ultrafilters.

1. INTRODUCTION

For an infinite cardinal x, let Z* be the direct product of x copies of the
additive group Z of integers. An element of Z* is thus a function! z : k — Z,
and we define its support to be the set

supp(z) = {§ € r : () # 0}

The partial products mentioned in the title of this paper are the subgroups
of Z* of the form

II(k,<a) = {z € Z" : |supp(z)| < a}

where « is an infinite cardinal no larger than the successor cardinal k™ of
k. Notice that II(k, <x™) is the full product Z*. At the other extreme,
II(k, <w) is the direct sum of x copies of Z, i.e., the free abelian group
generated by the x standard unit vectors e¢ defined by e¢(§) = 1 and e¢(n) =

0 for & # n.
The main result in this paper gives necessary and sufficient conditions

for one partial product of Z’s to be isomorphically embeddable in another.

*Partially supported by NSF grant DMS-0070723. Part of this paper was written
during a visit of the first author to the Centre de Recerca Matematica in Barcelona.

TPartially supported by US-Israel Binational Science Foundation grant 2002323. Pub-
lication number 854 of the second author.

1We use the standard notational conventions of set theory, whereby a cardinal num-
ber is an initial ordinal number and is identified with the set of all smaller ordinals.
In particular, the cardinal of countable infinity is identified with the set w of natural
numbers.
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Theorem 1. II(k, <a) is isomorphic to a subgroup of IL(\, <) if and only
if either

(1) k<Xanda < or

(2) k< AP and a = w.

Part of this was proved in [1, Theorem 23 and Remark 28], using a
well-known result from set theory, the A-system lemma. Specifically, the
results in [1] establish Theorem 1 when a and § are regular, uncountable
cardinals smaller than all measurable cardinals. In the present paper, we
complete the proof by handling the cases of singular cardinals and cardinals
above a measurable one. In contrast to the situation in [1], this will involve
developing some new results in set theory, rather than only invoking classical
facts.

The set theoretic facts we need are the following two.

Theorem 2. Let k be an infinite cardinal and let (F¢)ecn be a k-indexed
family of nonempty, finite sets.

(1) There exists a set X such that
(1) H¢ ek [FenNX| =1} =k.

(2) The set X in (1) can be chosen so that
o | X| has cardinality 1 or cf(k) or &,
o cvery subset of X with the same cardinality as X has the pro-
perty in (1), and
o cach element of X is the unique element of Fe N X for at least
one €.

Theorem 3. Let & be an infinite cardinal and let (Ug)eer be a k-indexed
family of non-principal ultrafilters on k. Then there exists X C k such that
| X| =k and, for each & € X, X ¢ Uk.

We prove these two set-theoretic theorems in Section 2. Then, in Sec-
tion 3, we apply them to prove Theorem 1.

2. SET THEORY

Proof of Theorem 2  Let k and (F¢)eer be as in the hypothesis of Theo-
rem 2. We shall consider several cases separately.
Case 1: Some z is in F¢ for s values of &.

Then X = {z} is as required in both parts of the theorem.

Remark 4. For the rest of the proof, we assume that the hypothesis of
Case 1 fails. Then, for any set X, the number of {’s such that F; meets
X is bounded by the sum of |X| cardinals each less than k, namely the
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cardinals [{{ : « € F¢}| for € X. Thus, if | X| < cf(k), then the number of
such ¢’s is smaller than . A fortiori, the number of £’s such that F¢ meets
X in exactly one point is smaller than k, so equation (1) cannot hold. We
conclude that (1) requires | X| > cf(k).

Case 2: For every set A of cardinality < &, the number of £’s such that F
meets A is < K.

We can choose, in an induction of length x, a sequence of x ordinals
& whose associated finite sets F¢ are pairwise disjoint. Indeed, after we
have chosen any proper initial segment of this sequence, the union of the
corresponding F¢’s has cardinality < &, and so, by the case hypothesis, we
can continue the sequence with another F), disjoint from the earlier F¢’s.

Once this sequence of pairwise disjoint F¢’s is chosen, we get the required
X, satisfying both parts of the theorem, by taking one point from each of
these F¢’s.

Remark 5. If the hypothesis of Case 1 fails and  is regular, then Remark 4
shows that the hypothesis of Case 2 holds. So for the rest of the proof we
may assume that x is a singular cardinal. Let u < k be its cofinality, and
let (ki)ic, be an increasing p-sequence of cardinals with supremum &.

Case 3: For every A\ < k, there is some set G such that |{{ € k : Fr =
G}| > A. (That is, the F¢ sequence contains many repetitions.)

For each i € p, let G; be such that [{¢ : F¢ = G;}| > k,. Since p is
regular, we already know, by Remark 5, that the theorem holds with p in
place of k. So there is an X such that |{i : |G; N X| =1} = p. Thus, there
are arbitrarily large ¢ € p such that G; N X is a singleton. For each such
i, there are, by choice of G, at least x; £’s with F¢ = G; and therefore
|FeNX| = 1. Therefore, [{¢ : [FeNX| = 1}|is at least x; for cofinally many
i € u. By our choice of the k;’s, this means that [{£ : |Fe N X| = 1}| = &.
So X satisfies (1). Furthermore, since X was chosen to satisfy the second
part of the theorem with respect to (G;)icy, it has cardinality p = cf(x)
(since cardinality 1 would put us back in Case 1), and every subset of the
same cardinality also works in (1) for the G;’s and therefore also for the
F¢’s. The last item in the theorem also holds for the F¢’s simply because it
holds for the G;’s which are among the F¢’s.

Remark 6. From now on, we assume that none of Cases 1, 2, and 3 occurs.
In particular, since Case 3 doesn’t occur, we fix an infinite cardinal A < &
such that no set occurs more than A times in the sequence (F¢).

This implies that, for any nonempty set A,

{€: Fe C AN <|IAIS*]- A= A]- A

We also assume, without loss of generality, that kg > .
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Case 4: None of the preceding case hypotheses hold.
We intend to define a p-sequence of elements (x;);e, such that:

(a) For each i € p, there are at least x; values of ¢ for which z; € Fp.
(b) No Fg contains x; for two different values of 7.

If we can do this, then the set X = {z; : i € } is as required in the theorem.
Indeed, the set {¢ : |FeNX| = 1} includes, for each ¢ € p, the > &, values of
¢ for which F¢ contains x;. Since the supremum of the x;’s is k, X satisfies
equation (1). Furthermore, |X| = p since the x; are clearly distinct (or by
Remark 4), and for any subset of X of size i, we obtain the property in (1)
just as we did for X itself, using the fact that any u of the cardinals x; have
supremum k. The last clause of the theorem is included in (a) and (b).

So it remains to produce the sequence (x;);c,; we shall define z; by
induction on . Suppose, therefore, that i € u, that z; has already been
defined for all j < 4, and that requirements (a) and (b) are satisfied by these
x;’s.

Requirement (b) excludes from consideration as potential choices for x;
any element in

a=Ul U &

j<i \& with z;€F;
For each j, there are strictly fewer than x &’s with z; € F¢, because we are
not in Case 1. The union of these F¢’s therefore has cardinality < . Finally,
taking the union over all j < 4, we have |A| < &, because i < u = cf(k).
Thus, requirement (b) excludes only < k potential values for x;.

According to the inequality derived in Remark 6, there are fewer than x
values of £ for which F C A. Consider, therefore, the x other ¢’s, those for
which G¢ = F¢y — A is nonempty.

If these G¢’s satisfy the hypotheses of any of Cases 1, 2, or 3, then we
could, by the proof already given in those cases, produce an X that satisfies
the conclusions of the theorem with respect to these G¢’s. In particular,
by the last assertion in the theorem, X is included in the union of the G¢’s
and therefore disjoint from A. We claim that this same X also satisfies the
conclusions of the theorem with respect to the F¢’s. Indeed, whenever X
meets G¢ exactly once, which happens « times, X also meets F¢ exactly
once. So X satisfies (1). Furthermore, its cardinality is 1 or cf(x) or k&,
because there were x indices £ for the G¢’s. Any subset of X of the same
cardinality will work in (1) for the F¢’s because it works for the G¢’s, just
as we showed for X itself. Finally, the last assertion in the theorem holds
for the F¢’s because it holds for the G¢’s and X is disjoint from A. So in
this situation, we have our desired X and can end our attempt to construct
€Zj.
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From now on we may assume that the G¢’s do not satisfy the hypotheses
of any of the three previous cases, and we resume our effort to define x;
so that requirements (a) and (b) are satisfied. We claim that there is an
element x that belongs to G¢ for at least x; values of £. Indeed, if this were
not the case, then, given any set B of cardinality < x, there would be at
most |B|-k; < k values of £ for which G¢ meets B. But then we would have
the hypothesis of Case 2 for the G¢’s, contrary to our assumption.

Let z; be any element that belongs to G¢ for at least x; values of £&. Then
requirement (a) is satisfied because G¢ C Fe. Also, since the G¢’s are all
disjoint from A, we have that x; is not in A and therefore not in any Fg¢
that contains an earlier ;. Thus, requirement (b) is also satisfied, and the
proof is complete. O

Proof of Theorem 3 Let rk and (Ue)eer be as in the hypothesis of the
theorem. Partition x into k sets A, (with p € k), each of cardinality &.
If one of these A, can serve as X in the conclusion of the theorem, then
nothing more needs to be done. So assume that this is not the case, i.e.,
assume that, for each p, there is some &(u) € A, such that A, € Ug,).
Being non-principal, Ue(,) also contains A, — {£(u)}.

Let X = {&(n) : p € k}. For each element of X, say £(u), we have seen
that Ue(,y contains a set disjoint from X, namely A, — {{(u)}. Therefore
X ¢ Ue(y, and the proof is complete. O

3. PROOF OF THEOREM 1

We begin by showing that, if one of the cardinality conditions 1 and 2 in
Theorem 1 is satisfied, then we can embed II(k, <a) in II(\, <03).

If kK < A, then we can embed Z* into Z* by extending any k-sequence
x € Z" by zeros to have length A. This does not alter the support, so it
embeds II(k, <«) into II(\, <f3) (as a pure subgroup) for any 3 > a.

This completes the proof if condition 1 in the theorem is satisfied. If
condition 2 is satisfied, then, since @ = w, the group I(k, <a) is a free
abelian group of rank x < A<#. Since II(\, <3) has cardinality A<?, its
rank is also A<A. (The only way for a torsion-free abelian group to have
rank different from its cardinality is to have finite rank, which is clearly not
the case for II(\, <3).) So it has a free subgroup of rank A<?, and we have
the required embedding.

Remark 7. Nobeling proved in [4] that the subgroup of Z* consisting of
the bounded functions is a free abelian group. Intersecting it with II(\, <),
we get a pure free subgroup of II(\, <3) of rank A<#. Thus, under condi-
tion 2 of the theorem, we get an embedding of I1(x, <a) into TI(\, <) as a
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pure subgroup. Therefore, Theorem 1 would remain correct if we replaced
“subgroup” with “pure subgroup.”

We now turn to the more difficult half of Theorem 1, assuming the ex-
istence of the embedding of groups and deducing one of the cardinality
conditions. Since II(\, <) has cardinality A<? and II(k, <a) has cardinal-
ity at least k, the existence of an embedding of the latter into the former
obviously implies that x < A<?. So if @ = w then we have condition 2 of
the theorem. Therefore, we assume from now on that « is uncountable; our
goal is to deduce condition 1.

For this purpose, we need to assemble some information about the given
embedding j : II(k, <a) — II(A,<f). The embedding is, of course, de-
termined by its A components, i.e., its compositions with the A projection
functions p, : II(\, <) — Z. (Here and in all that follows, the variable v
is used for elements of X\.) We write j, for p, o j : II(k, <a) — Z. Thus, for
any z € II(k, <a), j,(z) is the v** component of the A-sequence j(z).

The structure of homomorphisms, like j,, from II(k, <«) to Z can be
determined, thanks to the following theorem of Eda [2] (extending earlier
results of Specker [5] for k = w and Lo$ (see [3, Theorem 94.4]) for x smaller
than all measurable cardinals). To state it, we need one piece of notation.

If U is a countably complete ultrafilter on a set A and if z is any function
from A to a countable set (such as Z), then x is constant on some set in U,
and we denote that constant value by U-lim z.

Theorem 8 (Eda). Let A be any set and let h : Z* — 7 be a homomor-
phism. Then there exist finitely many countably complete ultrafilters U; on
A and there exist integers ¢; (indexed by the same finitely many i’s) such
that, for all x € 74,

h(z) = Z ¢ -U;-limz.

We shall refer to the sum in this theorem as the Eda formula for h.
Whenever convenient, we shall assume that, in an Eda formula, all the U;
are distinct and all the ¢; are non-zero. This can be arranged simply by
combining any terms that involve the same ultrafilter and omitting any
terms with zero coefficients.

The theorem easily implies that the group of homomorphisms from Z4 to
Z is freely generated by the homomorphisms U-lim for countably complete
ultrafilters U on A.

Notice that among the countably complete ultrafilters are the principal
ultrafilters, and that the homomorphism U-lim associated to the principal
ultrafilter U at some a € A is simply the projection p, : Z4 — Z : x — x(a).
If | A| is smaller than all measurable cardinals, then the principal ultrafilters
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are the only countably complete ultrafilters on A, so homomorphisms from
74 to Z are simply finite linear combinations of projections.

Corollary 9. Ifh : Z4 — Z is a homomorphism, then there are only finitely
many a € A such that the standard unit vector e, is mapped to a non-zero
value by h.

Proof  For h(e,) to be non-zero, one of the ; in the theorem must be the
principal ultrafilter at a. (Il

We wish to apply this information to the homomorphisms j,, whose
domain is only II(k, <a), not all of Z*. Fortunately, the preceding corollary
carries over to the desired context, thanks to our assumption above that «
is uncountable.

Corollary 10. For each v € X, there are only finitely many € € k such that
ju(ei) # 0.

Proof  Suppose not. Then there is a countably infinite set A C k such
that, for each £ € A, j,(e¢) # 0. View 74 as a subgroup of Z*, simply by
extending functions by 0 on k — A. Since « is uncountable, we have made
ZA a subgroup of II(k, <a), the domain of j,. So we can apply Corollary 9
to (the restriction to Z4 of) j, and conclude that j, (e¢) # 0 for only finitely
many £ € A. This contradicts our choice of A. O

For each v € A, let

F,={{€k:j,(e)#0}.
So each F}, is finite. On the other hand, since j is an embedding, we have,
for each ¢ € k, that j(es) # 0 and therefore £ € F, for at least one v € A.
Thus, k is the union of the A finite sets F,, which implies that x < A. This
proves the first part of condition 1 of the theorem.
Before turning to the second part, we note, since we shall need it later,
that the preceding argument shows not only that £ < A but that

k<|{veA:F,+o}

To complete the proof of condition 1 of the theorem, it remains to show
that oo < 3. Suppose, toward a contradiction, that 3 < a. So T < o < kT
and therefore 3 < k. Therefore (by the first part of this proof), Z° =
I(3, <B™) embeds in II(x, <), which in turn embeds in TI(), <3). So
instead of dealing with an embedding II(k, <a) — II(\, <), we can deal
with an embedding j : Z° — II(\, <B). In other words, we can assume,
without loss of generality, that xk = 3 and a = 8.

We record for future reference that we have already reached a contradic-
tion if 8 = w, for then II(A, <) is the free abelian group on A generators
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while, by a theorem of Specker [5], Z” is not free. So the latter cannot be
embedded into the former. Thus, we may assume, for the rest of this proof,
that (8 is uncountable.

As before, we write j, for the homomorphism Z? — Z given by the v*®
component of j, for each v € A. Also as before, we write F,, for the set of
¢ € [ such that j,(e¢) # 0. It will be useful to write the Eda formula for j,
with the principal and non-principal ultrafilters separated. Note that the
principal ultrafilters that occur here are concentrated at the points of F),.
Thus, we have

(2) Gu(@) =" af-x(©)+ Y b Ulima

EEF, Uuel,

where U, is a finite set of non-principal, countably complete ultrafilters on
8. As before, we assume, without loss of generality, that all the a and b
coefficients are non-zero.

We recall that we showed, in the proof of k < A, that F,, # & for at least
3 values of v (since the x of that proof is now equal to §). So we can apply
Theorem 2 to find an X C § with the following properties.

(1) There are 3 values of v, which we call the special values, such that
X N F, is a singleton.

(2) |X] is one of 1, cf(f), and 5.

(3) Every subset of X of the same cardinality as X shares with X the
property in item 1 above.

(4) Each £ € X is, for at least one v, the unique element of X N F),.

It will be useful to select, for each £ € X, one v as in item 4 and to call it
v(€). Notice that v(£) is always special (as defined in item 1).

In the course of the proof, we will occasionally replace X by a subset
of the same cardinality, relying on property 3 of X to ensure that all the
properties listed for X remain correct for the new X. To avoid an excess
of subscripts, we will not give these X’s different names. Rather, at each
stage of the proof, X will refer to the current set, which may be a proper
subset of the original X introduced above.

The basic idea of the proof is quite simple, so we present it first and
afterward indicate how to handle all the issues that arise in its application.

Consider any = € Z” whose support is exactly X. Then for each special
v the first sum in (2) reduces to a single term, because exactly one £ € F),
has (&) # 0. So this formula reads

(3) (@) =af -2(€)+ > by Ulima
uel,
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where ¢ is the unique element of X N F,,. If we knew that none of the
ultrafilters & € U, contain X, then all the corresponding limits U-lim x
would vanish, since U contains a set (namely the complement of X) on
which z is identically 0. In this case, we would have

Jul) = af - 2(€) £0.

If this happened for 3 distinct values of v, then all these values would be in
the support of j(z), contradicting the fact that j(z) € II(\, <f).

This is the basic idea; the rest of the proof is concerned with the obvious
difficulty that we do not immediately have § values of v for which the
ultrafilters ¢ € U, do not contain X.

Of course, this difficulty cannot arise if |X| = 1, as the ultrafilters in
question are non-principal. So the proof is complete if there is some £ that
lies in 3 of the sets F,, for then {£} could serve as X. From now on, we
assume that there is no such &.

More generally, the difficulty cannot arise, and so the proof is complete, if
| X| is smaller than all measurable cardinals, because then there are no non-
principal, countably complete ultrafilters to contribute to the second sum
in (2). So we may assume that there is at least one measurable cardinal
< x|,

There remain the cases that |X| = 3 and that |[X| = cf(8) < 8. It
turns out to be necessary to subdivide the former case according to whether
cf(8) = w or not. We handle the three resulting cases in turn.

Case 1: |X| = and cf(8) > w.

Recall that we chose, for each § € X, some v/(§) such that XNF, ) = {¢}.
Thus, equation (3) holds when we put v(€) in place of v.

There are only countably many possible values for |U, )| because these
cardinals are finite. Since |X| has, by the case hypothesis, uncountable
cofinality, X must have a subset, of the same cardinality 3, such that |U, )|
has the same value, say [, for all ¢ in this subset. Replace X with this
subset; as remarked above, we do not, with this replacement, lose any of
the properties of X listed above. Now we can, for each £ in (the new) X,
enumerate Uy, ) as {Up () : k < 1}.

Next, apply Theorem 3 [ times in succession, starting with the current
X. At step k (where 0 < k < 1), replace the then current X with a subset,
still of cardinality (, such that, for each £ in (the new) X, Ux(£) does not
contain X. Thus, for the final X, after these [ shrinkings, we have that, for
all { € X, and all i € Uy ¢y, X ¢ U. This is exactly what we need in order
to apply the basic idea, explained above, to all the v’s of the form v(&) for
¢ € X. Since the function £ — () is obviously one-to-one, there are 8 of
these v’s, and so we have the required contradiction.



10 ANDREAS BLASS* AND SAHARON SHELAHT

Notice that the case hypothesis that § has uncountable cofinality was
used in order to get a single cardinal [ for [U, )|, independent of &, which
was used in turn to fix the number of subsequent shrinkings of X. Without
a fixed [, there would be no guarantee of a final X to which the basic idea
can be applied. This is why the following case must be treated separately.
It is the only case where the actual values of x, not just its support, will
matter.

Case 2: | X| = and cf(8) = w.

Recall that we have already obtained a contradiction when 8 = w, so
in the present case [ is a singular cardinal. Fix an increasing w-sequence
(Bn)new of uncountable regular cardinals with supremum (. Partition X
into countably many sets X,, with |X,| = 8,. As in the proof of Case 1, we
can shrink each X,,, without decreasing its cardinality, so that:

e The cardinality of U, () depends only on n, not on the choice of
& € X,; call this cardinality I(n).
e For all £ € X,,, no ultrafilter in U, (¢) contains X,.
Here and below, when we shrink the X,,’s, it is to be understood that X
is also shrunk, to the union of the new X,,’s. As long as the cardinality of
each X, remains [3,, the cardinality of X remains .

As before, we use the notation {Uy(&) : k < I(n)} for an enumeration of
Uy(g) when £ € X,.

Notice that each Uy (&), being countably complete, must concentrate on
one X,, or on the complement of X. Shrinking each X,, again without
reducing its cardinality, we arrange that for each fixed n and each fixed k <
I(n), as & varies over X,,, all the ultrafilters Uy () that contain X also contain
the same X,,,. We write m(n, k) for this m. (If none of these U (£) contain
X, define m(n,k) € w — {n} arbitrarily.) Also, define S(n) = {m(n,k) :
k <i(n)}. Thus, when { € X,,, every ultrafilter in U, that contains X
contains X, for some m € S(n). Note that our previous shrinking of the
X,’s ensures that n ¢ S(n).

(A technical comment: When we shrink X by shrinking all the X,,’s,
the property of an ultrafilter that “X,, € U” may be lost, since X,,, may
shrink to a set not in U. But, if this happens, then X also shrinks to a
set not in U. Thus, the property “if X € U then X,, € U” persists under
such shrinking. This fact was tacitly used in the shrinking process of the
preceding paragraph. It ensures that we can base our decision of how to
shrink the X,,’s on our knowledge of which X,,’s are in which ultrafilters,
without worrying that the shrinking will alter that knowledge in a way that
requires us to revise the shrinking.)

Obtain an infinite subset Y of w by choosing its elements inductively, in
increasing order, so that whenever n < n’ are in Y then n’ ¢ S(n). This is
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trivial to do, since each S(n) is finite. Shrink X,, to & for all n ¢ Y, but
leave X, unchanged for n € Y. Unlike previous shrinkings, this obviously
does not maintain |X,| = B, in general but only for n € Y. That is,
however, sufficient to maintain |X| = (3, since Y is cofinal in w and so the
Br for n € Y have supremum 3. As a result of this last shrinking, we have
that, for each n € Y and each { € X,,, each of the ultrafilters Uy (£) € Uy (¢
that contains X also contains X, with m =m(n,k) < n.

Shrinking the surviving X,,’s further, without reducing their cardinalities,
we can arrange that in formulas (2) and (3) the coefficient bZ{f()g) depends
only on n and k, not on the choice of £ € X,,. We call this coefficient b(n, k).

We shall now define a certain € Z” with support (the current) X. It
will be constant on each X,, with a value z, to be specified, by induction on
n. (Here n ranges over Y, since X,, = & for n ¢ Y.) Suppose that integers
zm have already been defined for all m < n. Then for ¢ € X, the sum in
formula (3) for v = v(&) is

ST udima = Y b(n k) U(€)dimaz = 3 b, k) (znn|0).

UGUU(O k<l(n) k<l(n)

Here (z|0) means z or 0, according to whether Uy (§) contains X (and there-
fore X,,(n,k)) or not. So this sum has only finitely many (at most 2L(n))
possible values. Choose z, to be an integer greater than the absolute values
of these finitely many possible sums. This choice ensures that, in formula
(3) for v = v(§) and & € X, the first term ag(f)x(g) exceeds in absolute
value the sum over non-principal ultrafilters. Therefore, j, ¢ (z) # 0.

But this happens for all £ € X, so supp(j(«)) has cardinality /3, contrary
to the fact that j(z) € II(A,<B). This contradiction completes the proof
for Case 2.

Case 3: |X| = cf(B) < B.

We already observed that the basic idea suffices to complete the proof
if | X| is smaller than all measurable cardinals. So in the present situation,
we may assume that cf((3) is greater than or equal to the first measurable
cardinal; in particular it is uncountable.

Let p = cf(8) and let (8;)ic, be an increasing u-sequence of regular,
uncountable cardinals with supremum /.

For each i € p, there is some &; € X such that

{v:XnF,={&}}H =6

Indeed, if there were no such &;, then {v : |X N F,| = 1} would be the
union of | X| = u sets each of size < 3;, so it would have cardinality at most
W+ B; < B, contrary to our original choice of X.
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Fix such a & for each i € u. Note that |[{v : X N F, = {&}}|, though
at least §3; by definition, cannot be as large as §, as we remarked when we
disposed of the case | X| = 1 long ago. So, although the same element can
serve as &; for several i’s, it cannot do so for cofinally many ¢ € . So there
are u distinct &;’s. Passing to a subsequence and re-indexing, we henceforth
assume that all the &; are distinct.

Next, fix for each ¢ € u a set N; C X of size §; such that all elements v
of N; have X N F, = {{;}. Note that the sets N; are pairwise disjoint.

Shrink X to {& : ¢ € pu}. This still has cardinality g and thus has all the
properties originally assumed for X.

For each 4, shrink N;, without reducing its cardinality 3;, so that as
v varies over N;, the cardinality of U, remains constant, say [(¢). This
shrinking is possible because cf(3;) > w. Since u is uncountable and regular,
we can shrink X without reducing its cardinality, so that [(¢) is the same
number [ for all §; € X. Again, re-index X as {& : i € p} and re-index the
B; and N; correspondingly. So we can, for each v € |, N;, enumerate U, as
{Z/{k(u) k< l}.

For each ¢, choose a uniform ultrafilter V; on N;, and define an ultrafilter
W; as the limit with respect to V; of the ultrafilters Uy(v). That is,

AeW, — {V:AEUo(l/)}GVi.

It is well known and easy to check that this W; is indeed an ultrafilter.
Applying Theorem 3, we obtain Y C X of cardinality u, such that for each
& €Y,Y ¢ W;. This means, by definition of W;, that we can shrink N;
to a set in V;, hence still of size §; as V; is uniform, so that for all v in the
new N;, Up(v) doesn’t contain Y. Shrink X to Y and reindex as before. We
have achieved that, for all ¢ and all v € N;, X ¢ Uy (v).

Repeat the process with the subscript 0 of U replaced in turn by
1,2,...,01—1. At the end, we have X and N;’s such that, for all §; € X, all
veN,andalld €U,, X ¢ U.

This means that, in formula (3) for £ = ¢ € X and v € Ny, if = has
support X, then the sum over non-principal ultrafilters vanishes and we
reach a contradiction as in the basic idea.
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