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ABSTRACT. In this paper, we study the behavior of Feynman-Kac
propagators corresponding to free propagators and time-dependent
measures. Our main results concern the inheritance of various prop-
erties of free propagators by Feynman-Kac propagators. These prop-
erties include the (L" — L9)-boundedness and the boundedness in
various spaces of continuous functions.

1. INTRODUCTION

Propagators are two-parametric families of bounded linear operators sa-
tisfying the flow condition (forward propagators) or the backward flow con-
dition (backward propagators). The term “propagator” is not the only
name used for such a family of operators. Several other names appeared
in the mathematical literature (e.g., evolution operators, evolution families,
non-autonomous semigroups, etc).

A simple example of a propagator (both forward and backward) is the
family of operators {S;—, : 0 < 7 <t < oo} obtained from a semigroup S;
on a Banach space B. Another example is the free backward propagator
Y associated with a transition probability function P on a locally compact
second countable topological space E equipped with the Borel o-algebra
E (see Section 3). Perturbing Y by various multiplicative functionals, we
get more examples of backward propagators. For instance, the backward
Feynman-Kac propagators Yy and Y}, are such perturbations of Y. These
backward propagators are associated with a Borel function V on [0,7] x E
and a time-dependent Borel measure p = {u(7) : 0 < 7 < T}, and are
defined as follows:

Yv(r,t)f(z) = Er 5 f(Xy) exp{— /t V(s,Xs)ds}, 0<7<t<T,

and
Y, (r,t)f(z) = E; o f(Xy) exp{—A,(t,7)}, 0<7<t<T.
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In the formulas above, X = (Xy, ], P ;) is a non-homogeneous Markov
process on a probability space (€, F), having (F, ) as its state space and P
as its transition probability function. The symbol A, in the formula for Y,
denotes the additive functional of the process X that will be constructed in
Section 5. Backward Feynman-Kac propagators are the main objects of our
study in this paper. Our preference for the backward case is not restrictive,
since the results for backward propagators obtained in this paper can be
reformulated for forward propagators using time reversal. This will be ex-
plained in Section 11. We refer the reader to [5, 10, 29] for more information
on transition probability functions and non-homogeneous Markov processes.
One of the cornerstones of the theory of non-homogeneous Markov processes
was Kolmogorov’s pioneering paper [20)].

In Section 4 of the present paper, we define the classes P} and Py, of
functions on [0, 7] x E and time-dependent measures on €. These classes are
generalizations of a celebrated Kato class K, introduced by Aizenman and
Simon in [1, 28]. The definition of K, is based on a condition used by Kato in
[18]. Aizenman and Simon developed the theory of Schrodinger semigroups
with Kato class potentials (see [1, 28]). The Feynman-Kac propagators Yy,
with V' € P and Y,, with u € P}, are, in a sense, two-parametric relatives
of Schrodinger semigroups with Kato class potentials. More information on
the Kato class and Schrédinger semigroups can be found in [4, 17, 30, 31].
Various generalizations of the Kato classes of functions and measures were
studied in the non-autonomous case (see [11, 12, 13, 14, 21, 22, 24, 25, 26,
27]). The classes P} and Py, were originally defined in [12, 13] in the case
of the Brownian motion on R™.

One of our main objectives in this paper is to study the similarities
in the behavior of free backward propagators and backward Feynman-Kac
propagators. We are especially interested in the inheritance of properties of
free backward propagators by backward Feynman-Kac propagators. Various
results concerning perturbations of semigroups and propagators by functions
and measures were obtained in [1, 2, 3,9, 11, 12, 13, 14, 23, 28, 33]. Some of
the methods used in the present paper were borrowed from [8, 28]. In [23],
interesting results concerning the inheritance of the Feller property were
obtained. The authors of [23] studied perturbations of strongly continuous
semigroups by measures in the case of general locally compact spaces. The
paper [9] also deserves a special attention. In it, the strong continuity in LP
of semigroups perturbed by signed measures was studied.

An important relation between Y, and Y is given by Duhamel’s formula,

t

Yiu(r, ) f () =Y(T,t)f(iv)+/ Y7, 8)[1(s)Yu(s, 1) f](x)ds.

T
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For a bounded Borel function f and p € P}, this formula holds for every
x € E (see [15]). If we impose more restrictions, then the function u(7,x) =
Y, (7,t) f(x) is a solution in the sense of measures to the following final value
problem:

{ Diu(r) + A(T)u(r) — p(r)u(r) =0, 0 <7<t <T,
u(t) = f,

where Di" stands for the 7-derivative from the right, and the family of
operators A(7) is defined by

A(r)h(z) = 6£%1+ e Y (r, T+ e)h(x) — h(z))

(see [15]). The previous assertion explains why backward Feynman-Kac
propagators are of importance in the theory of partial differential equations.

The structure of the present paper is as follows: Section 2 is devoted
to general backward propagators on Banach spaces. Here we prove a theo-
rem concerning the equivalence of separate and joint continuity of backward
propagators (Theorem 2.2). In Section 3, we discuss free backward prop-
agators associated with transition probability functions. The classes P;
and P}, are introduced and studied in Section 4. In Section 5, the addi-
tive functional A, is constructed for a time-dependent measure yu € P,.
This construction is based on the power type estimates for the functional
Ay (r,t) = f: V(s,Xs)ds, obtained in Section 5, and on an approxima-
tion lemma (Lemma 5.1). The latter result shows that for every p € P,
there exists a sequence gi € 77; approaching p in a certain sense. This
kind of approximation is weaker then the approximation in the norm of
the class P},. Some ideas used in the proof of the existence and unique-
ness results for A, (Theorem 5.6 and Lemma 5.13) were borrowed from the
theory of Dirichlet forms (see [9], theorems 5.1.1 and 5.1.2). Section 6 is
devoted to the exponential estimates for the functionals Ay and A,. The
rest of the paper concerns the inheritance of various properties of back-
ward free propagators by backward Feynman-Kac propagators. In Section
7, we study the boundedness of the propagators Yy and Y, on the space
L™ and also the (L" — L9)-smoothing by Yy and Y,,. An important differ-
ence between Schréodinger semigroups with Kato class potentials and the
backward Feynman-Kac propagators Yy and Y, with V' € P} and p € Py,
is that Schrodinger semigroups with Kato class potentials inherit the L!-
boundedness from the heat semigroup, while there are examples of backward
Feynman-Kac propagators for which the L'-boundedness is not inherited.
This was shown in [13]. Section 8 of the present paper is devoted to the
behavior of backward propagators on various spaces of continuous func-
tions on E. Here we discuss the inheritance of the strong Feller and the
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strong BUC-property (see Theorem 8.3), and show that the Feller-Dynkin
and the BUC-property is inherited under some additional restrictions on
the free backward propagator (see theorems 8.4 and 8.5). In Section 9,
we define various subclasses of the classes 73;5 and Py, and prove that the
Feller, the Feller-Dynkin, and the BUC-properties are inherited by back-
ward Feynman-Kac propagators in the case of functions or time-dependent
measures from these subclasses. In section 10, we consider free backward
propagators associated with fundamental solutions of second order parabolic
partial differential equations with time-dependent coefficients, and discuss
the properties of the corresponding backward Feynman-Kac propagators.
Finally, in Section 11, we translate the results obtained in the previous
sections from the language of backward propagators into the language of
forward propagators.

2. BACKWARD PROPAGATORS ON BANACH SPACES

Let B be a Banach space. By L(B, B) will be denoted the space of all
bounded linear operators on B. Let T' > 0 be a given number, and put
Dr={(r,t): 0<7<t<T} Putalso Do ={(7,t) : 0 <7 <t < o0}

Definition 2.1. A two-parametric family of operators {Q(7,t) € L(B, B) :
(1,t) € Doo} s called a backward propagator on B, provided that the follo-
wing conditions hold:

(1) Q(7,t) = Q(T, QA ) for 0 <7 <A<t < o0.

(2) Q(t,t) =1 for 0 <t < 0.

If the family S is defined on Dy with T < 0, then it will be assumed in 1
and 2 that (1,t) € Dr.

We will say that a backward propagator @ is strongly continuous if for
every © € B, the function (7,t) — Q(7,t)x is continuous. For 0 >t < oo, a
backward propagator @ will be called uniformly bounded if ||Q(7, t)|| -5 <
M for all (r,t) € Dp. If T = oo, and for every compact subset K of
Do, ||Q(7,t)||p—B < Mg for all (1,t) € K, then @ will be called locally
uniformly bounded. A backward propagator () is called separately strongly
continuous if for every fixed ¢ and = € B, the function 7 — Q(7,¢)x is
continuous on [0,t], and for every fixed 7 and x € B, the function ¢t —
Q(7,t)x is continuous on [r,T] (if T = oo, then we consider the interval
[t,00) instead of the interval [t,T1]).

The next theorem shows that the joint continuity and the separate conti-
nuity are equivalent if a backward propagator is locally uniformly bounded.

Theorem 2.2. For a backward propagator @ on B, the following are equi-
valent:
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(i) The strong continuity.
(i1) The strong separate continuity and the uniform local boundedness.

Proof. Using the uniform boundedness principle, we see that (7) implies
(ii).

Now let @ be a strongly separately continuous and locally uniformly
bounded propagator. Let (7,t) € Dr, and suppose t' and 7’ are close to
t and 7, respectively. We will first assume that ¢ > 7. Then for 7/ close
to 7, we have t > 7/. Using the local uniform boundedness condition and
assuming that ¢’ > ¢, we get that for every z € B,

I Q. ¢)x — Q(7, t)z||p

Q. t)x — Q. t)zl|s + [|Q(T", 1) — Q(7, )z
1Q(T, )(Q(t, 1)z — 2)||5 +1|Q(T, )z — Q(,t)z|5
M||Q(t, )z — zlls + |Q(, )z — Q(r, t)z||5.
Next the separate continuity condition gives

lim I=0. (1)

t'—t, 7' —T1

VAN VANVAN

If ¢/ < t, then

I < [|Q( ) = Q' )alls + |Q(r, )z — Q(7, t)x||5
< QM )@ -, )2)lls + Q7' ) — Q(r, )zl |
< MQ, )z — zl[p + |Q(r, )z — Q(7,t)z||5,

and we again get formula (1).
Finally, let 7 = ¢t < 7/ < t/. Then the separate continuity condition
implies that for every € > 0 there exists A > 0 such that A > 7 and

1Q(7, N — z||p < e. (2)
If follows from the local uniform boundedness condition and from (2) that
I=[Q(r", )z —z||s
<R, #)z = (7", Nzlls + |Q(T, Nz — Q(7, Mzl s
+HQ(, Nz — 2|z < ||Q(, ) (x — Q(t', Mzlls
+HQ(E, Nz = Q(r, Nzl s + € < MI|Q(H, Nz — x|l

+HIQ(T Nz — Q(r, Nzlls + e < M[|Q(t, N — Q(r, Nz||5

+M|Q(r, Nz — z||s +|Q(7", Nz — Q(7, N)z||5 + €

SMJQE, Nz — Q(r, Nzlls +1Q(T, N — Q(r, Nzlls + (M + 1)e.(3)
In (3), M depends on t. It follows from (3) and from the separate continuity

condition that there exists & > 0 such that for 7 < 7/ <t < 7+ 4, we have
I < (2M + 2)e. Therefore, (1) holds for 7 =t < 7/ < ¢.
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This completes the proof of Theorem 2.2.

3. TRANSITION FUNCTIONS AND FREE BACKWARD PROPAGATORS

In this section, we gather known definitions and facts from the theory
of non-homogeneous Markov processes, and define the backward Feynman-
Kac propagator Yy . Let E be a locally compact second countable Hausdorff
topological space. Then F is o-compact and metrisable (see [19]). We will
fix a metric p : E x E — [0,00) generating the topology of E, and denote
by & the o-algebra of Borel subsets of E. The symbol BC will stand for
the space of all bounded continuous functions on E equipped with the norm
l|fllc = supgeg |f(x)]. By Cx will be denoted the space of all continuous
functions on E vanishing at infinity, and by BUC the space of bounded
uniformly continuous functions on E. It is easy to show that C is a closed
subspace of BUC, and BUC' is a closed subspace of BC. The symbol L
will stand for the space of all bounded Borel functions on E.

Let P(r,x;s,A), where 0 <r < s < 0o,z € F,and A € &, be a transition
probability function. This means that the following conditions hold:

(1) For fixed r, s, and A, P is a nonnegative Borel measurable function
on F.

(2) For fixed r, s, and x, P is a Borel measure on €.

(3) P(r,z;s,E)=1for all r, s, and .

(4) P(r,az;s,A) = [, P(r,z;u,dy)P(u,y; s, A) for all r < u < s, and A.

Given a transition probability function P, we can define a family of con-
traction operators on Lg° by

{ Y(r,t)f(x) = [, fly)P(r,z;t,dy), 0<7<t<oo
Y(t,t)f(x) = f(z), 0<t< o

for all z € E and f € L. This family will be called the free backward
propagator associated with P.

Let us fix a non-negative Borel measure m on (E, & (the reference mea-
sure). We will write dx instead of m(dz), and will always assume that
0 < m(A) < oo for any compact subset A of F having nonempty interior.
By L™ with 1 < r < oo will be denoted the usual Lebesgue space with
respect to the reference measure m. The space of all Borel functions from
L" will be denoted by L. If P is a transition probability function, then we
will say that P possesses density p, if there exists a nonnegative function
p(r, x; s,y) such that

Plrya:s, A) = / p(r, 5 5,y)dy
A
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for all A € £. In this case, the free backward propagator Y is defined on
the space L*° by

{ Y(t,7)f(2) = [ f)p(r, 23t y)dy, 0<7 <t <00,
Y, t)f(x) = f(z), 0<t< 0.

A rich source of transition probability densities is the theory of second order
non-divergence or divergence form parabolic partial differential equations on
R™. If there exists a fundamental solution for such an equation, then it can
be used as a transition density. Numerous results concerning the existence
of fundamental solutions in the case of equations with time-dependent coef-
ficients can be found in [6, 7, 16, 21] (see also the references in these papers).
We will discuss such examples of transition probability functions in Section
10.

Let Q = E[%°) denote the path space equipped with the cylindrical
o-algebra F, and let P be a transition probability function. Then there
exists a non-terminating non-homogeneous Markov process (X, F{, Pr ),
(1,t) € Do, on (Q,F) with the phase space (E,€&). Here Xi(w) = w(t),
Fl=0(Xs:7<s<t),and Pr, with 0 <7 <T and x € F is a measure
on F such that

PT’I(w(tl) c Al; s ,;w(tkfl) c Akfl;w(tk) c Ak)
:/ P(T,(E;tl,d.’bl)/ P(tl,{El;tQ,difz)"'/ P(tk,hl'k,l;tk,dfﬂk)
Ay As Ap

forall 7 <t <ty < --- <t <Tand A4; € £ for 1 <i < k. We will
also need non-homogeneous Markov processes defined on a general proba-
bility space (£, F) (see [5, 10, 29]). Any two such processes with the same
transition function P are called stochastically equivalent.

The Markov property of the process X can be formulated as follows: For
al0<7<s<t<T,z€ E,and g€ L,

Y(t,s)g(Xs) = Ero(9(Xe)|FS)

P, . as. In the present paper, we will restrict ourselves to progressively
measurable processes. A process X is called F]-progressively measurable,
or simply progressively measurable, if for every 7 and t with 0 <7 <t < T,
the mapping (s,w) — w(s) of [1,t] xQ into E is (B[, 4 x F{ ) /E-measurable.
It is known that every left- or right-continuous process is progressively mea-
surable (see [10, 32] for more information concerning progressive measurabil-
ity of stochastic processes). We will denote by M the class of all transition
probability functions P such that there exists a progressively measurable
process X corresponding to P. If P € M, then we will always choose a
progressively measurable process X to represent P.
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A process X associated with P is called stochastically continuous if for
all0<7<s<t<T,xz e F, and € > 0, we have
lim0+ P (p(Xs,X;) >€)=0.

t—s—

Fore > 0andy € E, put G.(y) = {z € E : p(x,y) > €}. Then an equivalent
condition for the stochastic continuity of the process X is as follows:

lim [ P(s,y;t,Ge(y)) P(, 235, dy) = 0 (4)
t—s—0+ E
where it is assumed that 0 <7 < s <t <T,x € E, and € > 0. It is known
that condition (4) implies P € M (this follows from Theorem 4 in Chapter
1.6 in [10]). The uniform stochastic continuity condition for the transition
function P,

I P(s,y;t,Ge(y)) =0
I, SUD (5,551, Ge(y))

for all € > 0, is stronger than condition (4). It implies the existence of a
process X corresponding to P such that X is right-continuous and possesses
left-hand limits (see [10], Theorem 2 on p. 75).

The sample paths of progressively measurable processes are Borel measu-
rable functions. Hence, if X is progressively measurable, then the functional

t
Ay (r ) = / Vs, X,)ds
is defined for appropriate Borel functions V on [0,T] x E. Moreover, the

random variable Ay (7,t) is F] -measurable.

Definition 3.1. Let P € M, and let V be a Borel function on [0,T] x E.
We will call the family of linear operators,

t
Yv(r,t)g(x) = Emcg(Xt)eXp{—/ Vs, Xs)ds}, 0<7<t<T,

the backward Feynman-Kac propagator associated with P and V.

The restrictions on V' and g under which the backward Feynman-Kac
propagator Yy exists will be given later. For a time-dependent measure p,
the backward propagator Y, will be defined in Section 5.

4. NON-AUTONOMOUS CLASSES OF FUNCTIONS AND MEASURES

Let us denote by V' a Borel function on the set [0,T] x E, where T' > 0
is a fixed number, and by p a family p = {u(t) : 0 < ¢t < T} of signed
measures on (E,E). Recall that in the definition of a signed measure v it is
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assumed that at least one of the measures vt and v~ is finite. Let P be a
transition probability function from the class M. For V as above, put

Ny t,a) = / Y(r,8)V(s)(@)ds, (r,t)€ Dy, x€ B (5)

The function N (V) is, in a sense, a potential of V. In the case of the family
1 as above, we assume that P possesses density p. Then we can define the
potential N, by

N(p)(r,t,x) /YTS (x)ds, (7,t) € Dp, x € E. (6)

It is assumed in (5) and (6) that the integrals on the right-hand side make
sense.

Definition 4.1. Let P € M. Then we say that V belongs to the class ”ﬁ;,
provided that
sup sup N(|V|)(r,t,z) < cc.
(r,t)eDr z€E
LetV € 75; Then we say that V' belongs to the class P}, provided that

hm sup N(V|)(¢t,1,z) = 0.

Suppose that P € M possesses density p. Then we say that u belongs to
the class Py, provided that

sup  sup N(|u[)(7,t,z) < oo.
T:(7,t) €D TEE

If € Pr,, then we say that i belongs to the class P*,, provided that
11m sup N(|u)(1,t,z) = 0.

In the case of the heat semigroup, the classes in Definition 4.1 were
studied in [12, 13].

Remark 4.2. Note that the function classes 73’;5 and P} are defined for any
transition probability function P € M, while in the case of time-dependent
measures we restrict ourselves to transition probability functions possessing
densities. In the latter case, the function classes 75} and P} are in one-to-
one correspondence, V (7, z) < du(r,x) = V (7, x)dx, with subclasses of the
classes P and Pz,

For V e 75; and p € ’p;“w we put

VIl = sup sup N(|V|)(7,t, ),
(r,t)eDr z€E
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and

pllm = sup  sup N(|ul)(7,t,2).
(r,t)eDr x€E

It is clear that

VIly = sup sup N(|u|)(1,T,)
T7:0<7<T z€E

and

lpellm = sup sup N(|u[)(7, T, ).
7:0<7<T z€E

Remark 4.3. Let [ denote the Lebesgue measure on the o-algebra Byg 1
of all Borel subsets of [0,T], and [|, 7 denote the restriction of I to [r,T7.
For every 7 € [0,T] and = € E, define a measure {;, on the sigma algebra
o (Bir,r) x £) as follows: For U € o(B|, 1) x &),

§T,I(U)=/UP(T,xgu,dy)du.

Then for V € 75;, the condition ||V||; = 0 means that for all 7 € [0,T") and
x € E, we have V(u,y) = 0 &, z-a.e. on [1,T] x E. If P possesses density p
such that

p(T, z5u,y) >0 (7)
for all 7, x, u, and y, then we have another equivalent condition: V' (u,y) = 0
Ixm-a.e. on [0, T]x E. If the density p exists and p € 75:‘n, then the condition
[|t4||m = 0 means that

/TT /ET’(T’ 310, )d| ()| () = 0

for all 7 and z. If p satisfies (7), then we get the following equivalent
condition: p(u) =0 for l-a.a. u € [0,7T].

If we take into account the identifications described in Remark 4.3, then
the spaces (Py, || - [|f) and (Py,, | - [|m) become normed spaces . The next
result shows that more is true.

Lemma 4.4. Let P € M. Then (75;?, |[-[ly) is a Banach space, and (P}, ||
l|7) is its closed subspace. Moreover if P possesses a strictly positive density
p, then (P:, || - |lm) is a Banach space, and P}, is its closed subspace.

Proof. We will prove that if p is strictly positive, then the space 75;,"1
is complete, and Py, is a closed subspace of 75;; The rest of the proof of
Lemma 4.4 is similar.

Let py € 75;,“1, k > 1, be a sequence such that

ZHNICHm = sup Sup/ dU/ (7, @3, y)d|pw (u, y)| < oo.  (8)

T 0<r<T z€E
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Then for every x € E, we have

T oo
/ du/ (0,250, 9)d Y | (u, )| < o0,
0 E k=1

Hence, there exists a Borel set U, € [0,T] such that {(U,) =T and

oo
[ 0.0y it )] < o0 )
E k=1
forallu € U,. Fix ¢ € E. Then (9) implies that for every j > 1 and u € U,,
D I (w)[(Aj.0) < o0
k=1

where 4;, = {y € E: p(0,z;u,y) > j~'}. Hence, > uy(u) is a finite signed
Borel measure on every set A;, for all u € U,. Since the strict positivity
of p implies U2, A, = E for all u € U, the measure pu(u) = > pp(u)
is a signed Borel measure on E for all u € U,, and hence l-a.e. on [0,T].
It follows from (8) that p € PZ,, and it is not difficult to prove using (8)
that the series Y, i converges to u in the space 75,’; This proves the
completeness of P,

Now let v, € Pk, k > 1, be such that v, — v in 75;; We have

/Y<T, W) |(w)| (@) du < /Yw, ) () — pak (o0) | ()t / Y (7, ) () ()

(10)
It follows from (10) that p € Py,. Hence, the class P?, is a closed subspace
of the space P,

This completes the proof of Lemma 4.4.

The next result provides a description of the classes P} and Py, in terms
of the potential operator N.

Lemma 4.5. (a) Let Pe M andV € ﬁj’f Then V € P} if and only if

lim  sup sup[N(V|)(r,t',z) - N(V|)(r,t,2)] =0.  (11)
t'—t—=0+ r.0<r<tz€eE

(b) Suppose that P € M possesses density p, and let u € ’ﬁ;; Then
w € Pk, if and only if (11) holds with u instead of V.

Proof. Part (a). Let V € P}. Then we have

N(V)(r.t',2) = N([V])(7.t, z) = /t Y (7, u) |V (u)|(2)du

=Y(r,t)N([V])(t, ') ().
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It follows that
sup[N([V])(,t',z) = N([V])(7,t,z)] < sup N([V])(¢,t', z).
zeE zEE
It is clear that the previous estimate implies (11).
Now assume that (11) holds. Then we have

lim sup N(|V|)(1,t,z) = lim sup[N(|V|)(r,t,z) — N(|V|)(r,T,2)] = 0.
t—7—0,cE t—=7—=03cp

This implies V' € Pj.
The proof of part () is similar.

Remark 4.6. It is easy to see from the proof of Lemma 4.5 that
lim  sup sup |[N(V)(r,t',z) — N(V)(7,t,z)| = 0.

t'—t—0+ 7:0<7<tx€FE
In the sequel, we will use the following notation:
MV)(r,t) = sup sup|N(V)(rt, x)
rir<r<tzeE
and
M(p)(r,t) = sup sup|N(u)(rt, z)l.
rir<r<taxcE
5. CONSTRUCTION OF A,

Our main objective in this section is to define and study the additive
functional A,, where 1 is a time-dependent measure from the class P;;,. The
functional A, will replace the functional,

AV(T7t):/ V(s, Xs)ds, (12)

in the definition of the Feynman-Kac propagator Y, for p € P;,. A natural
idea is to try to approximate the time-dependent measure p by a sequence of
functions g € P} such that the corresponding sequence of functionals A,
converges in an appropriate sense. Then the functional A, can be defined as
the limit of the sequence Ay, . Since the approximation of time-dependent
measures by functions in the norm topology of the space Py, is not always
possible (see Lemma 4.4), we should look for weaker conditions. The second
part of the next assertion will be helpful in the construction of A4,,.
Lemma 5.1. (a) Let P € M and V € Pj. Fork>1,0<7<T, and
xz € FE, put
1

gk (7,2) = kN (V) (7, min(T + %,T)J:). (13)

Then the following conditions hold:

gk € Pj (14)
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forallk > 1;
lim sup sup |[N(V —gp)(7,t,x)| = 0; (15)

k—oo (7 t)eDy z€E
and

lim supsup N(|gk|)(,t,2) = 0. (16)
t=7=0+ g >14€E

(b) Suppose that P € M possesses density p, and let u € P,. Fork > 1,
0<7<T, andx € E, put

g (1,2) = kN (V) (7, min(7 + %,T),x). (17)

Then conditions (14)-(16) in part (a) of Lemma 5.1 hold with p instead of
V.

Proof. (a) We have

N(g)(r,t,2) = / Y (r, 5)ds /mm(sﬂj)y(s W)V () (2)du
_ / ds / ek Ty Y (7, )V (u) (2)du

min(t+4,7) t
— ok / Y (r, u)V () () du / e (s)ds, (18)

where X ¢, () is the characteristic function of the set Cy(u) = {s: 5 <u <
min(s + 1, 7)}. It follows from (18) that

min(r++,7T) t
Ng)(rt.o) = Y(r V() @du [ xou(s)ds

+ / Y (7, u)V(u)(x)du

min(7+4,t)

min(t++,7T) t
+ k/t Y (T, u)V(u)(az)du/ XCy (u) (8)ds. (19)

Using (19), we obtain

min (744 ,t)
IN(V = go)(r ty2)| < / Y () [V (1) ()
min(7+4%,t) t
©ok / Y (7 0)|V () () / Yo (s)ds

min(t+,7T) t
vk / Y (7, w)|V ()| (2)du / X (3)ds.
t T
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Since the Lebesgue measure of the set Cj,(u) does not exceed 1, we get

NV —g)(r o)l < 2N(V])(r,min(r + 1,1),2)

min(t++4,T)
+ Y(r, t)/t Y (t,w) |V (uw)|(z)du
2N(|V])(7, min(r + %,t),x)

+ Y(r,t)N(|V])(t, min(t + %,T)(JL‘)

Therefore,

1
sup [IN(V = gi)(7,t,2)] < Zsup N(|V])(r, min(r + %), 2)

RIS D) zEE
1
+ sup N(|V|)(t, min(t + —,T),z). (20)
reFR k

Now it is clear that (20) and the definition of the class P} imply condition
(15) in Lemma 5.1.
Since

¢ min(s+%,T)
N(lgih(rte) < k / Y (7, )ds / Y (s, u)|V(u)| () du

t min(s++,T)
k / ds / ¥ (r, )|V ()| (2)du

k / D IV @)l (@)du /

T

Xy (u) (8)ds,
t

)

we get
N(lgel)(rt,2) < Fmint — 7, DON(VI)(rmin(e + 1. T),2). (21)

It is clear that (14) follows from (21).
It remains to show that (16) holds. Let ¢ > 0. Then (21) and Lemma
4.5 imply that there exist 4; > 0 and ko > 1 such that

sup N(|gg|)(7,t,2) < e (22)
xeE

for all t — 7 < §; and k > kg. Moreover, since g, € P}, there exists d2 > 0
such that d2 < 01 and (22) holds for all ¢ — 7 < 2 and k < kg. Hence, (22)
holds for all £ > 1 and ¢ — 7 < d2, and we get (16).

This completes the proof of part (a) of Lemma 5.1. The proof of part (b)
is similar.
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Remark 5.2. Suppose that the conditions in part (b) of Lemma 5.1 hold.
Then it follows from (15) that

lim M (gp) (7, t) = M(p)(7,1).
k—o00
Moreover, (21) implies
1i’I€nsupN(|g;c\)(T,t,x) < N(|p)) (7, t, )

and
lim sup M (|gx|)(7,t) < M(|pl)(7, ).

k—oo

The next definition will be useful in the sequel.

Definition 5.3. Let Pe M,V € Pt and Vy, € P for all k > 1. Then we
will say that the sequence Vi, (-approaches V' provided that

lim sup sup |N(V —Vi)(7,t,2)| — 0,
k—oo (r tyeDr z€E
and

lim supsup N(|Vi|)(7,t,2) = 0.
t—7—0+ >1 2eE

If P € M possesses density p, then we will say that a sequence py, € P},
k > 1, C-approaches p € P} provided that

lm  sup sup [N (s — p)(ryt,3)] — O,
k—oo (1 t)eDr z€E

and
lim supsup N(|pr|)(,t,z) = 0.
t—7—=0+ p>1 zcE

Remark 5.4. It follows from (13), (17), and the definition of the class 75;
that the functions g; in Lemma 5.1 are bounded. Hence, for any V € P;
(1 € P} there exists a sequence of bounded functions approaching V' (p)
in the (-sense.

Lemma 5.5. If

lim supsup N(|Vi|)(7,t,2) =0,
t=7—=0+ >1 z€E

then supy, ||Vi||f < co. The same result is true for time-dependent measures.

Proof. Tt follows from the assumptions that there exists § > 0 such that
fort —7 <6 and k > 1, we have

sup sup N(|Vi|)(7,t,2) < 1. (23)
2€E k>1
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For every (7,t) € Dy with 7 < ¢, there exists a partition 7 = tp < --- <
t, =t such that max{|t;11 —t;|: 0<j<n—1} <§and n < 'T. Then
we have

NIVt = Y [ Y mWil@ds

j=0 7t

n-l i1
= ZY(T,T,J‘)/ Y (tj,s)|Vi|(z)ds
7=0 b

i
n—1
= D Y(rt)N([Vi) (1) (@).
3=0
Therefore, using (23) we get

n—1
sup sup N (|Vi|)(7,t,z) < ZN(|N;€\)(tj,tj+1,ac) <n<
k>1z€E k=1

S

This completes the proof of Lemma 5.5 in the case of functions. The case
of measures is similar.

It would be interesting to try to define a Hausdorff topology on the class
P} using the conditions in Definition 5.3. This topology should be weaker

than the norm topology of 75}‘ restricted to Pj. Here it is important to
answer the following question: Does the equality
sup sup |[N(V)(t,7,2)] =0
(t,T)EDT zEE
imply that V(r,2) =01 x m a.e. on [0,T] x E?
Let V' be a nonnegative function from the class P;. Then the functional

Ay defined by formula (12) is a non-decreasing continuous additive func-
tional. More precisely, it has the following properties:

(1) For all 7 < ¢, the random variable Ay (7,t) is F/-measurable.

(2) Forall 7 and z € E, Ay(7,7) =0 P; ;-a.s.

(3) For all 7 <t and x € E, the function t — Ay (7,¢t), 7 <t < T, is
non-decreasing and continuous P; ;-a.s.
(4) Forall 7 <A <t, Ay(7,t) = Av(1,A) + Ay (\, t) P; z-ass.
(5) Forallt <tand x € E, E; ;Ay(7,t) = N(V)(7,t,x).

Our next goal is to define the functional A, in the case of a time-
dependent measure p € P,. Let g, be the sequence corresponding to p by
formula (17). We will show below that the limit A, (7,t) = limy_.o Ag, (7,1)
exists in a certain sense.



MARKOV PROCESSES AND FEYNMAN-KAC PROPAGATORS 17

Theorem 5.6. Let P € M be a transition probability function possessing
density p. Then for every family p of nonnegative measures from the class
Py, there exists a functional A, (7,t), (7,t) € Dy, for which conditions 1-5
above hold.

Remark 5.7. It will be shown below that

lim sup sup Er, sup |A,(7,t) — Ay (7,8)|" =0, (24)
k—0o 1.0<7<T z€E tr<t<T

for every n > 1 (see the proof of Theorem 5.6 below), and that A, is unique
up to equivalence (see Lemma 5.13).

Proof of Theorem 5.6. The following assertion holds:

Lemma 5.8. Let P € M and V € P;. Then for every t and 7 with
(1,t) € Dy, © € E, and any integer n > 2, we have

|E; Ay (1,8)" < nIN([V)(r t, 2) M (V) (7, 8)" 2 M (V)(7,t).  (25)
Proof. Using the Markov property and taking into account that V' € Pj,

we obtain

i t
E. Ay (1,t)*=2E,, / V (s, Xs)ds / V (u, Xo)du
Tt St
—2E,, / V(s, X.)ds / By (V (4, X.)|F7)du
—2E”;/VSX ds/ E; . V(u, Xy)du|,=x,

<2 dsY(T, $)|V(s)|(x)dssup sup /Y s,u) (y)dul. (26)
T s:7<s<tycR"™
Now it is clear that (26) implies (25) with n = 2.
Next let n > 2 be any positive integer. By induction, we get

t t t
E. Ay (r,t)"=nlE, , /V(tl, th)dtl/V(tg, Xy, )dty - /V(tn, X, )dty,
¢

T t1 n—1

< n!/dsY(T, $)|V(s)|(x)ds sup sup[/Y(r, w) |V (u)|(y)du)" 2

rir<r<tyeFE
t

x sup sup| [ Y(r,u)V(u)(y)dul.
rir<r<tyeE Jr

The previous estimate implies (25), and completes the proof of Lemma 5.8.
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Corollary 5.9. Suppose that the conditions in Lemma 5.8 are satisfied.
Then for any odd integer n > 3,

E. ;|Av (1, )]"<v/(n — Dl(n + DIN(V|) (7, t, 2) M (|V])(T, t)”2M(V)(z-2,%.

Proof. If n > 3 is odd, then
Er o Ay (1, 0)|* < {E, 2 Ay (1,0)" Y2 { B, o Ay (7, 1) T )3,

Now it is clear that (27) follows from Lemma 5.8.

Lemma 5.8 and Corollary 5.9 provide pointwise estimates for the expres-
sion E; ;| Ay (7,t)|™. The next lemma shows that stronger uniform estimates
hold.

Lemma 5.10. Let P € M and V € P;. Then for any 7 with 0 <7 <T,
any 0 > 0 such that 7+ < T, and any even integer n > 2, the following
estimate holds:

sup Brp  sup  Ay(1,1)" < e M(|V])(r,7+8)" T M(V)(7,7 +36), (28)
rel tr<t<71+6

where
n

c [(n 1) n! + 1] (29)
Moreover, for any odd integer n > 3, we have

supE., sup |Ay(7,t)|" < e M|V (r, 7+ M(V) (1,7 +0) (30)
z€E t:7<t<7149

where ¢, = \/Ch—1Cn+1-

Remark 5.11. For n = 1, we have

sup B, sup  |Ay(r,8)] < {eaxM(V])(r, 7+ 8 M(V)(r, 7+ 8)}2. (31)

zeFE tr<t<7+4+46
Estimate (31) easily follows from (28) with n = 2.

Remark 5.12. It is clear that for V' > 0, Lemma 5.10 follows from Lemma
5.8.

Proof of Lemma 5.10. We will prove estimate (28). Estimate (30) follows
from (28) and Holder’s inequality.

Let n > 2 be an even integer, and let V € 73;5. For given 7, x, and ¢t with
T<t<T+4, put

M, =E. . (Av (1,7 + )| F]).
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It follows from (25) that M; is an F7 -martingale from L™. Using the Markov
property, we see that for every ¢t with 7 <t < 74,

T4+6
M, = Av(rt)+ / Br o (V(s, X,)|F7)ds
t

T+6
= AV(T,t)Jr/t Y (t,s)V(s)(X¢)ds

P, ;-a.s. Hence M; is a modification of the functional M, = Ay (7,t) +
N(V)(t, 7+ 6, Xy).

Fix a partition 7 = tg < t; < --- < tp = 7+ §. Using Doob’s inequality
(see [32]), we get

E., sup Ay(r,t;))" < 2"E., sup M)

J:0<j<k j:0<j<k
+ 2"E;, sup |[N(V)(t;, 7+, Xq,)|"
J:0<ji<k
< 2(g) Erg Ay (T +0)"

+ 2%[sup sup |N(V)(s,7+6,2)|]"
z€FE s:7<s<7+9

n
< n n n
< 2 (771 — 1) E; Ay (1,74 0)
+ 2"M((V)(r, 7+ )" (32)
It follows from (25) and (32) that

Bro swp Av(rty)" < e, M(VI)(r.m + 6 M(V)(r.7+05)  (33)
j:0<j<k
for all x € E where ¢, is defined by (29). Next we choose a sequence of
refinements of the partition 7 =tg < t; < --- <t = 7 + I on the left-hand
side of (33) such that the maximum length of the partition intervals tends
to 0, and pass to the limit, using the monotone convergence theorem and
the continuity of Ay (7,t) with respect to t. This establishes estimate (28),
and completes the proof of Lemma 5.10.
Let us continue the proof of Theorem 5.6. For a nonnegative family
w € P define the sequence gy by (17). Using (28) and (30), we obtain

sup Er . sup |Ag, g, (1,0)|" <
zEFR t:r<t<7+6

< enM(lgr = gi1) (7,7 4+ 6)" " M (g — ;) (1,7 + 0).
It follows from Lemma 5.1 that

dim  sup sup Er, sup [Ay, (7,t) — Ay (7, 1)[" = 0.
Jik—00 1:0<7<T z€F t:r<t<tT+0
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Hence, there exists a functional A, such that (24) holds. Using the fact
that every functional A,, satisfies conditions 1-5 in Theorem 5.6, we can
prove that the functional A, defined by (24), also satisfies these conditions.
This completes the proof of Theorem 5.6.
It is not difficult to see that the functional A, does not depend on the
choice of a sequence gy, such that g (-approaches p. Actually, more is true.

Lemma 5.13. Let v be a non-negative family from the class P;;,. Let Ay
and As be two functionals satisfying conditions 1-5 in Theorem 5.6. Then
for every 0 < 7 < T and x € R"™, the processes Ai(7,t) and As(T,t) are
indistinguishable.

Proof. Tt is easy to see, using the conditions in Theorem 5.6, that

Er o[ Av(7.1) — Aa(r,0)] =

_ Z wE/ A(7,1) — Ay(r, )] dA; (7, )

I
o

(— 1)Z+JET7I/ Ai(s, t)dA (T, s) (34)

7,7=1

J
By condition 1, A;(t,s) is F;-measurable. Using the Markov property in
(34), we get

B [AL(T,t) — Ag(T, 1)) =

t
=2 Z (_1)i+jET,m/ B s Ai(s,t)]2=x,dA; (7, 5)
ij=1 T
=2y (—1)“”Em,/ N, (s,t, Xs)dA (7, s) = 0. (35)
i,j=1 T

It follows from (35) that for given 7 and x, the process A, is a modification
of A;. Since both processes are continuous, they are indistinguishable.
This completes the proof of Lemma 5.13.

Remark 5.14. It is clear that under the conditions in Theorem 5.6, we can
find a sequence of positive integers k£’ such that for a given number 7 with
0<7<Tand z € R",

Ag,, (T,t) = Au(T,1) (36)
P, ,-a.s. uniformly with respect to ¢t € [, T].

Definition 5.15. Let p € Pf,. Denote by pu* and p~ the positive and
the negative variation of the family w, respectively. Then we define the
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functional A, as follows:
Ay(r,t) = Aps (1,t) — A= (7, 1).
Now we are ready to give the definition of the backward Feynman-Kac
propagator corresponding to u € P;,.

Definition 5.16. Let P € M be a transition probability function possessing
density p, and let p € P)i,. Then the family of operators,

Y#(Ta t)g(l’) = E‘r,zg(Xt) exp{—A#(T, t)}a (7_7 t) S DTv
is called the backward Feynman-Kac propagator associated with P and p.

Lemma 5.17. Let P € M be a transition probability function possessing
density p, and let p € Py,. Then estimates (28) and (30) hold with p instead
of V.

Proof. We will prove estimate (28) for a time-dependent measure u. It
is clear that estimate (30) for p follows from (28).

Let p € P, and let g be the sequence constructed for p in Lemma 5.1.
Then gy € P;. Applying estimate (28) to the sequence gy, we see that

sup - sup  [Ag (1,0)[" < eaM(|gi)(7,6)" " M(gi)(7,1).  (37)

z€E tr<t<t+46
It follows from Remark 5.2 that
lilrcnsupM(lgkl)(T» t) < M(|pl)(7,t) (38)
and

M(gr)(7,t) — M(p)(7,t) (39)
as k — oo. Now using (24), (37), (38), and (39) we see that (28) holds for

1.
This completes the proof of Lemma 5.17.

Lemma 5.18. (a) Let P € M,V € P}, and g € L. If t and T are such
that M(|V|)(7,t) < 1, then

t t
Yy (1, t)g(z) = Y (7, t)g(z) = Z/ dtl/ dty - -
E>17T t1
t
t Y(7,t) V()Y (t1,t2)V(t2) - Y(tgp—1,t)V ()Y (tk, t)g(x)dtx. (40)
(b) If P € M possesses densityp, V € Pj. g€ L>®, and (1,t) € Dr is such
that M(|V|)(7,t) < 1, then equality (40) holds.
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(¢) If P € M possesses density p, p € Pk, g € L™, and (1,t) € Dr is such
that M (|u|)(7,t) < 1, then

Y (7, t)g(x) =Y => / dty / dty - -

k>1
/ Y (7, ) (00 Y (b1 b2)a(ta) - Y (b )t Y (ths ) ()

Proof. (a) Using the formula Y (7,t)g(X;) = E; ;9(X}), Definition 3.1,
and expanding the exponential, we obtain

Yy (7, t)g(x) = Y(r, t)g( )

S /dn /dm B V(b X )V (f2, X0) - V(1 X )g(X0 )

E>1 th—1

Then the Markov property gives
Yy (r,t)g (r,t)g(x)

Z/dtl/dtg Emv (t1, Xe,)V (ta, Xuy) -+ V (e, Xy ) Ero (9(Xe)|F7 ) dt,

E>1 th—1

dtl dtz /E.,- xV tl, th)V(tQ, XtQ) e V(tk, th)Y(tk7 t)g(th)dtk

k>1 T tr—1

Repeating the same reasoning several times, we get (40). Condition
M(|V|)(,t) < 1 implies the convergence of the series in (40) (see the esti-
mates in Section 5). Hence, part (a) of Lemma 5.18 holds. Parts (b) and
(¢) can be obtained similarly.

Remark 5.19. The series representation for Yy —Y and Y, —Y is a non-
autonomous version of the Dyson series (see [17]).

6. EXPONENTIAL ESTIMATES FOR NON-AUTONOMOUS FUNCTIONALS

Our main goal in this section is to study the non-autonomous multiplica-
tive functionals exp{— f: V(s,Xs)}ds and exp{—A,(t,7)}. First we prove
Khas’'minski’s Lemma in the non-autonomous case.

Lemma 6.1. (a) Let P € M, V € Pj, and let (1,t) € Dr be such that
M(V|)(r,t) < 1. Then

1

T (V). ) (4D

t
sup E; exp{/ |V (s, Xs)|ds} <
zelE T
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(b) If P € M possesses density p, u € P,

. and (1,t) € Dr is such that
M(|p])(T,t) < 1, then

1
sup By exp{A4,(1,t)} < —————F——. 42
0 Fre @0 O} < T3 )
Proof. Using estimate (25), we get
A \%4 (Ta t)n
Erw = < MV 1), (43)

It is clear that (43) implies (41). Estimate (42) follows from (41) using the
same ideas as in the proof of Lemma 5.17.
The next assertions contain more exponential estimates:

Lemma 6.2. (a) Let P € M, V € P}, and let (1,t) € Dr be such that
M(|V])(t,7) <1. Then

[SE

Erpexp{|Av (. )]} < 1+ {2N(|V])(7,t,2)M(V)(7,t)}

2V3 N(|V[) (7, t,2) M(V)(7, 1)
LS e v 177 T R

(b) If P € M possesses density p, u € P~,, and (7,t) € Dr is such that
M(|u|)(1,t) < 1, then estimate (44) holds with p instead of V.

Proof. Estimate (44) follows from Lemma 5.8, Corollary 5.9, and the fact

that
\/(m —DIm+1!' < ?(m!)

for all m > 3. The proof of part (b) is similar. Here we reason as in the
proof of Lemma 5.17.

Lemma 6.3. (a) Let Pe M, ¢ > 1,1 <r < oo, %—I—%:l, and let V
and W be functions from the class P;. Suppose that (1,t) € D is such
that M (rq|W1)(1,t) <1 and M(r'q|V — W|)(7,t) < 1. Then

E. | exp{Ay(7,t)} — exp{Aw (7, 1) }|*

1 1
ARNG gV = W) (7, t,2) M (r'q(V — W))(7,¢)]2
= UMWyt NV = WE s aM ey =)
N 2V3 N(r'qlV — W|)(r,t,2) M(r'q(V — W))(r, t)}
3 1= M(r'qlV = WI)(r,t)

1
7

7 (45)

(b) Suppose that P € M possesses the density p, and let ¢ > 1, 1 < r < oo,
14+ L =1, and p,v € P},. Let (1,t) € Dy be such that M(rq|v|)(r,t) <1

r’ T
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and M (r'q|lp — v|)(1,t) < 1. Then
E; 2| exp{A,(7,t)} —exp{A,(7,t)}|?

1
NE'qlp— v (rt,2) M q(p — v)) (T,
(1—M(rq\u|)(7,t))%{[2 (r'alp —vI) (7 t, 2) M(r'q(pn — v))(7,1)]
2V3 N (r'glp — v|) (1, t, &) M (' q(pn — v))(1,1) |
3 M- (49)

Proof. Part (a). It is not difficult to prove that

[N

+

le® — 1> < elalb — 1, (47)
for a € R and b > 1. Using (47) and Holder’s inequality, we get
E. ;| exp{Ay(7,t)} — exp{Aw (7, ) }|7
< B, exp{Avqw (1, )} T {Br o exp{Av_w (7, 8)} — 1|79}
< Bz exp{Argw) (7 1)} {Er w exp{| Apgv—w (7, )]} = 1}77.(48)
Now it is clear that (45) follows from (41),(44) and (48).
Part (b). First we use Lemma 5.1 to find the approximating sequences
gr (for p) and hg (for v). By the assumptions, M(rq|v|)(r,t) < 1 and

M(r'qlp — v|)(r,t) < 1. Using remarks 5.2 and 5.14, we see that there
exists a sequence k' of positive integers such that

M(Tq|hk")(7.a t) <1, M(T/q|gk/ - hk'|)(7—a t) <1,
kllim Ag,, (T,t) = Au(T,t), k}im Ap,, (1,1) = Ay(7, 1),
ﬁkmsupM(\hk'\)(Tat) < M(|p) (1),

/_)OO

limsup M (|gr — hi|)(7,t) < M(|pn — v|)(7,1),

k! —o00

limsup N(|gir — hi[)(7,t,2) < N(jp = v|)(7,¢, 2),

k' — o0
and
Jim Mg = har)(r.8) = M(u = v)(r.0)

It follows from (45) that

E; o|exp{Ay,, (1,t)} — exp{Ap,, (7, 1)}|*
1 , /
< 0 MG D) {2N(r"qlger — o [) (7, t, ) M (r'q(grr — P )) (7, 1)]
L 2VB N algrr = hw ) (7t 2) M(r'g(gi — hi))(7. 1)
3 1— M(r'qlgr — hi|)(7, 1)

Now using Fatou’s Lemma in (49), we see that estimate (46) holds.
This completes the proof of Lemma 6.3.

[SIE

(49)
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It follows from formula (29) that ¢, < ¢2"nl. However, this inequality
does not allow us to get an exponential estimate for the functional Ay using
(28) and (30). We will obtain such an estimate by modifying the proof of
Lemma 5.10.

Lemma 6.4. (a) Let P € M and V € P;. Then for every T with 0 <
7 < T and every § > 0 such that 7+ 6 < T and M(|V|)(r,7+ ) < 1, the
following estimate holds:

sup E; zexp{ sup [|Av(7,t)|]} <exp{M(V)(r,7+0)} X
zelR tr<t<7+4+46
X (L4 c{M(V])(r, 7+ O)M(V)(r,7 +8)}% +

M(|V|)(T,T+§)M(V)(T7T+5)) (50)

1—-M(V|)(r,7+9) '
(b) Suppose that P € M possesses density p, and let p € Pr,. Then
for every T with 0 < 7 < T and every 6 > 0 such that T+ < T and
M(|u|) (1, 7+ 9) < 1, the following estimate holds:

sup Eppexp{  sup  |A,(r,0)l} < exp{M(u)(r, 7 +6)) x
zeE t:r<t<t+0

X (14 c{M(|u)) (7,7 + O)M(p)(r, 7+ 6)}7 +
M(|p)) (7,7 + 6)M (u) (1, 7 + 6))
1— M(|ul) (7,7 + ) '

Proof. Using the same notation as in the proof of Lemma 5.10, and
applying Doob’s inequality, we get for every n > 2,

E,. sup |[My,|" < (——=)"E, |Av(r,7+6)|"

j:0<j<k n—1

(L MV ), 7+ 6 MV (7,7 4 ).

+c

+c

IN

Dividing the previous inequality by n!, adding up the resulting inequalities,
and using (28) and the equality M; = Ay (7,t) + N(V)(t,t + 6, X;), we get
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E;pexp{ sup |M |} <
0<j<k
<1+ B, sup [M
J0<j<k
L MAVD( T+ M (V) (77 + 6))
1=M(V|)(r,7+9)
<1+E;, sup |Av(7,t))]
J0<j<k
+E., sup [N(V)(t;, 7406, X))l
J0<j<k

+ MWV 7+ 9)MV)(r, 7 +9),
1= M([V])(r,7 +6)

<1+ {E., sup |Ay(rt)[}?
J:0<j<k

M(V\)(7, 7+ )MV (7,7 + 6)
1—M([V)(r,7+96)

<1+ {caM(|V|) (7,7 + O)M(V)(r,7 +6)}2

M(V|)(r,7 + §)M(V)(r,T + )

+M(V)(r,7+0) +¢c

)

MV 1) .

B e v 71 ] coraar

(51)

We also have
Erexpl sup |M,[} >

J:0<j<k

> Er exp{ sup [Ay(r,t;)]— sup |[N(V)(t;,7+0,X,)|}

Jj:0<j<k 7:0<<k
>exp{—M(V)(7,7 + )} Er g exp{ sup |Av(7,t;)|}. (52)
Jj:0<j<k

It follows from (51) and (52) that

E. exp{ sup |Ay(7,t;)|} <
j:0<j <k

<exp{M(V)(r,7 +9)}
X[+ {eaM( V(7,7 + OMV)(r, 7+ 6)}2
M(V\)(7, 7+ )MV (7,7 + 6)
1= M([V])(r,7+96)

+M(V)(r,7+0)+¢ ]
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Therefore,

Braoxp{_sup_|Av(r,t))]} < exp{M(V)(r,7 + )} x
j:0<5<k
x(1+ MV (1,7 + O M(V)(r,7+8)}* +
+CM(|V|)(T,T+5)M(V)(T,T—‘ré)). (53)
1-=M(V|)(r,7 +9)

Finally, we can consider a sequence of refinements of the partition 7 =
to <t < -~ <ty =740 on the left-hand side of (53) such that the
maximum length of the partition intervals tends to 0, and pass to the limit,
using the monotone convergence theorem and the continuity of the func-
tional Ay (7,t) with respect to ¢. This shows that estimate (50) holds. The
proof of part (b) of Lemma 6.4(a) is similar. Here we use the ideas in the
proof of part (b) of Lemma 6.3.

7. (L" — L9)-SMOOTHING BY BACKWARD FEYNMAN-KAC PROPAGATORS

In this section we study the behavior of backward Feynman-Kac propa-
gators on the scale of Lebesgue spaces L.

Theorem 7.1. (a) Let P € M. Then for any V € Pi, Yv is a backward
propagator on Lg°.

(b) Suppose that P € M possesses density p, and let V € P;. Then Yy is
a backward propagator on L.

(c) Suppose that P € M possesses density p, and let yn € P;,. ThenY, is
a backward propagator on L*°.

Proof. (a) Let g € L. Then the function Yy (7,t)g is Borel measurable.

Using Lemma 6.1, we get
1

sup Y0 (o )g(2)] < gl sup Br sl (70 < N9l =577
for all 7,¢ with M(|V])(r —t) < 1. It follows that Yy (7,t) € L(LF, L) for
all 7 and ¢ such that ¢t — 7 is small. Using the Markov property, we see that
Yy is a backward propagator on Lg°.
(b) The existence of the density allows us to define Yy on L. The rest of
the proof is the same as in part (a).
(c¢) The proof is the same as in part (a).

Remark 7.2. The following estimate holds in part (b) of Theorem 7.1:
t—1T1
[V (7, 8)lloo—00 < exp{A([——]+ 1)}

where 6 > 0 is any number such that p(d) = sup{M(|V])(n,A) : A —n <
0} <1, and A=1In %/@' Similar estimates hold in parts (a) and (c).
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Our next result explains why the (-approximation is useful in the theory
of Feynman-Kac propagators.

Theorem 7.3. Let P € M, and let V € Pt and Vi, € P} be such that Vi
C-approaches V. Then
lim  sup |[|[Yv(7,t) = Yo, (7,8)||ze— Lz = 0.
k—co (7.tyeDr
Suppose that P € M possesses density p, and let p € P, and p, € P,
be such that py, C-approaches p. Then
lim  sup [|Yu(7,t) = Y, (7, t)||oo—oe = 0.
k=00 (r1)eDr
Proof. We will proof the second part of Theorem 7.3. The proof of the
first part is similar.
Let p and pi be such as in the formulation of Theorem 7.3, and let

f € L. Then by Lemma 6.3(b) with ¢ = 1 and r = 2, there exists dy > 0
such that

Y (7, 8) f (2) =Yy, (7, ) f (@) < el |l oo ({M (pp=pure) (7, t)}é+M(uuk)(T(5ti§
for all 7 and ¢ with ¢ — 7 < dp and all z € E. In (54), the constant o does
not depend on z, t, 7, and k. It follows from (54) that

lim sup [|Yu(m,t) = Y (7, t)|[Lee L2 = 0. (55)

k—oo (1 t)yeDrit—7<680
In order to get rid of the restriction ¢ — 7 < dp in (55), we can reason as
follows: Consider a partition 0 = tg < t; < to < --- < t, = T of the interval
[0, T] such that t;41—t; < o for all j with 0 < j < n—1. Then estimate (54)
holds for ¢ and 7 inside of each of the intervals [¢;,t;41]. Using the previous
assertion and the properties of backward propagators, we can finish the
proof of the second part of Theorem 7.3. We will illustrate how this can
be done by considering a special case where t; < 7 <t;4; <t <ty with
0 < j <n—2. The general case is similar. Using the uniform boundedness
of the propagators Y}, on the space L> (this follows from Remark 7.2), we
obtain

Y0 (7,t) = Yoo (7, )| [ so— o0

< Yu(rtj4) Y1, t) = Yo (75 6i41) Y (841, D)oo — o0

< Y t4) Yty t) — Y7, t40) Y (8541, )|l oo— oo

+ Y7 tj41) Yo, (Bi41: 1) = Yo (7, t540) Yoy, (841, 8) || oo o0

< oYultj1,t) = Vi (841, )| o— oo

+  al[Yu(7 1) = Y (75 4 1) [oo—oo- (56)
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Since t —t; 41 < g and tj11 — T < dy, we can apply (55) to (56). It follows
that (55) can be extended to include all t; < 7 < tj4 <t < tj40 with
0<jij<n—2.

This completes the proof of Theorem 7.3.

Corollary 7.4. Let P € M and V € Pj. Define g by (13). Then

lim sup ||[Yv(7,t) — Yy, (7, t)||LgeHL§o =0.
k=00 (r.t)yeDr
Suppose that P € M possesses density p and let pn € P},. Define gi by
(17). Then
lim sup ||Y,.(7,t) — Y5, (7,%)]|ccmoo = 0.
k—o0 (1,t)eDp
Corollary 7.4 follows from Theorem 7.3 and from the fact that the se-
quence gy defined by (13) ¢-approaches V, and the sequence g defined by
(17) ¢-approaches pu (see Lemma 5.1).
The next lemma will be important in the sequel.
Lemma 7.5. (a) Let P € M. Then for any V € P}, we have
tfl/'iTO{» Yy (7,t) =Y (7,t)||Lze—~rz = 0. (57)
(b) Suppose that P € M possesses density p. Then for any if V € P}, we
have
tflrigl&k Yy (7,t) — Y (7, )||co—oo = 0. (58)
(c) Suppose that P € M possesses density p. Then for any u € P, we
have

dim [[Y,,(7,8) = Y(7,8) oo e = 0. (59)

Proof. Tt follows from Lemma 6.1(a) and the definition of the class P;
that
limsup |[Yv(7,t) = Y(7,0)|[com0o < limsup sup(E; ; exp{Ajy|(7,t)} — 1)
t—1—0+ t—7—0+2€F
. M(V])(r,t)
< limsupsup —————+—= =
t—r—0+zeb 1 — M(|V])(7,1)
This gives equality (58). The proof of (57) and (59) is similar. In the proof
of (59), we use Lemma 6.1(b).
The next result provides sufficient conditions for the existence of back-
ward Feynman-Kac propagators on the space LP.

Theorem 7.6. Let 1 < s < oo and 1 <r <s. Then the following are true:
(a) Let Pe M and V € P3. Suppose that the free backward propagator Y
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satisfies Y (7,t) € L(L%, L%) for all (1,t) € Dp. Then Yy is a backward pro-
pagator on LZ. If, in addition, Y is uniformly bounded on Ly and strongly
continuous on L¢, then Yy is a strongly continuous backward propagator on
L.

(b) If P € M possesses density p, and if Y (r,t) € L(L",L") for all (1,t) €
Dy, then Yy is a backward propagator on L°. If, in addition, Y is uni-
formly bounded on L™ and strongly continuous on L®, then Yy is a strongly
continuous backward propagator on L®.

(¢) Suppose that P € M possesses density p and let p € PY,. If Y(7,t) €
L(L",L") for all0 <7 <t < T, then'Y, is a backward propagator on L°. If
in addition, Y is uniformly bounded on L™ and strongly continuous on L?,
then Y, is a strongly continuous backward propagator on L°.

Remark 7.7. We do not know whether Theorem 7.6 holds for r = p. In
the case of the heat semigroup, Theorem 7.6 may fail for p = 1. This was
established in [13].

Proof of Theorem 7.6. Part (b) Assume that the conditions in part (b)
of Theorem 7.6 hold, and let g € L®. Using Hélder’s inequality, we get

Yo (r)9@)| < {Eralg(X0| 7} {Erp exp{—— Ay (r, )} T

(Y (. 0)lg]7 @)} {Y e (. )1 (2)}

< Yy ()|l {Y (7 ) lg] 7 (2)} 5 (60)
for all ¢t and 7 with (7,t) € Dr. It follows from Remark 7.2 that
HYS%TIV\Ta t)”OOHoc <c (61)

where ¢ > 1 depends on s, 7, and V. Next (60) and (61) give
Yy (. t)g(2)] < e{Y (7,1)]g]" ()} 5. (62)
and (61) implies that
Yy (7, D)l |s—s < Y (7, D)]|7—r- (63)

Therefore, Yy is a propagator on L°. The proofs of the corresponding
assertions in parts (a) and (c) are similar.

Remark 7.8. Inequality (63) gives a norm estimate in Theorem 7.6.
Let us return to the proof of part (b) of Theorem 7.6.

Lemma 7.9. Let 1 < s < oo and 1 <1 < s. Then the following are true:
(a) Let P € M and V € P}. Suppose that the free backward propagator Y
is uniformly bounded on L. Then we have

tflriE}OJr Yy (r,t) =Y (7,t)||Lz—rs = 0. (64)
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€ possesses density p, V € P¥, an is uniformly bounded on
b) If Pe M denst VeP; ay 1 iformly bounded
L, then

m. ||Yv (7, t) = Y(1,t)||s—s = 0. (65)

li
t—17—0
(¢) If P € M possesses density p, pu € P, and Y is uniformly bounded on
L", then

(Y7, 6) = Y (7,0l = 0. (66)

Remark 7.10. Lemmas 7.3 and 7.9 were obtained in [12, 13] in the case
of the heat semigroup. A similar result, concerning time-independent per-
turbations of semigroups on L', was obtained earlier in [23], Lemma 4.2.

Proof of Lemma 7.9. We begin with the proof of part (b) of Lemma 7.9.
It follows from Theorem 7.6(b) that Y and Yy are backward propagators
on L*. Let g € L®. Then, using Holder’s inequality and inequality (47), we
obtain
Yy (7 t)g(x) = Y (7, t)g(x)| <
<A{Erolg(X7 )7} {Bral exp{Av (1,0)} = 1|77} =
s T S s—r
<{Y(r.t)lg|" (2)} = {Ers eXP{EAM(T’ =1} (67

It follows from (67), Lemma 6.1(a), the definition of the class P}, and the
uniform boundedness of Y on L" that

s—r

limsup ||Yv (7,t) = Y(7,t)||s0s <
t—7—0+
<a(s,r,V)limsup sup {E; exp{is A (1, 1)} — l}S;T
t—7—0+ z€ER" s§—r

< e(s,r, V) limsup| SirM(lVl)(ﬂt) =
T oy L= 5 M([V) (7, t)

S—r

=0.

This gives equality (65). The proof of equality (64) is similar. In the proof
of equality (66), we use Lemma 6.1(b) instead of Lemma 6.1(a).

Let us continue the proof of part (b) of Theorem 7.6. Suppose that YV
is locally uniformly bounded on L" and strongly continuous on L°. We
have already shown that Yy is a backward propagator on L®. moreover, Y;
is uniformly bounded (see estimate (63)). Therefore, in order to prove the
strong continuity of Yy, it is sufficient to show the separate strong continuity
(see Theorem 2.2).

Let (7,t) € Dp, and suppose that t' > ¢t and g € L*. Then

1Yy (7. t")g = Yv (r. t)gll=|Yv (1, ) (Yv (£,)g — 9)lls < MYy (£,')g — gl|s
<M|lgllsIYv (t,") = Y ()]s + MY (t,t')g — glls-
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Next it follows from Lemma 7.9 and from the strong continuity of Y that

t/ILrItlJr ||YV (T7 t/)g -Yy (Ta t)gHS =0. (68)
Similarly, we get
Jim ([ (7, )g = Y (7, )g]ls = 0. (69)

Now assume that 7/ < 7. Then
Vv (', )g = Yv(r.t)glls = [(Xv(r,7) = DYv(r,t)gls
Yy (7, 7) =Y (7', 7)|s—sl YV (7, )]s
+ ||Y(T/7T)YV(T> t)gf YV(Ta t)gHs-
It follows from (63), Lemma 7.9, and from the strong continuity of Y that
lim Yy (7', t)g — Yv (T, t)g]ls = 0. (70)

IN

Finally, let 7 < 7/ < t, and let A be such that 7/ < A < t. Then

Yy (7', t)g — Yv (T, t)glls (Vv (7", A) = Y (r, A)Yv (A, t)glls

Y (7, A) = Y (7, A)Yv (A, t)glls

Yy (7, ) = Y (7, Mlls—s Yy (A, )]s
Yy (7, 2) = Y (7, Ml |s—s YV (A 1)g]]s
(Y (7", 0) =Y (r, )Yy (A )]s

MYy (7', A) =Y (7, lls—sllglls

MYy (7, A) = Y (7, Mlls—sllglls

L+ L+ Is. (71)

For every € > 0, fix A such that 7 < A\ < ¢t and I + I3 < § for all 7/
with 7 < 7/ < A. This can be done using Lemma 7.9. Then the strong
continuity of ¥ implies the existence of 6 > 0 such that I; < § for all 7/
with 7 <7/ <7460 < A. Hence, (71) gives

T’ILH;Jr ||YV(7J5 t)g - YV(T7 t)gHQ =0, (72)

and it follows from (68), (69), (70), and (72) that Yy is separately strongly
continuous.

This completes the proof of Theorem 7.6.

The next result is a smoothing theorem for backward Feynman-Kac prop-
agators.

+ + IN+ + A

Theorem 7.11. Let 1 < s < g< oo and 1 <r <s. Then the following are
true:

(a) Let P € M and V € Pj. Suppose that Y(7,t) € L(LQ,L;?Q) for all
0<7<t<T. ThenYy(r,t) € L(L¢,LY) for all0 <7 <t <T.
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(b) If P € M possesses density p, V € P}, and Y (7,t) € L(L", L) for all
0<7<t<T, then Yy(r,t) € L(L*, L9).
(¢) If P € M possesses density p, u € Pr,, and Y (1,t) € L(L", L) for all
0<7<t<T, thenY,(r,t) € L(L*,L9).

Proof. We will prove part (b) in the case ¢ # oo. The proof in the case
q = oo is similar.

Let g € L*. Using estimate (62), we get

¥ (rtglly < o [ (ol
It follows from the assumptions in Theorem 7.11 that
Yy (r,0)gllg < ellY (7, )11 za [lg]]s- (73)

Now it is clear that part (b) of Theorem 7.11 follows from (73). The proof
of parts (a) and (c) is similar.

F(x)} S dz)e.

8. FELLER, FELLER-DYNKIN, AND BUC-PROPERTY

In this section, we study the behavior of backward propagators on the
spaces of continuous functions.

Definition 8.1. A backward BC-propagator is called a backward Feller pro-
pagator. A backward Cy-propagator is called a backward Feller-Dynkin pro-
pagator. If a backward L -propagator @ is such that Q(t,t) € L(LEF, BC)
forall0 <7 <t <T, then it is said that Q satisfies the strong Feller condi-
tion. If a backward L -propagator Q is such that Q(t,t) € L(L¥, BUC) for
all0 <7 <t <T, then it is said that Q satisfies the strong BUC-condition.

Remark 8.2. If @ is a backward L°°-propagator, then we may replace the
space L by the space L> in the definition of the strong Feller and the
strong BUC-condition.

Theorem 8.3. Let P € M and V' € Pj. Then the following assertions
hold:

(a) IfY satisfies the strong Feller condition, then Yy also satisfies the same
condition.

(b) IfY satisfies the strong BUC-condition, then Yy also satisfies the same
condition.

We do not know whether Theorem 8.3 holds for backward Feller, Feller-
Dynkin, or BUC' propagators. However, this is true under additional res-
trictions.
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Theorem 8.4. Let P € M,V € P}, and suppose that Y satisfies the strong
Feller condition. Then the following assertions hold:

(a) IfY is a backward Feller-Dynkin propagator, then Yy also has the same
property.

(b) IfY is a strongly continuous backward Feller-Dynkin propagator, then
Yy also has the same property.

If YV satisfies the strong BUC-condition, then Theorem 8.3(b) implies
that Yy is a backward BUC-propagator. Moreover, the following assertion
holds:

Theorem 8.5. Let P € M, V € P}, and suppose that Y satisfies the strong
BUC-condition. Then the following assertion holds: If 'Y is a strongly
continuous backward BUC -propagator, then Yy also has the same property.

The next theorem provides sufficient conditions for the continuity of the
function (7,2) — Yy (7,t)g(x) on the set [0,t) x E.

Theorem 8.6. Let P € M. Then the following assertions hold:

(a) Suppose thatY is a backward strong Feller propagator. Suppose also that
Y is continuous on BC' in the topology of uniform convergence on compact
subsets of E. Let V € P;. Then for every t € (0,T] and any g € L, the
function (1,x) — Yy (7,t)g(x) is continuous on the set [0,t) x R™.

(b) Suppose that Y is a strongly continuous backward BUC-propagator pos-
sessing the strong BUC-property. Let V€ P;. Then for every t € (0,7
and any g € L, the function (1,x) — Y, (7,t)g(x) is continuous on the set
[0,t) x R™.

Remark 8.7. If P € M possesses density p, then Theorem 8.6 holds for
all g € L*°. Moreover, theorems 8.3-8.6 hold for a time-dependent measure
w from the class P;\,.

Proof of Theorem 8.3. We will prove part (a) of Theorem 8.3. The proof
of Part (b) is similar.

Lemma 8.8. (a) Let P € M andV € P;. Then for allz,z' € E,0 <7 <
t<T,ge€ Ly, and A > 0 with T+ X < t, we have
|YV(7—7 t)g((ﬂ/) - YV(T> t)g((ﬂ)| <

2[[Yy (7,7 +A) =Y (7,7 + Alloomoo YV (T + A, t)gll o

HY (7, 7+ MYy (7 + A t)g(2f) =Y (7,7 + MYy (T + A t)g(x)]. (74)
(b) Suppose that P € M possesses density p. Then (74) holds for all g €
L.
(¢) Suppose that P € M possesses density p. If u € Py, then for every
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z,¥' € B,0<7<t<T,ge L®, and A >0 with T + X < t, we have
Y (7, t)g(2") = Yu(r,t)g(z)] <
21V (1. 7+ A) = Y(7, 7 + A)|oomool [Yu (T + A 1) gl o0
HY (1, 7+ ANY,u (T + N\ 0)g(@") = Y (7,7 + N)Y,. (7 + A t)g()).

Proof of Lemma 8.8. We will prove only part (a) of Lemma 8.8. The
proof of parts (b) and (c) is similar. We have

7,1)g(z") = Yv (7, t)g()|
T, T+ /\)YV(T + /\7 t)g(l'/) - YV(T7 T+ /\)YV(T + /\a t)g I)|

Yy
Yy

(
(

< Yo(r,m+ NYy(r+ N\ t)g(@') =Y (1,7 + AN)Yy (1T + A t)g(z)]
+ |Y(r, 7+ MYy (1t + N\ t)g(@") =Y (1,7 + NYy (1 + \, t)g(2)]
+ YW t+ MYy (m+ A t)g(x) =Y (r, 7+ NYy (7 + A t)g(x)]
< 2W(m 4+ A) =Y (7, 7+ A)lsomoo YV (T + A, ) 9|00

+ |Y(r, 7+ MYy (T + N\ t)g(@") =Y (1,7 + NYy (T + N t)g(z)].

This completes the proof of Lemma 8.8.

Let us go back to the proof of Theorem 8.3(a). Suppose that the con-
ditions in Theorem 8.3(a) hold, and let g € L. Since Yy is a uniformly
bounded backward Lg°-propagator (see Remark 7.2), we have

Y (7, )[|oo—oe < M (75)

for all (,t) € Dr. It follows from (75) and Lemma 7.9 that for every € > 0
there exists A > 0 such that 7+ A < ¢ and

2|Yy (7,7 + A) = Y (7,7 + N looms oo Y3 (7 + A, B)g |0 < =

)

Moreover, for A as above and any fixed « € E there exists § > 0 such that

Y(r, 7+ \Yy(t+ N\ t)g@') =Y (r, 7+ )Yy (T + A\, t)g(x)| < % (77)

for all 2’ such that p(2’,2) < 6. This follows from (75) and the assumption
that Y is a backward strong Feller propagator. Now it is easy to see that
Theorem 8.3(a) can be obtained from (76), (77), and Lemma 8.8.

This completes the proof of Theorem 8.3.

Proof of Theorem 8.4. Part (a). Let g € C. Then Yy (7,t)g € BC for
all (7,t) € Dy, by Theorem 8.3(a).

For every € > 0 there exists a compact set K. such that |g(z)| < € for
all x € E\K.. Moreover, Urysohn’s Lemma implies that there exists a
continuous function g. on F with compact support such that g.(z) = 1 for
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z € K.. Then we have

[Yv (7, t)g()]

IN

Yo (7,8) g9 ()| + [Yy (7, £)g(1 — g ()]
cral{Y (1, 0)ggel? ()} + €.

It is clear that this implies part (a) of Theorem 8.4.

(b) Let Y be a strongly continuous Feller-Dynkin propagator. By part
(a) of Theorem 8.4, Yy is a Feller-Dynkin propagator. Reasoning as in
the proof of the strong continuity of Yy in the space L® in Theorem 7.6,
and using the C-norm instead of the L°-norm, we see that Yy is strongly
continuous on Cq.

Proof of Theorem 8.5. 1t is clear that Yy is a backward BU C-propagator
(see Theorem 8.3). Now we can obtain the strong continuity of Yy, on the
space BUC, reasoning as in the proof of the strong continuity of Yy on L?®
in Theorem 7.6, and using the C-norm instead of the L®-norm.

Proof of Theorem 8.6. We will first prove part (b) of Theorem 8.6. Sup-
pose that Y is a strongly continuous backward BU C-propagator, possessing
the strong BUC-property, and let ¢t and g be such as in the formulation of
Theorem 8.6. Fix 7 with 0 < 7 < t and = € E, and let 7/ be close to 7, and
2’ € E be close to . Then we have

Yv (7' t)g(a') — Yv (7, t)g(2)]

IN

< Y (7' t)g = Yy (1, 1) gl
+ Yy (7, t)g(z") = Yv (7, t)g(z)|
I + L. (78)

By Theorem 8.3(b), Yy satisfies the strong BUC-condition. Hence,
lim I = 0. (79)

T/ —x
If 7/ is close to 7 in the expression Iy, then, for some § > 0, we have
t—0 > max(7’,7). Since Yy is a backward BUC' propagator, satisfying the
strong BUC-condition, we get

Il = HYV(T/7t - 5)YV(t - 57 t)g - YV(Tat - 5)YV(t - 57 t)gHOO —0 (80)

if 7/ — 7. Now it is clear that part (b) of Theorem 8.6 follows from (78),
(79), and (80).

Next we will prove part (a) of Theorem 8.6. Suppose that Y is a backward
strong Feller propagator. Suppose also that Y is continuous on BC' in the
topology of uniform convergence on compact subsets of E. Using Theorem
8.3(a), we see that Yy is a backward strong Feller propagator. Let t and g
be such as in the formulation of Theorem 8.6(a), and fix 7 with 0 < 7 < ¢
and x € E. Suppose that 7" is close to 7, and o’ € U(z) where U(x) is a
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relatively compact neighborhood of x. Then we have

Yy (', t)g(a) = Yv(r,t)g(x)] < [Yv(r',t)g(a') = Yv (7, t)g(a’)]
+ ‘YV(T’ t)g(.%'/) - YV(T7 t)g(l‘)‘
= J1+ Jo. (81)

Since Yy is a backward strong Feller propagator,

lim J, = 0. (82)

For ¢ such as in the proof of part (b) above, we have the following:
sup J1 < sup |YV(7—17 t—5)Yv(t—(5, t)g((E/)—Yv(T, t_(s)YV(t_(sa t)g($/)|.
z'eU(x) z'eU(x)
(83)
Using the fact that Yy is a backward strong Feller propagator again, we
obtain Yy (t —4,t)g € BC. Moreover, for every h € BC and 7/ < 7, we have

sup Yy (7.t —8)h(z") — Yy (r,t = d)h(z)] <
z'eU(x)

< sup |(Yv(r',7) = DYy (7, t —§)h(z')|
z'eU(x)

< MYy (', 7) =Y (7', 7)|lBo—scllhllc

+ sup |(Y(r',7) = )Yy (7, t — 8)h(z')|.
z'eU(x)

Now Lemma 7.5 and the continuity assumption for ¥ imply

lim  sup |Yy(r',t—8)h(z') — Yy (r,t —&)h(z")| = 0. (84)

T/_’T_;E’EU(w)
Next let 7 < 7 <t — 4, and let A be such that 7/ < A <t —§. Then
sup Yy (7',t = 0)h(z") — Yy (1,t — 0)h(z")]

z'eU(x)

<  sup |[(Yv (7', \) = Yy (1, \)Yv(\t —8)h(z")]
z'eU(x)

< sup [(Y(7, ) =Y (1,\)Yy (At —8)h(z")]
z'eU(x)

+ MYy (', \) =Y (7', N|sc—pcllhl|c

+ MYy (1, A) = Y (7, M||lBc—©Bcl|hllc

= Cl+02+03. (85)

It follows from Lemma 7.5 that for every € > 0 there exists A such that
C2 + C3 < 5. Then the continuity assumption for ¥ implies that there
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exists ) > 0 such that 7 < 7/ < 747 < XA and C; < §. Therefore, (85)
gives
lim  sup |Yy(7',t —0)h(a') — Yy (r,t —§)h(z")| = 0. (86)
T =T+ 2 eU(x)
Since (83), (84), and (86) hold,

lim sup J; =0. (87)

T'=T g eU(z)
Now it is clear that (81), (82), and (87) imply Theorem 8.6(a).

Remark 8.9. Analyzing the proof of Theorem 8.6(a), we see that this
theorem holds under the following weaker conditions:

(1) Y is a backward strong Feller propagator;
(2) Y(7,t)h is continuous on D7 in the topology of uniform convergence
on compact subsets of E for all functions of the form h = Yy (r, s)g
with g € L*> and (r,s) € Dr.
It is not difficult to see that Theorem 8.6(b) follows from the version of
Theorem 8.6(a) described in Remark 8.9.

9. SUBCLASSES OF THE CLASSES P; AND Py,

In this section, we define certain subclasses of the classes P} and Py, and
show that backward Feynman-Kac propagators associated with functions
and time-dependent measures from these new classes inherit the Feller, the

Feller-Dynkin, and the BUC-property from free backward propagators.

Definition 9.1. Assuming that P € M, we define the function classes P} .
and Pj , as follows:

VeP;.«=VeP; and N(V)(1,t,") € BC for all (1,t) € Dr,
V eP;, <V eP; and N(V)(7,t,-) € BUC for all (1,t) € Dr.

Definition 9.2. We define the class D} . as follows: A function V € Pj
belongs to this class if there exists exists a sequence Vi € 77; such that
Vi(t,) € BC for allk > 1 and 0 <t < T, and V), (-approaches V. The
class D} ,, is defined similarly. Here we require the condition Vi (t,-) € BUC
forallk>1 and 0 <t <T, and Vi (-approaches V.

Remark 9.3. If P possesses density p, then the classes of time-dependent
measures Py, ., Py, ., Dy, ., and Dy, can be defined similarly.

m,c’ m,u? m,c?
Lemma 9.4. The following assertions hold:
1. P;.CDj, and Py, . C Dy, ..

2. P;,CD;, and Py, , C Dy, ..
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3. If V€ P}, and there exists a sequence Vi € P; . such that Vi (-
approaches V', then V- € P . Similarly, if p € Py, and there exists a
sequence Vi, € Pj . such that Vi, C-approaches V', then p € Py, ..
4. If V. € P}, and there exists a sequence Vi € P}, such that Vi (-
approaches V', then V € ’P;,u. Simalarly, if p € P, and there exists a
sequence Vi, € Py, such that Vi, C-approaches V', then p € Pp, ..

Proof. Part 1. Let V' € Pj .. Since for the sequence gy defined by (13),
we have g (¢,-) € BC forall k > 1 and 0 < ¢ < T, and since g (-approaches
V (see Lemma 5.1), we get V € D3 .. The proof for the measures, and that
of part 2 of Lemma 9.4 is similar.

Part 3. Let V € P}, and assume that there exists a sequence Vi, € P; .
such that Vi (-approaches V. Using Definition 9.2 and Lemma 5.1, we see
that V' € Pj .. The proof for the measures and that of part 4 of Lemma 9.4
is similar.

Theorem 9.5. Let P € M and V € Dj .. Then the following assertions
hold:

(a) IfY is a backward Feller propagator, then Yy has the same property.
(b) If Y is a backward Feller-Dynkin propagator, then Yy has the same
property. If, in addition, Y is strongly continuous on Cu, then Yy is also
strongly continuous on C.

Theorem 9.6. Let P € M andV € D} . Then if Y is a backward BUC'-
propagator, then Yy has the same property. If, in addition, Y is strongly
continuous on BUC, then Yy is also strongly continuous on BUC.

Remark 9.7. Theorem 9.5 (Theorem 9.6) holds for a time-dependent mea-
sure pt € Dy ¢ (1t € Dy ), provided that P € M possesses density p.

Proof of theorems 9.5 and 9.6. We start with the proof of part (b) of
Theorem 9.5. Let V € D}, g € Cw, and let Vi, € P} be a sequence of
functions such that Vi (t,-) € BC for all k > 1 and 0 < ¢t < T, and Vj
C-approaches V. Then using Lemma 5.1(a) and estimate (45) with ¢ = 1
and r = 2, we get

HYV(T7 t)g - YVk (Ta t)g”C
1
< lblle s viggyE (MY~ VeDim DME ~ 1))
2\/§M(2|V_Vk|)(7—vt)M(2(V_Vk))(Tvt)}% (88)
3 - M@V - V)" 1)

[N
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for all K > kg and t — 7 < § where § > 0 is small and does not depend on k.
It follows from (88) and Lemma 5.1 that for ¢ — 7 < 4, we have

klin(}o ||YV (T7 t)g - YVk (T7 t)g| ‘C = 0. (89)

Hence, it is sufficient to prove Theorem 9.5(b) for all functions V' € P such
that V(¢,-) € BC for all 0 < ¢ < T. Indeed, if this is true, then Yy, is a
backward Feller-Dynkin propagator for all £ > 1. It follows from (89) and
from the fact that C is closed in BC that Yy (7,t)g € Cw for all g € C
and t—7 < §. Next the properties of backward propagators show that Yy is
a backward Feller-Dynkin propagator. The previous reasoning also implies
that the Feller-Dynkin property is stable under the approximation in the
(-sense. Hence, Theorem 9.5(b) holds for all V' € D} .

Our final goal is to prove Theorem 9.5(b) for a function V € P} for
which V(¢,-) € BC for all 0 < ¢t < T. Let g € C, and assume that Y is a
backward Feller-Dynkin propagator. Then using formula (40), we get

Yv\/(T7 t)g(I)—Y(T, t)g(fﬂ) :Zﬁtlldtg . '[Y(T, t1>V(t1)Y(t1, tQ)V(tg)
LYtV (1 D). (90)

for all kK > kg and t — 7 < §. The family Y consists of contractions on
L which map the space C into itself. Moreover, the definition of the
class P . shows that V(tx,-) € BC for every fixed t. The integrands in
(90) are Borel functions of the variables t1,--- ,¢;, and belong to the space
Cw in the variable z. It follows that the integrals in (90) also belong to
the space Cso (use the dominated convergence theorem). Since the series in
(90) converges in C, and Cy, is a closed subspace of BC, the function on
the right-hand side of (90) is in C,. By assumption, we have Y (7,t)g € Cw
for all k > kg and ¢t — 7 < §. Using the backward propagator properties, we
see that Yy is a backward Feller-Dynkin propagator. If in addition, Y is
strongly continuous on C\,, then we can prove the strong continuity of Yy
on Cy, using the same methods as in the proof of part (b) of theorem 7.6
with s = oo.

This completes the proof of part (b) of Theorem 9.5. The proof of part
(a) and that of Theorem 9.6 is similar.

10. SUFFICIENT CONDITIONS AND EXAMPLES

A well-known source of examples of transition probability densities is
the theory of second order parabolic partial differential equations. Let us
consider the equation

5, TLu=0. (91)
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In (91), L stands for a differential operator given by

n

I = i (T, bi( 92
Z-;::ICLJ(T:U o 8x]+§_4: Tm@xz (92)
(non-divergence form), or by
Lu:i 8[% (1) +Zb7x (93)
et ox; J 83:Z

(divergence form). Let us also consider the final value problem,

a—u =
{87+Lu 0, 0<7<t<T, (94)

u(t) = f,

for equation (91). Solutions to problem (94) with L in the divergence form
are understood in the weak sense. If there exists a fundamental solution
p for equation (91), then p can be used as a transition probability density.
The following results are known:

Non-divergence form. Let L be as in formula (92), and assume that

(1) The functions a;; and b; are bounded and measurable on [0,T]x R™;
(2) There exists a constant v > 0 such that for all (7,2) € [0,T] x R"™
and any collection of real numbers Ay, -, Ay,

n

Z aij (T, 2)NiAj > ’yi)\?;

ij=1 i=1

(3) There exists a constant § with 0 < § < 1 such that

Z |aij (1, 21) — aij (T2, 22 \+Z|b 71, 21) = bi(72, 22)| <

1,7=1
<Oz — 22’ + |11 — 7))

for all (11, 21), (12, z2) € [0,T] x R™.

Then there exists a unique fundamental solution p(7, z; ¢, y) of equation (91).
The function p satisfies the following conditions: it is jointly continuous,
strictly positive,

2

1577_
and
€T T 7y p t_T ’
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For f € C§° and t > 0, the function

u(Tv :L’) = o f(y)p(T’ z3t, y)dy

is in C}*([0,] x R™) and satisfies (94) (see e.g., [6, 7, 16]). It follows from
the upper Gaussian estimate (95) that the process X corresponding to p is
a continuous process. It is not difficult to prove, using estimates (95) and
(96) that the backward free propagator Y associated with the density p is
(L™ — L7)-smoothing for all 1 <r < ¢ < oo, and possesses the strong Feller
and the strong BUC-property. It follows that Y is a backward BC- and
BUC-propagator. Moreover, Y is a backward Cy.-propagator (use estimate
(95)).

We will need the following simple assertion concerning general transition
probability densities:

Lemma 10.1. For every function f € BUC and € > 0, we have

1f-Y(roflle < sup U@O—f@n+ﬂUMcwp/"zxﬂﬂuyMy
Yy

z,y€E:p(x,y)<e r€E Jy:p(z,y)>e

We leave the proof of Lemma 10.1 as an exercise for the reader.

Lemma 10.2. Let p be a fundamental function for equation (91) in non-
divergence form satisfying estimates (95) and (96). Then the free backward
propagator Y associated with p is strongly continuous on Cy and BUC'.

Proof. SinceY is a backward BC-propagator, the strong BU C-continuity
implies the strong Coo-continuity. Moreover, it follows from estimate (95)
that p is uniformly stochastically continuous (see the definition in the in-
troduction).

Let f € BUC. Then using Lemma 10.1, estimate (95), and the uniform
stochastic continuity of a scaled Gaussian kernel, we get that

i [If = Y(r 0 lle =0. (97)

By Theorem 2.2, the strong continuity of Y on BUC follows from the sep-
arate continuity. Equality (97) means the strong continuity of Y on BUC
on the diagonal t = 7. Next we fix t and 7 with 7 < ¢, and assume that
t' > t. Then

||Y(Ta t/)f - Y(Tv t)fHC = ||Y(Tv t)(Y(tvt/)f - f)”C < MHY(tat/)f - f||C

Similar reasoning applies in the case where ¢ < t. Combining these two
cases and using (97), we see that

T [[Y (7, #)f = Y (7,0) | = 0. (98)

t
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Let 7 > 7/. Then
Y (r.t)f =Y (" ) fllc = IV (7", )Y (r,t)f =Y (7, t)fllc-
Since t and 7 are fixed, Y is a BUC-propagator, and (97) holds, we get
Jim V(L 0f - Ym0 e =0. (99)
Now let 7 < 7/. Then
Y (rt)f =Y (" O)fllc =Y (r, 7)Y (" ) f =Y (" t)fllc.  (100)
Applying Lemma 10.1 to (100), we get
Y(rof =Y Ofllc<  suwp V(7 0)f(x) = Y(. ) f(y)l

z,y€ER™:|z—y|<e

RV Sl s [ plra ey (101)
TER™ Jy:p(z,y)>e€

The first term on the right-hand side of (101) tends to 0 as € — 0 uniformly
with respect to 7’ near 7, by the gradient estimate (96) (note that 7/ and
7 are separated from ¢). For every fixed € > 0, the second term tends to 0
as 7" — 7, by the upper Gaussian estimate (95) and the uniform stochastic
continuity of a scaled Gaussian density. This gives

Jim [V, 0f =Y (5, 0)fllc = 0. (102)

Now (97), (98), (99), and (102) imply the separate continuity of Y on BUC.
It follows from Theorem 2.2 that Y is jointly continuous on BUC.
This completes the proof of Lemma 10.2.

Remark 10.3. Since the backward free propagator in the example above is
(L™ — L%)-smoothing for all 1 <r < ¢ < oo, possesses the strong Feller and
the strong BUC-property, and is a strongly continuous propagator on Cy
and BUC, the perturbed backward propagator Y, with p € Py, satisfies
Y, (r,t) € L(L", L7) for all (1,t) € Dy and 1 < r < g < oo, possesses the
strong Feller and the strong BUC-property, and is a strongly continuous
propagator on C, and BUC' (see theorems 7.1, 7.6, 7.11, 8.4, and 8.5).

Divergence form. Let L be as in (93), and assume that the following
conditions hold:
(1) The functions a,; and b; are bounded and measurable on [0, 7] x R™;
(2) There exists a constant v > 0 such that for all (7,2) € [0,T] x R"™
and any collection of real numbers Ay, -+, Ay,
n

Z aij(T, 1})/\1/\] Z ’yzn:)\f

ij=1 i=1
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Then there exists a unique fundamental solution p(r,z;t,y) of equation
(91). The function p satisfies the Gaussian estimate (92) (more information
on the fundamental solutions in the divergence case can be found in [21]).

Remark 10.4. Asin the non-divergence case, the backward free propagator
Y in the divergence case is such that Y (r,t) € L(L", L?) for all (7,t) € D
and 1 < r < ¢ < co (this follows from the Gaussian estimate). The strong
Feller property also holds for Y (this follows from the Gaussian estimate and
the continuity of p). Moreover, Y is strongly continuous on Cy, (this fact can
be obtained from the strong Feller property, the Gaussian estimate, Lemma
10.1, and the ideas in the proof of part (b) of Theorem 7.6). However, the
validity of the strong BU C-property for Y is not clear. Hence, by the results
obtained in the present paper, the perturbed backward propagator Y, with
p € P satisfies Y, € L(L", L?) for all (7,t) € Dy and 1 < r < ¢ < o0,
possesses the strong Feller property, and is a strongly continuous backward
propagator on Cl.

11. BACKWARD TRANSITION FUNCTIONS AND FORWARD PROPAGATORS

In this section we discuss forward Feynman-Kac propagators. There is
a simple connection between the forward and the backward cases which is
based on the idea of time reversion. We will start with a quick overview of
all the necessary notions in the case of forward propagators.

A propagator S on a Banach space B is a two-parametric family S(¢,7) €
L(B,B), (t,7) € Dy, such that S(t,\)S(\,7) = S(¢t,7) for all 7 < X < ¢,
and S(t,t) =T forall 0 <t <T.

Suppose that P(r, A;t,y) satisfies the following conditions:

(1) For fixed 7, A, and ¢, Pisa nonnegative Borel function on F.

(2) For fixed 7, ¢, and y, P is a Borel measure on &.

(3) The normality condition, P(r, E;t,y) = 1 holds for all 7, ¢, and y.
(4) The Chapman-Kolmogorov equation,

P(r. Ast,y) = / P(r. As M 2) (A, da; t, )
E

holds for all 7 < A < t, A, and y. Then P is called a backward
transition probability function.

The free propagator associated with P is defined on L by

{U@ﬂmw@mmﬂnmmw
U(tv t)f = fa
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for all 7, ¢, and f € Lg°. If P possesses density p, then

{ U(t,m)g(y) = [ 9(x)p(r, z;t,y)dx
U(tv t)f = fa

forallz € E,0<7<t<oo,and f € L.

We define time reversal n by n(t) = T — ¢t where ¢ € [0,7]. For a func-
tion V on [0,T] x E and a time-dependent measure u, we put n(V)(t,x) =
(n(t),z) and n(u)(t) = pu(n(t)). An important connection between the for-
ward and backward cases is as follows: If P is a backward transition prob-
ability function, then

P(r,@;t, A) = P(n(t), A;n(7), @) (103)

is a transition probability density. If (X,F7, P;,) is a non-homogeneous
progressively measurable Markov process on (£, F) with transition proba-
bility function P, then we can define a progressively measurable backward
Markov process X on (€, F) by X; = Xo)-

Suppose that a backward transition probability function Pis given. If V'
is a Borel function on [0, T] x E, then we will say that V' belongs to the class
Py provided that (V) € P; (we should take into account (103)). Similarly,

if P possesses density p and p is a time-dependent measure, we will say that
i belongs to the class P, provided that n(u) € P%. The potentials of V
and p are defined by

NWV)(t,1,z) = / U(t,s)V(s)(z)ds

and

N(u)(t,7x) = / U(t, 8)u(s)(x)ds,

respectively. It P possesses density p, then the functional C, corresponding
to a time-dependent measure p € Py, is given by

Cu(t,T) ZAU(#)(T—t,T—T). (104)

Here we should take into account the correspondence between P and P
given by (103), and use Theorem 5.6. Since n(u) € P;,, we only need the
progressive measurability of the process X (or equivalently, the progressive
measurability of the process X) in order the right-hand side of (104) to be
defined.

Let P be a backward transition probability function, and suppose that

the process X is progressively measurable. Then for any V' € Py, the
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Feynman-Kac propagator Uy is defined on the space Lg® by

t
zmwﬂwszwmmxmpwmj/V@wam.

Similarly, if P possesses density p and if the process X is progressively
measurable, then the Feynman-Kac propagator U, is defined on the space
L by

Un(t,7)9(y) = En(s),y9(Xy(r)) exp{=Cy(t, 7)}.

If P is a backward transition probability function, the process X is pro-
gressively measurable, and V' € Py, then Duhamel’s formula takes the follo-
wing form:

wﬁmmmzmmww+/vmmwwn@ﬂmwu

for all y € F and g € L. If P possesses density p, X is progressively
measurable, and p € P,,, then Duhamel’s formula holds for p.

Now it is clear that all the results for backward Feynman-Kac propagators
obtained in the present paper can be reformulated in the case of forward
propagators using time reversal techniques.
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