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Abstract. We study viscosity solutions to the following partial dif-
ferential equation on the set [0, t]× E:

∂u

∂τ
(τ, x) + [A(τ)u(τ)](x)− V (τ, x)u(τ, x) = 0,

where E is a locally compact second countable Hausdorff topological
space and V satisfies a Kato type condition. The family of operators
A(τ) in the equation above is defined by

A(τ)h(x) = lim
ε→0+

ε−1[Y (τ + ε, τ)h(x)− h(x)],

where Y is the free backward propagator associated with the given
transition probability density p. It is shown in the paper that under
some restrictions on p, V , τ0 ∈ [0, t), and x0 ∈ E, the backward
Feynman-Kac propagator YV associated with p and V generates a
viscosity solution to the equation above at the point (τ0, x0). Similar
result holds in the case where the function V is replaced by a time-
dependent family µ of Borel measures on E.

1. Introduction

Our main objective in the present paper is to show that backward
Feynman-Kac propagators associated with time-dependent measures gene-
rate viscosity solutions to terminal value problems. We restrict our attention
to backward propagators. However, all our results in this paper can be re-
formulated for forward propagators and initial value problems. We refer the
reader to [1, 2] for the information on viscosity solutions, and to [6-10] for
the properties of Feynman-Kac propagators.

Let E be a locally compact second countable Hausdorff topological space.
Then E is σ-compact and metrisable (see [11]). We will fix a metric
ρ : E × E → R+ generating the topology of E. By E will be denoted
the σ-algebra of Borel subsets of E, and the symbol B(x, r) will stand for

2000 Mathematics Subject Classification. Primary 47D08, 49L25; Secondary 47D06,
47D07.

Key words and phrases. Feynman-Kac propagators, viscosity solutions.

1



2 ARCHIL GULISASHVILI AND JAN A. VAN CASTEREN

the open ball of radius r centered at x ∈ E. The space of bounded conti-
nuous functions on E will be denoted by BC, and the symbol Z will stand
for the set of integers. It is known that the family of Radon measures on E
coincides with the family

of Borel measures that are finite on compact sets (see [5], Theorem 7.8).
It will be assumed throughout the paper that a non-negative Radon measure
m with full support is given. This measure is called the reference measure.
We will write dx instead of dm(x). Let p(τ, x; t, y) with 0 ≤ τ < t < ∞
and x, y ∈ E be a transition probability density, and denote by Y (t, τ) the
corresponding free backward propagator on L∞, defined by

Y (t, τ)f(x) =
∫

E

f(y)p(τ, x; t, y)dy

for all 0 ≤ τ < t < ∞. If ν is a Borel measure on E, we put

Y (t, τ)f(x) =
∫

E

p(τ, x; t, y)dν(y).

We will denote by Xt the Markov process associated with the density p,
and by Ft = σ(Xs : 0 ≤ s ≤ t) the filtration generated by the process
Xs. It will be assumed throughout the paper that Xt is a progressively
measurable process. Examples of such processes are left- or right continuous
processes, or more generally, Ft-predictable or Ft-well measurable processes
(see [14] for the definitions and more information concerning progressive
measurability).

The following classes of time-dependent measures were introduced and
studied in [9, 10] (see also [6-8]):

Definition 1. Let µ = {µ(t) : 0 ≤ t ≤ T} be a time-dependent family of
Radon measures on E. Then µ belongs to the class P̂∗, provided that

sup
(t,τ):0≤τ≤t≤T

sup
x∈E

∫ t

τ

Y (s, τ)|µ(s)|(x)ds < ∞.

If µ ∈ P̂∗, then µ belongs to the class P∗, provided that

lim
t−τ→0+

sup
x∈E

∫ t

τ

Y (s, τ)|µ(s)|(x)ds = 0.

If dµ(τ) = V (τ)dx, then we will write V ∈ P̂∗ and V ∈ P∗ instead of
µ ∈ P̂∗ and µ ∈ P∗. The class P∗ is a generalization of the Kato class of
measures (see [6-10] and the references therein).
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Definition 2 (see [9, 10]). Let V ∈ P∗. Then the backward Feynman-Kac
propagator YV is defined by

YV (t, τ)f(x) = Eτ,xf(Xt) exp{−
∫ t

τ

V (s, Xs)ds}

for 0 ≤ τ ≤ t ≤ T and f ∈ L∞.

It was shown in [9, 10] that if µ ∈ P∗, then there exists an additive
functional Aµ(t, τ) such that

lim
k→∞

sup
τ :0≤τ≤T

sup
x∈E

Eτ,x sup
t:τ≤t≤T

|Aµ(t, τ)−
∫ t

τ

gk(s, Xs)ds|2 = 0,

where

gk(s, x) = kN(µ)(min(s +
1
k

, T ), s, x) (1)

and

N(µ)(t, τ, x) =
∫ t

τ

Y (s, τ)µ(s)(x)ds

(see [10], Lemma 3).

Definition 3 (see [9, 10]). Let µ ∈ P∗. Then the backward Feynman-Kac
propagator Yµ is defined by

Yµ(t, τ)f(x) = Eτ,xf(Xt) exp{−Aµ(t, τ)}
for 0 ≤ τ ≤ t ≤ T and f ∈ L∞.

2. Duhamel’s formula and informal computations

Our first result in the present paper is Duhamel’s formula for backward
Feynman-Kac propagators. We will show that for µ ∈ P∗, Duhamel’s for-
mula holds pointwise.

Theorem 1. Let f ∈ L∞ and µ ∈ P∗. Then the function u(τ, x) =
Yµ(t, τ)f(x) satisfies the following Volterra type integral equation:

u(τ, x) = Y (t, τ)f(x)−
∫ t

τ

Y (s, τ)[µ(s)u(s)](x)ds (2)

for all x ∈ E and 0 ≤ τ ≤ t ≤ T .

Proof. We will first prove Theorem 1 for a family µ of the form dµ(τ) =
V (τ)dx. Under the assumptions in Theorem 1, we have

∫ t

τ

Y (s, τ)[V (s)YV (t, s)f ](x)ds =
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∫ t

τ

Eτ,xV (s,Xs)Es,Xsf(Xt) exp{−
∫ t

s

V (λ,Xλ)dλ}ds.

Using the Markov property, we obtain

∫ t

τ

Y (s, τ)[V (s)YV (t, s)f ](x)ds

=
∫ t

τ

Eτ,xV (s,Xs)Eτ,x(f(Xt) exp{−
∫ t

s

V (λ,Xλ)dλ}|Fs)ds

=
∫ t

τ

Eτ,xf(Xt)V (s,Xs) exp{−
∫ t

s

V (λ, Xλ)dλ}ds

=
∫ t

τ

Eτ,xf(Xt)
∂

∂s
exp{−

∫ t

s

V (λ, Xλ)dλ}ds

= Eτ,xf(Xt)− Eτ,xf(Xt) exp{−
∫ t

τ

V (λ,Xλ)dλ}
= Y (t, τ)f(x)− YV (t, τ)f(x).

It follows that

YV (t, τ)f(x) = Y (t, τ)f(x)−
∫ t

τ

Y (s, τ)[V (s)YV (t, s)f ](x)ds. (3)

This gives Theorem 1 in the case dµ(τ) = V (τ)dx.
Now let µ ∈ P∗, and denote by gk the sequence of functions defined by

(1). It was shown in [10], Theorem 4, that

lim
k→∞

sup
0≤τ≤t≤T

sup
x∈E

|Yµ(t, τ)f(x)− Ygk
(t, τ)f(x)| = 0 (4)

for all f ∈ L∞. The functions gk belong to the class P∗ (see [10], Lemma
3). It follows from (3) that

Ygk
(t, τ)f(x) = Y (t, τ)f(x)−

∫ t

τ

Y (s, τ)[gk(s)Ygk
(t, s)f ](x)ds. (5)
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Using the properties of backward propagators, we get
∫ t

τ

Y (s, τ)[gk(s)Ygk
(t, s)f ](x)ds =

∫ t

τ

Y (s, τ)k
∫ min(s+ 1

k ,T )

s

Y (λ, s)[µ(λ)Ygk
(t, s)f ](x)dλds

∫ t

τ

k

∫ min(s+ 1
k ,T )

s

Y (λ, τ)[µ(λ)Ygk
(t, s)f ](x)dλds

=
∫ min(t+ 1

k ,T )

τ

dλk

∫ λ

max(λ− 1
k ,τ)

Y (λ, τ)[µ(λ)Ygk
(t, s)f ](x)ds

=
∫ min(t+ 1

k ,T )

τ

dλY (λ, τ)[µ(λ)k
∫ λ

max(λ− 1
k ,τ)

Ygk
(t, s)fds](x). (6)

Passing to the limit as k →∞ in (6) and using (4) and Definition 1, we get

lim
k→∞

∫ t

τ

Y (s, τ)[gk(s)Ygk
(t, s)f ](x)ds=

∫ t

τ

Y (λ, τ)[µ(λ)Yµ(t, λ)f ](x)dλ. (7)

Now we see that (2) follows from (4), (5), and (7).
This completes the proof of Theorem 1.
Our next goal is to provide a motivation for the use of viscosity solutions

in the present paper. We will reason informally, assuming that all functions
appearing in the reasoning are differentiable as many times as needed.

Let t and τ be such that 0 ≤ τ < t ≤ T , and put u(z, x) = Yµ(t, z)f(x)
where τ ≤ z < t. Applying the operator Y (z, τ) to equation (2), we get

Y (z, τ)u(z)(x) = Y (z, τ)Y (t, z)f(x)−
∫ t

z

Y (z, τ)Y (s, z)[µ(s)u(s)](x)ds.

= Y (t, τ)f(x)−
∫ z

τ

Y (s, τ)[µ(s)u(s)](x)ds.

Next differentiating the previous equation with respect to z, we obtain
∂

∂z
Y (z, τ)u(z)(x)− Y (z, τ)[µ(z)u(z)](x) = 0.

We can also compute the right derivative of Y (z, τ)u(z)(x) at τ , which gives

lim
ε→0+

Y(τ + ε, τ)u(τ + ε)(x)−u(τ, x)
ε

− lim
ε→0+

1
ε

∫ τ+ε

τ

Y (s, τ)[µ(s)u(s)](x)ds=0.

(8)
Next we get from (8) that

lim
ε→0+

Y (τ + ε, τ)u(τ + ε)(x)− u(τ, x)
ε

− µ(τ, x)u(τ, x) = 0
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The previous equality should be understood as an equality for Radon mea-
sures. It follows that

lim
ε→0+

Y (τ + ε, τ)[u(τ + ε)− u(τ)](x)
ε

+ lim
ε→0+

(Y (τ + ε, τ)− I)u(τ)(x)
ε

−µ(τ, x)u(τ, x) = 0. (9)

The first term on the left-hand side of (9) is equal to the right derivative
D+

1 u(τ, x). Moreover, assuming that

∂Y (s, τ)g
∂s

= A(s)Y (s, τ)g,

where A(s) is a family of operators, we derive from (9) the following equality:

D+
1 u(τ, x) + A(τ)u(τ)(x)− µ(τ, x)u(τ, x) = 0. (10)

Finally, we see that the backward Feynman-Kac propagator Yµ generates a
solution to the final value problem

{
∂
∂τ u(τ, x) + [A(τ)u(τ)](x)− µ(τ, x)u(τ, x) = 0
u(t, x) = f(x).

(11)

The previous informal reasoning was based on the differentiability as-
sumption for the functions appearing in the proof. Next we will explain
how to make the arguments used above rigorous. Here the idea of a point-
wise solution in the viscosity sense to problem (11) will be helpful.

3. Viscosity solutions to terminal value problems

This section is concerned with putting the ideas leading to equalities (8)
and (10) on the solid ground. Here the idea of a viscosity solution, will be
helpful. However, in the new setting, the equalities in (8) and (10) become
inequalities.

Theorem 2. Let µ ∈ P∗, f ∈ L∞, and fix t such that 0 < t ≤ T . Then the
following assertions hold:
(a) Suppose that ψ is a bounded continuous function on [0, T ]×E, and let
(τ0, x0) ∈ [0, t)× E and δ > 0 with τ0 + δ < t be such that

Yµ(t, τ0)f(x0)− ψ(τ0, x0) = min
(τ,x)∈[τ0,τ0+δ]×E

(Yµ(t, τ)f(x)− ψ(τ, x)).

Then for every 0 < ε < δ we have

Y(τ0 + ε, τ0)ψ(τ0 + ε)(x)−ψ(τ0, x0)
ε

−1
ε

∫ τ0+ε

τ0

Y (s, τ0)[µ(s)Yµ(t, s)f ](x0)ds≤0.

(12)
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(b) Suppose that ψ is a bounded continuous function on [0, T ]× E, and let
(τ0, x0) ∈ [0, t)× E and δ > 0 with τ0 + δ < t be such that

Yµ(t, τ0)f(x0)− ψ(τ0, x0) = max
(τ,x)∈[τ0,τ0+δ]×E

(Yµ(t, τ)f(x)− ψ(τ, x))

for some (τ0, x0) ∈ [0, t)× E. Then for every 0 < ε < δ we have

Y (τ0 + ε, τ0)ψ(τ0 + ε)(x)−ψ(τ0, x0)
ε

−1
ε

∫ τ0+ε

τ0

Y (s, τ0)[µ(s)Yµ(t, s)f ](x0)ds ≥ 0.

(13)

Proof of Theorem 2. We will prove part (a) of Theorem 2. The proof of
part (b) is similar. Let ψ be any bounded Borel function on [0, T ] × E, M
be any real number, and put

G(τ, x) = Yµ(t, τ)f(x)− ψ(τ, x)−M. (14)

We will need the following lemma:

Lemma 1. Let µ ∈ P∗, and let ε > 0 be such that τ + ε < t. Then we have
the following equality for G defined by (14):

G(τ, x)− Y (τ + ε, τ)G(τ + ε)(x)

= Y (τ + ε, τ)ψ(τ + ε)(x)− ψ(τ, x)−
∫ τ+ε

τ

Y (s, τ)[µ(s)Yµ(t, s)f ](x)ds. (15)

Proof of Lemma 1. We have

Yµ(t, τ)f(x)− Y (τ + ε, τ)Yµ(t, τ + ε)f(x)
= (Yµ(τ + ε, τ)− Y (τ + ε, τ))Yµ(t, τ + ε)f(x). (16)

Using formula (2) in (16), we get

Yµ(t, τ)f(x)− Y (τ + ε, τ)Yµ(t, τ + ε)f(x)

= −
∫ τ+ε

τ

Y (s, τ)[µ(s)Yµ(τ + ε, s)Yµ(t, τ + ε)f ](x)ds

= −
∫ τ+ε

τ

Y (s, τ)[µ(s)Yµ(t, s)f ](x)ds. (17)

Now it is clear that (15) follows from (17).
This completes the proof of Lemma 1.
Let us go back to the proof of Theorem 2. For the function ψ such as in

the formulation of Theorem 2 and for

M = min
(τ,x)∈[τ0,τ0+δ]×E

(Yµ(t, τ)f(x)− ψ(τ, x)),
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define the function G by (14). Using Lemma 1 with τ = τ0, x = x0, and
ε > 0 such that τ0 + ε < t, we obtain

G(τ0, x0)− Y (τ0+ε, τ0)G(τ0+ε)(x0) =

Y (τ0+ε, τ0)ψ(τ0+ε)(x0)−ψ(τ0, x0)−
∫ τ0+ε

τ0

Y (s, τ0)[µ(s)Yµ(t, s)f ](x0)ds (18)

Dividing (18) by ε, and using the facts that G(τ0 + ε, y) ≥ 0 for all ε < δ
and y ∈ E, and G(τ0, x0) = 0, we get estimate (12).

This completes the proof of Theorem 2.
The next theorem is a local version of Theorem 2.

Theorem 3. Let µ ∈ P∗, f ∈ L∞, and fix t such that 0 < t ≤ T . Then the
following assertions hold:
(a) Suppose that ψ is a bounded continuous function on [0, T ]×E, (τ0, x0)
is a point in [0, t) × E, and assume that there exists δ > 0 with τ0 + δ < t
and a relatively compact neighborhood Q of x0 in E such that

Yµ(t, τ0)f(x0)− ψ(τ0, x0) = min
(τ,x)∈[τ0,τ0+δ]×Q̄

(Yµ(t, τ)f(x)− ψ(τ, x))

where Q̄ denotes the closure of Q in E. Then for every 0 < ε < δ we have

Y (τ0 + ε, τ0)ψ(τ0 + ε)(x)− ψ(τ0, x0)
ε

− 1
ε

∫ τ0+ε

τ0

Y (s, τ0)[µ(s)Yµ(t, s)f ](x0)ds

≤ α

ε

∫

E\Q̄
p(τ0, x0; τ0 + ε, y)dy (19)

where α > 0 and δ > 0 do not depend on ε.
(b) Suppose that ψ is a bounded continuous function on [0, T ]×E, (τ0, x0)

is a point in [0, t) × E, and suppose that there exists a neighborhood Q of
(τ0, x0) in [0, t)× E such that

Yµ(t, τ0)f(x0)− ψ(τ0, x0) = max
(τ,x)∈Q̄

(Yµ(t, τ)f(x)− ψ(τ, x)).

Then for every small ε > 0 we have

Y (τ0 + ε, τ0)ψ(τ0 + ε)(x)− ψ(τ0, x0)
ε

− 1
ε

∫ τ0+ε

τ0

Y (s, τ0)[µ(s)Yµ(t, s)f ](x0)ds

≥ −α

ε

∫

E\Q̄
p(τ0, x0; τ0 + ε, y)dy (20)

where α > 0 and δ > 0 do not depend on ε.
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Proof. We will prove part (a) of Theorem 3. The proof of part (b) is
similar. Suppose that the conditions in part (a) are satisfied. Define G by
(14) with ψ as in the formulation of Theorem 3 and

M = min
(τ,x)∈[τ0,τ0+δ]×Q̄

(Yµ(t, τ)f(x)− ψ(τ, x)).

Using equality (15) with τ = τ0, x = x0, and ε > 0 such that ε < δ, and
taking into account that G(τ0, x0) = 0, G(τ, x) ≥ 0 for (τ, x) ∈ [τ0, τ0 + δ]×
Q̄, and |G(τ, x)| ≤ α, we get

Y (τ0+ε, τ0)ψ(τ0+ε)(x0)− ψ(τ0, x0)
ε

− 1
ε

∫ τ0+ε

τ0

Y (s, τ0)[µ(s)Yµ(t, s)f ](x0)ds

= −Y (τ0 + ε, τ0)χQ̄G(τ0 + ε)(x0)− Y (τ0 + ε, τ0)χE\Q̄G(τ0 + ε)(x0)

≤ α

ε

∫

E\Q̄
p(τ0, x0; τ0 + ε, y)dy.

Hence, estimate (19) holds.
This completes the proof of Theorem 3.
Next we will proceed with making simplifications in inequalities (12),

(13), (19), and (20). The following theorem concerning the continuity con-
ditions for the backward Feynman-Kac propagator, will be useful in the
sequel.

Theorem 4 ([10], Theorem 10). Suppose that the free backward propagator
Y is such that Y (t, τ) : L∞ → BC for all t and τ with 0 ≤ τ < t < ∞,
and for every function g ∈ BC, the BC-valued function (t, τ) → Y (t, τ)g
is continuous in the topology of uniform convergence on compact subsets of
E. Let µ ∈ P∗. Then for every fixed t with 0 < t ≤ T , and every f ∈ L∞,
the function Yµ(t, τ)f(x) is continuous on [0, t)× E.

The next lemma concerns the first term on the left-hand side of estimates
(12), (13), (19), and (20). For h ∈ BC and (τ, x) ∈ [0, T )× E, we put

A(τ)h(x) = lim
ε→0+

Y (τ + ε, τ)h(x)− h(x)
ε

, (21)

provided that the limit in (21) exists and is finite. We will say that a
bounded continuous function ψ on [0, T ]×E is differentiable from the right
at τ0 ∈ [0, T ) uniformly with respect to y ∈ E, if there exists a function
D+

1 (τ0, ·) ∈ BC such that

lim
ε→0+

sup
y∈E

|ψ(τ0 + ε, y)− ψ(τ0, y)
ε

−D+
1 ψ(τ0, y)| = 0. (22)

Lemma 2. Suppose that the free backward propagator Y satisfies the condi-
tions in Theorem 4, and let ψ be a bounded continuous function on [0, T ]×
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Rn. Let τ0 ∈ [0, t) and x0 ∈ E be such that ψ is differentiable from the right
at τ0 ∈ [0, T ) uniformly with respect to y ∈ E, and A(τ0)ψ(τ0)(x0) exists
and is finite. Then

lim
ε→0+

Y (τ0+ε, τ0)ψ(τ0+ε)(x0)− ψ(τ0, x0)
ε

= D+
1 ψ(τ0, x0)+[A(τ0)ψ(τ0)](x0).

Proof. We have

Y (τ0 + ε, τ0)ψ(τ0 + ε)(x0)− ψ(τ0, x0)
ε

= Y (τ0 + ε, τ0){ψ(τ0 + ε)− ψ(τ0)
ε

−D+
1 ψ(τ0)}(x0)

+[Y (τ0 + ε, τ0)D+
1 ψ(τ0)](x0) + [

Y (τ0 + ε, τ0)− I

ε
ψ(τ0)](x0)

= I1 + I2 + I3. (23)

Since Y is a family of contraction operators on L∞,

|I1| ≤ sup
y∈E

|ψ(τ0 + ε, y)− ψ(τ0, y)
ε

−D+
1 ψ(τ0, y)|.

It follows from (22) that
lim
ε→0

I1 = 0. (24)

Since D+
1 (τ0, ·) ∈ BC, Theorem 4 gives

lim
ε→0

I2 = D+
1 ψ(τ0, x0). (25)

Finally, (21) implies

lim
ε→0

I3 = [A(τ0)ψ(τ0)](x0). (26)

Now it is clear that Lemma 2 follows from (23)-(26).
Next we turn our attention to the second term on the right-hand side

of estimates (12), (13), (19), and (20). For µ ∈ P∗, consider its Radon-
Nikodym-Lebesgue decomposition dµ(s) = V (s)dm + dλ(s) where λ(s) is
the singular part of µ(s) with respect to m. It is clear that V ∈ P∗ and
λ ∈ P∗. Let x0 ∈ E and τ0 ∈ [0, t) be given, and suppose that Ck with
−∞ < k < ∞ is a strictly increasing sequence of Borel sets of positive
measure m such that x0 ∈ Ck for all k, diam(Ck)+m(Ck) → 0 as k → −∞,
and ∪∞k=0Ck = E. For every integer j, put

γj(s) = sup
y∈E\Cj

p(τ0, x0; s, y),

and define the majorant p∗ of p with respect to the family {Ck} as follows:

p∗(τ0, x0; s, z) = γj(s)



FEYNMAN-KAC PROPAGATORS AND VISCOSITY SOLUTIONS 11

where j is the unique integer such that z ∈ Cj+1\Cj . Let us also recall that
the function Yµ(t, s)f(x) is bounded on [0, t]×E. Moreover it is continuous
on [0, t) × E, by Theorem 3. The following conditions will be used in the
sequel:

sup
s:τ0≤s≤τ0+δ

1
m(Ck)

∫

Ck

|V (s, y)− V (τ0, x0)|dy → 0 (27)

as k → −∞, where δ > 0 is a number such that τ0 + δ < t;

sup
k:k≥j

sup
s:τ0≤s≤τ0+δ

1
m(Ck)

∫

Ck

|V (s, y)|dy ≤ M1,j (28)

for all j ∈ Z;

sup
s:τ0≤s≤τ0+δ

|λ(s)|(Ck))
m(Ck)

→ 0 (29)

as k → −∞;

sup
k:k≥j

sup
s:τ0≤s≤τ0+δ

|λ(s)|(Ck))
m(Ck)

≤ M2,j (30)

for all j ∈ Z;

sup
s:τ0≤s≤τ0+δ

∫

Ck

p∗(τ0, x0; s, z)dz ≤ M3,k (31)

for all k ∈ Z, and

lim
s→τ0+

∫

E\Ck

p∗(τ0, x0; s, z)dz = 0 (32)

for all k ∈ Z.

Remark 1. Condition (27) means that x0 is a Lebesgue point of the func-
tion V (τ, ·) uniformly with respect to τ near τ0. Condition (28) resembles
a uniform local integrability condition for V . Similarly, condition (29) is a
differentiability condition for the singular part λ of µ, while (30) is a uni-
form local integrability condition for λ. Conditions (31) and (32) concern
the majorant p∗ of the transition density p. They are based on the integra-
bility condition for the majorant of an approximation of the identity (see
Theorem 1.25 in [13]). Condition (31) concerns the local integrability of p∗,
while (32) is a stochastic continuity condition for p∗.

Lemma 3. Let µ ∈ P∗, and assume that the free backward propagator Y
satisfies the conditions in Theorem 3. Let τ0 ∈ [0, t), x0 ∈ E, and {Ck} be
such that conditions (27)-(32) hold. Then

lim
ε→0+

1
ε

∫ τ0+ε

τ0

Y (s, τ0)[µ(s)Yµ(t, s)f)](x0)ds = V (τ0, x0)Yµ(t, τ0)f(x0).

(33)
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Proof. Put D(s, y) = V (s, y)Yµ(t, s)f(y) and dν(s) = Yµ(t, s)f(y)dλ(s).
Since the function Yµ(t, s)f(y) is continuous on [0, t) × E and bounded on
[0, t]× E, it follows from (27) that

sup
s:τ0≤s≤τ0+δ

1
m(Ck)

∫

Ck

|D(s, y)−D(τ0, x0)|dy → 0 (34)

as k → −∞. In (34), δ > 0 is a number such that τ0 + δ < t. Moreover,
(28)-(30) imply that

sup
k:k≥j

sup
s:τ0≤s≤τ0+δ

1
m(Ck)

∫

Ck

|D(s, y)|dy ≤ M4,j (35)

for all j ∈ Z;

sup
s:τ0≤s≤τ0+δ

|ν(s)|(Ck)
m(Ck)

→ 0 (36)

as k → −∞; and

sup
k:k≥j

sup
s:τ0≤s≤τ0+δ

|ν(s)|(Ck)
m(Ck)

≤ M5,j (37)

for all j ∈ Z.
Our next goal is to show that

lim
ε→0+

1
ε

∫ τ0+ε

τ0

Y (s, τ0)[|D(s)−D(τ0, x0)|](x0)ds = 0 (38)

and

lim
ε→0+

1
ε

∫ τ0+ε

τ0

Y (s, τ0)|ν(s)|(x0)ds = 0. (39)

Put
T (s, y) = |D(s, y)−D(τ0, x0)|.

Then we have

Y (s, τ0)T (s)(x0) =
∫

E

T (s, y)p(τ0, x0; s, y)dy (40)

≤
∫

E

T (s, y)p∗(τ0, x0; s, y)dy =
∫ ∞

0

dλ

∫

{y:p∗(τ0,x0;s,y)≥λ}
T (s, y)dy.

Since γk(s) is a non-increasing sequence, it follows from (40) that there
exists δ > 0 such that

Y (s, τ0)T (s)(x0) ≤
∑

k∈Z

(γk(s)− γk+1(s))
∫

Ck

T (s, y)dy. (41)
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For any j ∈ Z, (41) gives

Y (s, τ0)T (s)(x0) ≤

sup
s:τ0≤s≤τ0+δ

j∑

k=−∞
(γk(s)− γk+1(s))m(Ck)

1
m(Ck)

∫

Ck

T (s, y)dy +

+
∞∑

k=j+1

(γk(s)− γk+1(s))m(Ck)
1

m(Ck)

∫

Ck

T (s, y)dy =

= J1(j) + J2(j, s). (42)

We have

J1(j) ≤ { sup
s:τ0≤s≤τ0+δ

sup
k:−∞<k≤j

1
m(Ck)

∫

Ck

|D(s, y)−D(τ0, x0)|dy}

× sup
s:τ0≤s≤τ0+δ

∫

Cj

p∗(τ0, x0; s, y)dy. (43)

Moreover, for every j ∈ Z,

J2(j, s) ≤ (M4,j+1 + |D(τ0, x0)|)
∞∑

k=j+1

(γk(s)− γk+1(s))m(Ck)

≤ (M4,j+1 + |D(τ0, x0)|)[γj+1(s)m(Cj+1) +
∞∑

k=j+2

γk(s)m(Ck\Ck−1)]

≤ (M4,j+1 + |D(τ0, x0)|)[ m(Cj+1)
m(Cj+1\Cj)

+ 1]
∫

E\Cj

p∗(τ0, x0; s, y)dy

≤ (M4,j+1 + |D(τ0, x0)|)[ m(Cj+1)
m(Cj+1\Cj)

+ 1]
∫

E\Cj

p∗(τ0, x0; s, y)dy. (44)

It follows from (42), (43), and (44) that

Y (s, τ0)[|D(s)−D(τ0, x0)|](x0)

≤ { sup
s:τ0≤s≤τ0+δ

sup
k:−∞<k≤j

1
m(Ck)

∫

Ck

|D(s, y)−D(τ0, x0)|dy} ×

× sup
s:τ0≤s≤τ0+δ

∫

Cj

p∗(τ0, x0; s, y)dy +

+(M4,j+1 + |D(τ0, x0)|)[ m(Cj+1)
m(Cj+1\Cj)

+ 1]
∫

E\Cj

p∗(τ0, x0; s, y)dy

for all j ∈ Z. Now it is not difficult to prove that conditions (34)-(35) imply

lim
s→τ0+

Y (s, τ0)[|D(s)−D(τ0, x0)|](x0) = 0.
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This gives equality (38). The proof of equality (39) is similar. Here we use
(36) and (37) instead of (34) and (35). Now it is clear that (38) and (39)
combined imply (33).

This completes the proof of Lemma 3.
Now we are ready to formulate our main results. The first of them

concerns viscosity solutions in the case of global maxima or minima.

Theorem 5. Let µ ∈ P∗, f ∈ L∞, 0 < t ≤ T , and suppose that the
transition density p is such that the corresponding free backward propagator
Y satisfies the conditions in Theorem 3. Then the following are true:
(a) Let (τ0, x0) ∈ [0, t)× E, δ > 0 with τ0 + δ < t, and ψ be such that:

(1) ψ is a bounded continuous function on [0, T ]× E;
(2) ψ is differentiable from the right at τ0 uniformly with respect to

y ∈ E;
(3) A(τ0)ψ(τ0)(x0) exists and is finite;
(4) There exists a sequence of sets Ck such that conditions (27)-(30)

hold;
(5) Equality

Yµ(t, τ0)f(x0)− ψ(τ0, x0) = min
(τ,x)∈[τ0,τ0+δ]×E

(Yµ(t, τ)f(x)− ψ(τ, x))

holds.
Then

D+
1 ψ(τ0, x0) + [A(τ0)ψ(τ0)](x0)− V (τ0, x0)Yµ(t, τ0)f(x0) ≤ 0.

(b) Suppose that conditions 1-4 in part (a) are satisfied. Suppose also that

Yµ(t, τ0)f(x0)− ψ(τ0, x0) = max
(τ,x)∈[τ0,τ0+δ]×E

(Yµ(t, τ)f(x)− ψ(τ, x)).

Then

D+
1 ψ(τ0, x0) + [A(τ0)ψ(τ0)](x0)− V (τ0, x0)Yµ(t, τ0)f(x0) ≥ 0.

It is clear that Theorem 5 follows from Theorem 2, Lemma 2, and Lemma
3.

Our next result concerns viscosity solutions in the case of local maxima
and minima.

Theorem 6. Let µ ∈ P∗, f ∈ L∞, 0 < t ≤ T , and suppose that the
transition density p is such that the corresponding free backward propagator
Y satisfies the conditions in Theorem 3. Then the following are true:
(a) Let (τ0, x0) ∈ [0, t)× E, δ > 0 with τ0 + δ < t, and ψ be such that:

(1) ψ is a bounded continuous function on [0, T ]× E;
(2) ψ is differentiable from the right at τ0 uniformly with respect to

y ∈ E;
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(3) A(τ0)ψ(τ0)(x0) exists and is finite;
(4) There exists a sequence of sets Ck such that conditions (27)-(30)

hold;
(5) Equality

lim
ε→0+

1
ε

∫

E\Q̄
p(τ0, x0; τ0 + ε, y)dy = 0 (45)

holds for every relatively compact neighborhood Q of x0;
(6) There exists a relatively compact neighborhood Q of (τ0, x0) in [0, t)×

E such that

Yµ(t, τ0)f(x0)− ψ(τ0, x0) = min
(τ,x)∈[τ0,τ0+δ]Q̄

(Yµ(t, τ)f(x)− ψ(τ, x)).

Then

D+
1 ψ(τ0, x0) + [A(τ0)ψ(τ0)](x0)− V (τ0, x0)Yµ(t, τ0)f(x0) ≤ 0.

(b) Suppose that conditions 1-5 in part (a) are satisfied. Suppose also that
there exists a relatively compact neighborhood Q of (τ0, x0) in [0, t)×E such
that

Yµ(t, τ0)f(x0)− ψ(τ0, x0) = max
(τ,x)∈[τ0,τ0+δ]Q̄

(Yµ(t, τ)f(x)− ψ(τ, x)).

Then

D+
1 ψ(τ0, x0) + [A(τ0)ψ(τ0)](x0)− V (τ0, x0)Yµ(t, τ0)f(x0) ≥ 0.

Theorem 6 follows from Theorem 3, Lemma 2, and Lemma 3.

4. Examples

Let E be n-dimensional Euclidean space Rn equipped with its standard
norm | · |. We will assume that the reference measure m coincides with the
Lebesgue measure on Rn. It is well-known that the theory of second order
parabolic partial differential equations with time-dependent coefficients is
a rich source of transition probability densities on Rn. If such an equation
possesses a fundamental function p, then p can be used as a transition
density. In many special cases, the fundamental function p satisfies the
upper Gaussian estimate,

p(τ, x; t, y) ≤ α1p0(α2(t− τ), x− y) (46)

where α1 and α2 are positive constants. In estimate (46), p0 stands for the
Gaussian density given by

p(s, z) = (2πs)
n
2 exp{−|z|

2

2s
}.
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For the examples of fundamental functions of second order divergence or
non-divergence form parabolic partial differential equations with time-
dependent coefficients for which estimate (46) holds, see [4, 12] and the
references therein.

Define the radial majorant of the transition density p by

p∗(τ, x; t, y) = sup
z:|z−x|≥|y−x|

p(τ, x; t, z).

It is clear that if estimate (46) holds for p, then

p∗(τ, x; t, y) ≤ α1p0(α2(t− τ), x− y),

and hence, conditions (31) and (32) hold for p∗. It is not difficult to prove
that condition (45) also holds. We will assume that the sets Ck in the
formulation of Theorem 5 and Theorem 6 are given by Ck = B(x0, rk)
where rk → 0+ as k → −∞ and rk → ∞ as k → ∞. The next assertion
follows from Theorem 4.

Corollary 1. Let p be a transition probability density on Rn such that
estimate (46) holds for p. Let µ ∈ P∗, f ∈ L∞, 0 < t ≤ T , and suppose
that Y satisfies the conditions in Theorem 3. Then the following are true:
(a) Let (τ0, x0) ∈ [0, t)× E, δ > 0 with τ0 + δ < t, and ψ be such that:

(1) ψ is a bounded continuous function on [0, T ]× E;
(2) ψ is differentiable from the right at τ0 uniformly with respect to

y ∈ E;
(3) A(τ0)ψ(τ0)(x0) exists and is finite;
(4) Conditions (27)-(30) hold with Ck = B(x0, rk) where rk are such

that rk → 0+ as k → −∞ and rk →∞ as k →∞;
(5) There exists a relatively compact neighborhood Q of x0 in E such

that

Yµ(t, τ0)f(x0)− ψ(τ0, x0) = min
(τ,x)∈[τ0,τ0+δ]Q̄

(Yµ(t, τ)f(x)− ψ(τ, x)).

Then

D+
1 ψ(τ, x) + [A(τ)ψ(τ)](x)− V (τ0, x0)Yµ(t, τ0)f(x0) ≤ 0.

(b) Suppose that conditions 1-4 in part (a) are satisfied. Suppose also that
there exists a relatively compact neighborhood Q of x0 in E such that

Yµ(t, τ0)f(x0)− ψ(τ0, x0) = max
(τ,x)∈[τ0,τ0+δ]×Q̄

(Yµ(t, τ)f(x)− ψ(τ, x)).

Then

D+
1 ψ(τ, x) + [A(τ)ψ(τ)](x)− V (τ0, x0)Yµ(t, τ0)f(x0) ≥ 0
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