C'-EXTENSION OF SUBHARMONIC FUNCTIONS

M.S. MELNIKOV, P.V. PARAMONOV

ABSTRACT. For a Jordan Dini-Lyapunov type domain D in R? we
prove the possibility to extend any function subharmonic in D and of
the class C1(D) to a function subharmonic and of the class C'! on the
whole of R? with the uniform estimate of its gradient. We also obtain
a localization theorem for C''-subharmonic extension from closed Jor-
dan domains, and give examples of C'1-smooth Jordan domains which
don’t have this extension property.

1. INTRODUCTION

In [1, Theorem 5.1] it was proved that any function f subharmonic in
the unit ball B of RN (N > 2), f € C'(B), can be extended to a func-
tion F € CY(RY) subharmonic on the whole of RY with the property
IVF||gn < c¢||Vf]l5, where ¢ € (0,+00) depends only on N.

Here as usual, ||g||g stands for the uniform norm sup,cp |g(z)| of the
(complexvalued) function g on the set E.

In this paper we prove (Theorem 2.2) that for N = 2 the above formulated
result still holds if, instead of the ball (disc) B one takes an arbitrary Dini-
Lyapunov type domain D (with ¢ depending on D). We have failed to obtain
an analogous theorem for N > 3. Notice that in [2, Corollary 1] the result
on the C'-extension of subharmonic functions from Lyapunov-Dini domains
in RN was obtained for all N > 2, but with some additional requirements
on functions f under extension.

For an open set  in RY (N =2,3,...) and m € Z; = {0,1,...} we
denote by BC™ () the class of all (complexvalued) functions f, which have
bounded and continuous partial derivatives in €2 up to the order m. The
norm in BC™(Q) is defined as usual:

_ s
[ fllm,0 lrﬁr‘lgfnllc? flle s

The research of the first author was partially supported by grants BFM 2000-0361
and 2001-SGR-00431.

The research of the second author was partially supported by grants SS — 2040.2003.1
(Russia) and SAB 98 — 0049 (Spain).



2 M.S. MELNIKOV, P.V. PARAMONOV

where the maximum is taken over all N-indices 5 = (41,...,0n) € Zf such
that |8] = B1 + ...+ By < m, and where
o8l
P f(w) = T

N

In particular, BC?(Q) = BC(Q) is the space of bounded continuous func-
tions on 2 with the uniform norm.

Let now X be a compact set in RV, m € Z,. Denote by C™(X) the
class of functions f on X, which can be extended (from X) to functions of
the class BC™(RY). By then

[flln,x = inf [ F[| ma

where the infimum is taken over all possible extensions F € BC™(RY),
Flx = f. e
Notice that, if the interior X° of X is dense in X (that is X° = X
where E is the closure of E in RY), then for each f € C™(X) the functions
98 f(x) are uniquely defined on X, || < [m]. In particular, for m > 1, the

vector-gradient V f(z) = {%f—x), ce %fT(]t)} is well-defined and we set
_ of(x)| .
V5] = [

for m > 2 the matrix of the second partial derivatives

a2 \V
2 _
v f(37> - (amnaxn’>n7n/_1

0% f(x)

0%, 0%y

If £ is open and f € BC™(E), or E is compact with E° = E and
f e C™(E), then

is defined with
V2 f(z)| =

= X
1<n<n/<N

of

— —_J >
IVfle s e (for m > 1),
92f
2
= —_— f 2 2 .
IV*5le =, max N5z g | (form >2)

Finally, for m € Z,; and an open set 2, we write C™(§2) for the class of
functions {f | f € BC™(D) for each bounded open D, D C Q}.

Denote by SH(f2) the class of all (real valued) subharmonic functions on
an open set € in RY. The problem we are interested in can be formulated
as follows.
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Problem 1.1. Let X be a compact set in RN with X° = X. What are the
conditions on X, necessary and sufficient for the equality

(1.1) CHX)NSH(X®) = (CHRN) N SHRM))|x
to be satisfied?

In Section 2 we formulate and prove the main result of this paper —
Theorem 2.2. As a corollary, we obtain Theorem 2.6 — the localization
theorem for C!-subharmonic extension from closed Jordan domains. In
Section 3 we construct (in particular, C'-smooth) Jordan domains which
don’t have this C'-subharmonic extension property.

2. THE MAIN RESULT AND ITS PROOF

In the paper, B(a,r) denotes an open disc in C with centre a and of
radius r > 0. By ¢ we denote positive constants (absolute, if there is no
other comment), which can be different in different occurrences.

Let wg(g,0) = sup{lg(z) —g(y)| | = € E,y € E, |x —y| < 6} be the
modulus of continuity of the (scalar- or vector valued) function g on the set
E, 6 >0.

Definition 2.1. A Jordan domain D in C will be called a Dini-Lyapunov
type domain, if some (and then any) conformal mapping & from the domain
D onto the unit disc B = B(0, 1) satisfies the following properties:

(a) the function k can be extended to a C'-diffeomorphism of D onto
B; in particular, k' = dk/dz € C(D) and k) = min |k’ (2)| > 0 ;
z€D
(b) the function »(t) = w(k',t), t > 0, satisfies the Dini condition:
x(t)

o—__

Theorem 2.2. Let D be a Dini-Lyapunov type domain. Then there is
¢ = ¢(D) > 0 such that for any f € CY(D) N SH(D) there exists
F e CYC)nSH(C) with F|5 = f and

IVFllc <c|Vflp

In studing the Problem 1.1 we found that the following question (as far
as we know) is still open.

Problem 2.3. What are the conditions on a (real valued) function
g € CYOB), necessary and sufficient for the possibility to extend g to a
function of the class C1(B) N SH(B) ?
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2.1. PROOF OF THEOREM 2.2

The appearing positive constants ¢y, ¢, . . . either are absolute (by silence)
or they depend (finally) only on the domain D (in the last case we write, for
instance, ¢; = ¢1(D)). These constants are fixed till the end of the proof.

Let D, k and s satisfy the conditions of Definition 2.1. Then D
has a smooth boundary 0D and »(-) satisfies the "doubling” property
(c1 = ca(D)):

(2.1) #(2t) < epae(t), > 0.

First, we extend the function k by the Whitney method in some neigh-
bourhood of D as follows. Let {Q}, ¥} }jes be a special (Whitney type)
partition of unity on the set C\ D, as constructed in [3, Chapter 6, §1]
(in [3] the index k was used instead of j and the set F instead of our D),
let p; be some point in 9D closest to the square Q7. For z € C \ D set

k(z) =) (k(py) + K (p5) (= = ) ¢ (2) -

jEJ

Standard arguments (see [3, Chapter 6, §2.3]) show that there exist a
Jordan domain € containing D and a disc Uy = {w € C | |w| < ro},
ro € (1,2), such that the following properties hold:

(1) ke CH(Q) NC?*( Qo \ D) and, moreover,

|V2k(2)| < Czj;(d) ;

where z € Qp\ D and 2’ is some point in D closest to z, d = |z—2/| ;
(2) k is bilipschitz map from g onto Uy, that is

321 — 22| < [k(21) — K(22)| < cslz1 — 22

for all z1,20 € Qp; here Qo, Up, k, co € (1,40), ¢35 € (1,+0)
depend only on D.

Let go € CY(Up) N C%(Up \ B) be realvalued, fo(z) = go(k(z)). We want
to find the relation between Afo(2) and Ago(w), w = k(z2), 2 € Qo \ D.

Setting 0, = %, 0z = %, one can easily show that for 2 € Qg \ D the
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following equalities hold:

1
ZAfo(Z) = 0,0:fo(2) =
+ 0%.90(w) | k(z) kO + 0w go (W) |1(z) 0202k + wmgo(w)| k(=) 0.0k .

From this, taking into account that go is realvalued, that Ozk = 0.k,

0.k = Ozk and the properties (1) hold for &, one finds:

(2.2) Afo(z) =Ago(k(2)) [K'(2')* + [V g0 (k(2))| O1(5(d))+
+IVgo(k(2))] O2(5(d))/d ,

where |0;(5(d))| < ea2(d), 1l =1 and 2, ¢4 = ¢c4(D).

The main idea of the proof of Theorem 2.2 is the following. Take
g(w) = f(k~(w)), Jw| < 1, so that g € CY(B) N SH(B). Using [1, 5.1],
extend g to the function g; € C*(C) N SH(C), satisfying the properties (see
[1, Proof of Theorem 5.1]):

(2:3) IVgille < esllVallg , wt) = we(Vart) ——0;

in particular, w(t) < 2¢5||Vglz,t>0.

With the help of the next two lemmas we modify g; outside of B and
find a function g9 € CY(C) N C?*(C\ B)N SH(C), go = g on B, and a
disc U = {Jw| < r}, r = r(D) € (1,rg), such that the conditions (1) and
(2) of function k, the equality (2.2) and appropriate estimates on go and
its partial derivatives up to the order 2 garantee that fo(z) = go(k(2))
satisfies the required properties on the extention of function f, but only in
the neighbourhood = k~1(U) of D (notice that Q will depend only on D).
The desired extension F' can be found then, using f, much more easily.

Lemma 2.4. Let g1 and w(-) be the above mentioned functions (see (2.3)).
One can find go € CH(C)N C*C\ B)NSH(C), go = g1 on B, with the

properties:

(2.4) IVgzlle < cellVyllm

cew(Jw] = 1)

(2.5) [V2g2(w)| < » |wl>1.

lw| =1
Lemma 2.5. Let o(t), t = 0, be some continuous nondecreasing function

on [0,400) with conditions o(0) = 0, him%t) > 0 and (Dini’s condition)
t—0

fol(a(t)/t) dt < 4o00. Then there exist r1 = r1(0) € (1,2), ¢z = ¢7(0) > 1
and a function g3 € C1(C) N C?(C\ B) N SH(C) with the properties:



6 M.S. MELNIKOV, P.V. PARAMONOV

26) aatw) =0 forlul <1, Agalw) = ZED por g1,
[w]

e Wawl< [ a, ] > 1.
1

(2.8) |V2gs(w)| < 7 0?5'_11) , lw| € (1,71).

Notice in advance that gy will be equal to go + g3, and the function o in
the last lemma will be directly proportional to s(t) + t.

Proof of Lemma 2.4. We first construct some special (Whitney type) par-
tition of unity on C\ B as follows. Fix ¢ € C§°(B) with the following
conditions: 0 < ¢(w) < 1,9 =1 on B(0,3/4), ¥(w) = ¥(Jw|) is radial and
[[Y(w)dudv =1 (w = u+iv). For § > 0 define ¢°(w) = 31 (%2). For
s € Z, let {w; | j € J} be the vertexes of some right polygon centered
at the origin, with side-length §; € [27572,27571) and with the radius of
the circumscibed disc equal to |wj[ = 1+27°, j € Js. Let ps = %2*5,
B$ = B(ws, ps), j € Js. Tt is easily seen that LEJZ g] B(ws$,3ps/4) = C\ B.
s€Zjeds
Therefore, defining

iy = — P =u)/p)

> D dllw—wh)/ps)

s'€Zj e,
we find that {B,95}sez jes, is the partition of unity on C\ B with the
properties
(2.9) IVi3le < cpy?, I=1and2,
since for each w € C\ B the number of indices (s, j) such that ¢(w) # 0
does not exceed some positive absolute constant.

Denote by ®(z) the standard fundamental solution for the Laplace equa-
tion in R

1
O(z) = o log |z|.
Let ¢ € C§°(C). The Vitushkin operator associated with the Laplace oper-
ator A and with the function ¢ is defined as follows:
Vio(h) := @ x (pAh), Ve : (C5°(C)) = (C2(T)),
where * means the convolution operator. Clearly, AV, (h) = ¢ Ah (in the
distributional sense).
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It is known (see [I, Lemma 3.4]) that if h € C'(B(a,d)) and
¢ € C§°(B(a,d)) then V,(h) € C*(C) and
(2.10) IV(Ve(h))llc < ¢ o0se(Vh, B(a,d)) [Vellcd,
where osc(e, F) = sup{le(z) —e(w)| | z € E, w € E} and e is a bounded

function on E. R
Let now hj = Vy. (1), b5 = PPs/8 h$, j € Js. The sought for function

go is the following:
=g+ > (k5 —h).
SEZ jeJs
In fact, by (2.10) we have (setting h = g1, ¢ = ¥}, § = ps and taking (2.9)
into account with [ = 1):

@211)  [VRle < cwips), IVESle < cw(p,)-

Since A} is harmonic outside B; (because Ah; = 15 Agy), and since pre/8 is
radial, it easily follows from the mean value theorem for harmonic fungtions
that h¥(w) = h3(w) for w & B (w} £27%), and therefore the function h (w)

AR
is harmonic outside of the disc B; = B(wf7 % 27%). In particular, g; = ¢o
on B, and for w ¢ B one has:
(2.12)
ga(w) = gr(w) =Y > (B5(w) = hi(w) = D (Bj(w) = h(w)) ,
SEL JEJs (s,§)€SJT(w)

where SJ(w) = {(s,j) ‘ sel,jeds,we B;} Evidently, the number of

elements in SJ(w) does not exceed some absolute constant, and that for
(s,7) € SJ(w) one has

(2.13) M (jwl — 1) < po < ellu] - 1),

where ¢ > 1 is some absolute constant. From the last remarks and by (2.11)
we have

[Vga(w) = Vg1 (w)| < cw(lw] = 1) < e[ Vyllz, w| >1,

and (2.4) is proved.
Since Ah; = 12 Agy, for |w| > 1 we have

Aga(w)= > Ahj(w),
(s,4)€SJT(w)
so that go € C*(C) N C=(C\ B) N SH(C), because hi € C>=(C) N SH(C).
Moreover, by (2.11) and from the estimate ||V4)?s/®||c < ¢/p? we obtain:

- 1
2718 s/8 S
(2.14) |V=hj(w)| = [V /8 % Vhj(w)| < c—p w(ps) -

S
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Fix wo, |wo| > 1, and let us prove (2.5) for w = wg. Put 6 = (jwe| — 1)/3.
Let

So(wo) = {(5.5) | s €2, j € Jo, By 01 Blwo,0) £ 0} |

so that the number of elements in SJy(wg) does not exceed some absolute
constant either. Define

ho(w)= > hi(w).
(s,5)€8SJo(wo)
By (2.14) and (2.13) it follows that

V2R (wo)| < c“’(;) .
Put he = g2 — hs. Tt remains to show that
(2.15) |V2ho(wp)| < c@ .

By (2.11) (see also (2.3)), (2.12) and from harmonicity of ﬁ; outside Bj,
we find that hs is harmonic in B(wy,d) and the following estimate holds:
0sc(Vha, B(wg,0)) < cw(d). The desired estimate (2.15) now follows di-
rectly from the mentioned properties of the function hs and the Cauchy
integral formula in the disc B(wy,d) for the derivative of the holomorphic
function 9,,hs.

Lemma 2.4 is proved. (Il

Proof of Lemma 2.5. Let us seek gs(w) in the radial-symmetric form:
g3(w) = h(p), p = |w|. Using polar coordinates (p,#) in R? and elementary
formulas

Vgs(w)] = 1 (p)], [V2gs(w)| < |1 (p)| + %W(p)l’

1
Bgs(w) = W'(p) + 1 (o) . fuwl=p>1,

we see that the conditions (2.6)—(2.8) in terms of h have the form:

(2.16) K (p) + %h’(p) = U;p_ll) L p>1,
(2.17) wol< [ a,
(2.15) W@+ ) < T
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Set p(t) = 0 for ¢ € (0,1], u(t) = o(t —1)/(t — 1) for t > 1, so that

p € L (0,400). Solving the equation h”(p) + %h'(p) = u(p) on (0,+00)
by the variation of constants method, one gets:

p

W (p) = %/tu(t) dt >0,
0

and h/(p) is continuous on (0, +00) with

W (p)| < [ wult)dt,
/

which gives (2.16) and (2.17) (and then (2.6) with (2.7)). The function

1
g3(w) = :/5/7“ ) dr dt
0
is subharmonic, because Ags(w) = p(|w|) in the distributional sense. Fi-
nally, for p > 1, we have
P
R (p) = L / t)dt + p(p).
)

Since the first summand in the right hand side of the last equality tends to
zero as p — 1 (p > 1), but lim wu(p) > 0, there exists 1 = r1(0) € (1,2)

p—1+

such that h”(p) > 0 on (1,71). But then, for p € (1,71), the inequality (2.18)
(and hence (2.8)) follows directly from (2.16). Lemma 2.5 is proved. O

Let us continue with the proof of Theorem 2.2. We can suggest that
f # const in D, otherwice there is nothing to do. Starting from f, construct
the functions g, g1, g2 and g3 as in Lemmas 2.4 and 2.5 (where the function
o(t) will be chosen a little bit later). Put go = g2 + g3, so that go = g on
B. Let go(k(2)) = fo(z) in Qo, and let Q; = k= {|w| < min{rg,r;}}. By
(2.2) and the properties (2.4) — (2.8), we have for z € Q; \ D:

AR =) oo (@RI | (k)] =1
)1 oS e e e )

»(d o(t—1
—04% 06||V90H§+/ EL_ )dt

1



10 M.S. MELNIKOV, P.V. PARAMONOV

Notice that, by (2.1) and (2), there exists ¢ = ¢f(D) such that
x(d) = #(|z = 2|) < §x(k(z)] — 1), z € Q1. Since »(-) satisfies
the Dini condition, the same condition is also satisfied by the function
o(t) = cs | Vgllg (5(t) + t), where cg > 0 (cs = cg(D)) will be found later.
We remark that o satisfies the conditions of Lemma 2.5, and that in defin-
ing of 71, instead of the requirements on o there appear the corresponding
requirements on s, so that r; = r1(s) = r1(D). Therefore, by conditions

(2) on k and the estimate w(t) < 2¢5 || Vgoll5, we obtain:

Vgoliz #(|k(2)[=1)
[k(2)| -1

X

o(lk(2)]— 12
Aoz T (B85 —cteseretinta) - 1) +

|k(2)]
k{)? t—1
@ — (265 + 1)64666{03 — CgCICgC4 / (%il) + 1) dt
1

Clearly, we can choose 1o = 72(D) € (1,2) with the following properties:

1\2
()
2cieqcy

2 _ /\2
(A0 ) e B2

t—1 4ciesca
1

so that for cg = 4(2c5 + 1)ciescace (k)2 the function fy(z) is subharmonic
in Q = k1(U), where U = {w | |w| < min{rg,r1,72}}. In fact, the
subharmonicity of fo in D is evident, and in © \ D it follows from the last
estimates. Therefore, the subharmonicity of fy on (some neighbourhood
of) dD now follows from the C'-smoothness of D and from the fact that
fo € CH(Q2). We give the idea of the proof of the last claim for completeness.
By the Gauss-Ostrogradski formula, one can easily show that for each closed
disc K in Q the inequality fé)K % dl > 0 takes place. Here v is the outer
unit normal to 0K and df is the differential of the length on OK. The
smoothing 1 * fy of fo with respect to the mollifier 1 (see above) preserves
the above mentioned integral property of the function fy (in a J-”smaller”
domain, than ), from which it is easy to prove that ¢ x fy is subharmonic.
It remains to pass to the limit as § — 0+.

We are ready to extend f on all of C. Without loss of generality, we can
suggest that ||V f|[5 =1, 0 € D and f(0) = 0. Fix some Jordan domains
G1 and Go such that D ¢ G4 € G1 C Gy C Go C Q, and some function
v € C°(Ga), ¢ = 1 on G (¢ = 0 outside G3). We also can suggest
that G1, G2 and ¢ depend only on D. It follows from the construction
of fo that fo € C*(Ga) and ||fol|, z; < ¢, where ¢ > 0 (here and below)

#(ro — 1)
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depends only on D. Extend f; from the compact set G on all of C to
some function Fy of the class BC'(C) and such that |[VFp|lc < c. Define
Fy = V,(Fy). By (2.10) we obtain that Fy € C*(C) and ||[VFi||c < e
Since AFy = pAFy > 0 (in the distributional sense), we have F; € SH(C).
Consider Fy = Fy — Fy. Since AFy, = (1 — p)AFy, the function Fj is
harmonic in G and Fy € C*(G1) with [|Fy||; g7 < ¢. Tt remains to find an

appropriate extension (from D) of the function Fh.
We can choose some Jordan domain Gy with analytic boundary and with
the properties D C Gg C Gy C G;. Notice that

(2.19) Fy € C*(Go), || Ballo gy < e

Fix now some open disc Bg = B(0, R), R > 0, such that Gy C B(0, R/2).
Let f3 be the solution of the Dirichlet problem in the domain G = Bg \ Go
with boundary values equal to zero on Bg and equal to F5 on 0Gy. We
claim that f3 € C'(G) and |f3ll,@ < ¢ In fact, it is well known that a
conformal mapping of the domain G onto some appropriate annulus A can
be extended conformally on some neighbourhood of G. The required claim
undoubtedly is true for A: it is important just to recall that (2.19) takes
place. The function f;, which is equal to F; on Gy and equal to f3 on
G, satisfies the properties f, € Lip;(Bg) and ||V fi||p, < ¢ (notice that
Vf1 € Loo(Br) in the sense of distributions). It is known (can be easily
checked using [4, Chapter 5, §27, s. 7]) that the Laplacean (in the sense of
distributions) Afs of the function f4 in Bpg is equal to the finite measure
he, where ¢ is the length-measure on 0Gy (so that ¢ is positive), and the
function h € C(0Gy) has the form

_Of

a 6V+

L Oh

h(Z) z ov_

,ZG@G(),

z

where v; and v_ are the outer and inner unit normals to G respectively.
Therefore, ||h||ag, < co = co(D). Consider the function fs in Bg, which is
equal to zero in Gy and which is the solution of the Dirichlet problem in G
with the boundary values equal to 0 on G and equal to 1 on dBg. It is

well known that

Ofs

= h5(2’) > cio = Clo(D) >0, z€ 8G0
3V+ z

(one can check this fact using again a conformal mapping from G
onto A). The function fs = fi + cofs/c1o satisfies the equality
Afs = (h+ (c9/c10)h5)¢ > 0 in Bg, so that

fe € Lip;(Br) N SH(BR) , ||V fel|ps < c.
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Set 6 = dist(0D,0Gy)/2. The function f; = ¥° * fg, which is well-
defined in B(0, R — §), coincides (by the mean value theorem) with f on
D, f; € CYB(0,R/2)) N SH(B(0,R/2)), and also IVillgorm < ¢ It

remains to extend the function f7 from B(0, R/2) on all of C with the help
of [1, Theorem 5.1] mentioned at the beginning of this paper.
Theorem 2.2 is proved.

2.2. EXTENSION AND LOCALIZATION

With the help of Theorem 2.2 we can easily prove the following local-
ization theorem, which has, from our point of view, its own interest. We
restrict our consideration to closed Jordan domains.

Theorem 2.6. Let D be a Jordan domain in C and suppose that for
any a € 0D there exists a disk Bla,rq), 1o > 0, such that for
each f € CYD) N SH(D) one can find F, € CYD,) N SH(D.,),
D, = DU B(a,r,), with F, = f in D. Then for any f € C*(D)N SH(D)
there is F € C*(C) N SH(C) with F = f in D. If, additionally, each F,
can be chosen with the property ||Ful|, 5- < c(D,a)||f|[, 5 then F also can
be found with additional estimate ||V F||c < c(D)||fl, 5 -

Proof. First mnotice that the set £ = {e € 90D|3b. ¢ D with
B(be, |b. — e|)ND = {e}} is everywhere dense in D. From the conditions of
Theorem 2.6 (and the compactness of 9D) it easily follows, that there exists
a finite subset Ey = {e, -+ ,es} of E and a (say Jordan) neighbourhood 2
of D such that each f € C'(D) N SH(D) can be extended (respectively, in
addition, with appropriate estimates) to a function Fy € C*(Q;)NSH (),
where

Q=Q\(B'U---UB7), B’ = Blbe,, |be, —¢5]), j=1,--,J.

Using Theorem 2.2 for "rather small” Dini-Lyapunov type domains G
(1 <j < J)such that G; C Q and G, U BJ contains some neighbourhood
of e;, we can extend F; to a C'-subharmonic function in some ”small”
neighbourhood of E;. So, finally, we can extend f appropriately to some
neighbourhood of D and it remains to apply (the final step of the proof of)
Theorem 2.2. (]

3. AN EXAMPLE ON THE LACK OF EXTENSION

The following theorem gives a wide class of examples on the lack of
the C''-subharmonic extension (this class contains some closed Jordan C-
smooth domains). Unfortunately, this result is not enough to discuss the
precision of (the sufficient) conditions in Theorem 2.2.
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Theorem 3.1. Let d > 0 and suppose that h € C([—d,d]), h > 0 on [—d,d],
h(0) = 0, h is Lipschitz nondecreasing on [0,d] and
d

(3.1) /%dw = 00.

0
Let D be a Jordan domain in C, (z = x + iy) such that the graph
I' = {z+ih(z) |z € [—d,d]} of the function h is a subset of 0D and that near
0 the domain D is "under” T'. Then there is a function f € SH(D)NC(D),
which can not be extended from D to a C'-subharmonic function in some
neighbourhood of 0.

Proof. Set I, = [d/2"*1,d/2"], n € Z. By [5, Corollary 4.6], for each n
there exists a Borel function h,, on I,, such that h,(t) € [0,1] for all ¢ € I,,,
J; ha(t)dt > d/(c2") and

hn(t)

(3.2) /zftfih(t)dt <ec

I,
for all z ¢ T, = {t +ih(t)|t € I,,}, where ¢ > 1 (as before, it can change
in different places) depends only on Lip;-constant of h. Define a positive
Borel measure p, on I'y, as u,(E) = fET h,(t) dt, where E is a Borel set in
', and E, is its projection on the z-axis. By (3.2), |(1/2) * pin| < ¢ outside
I',,, which easily gives that

(3.3) Gn = D * pp, € Lip;(C) and ||Vgnllc < c.

For n > 1 and &, > 0 define g (2) = g,(z Fic,), so that puf = AgF
are positive measures (+ie,-shifts of p,,) with supports on I't (which are
+ie,-shifts of T',, respectively). Clearly, we can choose ¢, so small that

(3-4) 195 (0) = 9n(0)| + Vg5 (2) = Vgu(2)| < 1/2
for all z with Rez ¢ I, 1 UT, Ul .

Now, for n > 1 choose d,, < &, such that Us_ (I';) C {z € D| Imz > 0},
Us, (T;7)ND = 0, where Us(E) is 6-neighbourhood of E, § > 0. Let 1/’ be the
function defined above in Section 2. Take f,, = 1% % g,, and fF = )% x g,
so that f,, € C*(C) and ff € CY(C), f.(2) = gn(2) outside Us, (') and
[E(2) = g (2) outside Us, (T';) respectively. Moreover, by (3.3) we have

(3.5) IV falle <e, (IVfTlle <e
and, by (3.4),
(3.6) 1FE(0) = fu(0)| + [V fE(2) = Vn(2)] < 1/27

whenever Rez ¢ I,41 UL, UI,_;.
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Finally, set f = :ﬁ( fm — f). We claim that f is as required.
In fact, since Af = Iﬁ YO % pr inside D, by (3.5) and (3.6) one has
feCYC)NSH(D).

Suppose, by contradiction, that there exist r € (0,d) and
Fy € SH(B,) N CY(B,) (here B, = B(0,r)) such that Fy = f on DN B,.
Without loss of generality we can suppose that {z € B, | Imz < 0} C D.
Fix ¢ € C§°(B,) such that ¢ = 1in B(0,7/2) and define F' = V,, F} (see Sec-
tion 2). By (2.10), F € C}(C)N SH(C) and p = AF is finite positive mea-
sure with support in B,.. Choose a natural number N such that d/2V < r/2
and Us, (I';;) € B(0,7/2) for all n > N. Then v = p — Y o7 4% % py, is
also finite positive measure with suport in {z € B, | Imz > 0}.

Since F' = ® « p, for each € > 0 one has (z = z + iy):

oF o ) RS S _
oy 7*,“ z:—ie_ 27T(£C2+y2)*(;\]w *Mn +V)

SOy lim—ie Oy
27Tx2+y (Zwén*un)

Since f,, (z) = g,, () outside Us, (T';,), by (3.4) we have

>

z=—1€

Z=—1€

aF _y +oo B
_ >_ 7 >
Oy lz=—ic — 2m(x2 + y?) * (7;\]“”> z=—ie
> Y . 1.
- 271'(332 +y?) i (rg\/ a ) z=—ie
Recall, that [, hn(t)dt > d/(c2"), which gives
oF ho(t) dt
27 — 2m— >
m Wc‘“)y z=—ie Z / t2 <€+h )) -

12wy at
= E/O t2 + (e + h(t))?

Since h(t) < ct for t € (0,d), by (3.1) the last integral tends to +oco as
€ — 0, which gives the desired contradiction. O
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