Algebraic mapping-class groups
of orientable surfaces with boundaries

Warren Dicks* and Edward Formanek®

Abstract

Let Sy, denote a surface which is connected, orientable, has
genus ¢, has b boundary components, and has p punctures. Let
Yg.b,p denote the fundamental group of Sgp,p,. Let Outypp denote
the algebraic mapping-class group of Sg,p.

We study the exact sequence

1—Xgpp — Outgpiip — Outgp, — 1

that arises from filling in the interior of a boundary component of
Sg.b+1,p. Here Outgp11,p is a subgroup of index b+ 1 in Outgpt1,p.
If (g,b,p) is (0,0,0) or (0,0,1), then X4, is trivial. If (g,b,p) is
(0,0,2) or (1,0,0), then le%b,p is infinite cyclic. In all other cases,
ig,b,p is the fundamental group of the unit-tangent bundle of Sy 5 5,
a certain central extension of Xy p.

We give a description of the conjugation action of Outgi1,, on
4.6, in terms of the following three ingredients: the natural action of
Outg p11,p 0N Xy py1,p; the natural homomorphism g p11.p — Sg.b.p;
the twisting-number map ¥ 11, — Z.

We apply our results to verify Matsumoto’s simplification of Wa-
juryb’s presentation of Out g .
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1 Topological background

Let (g,b,p) € N3 be fixed throughout the article.

Let Sy, denote a connected, orientable surface which has genus g, and
b boundary components, and p punctures.

Let o be a self-homeomorphism of Sy 4 5, and let dar denote the induced
self-homeomorphism of the boundary 05,1, ,. We shall now describe restric-
tions we wish to impose on «. If « is orientation-preserving, we want da to
act as the identity on each component of 05,4, that is carried to itself. But
we want to allow certain orientation-reversing maps and maps that permute
boundary components; this will give a better interplay between algebra and
topology. We consider a referential S', say the complex numbers of modulus
1, and endow S! with an orientation-reversing map of order two, say com-
plex conjugation. Together with the identity map, this gives a group of two
distinguished self-homeomorphisms of S*. We further specify a homeomor-
phism between each component of 05,5, and S!, and thus obtain a b-to-1
map 0S5y, — S'. Then « is admissible if da forms part of a commuting
square in which two of the sides are the specified b-to-1 map 85y, — S*,
and the remaining side is one of our two distinguished self-homeomorphisms
of S'. Thus, if b > 1, we allow exactly 2b! possibilities for da. To avoid awk-
ward exceptions, we think of the empty set as having two self-maps, one of
which is orientation-preserving and the other is orientation-reversing. This
peculiar sort of convention will be useful throughout, in algebraic, as well
as topological, contexts.

The surface Sy, is formed by deleting b open discs and p points from
an orientable surface of genus g. A point is a degenerate closed disc. For
our purposes, it is often convenient to view the b + p discs as being dis-
tinguished, rather than deleted. From this viewpoint, we are looking at
self-homeomorphisms of the orientable surface of genus g which act on the
b+ p discs in one of 2b!p! possible ways. Thus, for example, we shall speak of
the permutation of the set of punctures induced by a self-homeomorphism
of Sg,b,p-

The group of all admissible self-homeomorphisms of Sy, contains a
normal subgroup consisting of those self-homeomorphisms which can be
homotoped to the identity map through self-homeomorphisms which act as
the identity on the boundary and on the set of punctures. The resulting
quotient group is called the mapping-class group of Sg 4, denoted MCgy p .
Thus the elements of MC, ), are isotopy classes of admissible self-homeo-
morphisms of Sy p p.

Let MC;b)p denote the index-two subgroup of MC,;,, consisting of
isotopy classes of orientation-preserving admissible self-homeomorphisms.
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We can choose an orientation-reversing element of order two in MCyy ,,
and express MC, , as a semidirect product MCyy, =~ MC;,W x Ca; we
write Cs to denote a cyclic, multiplicative group, of order two.

Terminology is not standardized in this area; for example, some authors
call MC;O’b the mapping class group of Sy 1,0, and call MCy o ; the extended
mapping class group of Sy 0.

Let us return to Sy ,. Recall that the b+p discs can be viewed as either
distinguished or deleted. We pass to a different surface if one of the discs
is, in one viewpoint, made undistinguished, and, in the other viewpoint,
filled in. We shall call this process elimination of a puncture or boundary
component. Another well-behaved process is that of undistinguishing, or
filling in, all but one point of an open disc. We call this process converting
a boundary component to a puncture. Converting a boundary component to
a puncture can also be viewed as contracting a distinguished open disc, and
its boundary, to a distinguished point. Notice that converting a boundary
component to a puncture and then eliminating the puncture is equivalent to
eliminating the boundary component; this simple observation will be used
frequently.

Each of the three processes mentioned above determines a surjective
partial homomorphism of mapping-class groups, with domain of finite in-
dex, namely the stabilizer of the disc involved. Moreover, the kernel can
be described explicitly; see, for example, [7, Sections 2.8 and 6.3]. If we
eliminate a boundary component of Sy 11, We get an exact sequence of
groups _

1-%gpp = MCypi1p = MCypp— 1.

Here the notation b 1 1 indicates that the domain of the partial homo-
morphism MCg i1, v MCy ), consists of isotopy classes of admissible
self-homeomorphisms which carry the b+ 1st boundary component to itself.
If (g,b,p) is (0,0,0) or (0,0,1), then ig,@p is trivial. If (g,b,p) is (0,0,2)
or (1,0,0), then ig,b’p is infinite cyclic. In all other cases, ig’b,p is the
fundamental group of the unit-tangent bundle of S; 4 ,, a certain central
extension of X4 .

Let us briefly discuss the case (b,p) = (0,0), which is mentioned in [7,
Section 6.3]. We have a surjective map ¢4: MCgq 1,0 — MCy 0. The kernel,
ig@)o, is also the kernel of the induced map ¢ : MC,, ; — MC, . For
g € {0,1}, these maps are well understood: ¢ is an isomorphism of groups
of order two, and ¢7 is equivalent to the quotient map from the braid group
on three strings to the braid group on three strings modulo the square of its
infinite cyclic center. Now suppose that g = 2. Here, ig,O,O is an extension
of an infinite cyclic (central) subgroup by 3, 0,0. Wajnryb [19] showed that,

as a normal subgroup of MC;LO, ig@,o is generated by a single element.
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The main part of Wajnryb’s article gives a presentation of MC;LO, and
the foregoing step is then used to show that adding a single relator yields
a presentation of MC g5.0,0- (See [20] for an elementary, self-contained ver-
sion, in which the length of the added relator drops from 32¢% + 89 — 26 to
892 +6.) Matsumoto [12] gave a relator of length 8¢ —10g+2 using a simple
description in terms of the center of an Artin group that is involved in the
presentation. His proof that his word is suitable as a relator uses the the-
ory of miniversal deformations; Labruére-Paris [8, Proposition 2.12(i)] have
given a topological approach. (The complementary part of Matsumoto’s
article gives an aesthetic presentation of MC 1,0 in terms of Artin groups
and their centers; the proof uses Wajnryb’s presentatlon and computer ver-
ifications, and the only values of g involved are 2 and 3. It may be possible
to obtain these results more directly using the approach of Benvenuti [2].)

In this article, we present these facts from an algebraic viewpoint. In
Sections 2-3 and Theorem 6.6, we give an algebraic description of MCgy 4,
by adjusting a well-known algebraic description of MCy 044p; this adjust-
ment is closely related to a similar definition given by Levitt [10, Section 4].
In Sections 4-10, we give algebraic verifications of some isomorphisms, exact
sequences, and semidirect product decompositions, which arise from elimi-
nating boundaries and punctures. In Section 11, we give an interesting de-
scription of the action of MCg 411, on the normal subgroup ¥ 5 ,. We then
turn to applications. Sections 12-13 briefly review Artin diagrams. Now
let g = 2. In Section 14, we use the algebraic setting to give a brute-force
proof that Matsumoto’s word is suitable as a relator in a presentation of
/\/lC 10,0- In Sections 15-16, we use many of our results to construct a partial
embeddmg MCy_11,1 v MCy 10 that sheds some light on Matsumoto’s
word.

2 Surface groups and related groups

2.1 Notation. For group elements z,y, we write T = z~ !, z¥ = gay,

[z,y] = Tyzy, and [z] for the conjugacy class of x, usually thought of as a
cyclic word in a specified generating set.

All actions will be on the right, generally written as exponents, and
compositions are to be read from left to right. We write z=¢ = 7. O

Recall that (g,b, p) € N3.
2.2 Definitions. We define x4, =2 — 29 — b —p and

Xopp=Azi,yi |1<i<g} v {z|1<i<b} u {tx |1 <k <p}
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This set will be involved in the presentations of the surface groups. The
symbols z; and tj, correspond to simple closed curves which start and finish
at the base point of the surface and isolate the jth boundary component
and the kth puncture, respectively.

Where we wish to blur the distinction between boundary components
and punctures, it will be useful to set

Zoak =tpy1-k (1 <k <p), tprj=211-4, (1<7<D), (1)
and then we write
Xg,b+p:{xi7yi |1<'L<g} o {Zj |1<j<b+p}:Xg,b,p-

In the free group on X4, we set

g b 1
Wg,b,p = H[’T'L,yl] ' H Zj H L,
i=1 j=1 k=p
and also write
g b+p
Wg,bt+p = n[whyi] : H 2j = Wg,b,p-
i=1 j=1

We define the (g, b, p)-surface group as

Egbp =< Xgbp | Wg,b,p)s

and also write

gbtp = Xgptp | Wopip) = Bgpp- O

2.3 Remarks. Notice that X, 4, is trivial if and only if 2g+b+p < 1, that
is (g,b,p) = (0,0,0), (0,1,0) or (0,0,1). These three values correspond to
Sg.b,p being a sphere, a closed disc, and an open disc, respectively. We call
these three values the trivial cases. The remaining values of (g, b, p) will be
called the nontrivial cases.

Similarly, X4, is abelian if and only if 2g + b 4+ p < 2. As well as the
trivial cases, we have 2g + b + p = 2, that is (g,b,p) = (1,0,0), (0,2,0),
(0,1,1) or (0,0,2). These four values correspond to Sy, being a torus, a
closed annulus, a punctured closed disc, and a punctured open disc (or open
annulus), respectively.

If 29+ b +p = 3, then X, 5, has trivial center.

Denoting the center of ¥, , by Ctr, we have

1 if 29+b+p<2,

by Ctr =
s/ {zgm if 29 +b+p+2.



Dicks and Formanek 6

If b+p =1, then wyy, can be extended to a basis of the free group on
Xgbp; here, g4, is a free group of rank 29 +b+p—1=1— xg.bp- O

2.4 Definitions. In the tensor-ring of the abelianization of ¥ ;4 p, let
Qg p+p denote the (infinite cyclic) additive subgroup generated by

1 if (g,b+4p)€{(0,0),(0,1)},
YI (#®yi—yi®x) if b+p=0,g=1,
Yot it b+p=1,(g,b+p)+(0,1).

There is an isomorphism

~

sign: Aut(Qg,p4p) = {1, -1},
and any o € Aut(Qgp4p) acts on 4, by multiplication by sign(a). O

We now define some groups closely related to ¥, ,, and later they will
be seen to arise naturally.

2.5 Definition. We write

& )1 if (g,b,p) =(1,0,0) or (0,0,2),
ohp = Ygbp Otherwise.

We view 3,4, as being given as a quotient group of 34 5.

Observe that (g,b + p) = (0,2) is the only case where “ig,bﬂ)” is not
defined. O

2.6 Definition. Let ¢ be a new symbol, and let ig,bﬂp denote the group
presented with generating set X ; ,u{o} and relations saying the following:
(i) o is central;
(i) wgpp = oXobw (or [wypp] = 027297"P where wyp, can be written
as a cyclic word because o is central);
(ili) o =1 (or Xy, = {1}) if (g,b,p) is (0,0,0) or (0,0,1);
(iv) Xgpp = {1}1if (9,b,p) is (1,0,0) or (0,0,2).

Here “imbﬂ,” is not defined for (g,b+ p) = (0, 1) or (0, 2).
We view X, 5, as being given as a quotient group of X ; ,, namely
Y900/ = Yg,b,p- O
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2.7 Remarks. (i) We summarize the seven cases where ¥, ), is abelian:

Yo,00=1 5:30,0,0=1 go,o,o=1

Y0,01=1 %0,01=1 20,01=1

Yo,1,0=1 20,10=1 §0,1,0=<U| >
Yo,02=t1| ) 20,02=1 §0,0,2=<0| >

Yoa1=Ca ) Yoai=Ca| ) Yora=Cz,0|[z,0]=1)
o20=C21] ) Yo20=C1] ) Yoz0=C21,0|[z1,0]=1)
Yi00=<{L,0 | [r1,01]=1) Xi00=1 Y100=(0] )

(ii) If g > 2, then Eg 0,0 contains the universal central extension of ¥, ¢ o
as a subgroup of index 2g — 2 = —Xg,0,0-

(iii) Suppose b+ p = 1, so qup is a free group. We have 200 =
Y001 =1 If (9,b,p) # (0,0,1), then Egybyp ~ Egybyp x{o| > O

2.8 Definitions. We now introduce a set of new symbols, F;, = {ej | 1<
j < b}. Intuitively, e; corresponds to a simple curve in Sy, joining the
base point of the surface to the basepoint of the jth boundary component.
Formally, the e; are elements of a groupoid having ¥, 1 ,, as basepoint group.
However, we shall treat the e; group theoretically to avoid dealing with
groupoids.

Let

Egop * By = (Xgpp VU Ep | wgpp) =2gpp*{Ep| ).

We define

+ .
Autgpp = Aut(Xgp,p * Ep, Sgp,p, {Zj_eg }?=1» {[tk]il}izlv Qg ptp), (2)

as follows.

In the nontrivial cases, (2) is understood to mean that Aut,y , is the
group consisting of those automorphisms of X, ,, * £, which map each of
the following three sets onto itself:

Sebpr {7777 115 <b), {0l [fe] [ 1<k <p}

It can be shown that Aut,; , then acts on the (infinite cyclic) group Qg p+p
introduced in Definitions 2.4.

In the trivial cases, (2) is understood to mean that Autg p , is Aut(g p4p),
acting trivially on g4, * Ep.

In all cases, Autgyp, acts on Xy, # £y and on £ 44,. Moreover, an
element of Autgyp , is completely specified by its actions on X4 , * Ep and



Dicks and Formanek 8

g p+b; the former is determinative in the nontrivial cases and the latter in
the trivial cases.
We define
sign: Autgp, — {+1,—1}
to be the surjective composite Autgp, — Aut(Qqpyp) — {+1,—1}. The
preimage of +1 is denoted Aut;b)p7 and its elements are said to be positive.

The preimage of —1 is denoted Aut_, . and its elements are said to be
negative. O

We shall be working with Aut,,, throughout the article. Notation
similar to that in the right-hand side of (2) will be used later, and the
correct interpretation should always be obvious.

Y]

2.9 Remark. Suppose a is an element of Aut:;)b,p which sends z;j to z;,] ,
for some 1 < j,j’ < b.

Clearly, « carries [z;] to [25/].

Writing A; = ef and Z; = 2§, we have Z]Aj = zjf’ and

If o fixes z;, then

a . . o ./
ef = Aj ezpe; = e{z;"),
since j/ = j and, in the nontrivial cases, the centralizer of z; in the free

group Xgpp * Ep is (z;).
We shall use these properties throughout. O

We now describe some special elements of Autg p.

2.10 Definitions. For 1 < i < g, we define a4, 3; € Autt, by

9,b,p
Z; — yixiv
(678

W w for all we Ey U Xgpp — {23},
B Yi = TiYi,
Ul w e w forall we Ey u Xgpp — {yi}

For 1 <i<g—1, we define v; € Aut;bp by
Ti 2 T 1Yir1Ti41Y; %4,
_Tiq1
_ _ _ o Yin
Yi 2 T 1Yit1Ti41YiTi41Y 1 Ti+1 = Y; )
Titl 7 Tit1YiZTit1Y;41Ti+1,
w w—w forallwe Eyu Xy, —{i,¥i, Tiv1}-

Vi
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If g=>1andb+p =1, we define g, 74 € Aut;b)p by

T1 V> L1254 pT1Y1 21,
—T1
Zppp P TIY1T1 2b4pT1Y1 L1 = Z;Z,/ip,
Chyp V> TIY1T1Z04pCosp if D=0,
w—w forallwe (Xgpp v Ep) —{T1,2b1p; €o4p}-

Yo:

Tg = Z1Y g2y,
Yg 7 Z1Yg21 = Yg',
. .77 — JYg*1
Yg: 1> Z1Yg21YgR1l = 217
€1 — élygel if b = 1,

wre—w forallwe (Xgpp v Ep) —{2g,Yg,21,€1}

We call the «;, 8; and ~; (distinguished) Dehn twist automorphisms.
For 1 < j < b, we define 7; € Aut}, by

9,b,p
Zj > Zj4ls €57 €41,
. Zjy1 >
T; - Zj41 Zj s €j+1 > 2541 25€5,
W o w for all we (Xgpp U Ey) —{2j,€j, 241, €541}

For 1 < k < p, we define py € Aut;bp by

e — tkea,
Bkt thy1 —
w o o w for all we By u Xgpp — {tk, tht1}

tht1
t,

We call the 7; and py, braid automorphisms.

; +
For 1 < j < b, we define 0; € AUtg,b,p by

. S o — .55
. {ej = Zje; = €]Zj s
gj

w = w for all we Xgpp U Ey — {e;}.

We call o; a boundary Dehn twist automorphism.
Recall (1), and set
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Even in the trivial cases, we define an order-two element ¢ of Aut;b)p which
acts on Xg pyp * Ep by

i = Yg—ir  Yi > Tg—is i1=1,...,9,
¢: th—»Z;Ug’j’17 ji=1,....b+p,
€; — Wg,j-165, j=1,....,b.
It is not difficult to show that Auty,, = AUt;b,p 31(C). 0

3 The algebraic mapping-class group

3.1 Definition. Consider an element w of 3,4 ,. There is an associated
element @ of Aut;bp which (right) conjugates each element of X, ,, by w,

-1

and left multiplies each element of E, by w~". It can be shown that we

have a homomorphism

~

Yopp — Autgpp, we— W. (3)

Moreover the image, as quotient of 3, 5 ,,, is isomorphic to the group igb,p,
introduced in Definition 2.5. The image of (3) will again be denoted ig7b,p.
It is not difficult to see that ig,b,p is normal in Auty ,, and that the
action of Autg p, on ig,b,p by conjugation agrees with the action of Autgy
on ig’bm induced from the action on X, ,. N
The quotient group will be denoted Outg ., = Autgy, /Xg 5 p, and the
quotient map by y
Autg,b,p e Outg@p, (b = qb

We call Outg p, ,, the algebraic (g,b, p)-mapping-class group.
We define Out*

S by =Aut;b »/Xg.b,p, asubgroup of index two in Outg,pp.

O

3.2 Remark. There is a natural map MCyp, — Outgyy, which carries
MC;’ZW to Out;”b’p. In Theorem 6.6, we shall see that these maps are
isomorphisms. For b = 0 this was already known, and the case b > 1 will
quickly be reduced to the case b = 0. See also Remarks 8.3(ii).

Notice that Outy ), = Out;b’p »(C). Recall that a similar result holds
for the topological mapping-class groups. O

3.3 Notation. Let Sym, denote the group of permutations of {j | 1 <j <b}.

We have a natural homomorphism Autg p,, — Sym,;, x Sym,, arising from
the action of Aut,, on {z;—rej Yo o {[te] T Yoy Tt is not difficult to show
that this homomorphism is surjective.
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Suppose that (bi,...,b,) and (p1,...,pn) are sequences of positive in-
tegers which sum to b and p, respectively. These determine an embedding

m n
H Symbj X 1_[ Sym,, — Sym,, x Sym,,,
j=1 k=1

and we denote the image by Sym, , ,, x Sym, ; ,, . The preimage
of the latter in Autg ;, will be denoted

Autyp, 1 1bypil .. Lp, -

In the case where the b; and py are all 1, we write Aut, ;16 11p.

We leave it to the reader to define notation similar to the foregoing with
Aut replaced by Out, Aut™, and Out™.

We remark that Autg s, acts on Qg ppp X {[zj]il}?ilf. Here the kernel

of the action is Autzlﬂ, 1Lp» and the image of the action is isomorphic to
Cy x Symy, . A similar statement holds for Outg . We call Out) ., 1,
the pure algebraic (g, b, p)-mapping-class group.

For b > 1, we write Aut,, ;,j, to denote the subgroup of Autg;,

consisting of the elements of Autg; , which fix e, and, hence fix zl;—H. For
p = 1, we define AUtg,b,p—ui to be the subgroup of Auty; , consisting of
the elements of Autg ;, which fix t;fl. We shall give a simpler description of
these subgroups in Remarks 5.2, and we shall see the following isomorphisms
in Sections 4 and 7.

AU'tg,b,pJ_i = AUtg,bLi,p - OUtg’blLP :

Autg,bLi,p /<Jb+12b_+11> - Outg’bllyp /<&b+1>‘

[

AUtg,b,pLi /< tP+1>
Il

AU‘tg,b,pJ_i /< t~p+1> - OUtg7b;PJ—1 :
I

Autg,b,pJ_i /< tp+1> - AUtg’baP .

4 Isomorphisms

Recall that, for b > 1, Definitions 2.10 give the boundary twist automor-
phism o € Autgp p.
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4.1 Proposition. Ifb > 1, then X4, 15 free of rank 2g +b+p — 1, there
is a semidirect product decomposition

Autgp111p = Autg,bflj_i,p X Xg.b,ps
and there are isomorphisms
OUtgvbflJ—lvP - Autg,b—lli,p - AUtg,b—l,pLi

which carry &y first to abéb_l and then to f;jl.
Proof. Consider any a € Auty,_111,,. Then « fixes z;". By Remark 2.9,
there is a unique s, € X4, such that ef = sqep. Now as, fixes e,. More-
over, i%b,p = Yg45,p, since b = 1. Now the semidirect product decomposition
is clear.

It follows that AUtg,b—ui,p — Outgp—111,p, @ — &, is an isomorphism.
It is clear that 03,2, 1'is mapped to .

To see the second isomorphism, we note that

+ .
Auty 1, = Aub(Egpp * By, Xgpp, {Zj_ej }?':17 ens {[tk] Horys Qo brp)

+ej b
= Aut(Sgpp * By, Sgpp {27 7121 25 e A [t ]F 1 _ 1, Qg pap)-

The latter can be identified with

te; b
Aut(Xg0,p * Ep—1,5g,b,p; {Zj N }?i’ Zg_le {[tk]ﬂ}z=1v Qgb+p)s

since there is a bijection between the group of all automorphisms of ¥ , *
Ey_1 and the group of automorphisms of

Zg,b,p * Eb = (Eg,b,p * Eb—l) * <€b>

which fix e; and map X4 5, * Fp—1 to itself. Under this bijection Ubéb_l cor-
responds to Zb_l. On applying the relabelling z, = t,41, we get Autq’binj_i,

and this justifies the second isomorphism.

By applying the braid automorphisms, we can obtain similar results
with any other boundary component fixed, although more notation would
be required to state them.

Thus, if b = 1, then the index b subgroup Outgy—111,, of Outyypp is
isomorphic to an automorphism group. This corresponds to contracting the
simple curve e, and using the base point of the bth boundary component as
the base point of the surface.

If p > 1, then we can use the pth puncture as the base point of the
surface and get the following.
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4.2 Proposition. Ifp > 1, then Outgpp_111 =~ Autg7b7p7u_i /K t~p>.

Proof. Autg,b,p—ui K Zp> = Autg,bm—lli /(éutg’b’piui "Zgbr)
~ (Auty, 114 -NEg,b,p)/Zg,b,p
= Autypp111/Zgpp
= Outgpp_111-

5 A minor simplification

The following will be useful.

5.1 Lemma. Let G be an arbitrary group, and let o be an endomorphism of
the free product Xq p1p+G. In a natural way, o induces a well-defined action
on the set of all X4 p1p * G-conjugacy classes. If b+p = 1, and o permutes

{[zj]il}bﬂj then, on Xg p1p, 0 acts as the composition of an automorphism

Jj=1
of Xg,p+p followed by conjugation by an element c of ¥4 p4p+G. In this event,
either g p4p s trivial, or, for each j € {1,...,b+ p}, the coset X pipc is

uniquely determined by z§ € X7 . .

Proof. Tt suffices to prove the first part, since the last sentence then follows
as in Remark 2.9.

We recall ¢ and the braid automorphisms of Definitions 2.10. It is then
clear that, by precomposing a with a suitable sequence of endomorphisms
which act as automorphisms on 3, 4,, we may assume that o fixes each
element of {[z]]}?f{ . By postcomposing « with conjugation by a suitable
element of ¥, 5., * G, we may assume that o fixes z;4,. Thus we can write

% = X; yr =Y; 20 = Crip =1
7 (3] (3] J j +p ’
b+p—1 b+p—1

g g
Zotp = H [z, i) n 25, Zhip = H X, Yi]- H z
i=1 i=1
Let H denote X4 4, viewed as a free group with distinguished basis
{ri,gi|1<si<gl v {z|l<jsb+p—1} (4)
and let F = H * G. Now
= (X5, 1’jJ|1 i<g, 1<j<b+p-1),

and we shall show that H® contains (4), and hence contains H.
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For any (right) derivation ¢: F — Z[F], we have

g 9 b+p—1
Zorp = (@ oy (L=77") [ vl [] 2)
i=1 i'=i+1 j=1
g g b+p—1
+2(yz( (1—af)- H [z, yir] H z5)
i=1 i'=it+1 j=1
b+p—1 b+p—1
+ (Z; H ZJ/)7
j=1 J'=j+1
J XY, g bp=t
=YY =Y ] K Yel- [] 2
i=1 i'=i+1 j=1
g g b+p—1 o
+ Y - (=-x7) - ] XYl z;7)
i=1 i'=i+1 Jj=1
b+p—1 b+p—1
+ Y a2 ] A
j=1 J'=j+1
b+p-1 b+p—1
+ (25-Cj - H zi")
j=1 J'=j+1

On examining the image of the latter under the map

Z[F] — Z[F/H*], v 1 H®,

-

—_ad b+p—1 .
g a [ T & ge'
we see Zpi,, - HY = ) z$ - C; - H*. Since o fixes zp4p, we have

j=1 J
b+p—1

=0 a _ oL go

Zoyp HY = Y 20-C;-H* (5)
j=1

For each element = of the distinguished free basis of H, we have a spec-
ified free product decomposition F' = {z) * @, for a well-defined group Q.,
and hence we have the Fox derivative z—g: F — Z[F] uniquely determined
by the fact that it sends = to 1 and vanishes on Q. (This can be described
in terms of a decomposition of the augmentation ideal of Z[F] as a direct
sum with one of the summands being (z — 1)Z[F] ~ Z[F]. It can also be
described in terms of paths in the Bass-Serre tree for the expression of F

as an HNN extension with vertex group @, and trivial edge group.)
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For1<j<b+p-—1, taking ¢ = ZP in (5), we get

]
§C

b+p—1

1_[ Zj/'HaZCj'Ha,

i'=i+1

so C; lies in H ,_]H +-H®*. Since ZJC € H*, we can inductively show that
C; andz] lie in H® for b+p—1>] > 1.
For 1 €4 < g, taking ¢ = m(’: and then ¢ = Tg’ in (5), we get

g b+p—1
i (L=77) - H Tir, yir] - H zj-H*=0
j=1
g b+p—1
(1—a?¥ H Ty Yir| - H zj - H* =0,
125 j=1

respectively, so ;¥ and z¥* = x7*¥ lie in [[{,_, | [zs,yr]- H*. By induc-
tion, z;y;, x; and y; lie in H® for g > ¢ > 1.

Thus H* > H. But H is a free factor of F, and hence of H* = H. Any
free factor complementary to H in H® can be collapsed to the trivial group,

giving a surjective map H® ol 1T The composition H % H® collagse
H is a surjective endomorphism of the finitely generated free group H.
By a theorem of Nielsen’s, the endomorphism is bijective. Hence, both

He collapse

(surjective) factors are bijective. Thus, H is injective, and this

.. llaps .
forces the complementary free factor to be trivial. Hence, H* “=5° H is

the identity map, and « acts as an automorphism on H. O
5.2 Remarks. Recall from Notation 3.3 that, for p > 1,

tejyh +1yp—1 ,+
Autg,b,pflli = Aut(Xgpp * Ep, Xgpp, {Zj “ }j:17 {[tk]71}£=17 tz?l’ Qg,b+p)-

Notice that the restraint that 3, ; , be mapped to itself is redundant where
tl‘,—H is fixed, by Lemma 5.1. Thus

te; 1
Autg,b,pflLi = Aut(zg,b,p + Fop, {Zj “ }z)‘:la {[tk]il}z 1 t;jly Qg,bJr[))'

Similarly, for b > 1, an analogous remark holds for Aut,, ;i ,, since
this is isomorphic to Aut, , ; 1, by Proposition 4.1.
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6 Converting a boundary to a puncture

In this section we construct short exact sequences of groups which corre-
spond to converting boundary components to punctures.

6.1 Definition. Let b > 1.
There is a natural embedding

gb—1p+1 ¥ Ep1 — Ngpp * By

which sends t,41 to 2z, and we may view it as an inclusion because we
understand t,4; = 2zp. Even in the trivial cases, pullback along this inclu-
sion, or restriction, induces a unique sign-preserving map Autgp_111,p —
Autgp—1,p11 . The latter map carries ig@p to ig,b_1’p+1, and hence deter-
mines a map

elim(ep): Outgp_111,p — Outgp_1,pi1-

It corresponds to converting the bth boundary component into a new punc-
ture, the p + 1st puncture.
By Proposition 4.1, we have isomorphisms

Outg,b,1j_1,p = Autg,bflj_i,p = Autg,bfl,pli’
and quotient isomorphisms

3 o N
Outgp—111,p /{0b) = Auty , 117, /{ovZ, )= Aut,, 11 /{pt1).

The latter group is isomorphic to Outy 1,511, by Proposition 4.2. It is not
difficult to see that we have a factorization of elim(e;) as

Outgp—111,p — AUtg,b—ui,p

- Autg,b—l,pJ_i

- AUtg,b—l,pJ_i /<tp+1>

— Outg7b_1,pj_1 .

We make the resulting exact sequence explicit.
6.2 Proposition. If b > 1, then there is an exact sequence

o elim(ey)
1 — (@) = Outyp111p — Outgp1pin — 1.
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6.3 Notation. It is easy to check the following in Autg .

o1 =1 if (gvbap) = (07170)7
o1 = 21 if (gvbvp) = (07 ]-7 1)7
o1 =7Z02 if (g,b,p) =(0,2,0).

Let Bgpp=<0; |1 <j<by < Autgypp, and

v

Bgpp =<0 |1<j<b)<Outgpy.

It is then not difficult to show that B, , is presented as the abelian group
with the given generators together with the relation oy = 1 if (g,b,p) =
(0,1,0). Also, é%b,p is presented as the abelian group with the given gen-
erators together with the following relations:

if (g,b,p) =(0,1,0) or (0,1,1);

=1 0,1,0
&y if (g,b,p) = (0,2,0).

1

Qc Q¢

For 1 £ j < b, 0; can be thought of as right multiplying e; by fjj, and it
follows that o; commutes with any element of Aut, ; , which fixes zjj . One
can check that By p is normal in Autg ,, and that, in the nontrivial cases,
its centralizer is Aut+1 1v ., a subgroup of index 2 x bl. Similar statements
hold when Aut is replaced with Out. O

Repeated applications of Proposition 6.2, and extending by Sym,, give
the following.

6.4 Proposition. There is an exact sequence

< elim(ey,.,ep)
1 — Bgpp — Outgpp > Outgop1p — 1.

O

6.5 Remark. It is not difficult to show that there is also an exact sequence
1 — Bgpp — Autgp, — Autgopip, — 1.

O

We next observe that the algebraic mapping-class group agrees with the
usual mapping-class group. See also Remarks 8.3(ii).

6.6 Theorem. The natural map MCgypp, — Outyyp, s an isomorphism.
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Proof. The Dehn twists around the boundary components determine an
exact sequence

1 — Bgpp = MCypp — MCyop1p — 1

see [15, Theorem 4.1]. We claim that the natural mapMCyg ¢ p+p—Outg 0,p+p
is an isomorphism. In the trivial cases, this holds by our artificial definitions.
In the nontrivial cases, this isomorphism is a deep, classic result; see [11]
and [7, Theorem 2.9.A] for two different proofs. Now the desired result
follows from Proposition 6.4 and the five lemma. O

7 More isomorphisms

7.1 Theorem. Ifp > 1, then Aut,, ;4 Kty ~ Autypp 1.
Proof. Let us denote by prelim(¢,) the composite

Outgpp—111 — AU'th),p—lJ_i [(tp) — Autgpp-1,

where it is understood that signs are preserved. It has long been known
to topologists that when b = 0 this is an isomorphism; the history and
references, together with an algebraic proof using [13], can be found in [5].
Hence

prelim(tb+p): Outg’o’bﬂ,_ul — Autgy(),b+p_1

is an isomorphism, and restricting gives another isomorphism

prelim(tb+p): Outg,oyblp,ul 5 Autg707pr,1 . (6)

Notice that prelim(¢,): Outgpp—111 — Autgp -1 carries the subgroup
By of Outyy, 111 onto the subgroup By, 1 of Autyp, 1; we claim
it does so bijectively. This is clear if By, 1 has rank b, so it remains to
consider the case (g,b,p—1) = (0, 1,0), and here both groups are trivial, so
the claim holds.

Now prelim(t,) induces a map

Outgpp-111/Bgpp — Autgpp1/Bgpp1,

which is an isomorphism, because it is equivalent to the isomorphism (6) by
Proposition 6.4 and Remark 6.5.
Hence prelim(t,) is itself an isomorphism. O

By Proposition 4.2, Outgpp_111 >~ Autg bp—1li /<t~p>, so we have the
following.

7.2 Corollary. Ifp > 1, then Outgpp—111 >~ AUty pp—1. [

Expressed another way this says Autgp, >~ Outgppii-
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8 Eliminating a puncture

In this section, we construct a short exact sequences of groups which cor-
responds to eliminating a puncture, and obtain partial splittings in some
cases.

8.1 Definitions. Suppose that p > 1.

View X4 pp—1 * Ey as the quotient of ¥ , # £y by the normal subgroup
generated by t,.

There is induced a map

mod(t,): Autypp_111 — Autgy p_1

which assigns, to any oo € Autyp p—111, the element with the same sign and
the induced action on the quotient group 45 -1 * Ep of Xgpp * Ep.
Now mod(ty) carries ¥y 5, to Xg 4 p—1, S0 induces a map

elim(ty): Outgpp_111 — Outypp_1 -
It is not difficult to see that we have a factorization of elim(t,) as
Outgpp-111 = Auty, 115 /{Ep) = Autgpp_1 — Outgpp1.
O

Since the kernel of Autgpp—1 — Outgpp—1 is ig’b_,p_l, we get the fol-
lowing.

8.2 Corollary. If p = 1, then there is an exact sequence

~ elim(tp)
1= ¥gpp-1— Outgpp_111 — Oubypp1 — 1.

O

8.3 Remarks. (i) We shall describe the copy of ¥4, 1 in Outy s, 111
explicitly in Remarks 9.6(iii).

(ii) We leave it as an exercise to show that Out, ), has a descending
subnormal series in which the sequence of isomorphism classes of factor
groups is given by

~ ~ ~ ~ )

Symblp? Outg,0,07 Eg,(),()v Eg,(),17 LI} Eg,O,b-‘,—p—27 Zg,O,b-‘,—p—la Bg,b,p~

A corresponding result is known for Mg ,, and this gives another way to
verify that Mgy, ~ Outgp p. O
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By combining Propositions 4.1 and Theorem 7.1, we get a finite-index
splitting for the exact sequence in Corollary 8.2, in some cases.

8.4 Corollary. Ifb>1andp = 1, then ¥4 1 15 free of rank 2g+b+p—2,
and
Outgp_111p—111 > Autgp_111p-1
= AUtg,b71|i,p71 XXgb,p—1

~ Outgp111,p-1 XZgbp-1-

O
We shall give another description of the splitting map
Outgp—111,p-1 — Outyp_111p-111 (7)
in Remarks 10.3.
The splitting can be iterated.
8.5 Corollary. Ifb> 1, then
Outyp 111,100 > Outyp_111,0XXgp0 X g1 X o+ X Xgpp1,
where X455 5 free of rank 29 +b+i—1, fori=0,...,p— 1. O

Here we use the convention that left parentheses are understood to ac-
cumulate on the left; for example, A x B x C' x D denotes ((Ax B) x C) x D.

9 Eliminating a boundary component

In this section, we construct a short exact sequence of groups which corre-
sponds to eliminating a boundary component.

9.1 Definition. Suppose that b > 1.
In Definitions 6.1 and 8.1, we introduced the restriction and quotient
maps

elim(eb): Outg,b_ul,p — Olltg’b_l’pll,

elim(tp+1): Outgﬁb_lypu — Outgyb_l,p,
respectively. Here t,411 = 2, and we define

elim(z, e5) = elim(ep) - elim(tp41): Outgp_111,p — Outgp_1p-
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This is a surjective map and we shall want to describe the kernel. Notice
that elim(ep) has kernel (&3, and elim(t,41) has kernel X451 p, so the
kernel of elim(zy, e;) is an extension of (&3> by ig,b_l’p, and we shall find
that it is imb,l,p. For convenience, we recall our factorizations of elim(ep)
and elim(¢,11) through automorphism groups, and deduce a corresponding
factorization for elim(zp, ep).

Outg,bflj_l,p d Autg7b71Li7p fix ep
- AUtg,b,LpJ_i ignore ey, write z = tp41
- Autg,b—l,pii /< tp+1> mod <tp+1>
— Outyp_1,p11 natural.
Outgp1prr — Auty, 14 /(lprr) fixtp
— Autgp1p kill £,
— Autgp1p/Egp-1p mod Tgp o1,
— Outgp1,p natural.
Outgp—111p — Aut,, i1, fix e
— Aut,, 4,09 N ignore ey, write 2, =ty
— Auty 05 (lpr1) mod (tpi1)
- Autgp1p kill 4,41
— Autgp1p/Egp-1p mod Tgp_1,.
— Outgp_1,p natural.

We now describe elements of Autg_111,, which vanish in Autgp_q p if
we ignore e, and kill z,. Moreover, if we use the above factorization, that
is, first fixing ey, we find these elements map to generators of ig’b,l,p in
Autg,b_lyp.

9.2 Definitions. Suppose that b > 1.
We want to construct a homomorphism

Sgbp = Altgpp, @I (8)

Recall that ¥, is free on Xg4_1,. We begin by defining, for each x €
Xg,b—1,p, an endomorphism Z of the free group on X ;, U Ep, namely, for
pz2k=21,1<i<g,1<j<b-1, we define the following.

w — wltrZ] for w=+ty, ., tpt1,
Z
D L ts
k-
w—w for w:tk*hﬂtlyxla'7yg7z1761a'azbfl7eb71a

Zp Z;kzb, €p thkeb.
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w > wle®i] for w =1y, ., t1,T1,Y1, - Tiz1,Yi-1,

2. x> Ty 3 Ty,
w— w for W= Tit+1,Yi+1,9Lg,Yg,21,€1, 5 2b—1,€b—1,
Zp > zf”, €p > T;ZpCp-
uu—»wwi’z”] for U/=tp,.,tl,l’l,yh.,l’i,l,yi,l,

b x> iU 2], v Ui

v wr—>w77 for W= Tijt1,Yi+1y,Lg,Yg,21,€1, ., Zb—1,Eb—1,

zp 2 ey o mpyien.
w — wlziz] for w=tp,., t1,21,-,Yg, 21, -, Zj—1,
w — [Zp, Z;]w for w=eq,. €1,

Zjt § 2 zf’ﬁ ej — zej,
wew for w=zj11,€j41,-, 20—1,€b—1,
220 e zpzjep.

To facilitate the definitions, we postpone, to Lemma 9.3, the verification
that, for each x € X, 3_1,p, the above Z determines an element of Aut;b’p,
again denoted Z, and hence we have a homomorphism (8). There is then

an induced homomorphism

~

Ygbp = Outgpp, x— .
It is easy to check that the composite
Outgp-111,p = Autg,bflJ_i,p — Autgp1,p

carries Z to 2, for each « € X ,_1 , Here one considers the unique s; € ¥4,
such that ef = szep, and calculates the action of Z5; modulo the normal
subgroup generated by z;, and ey,. O

9.3 Lemma. Letb > 1 and v € Xgp_1,p. Then T induces an element of
Aut;bflj_l,p'
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Proof. We observe the following.

w i w for w=1tr_1,,t1,%1,-,Yg, 21, b1,
D L A R
Y w e lteEe] for w=tp,. tki1,
ty — tib = [Zb,ik]tk.
W w for w=Ti41,Yit1,%g,Yg, 215 - 2b—1,
Bt 2p — Zf’ :, zb[zb,fi],
wHw[zb’“] for w=tp,.,tl,xl,yl,.,zi,l,yi,l,
[z, ys] = [Ti, 2] [24, yi]-
wew for w=xit1,Yit1,%g,Yg, 215> Zb—1,
~. ) 27 = 2[Y;, 2],
vis w'—)w[yi’zb] for w :tpv'7t17x17y1a'axi—1;yi—lv
(i, yi] = [Z6, 7] [, il
w — w for w=zj41,., %1,
~ 2p Z?Eb =2z [fj,fb],
A w s wlZi7e] for w=+tp, . ,t1,T1,.,Yg, 215 Zj—1,
Zj Z?b = [Eb,zj]zj.

It can now be seen that Z fixes some X ,-conjugate of wy ,. Hence
Z induces an endomorphism of ¥, ,, and hence an endomorphism Z of
Yy bp * Ey. Moreover 7 fixes the z;’ and the [t;]. One can check that this
Z is an automorphism either by straightforward calculation, or by applying
Lemma 5.1. It is now clear that we have an element T of Aut;’llbyw <

Autgp111,p-

9.4 Lemma. Ifb > 1, the kernel of elim(zp,ep): Outgp_111,p — Outgp_1,p
is presented with the generating set {y,,% | x € Xgp—1,p} S Outyp, and the
relations of g p—1,p-

Proof. We have seen that Ker(elim(zp, e3)) is an extension of (5 by 3y 5 1 p,
and it is straightforward to see that the given set generates Ker(elim(zp, €p)).
Notice that the given generators lie in Out;1 16 1Lps and therefore com-
mute with &y.
From its presentation, we see that §v]97b_1,p too is an extension of (G
by ig,bq,p. By the five lemma, it suffices to check that the given generators
of Ker(elim(zp, €p)) satisfy all the relations of Ev]g7b_1)p.
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We compute

wHw[Ii’Eb] fOI‘ w =tp,.7t1,$17y1,.,xi,1,yi,17

1. Ti = x?’a Yi — 2pYi,

v w— w for W= Tit+1,Yi+1,yLg,Yg,21,€1, -, Zb—1,€b—1,

Zp > zfizb, ep — 2pT;iCh.
w s wlzeyil for w=tp, . ,t1,21,Y1,, Tic1, Yi1,

1)z Gz, il v -y

P Yw e w for w=xi11,Yit1,. T, Yg, 21,€1, 5 21, €01,
Zp > Z;ji, ey > Y;ZpCp.

If v = [=;, y;], then

w > wl?Ze] for w=1tp,. ,t1,21,Y1, Tiz1, Yi1,
o Jww® for w =z, v,
D
w — w for W= Ti4+1,Yi+1,-Lg,Yg>215€15 -5 Zb—1,€b—1;

2p > 2 ey > 2026

Ifv= HZ':p tgr, then

W > w3 for w=t,,.,t,
VS w e w for w=1tr_1,,t1,21,Y1,-,Tg, Yg> 21, €1, Zb—1, €b—1,
TE —k
zp > 2yt ey e Uz e

Ifv= Hl];:p tk HZ’:] [.’171‘/7 yi']7 then

w — wr for w:tpa'vtla'xlvyla'axiayiv
v w—w for W= Ti+1,Yi+1,-yLg,Yg,21,€1, -, 2b—1,€b—1,
__ 21
ez, ey zbvzf+ "ep.

Ifv= H,lc:p e 11 (s wil- H§/=1 zjs, then

w > w for w:tpa'7tlax17yla'aIgvygazla'aZja
L Jwe zw for w=e,. e,
v W w for w=zj11,€j41,., 2b—1,€p-1,

Zp > 2, ey zbvzfﬁg”*leb

24
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1 b—1
Ifv = szp tr- 13- [, wil. Hj:l zj, then [v] = [wgp-1,p], [260] = [wg,p,p],
and

w > w* for w:tp»~7t17x13y17‘vl'gaygazlvwzb—lv
V: {w e 2w for w=-ey,.,ep_1,
Tz 2g+b+p—2
zp > 20 ey ozt TP ey,

: . 51 _3-2g—b—p 23-2g-b-p
The latter gives rise to 2, ‘o 2/ "7 in Autyy,, and to &, 29 "7 in

Outgpp. Since 3 —2g —b—p = xg,b—1,p, We see that we have verified one
of the relations.
The other relations are straightforward to check. O

9.5 Theorem. Ifb > 1, then there is an exact sequence

elim(zy,
—

N )
1— Eg,b—l,p — Outg’b_ul’p v Outgwb_l’p — 1. (9)

O
The image of igyb,m in Outg 111, will again be denoted i%b,l,p.

9.6 Remarks. (i) In a standard way, (9) gives an action of Outyp_111,

on Xg4_1,p, and an outer action of Outgyp_1,, on X441 p, that is, (9) gives
homomorphisms

Outgp_111p — Aut(igyb_l,p) and Outgp_1p — Out(igyb_lﬁp).

We shall discuss the action of Outg,_111,, on ig,b—l,p in Section 11.

(ii) Etienne Ghys has pointed out the following to us.

In the case where (b,p) = (1,0) and g > 2, the exact sequence (9)
corresponds to the exact sequence

1 — m(T'Sg,00) = MCg1,0 > MCgo0 — 1,

where T'S; 0,0 denotes the unit-tangent bundle over S, 0. See, for exam-
ple, [7, Section 6.3], which is based on [14].

Here, the resulting outer action of MCgy o on m1(T'Sg,0,0) is related to
classical geometric constructions. Thus, if we give Sy .0 a hyperbolic metric,
then the universal covering space, gg,op, has a circle at infinity, 5§g,0,0-
The set of ordered triples of distinct points of 6§g,0,0, modulo the action
of ¥4.0,0, gives T'Sy 0,0. Now, given an element of MC, 9,0, we can choose
a representative self-homeomorphism of Sy 0, lift this to a self-homeomor-
phism of §g_,070, and extend it continuously to a self-homeomorphism of
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6§g,0’0. Now we get a self-homeomorphism of the set of ordered triples of
distinct points of 6§g7070, and, on dividing out by the action of ¥4, we
get a self-homeomorphism of T'Sy ¢ o, and hence an outer automorphism of
m1(T'Sg,0,0)- See, for example, [18, p. 31]. O

(iii) If b = 1, then, by Proposition 6.2 and Theorem 9.5, there is a copy
of EgJJ—l,p ~ 2g,b—1,p/<5'b> in Outg’b_lj_]_’p /<5’b> ~ Outg’b_l)p_u . Here, for
each © € Xg4_1,, to see the image of & in Outyp_1,p11, Wwe choose the
representative of £ which fixes ey, then ignore e, and write 2, as t,11. We

now have an explicit description of the generators of the copy of ig,b—l,p
in Outyp_1,p11- Replacing (b,p) with (b + 1,p — 1), we get an explicit
description of the copy of ig,b,p—1 in Outgpp—111, given by Corollary 8.2,
forp = 1. O

10 Another semidirect product
decomposition

For b > 2, we shall define a map
pinch(zp_1): Outgp_211,p, — Outgp_o1111p

which corresponds to identifying two disjoint closed subintervals of the
(b — 1)st boundary component, an identification which does not behave
well with respect to the referential S's.

10.1 Definitions. Suppose that b > 2.
There is a unique endomorphism of the free group on X ; , U Ej which
is the identity on
(Xgop U Ep) = {21}

and sends z,_1 to zp_12p. Notice that this is an automorphism which sends
Wg b—1,p 1O Wy p p, and hence induces an isomorphism

Sgb-1p* Ep1 % Cen | )= Bgpp * Bp. (10)
There is a natural sign-preserving map
mod(zp, €p): AUtg,b—ui,p — Autgp_1p

corresponding to considering the action modulo the normal subgroup gen-
erated by e, and z,. This induces a map on index b — 1 subgroups

Autg,bfﬂ_lj_i,p - Autg,b*QJ-l,pv
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and, by abuse of notation, we also call this map mod(zs, €p).
We shall construct a map

n
Autg,b72li,p - Autg,b72J_1Li,p’ a—a,

such that the composite

mod(zp,eyp)
Auty o5, 2> Aub,, 01911, —  Autgraiip
is the inclusion map.
Consider any v € Aut, , 5,7,
If o fixes z,_1, we extend « to an automorphism o’ of

Yop—ip* Ey_1 {zp, e |

so as to fix z, and e,. Then, via the isomorphism (10), « induces an
automorphism «o” of 3,4, * Ey. Notice that o fixes z,_12p, 2p, €5, and
hence also z,_1, 27" It is clear that mod(zy,ep) carries a” to .

If o inverts z,_1, we restrict o to Xg 31, * Ep_o and extend this re-
stricted map to a map o' which inverts z;,, fixes e, and sends e,_; to
Zpep—1. Then, via the isomorphism (10), o’ induces an automorphism «” of
Ygbp * Ep. Notice that o inverts z,_12, and 2z, fixes ep, and sends ep_;
to Zpep—1. Thus o sends 2,1 to Z;* |, and inverts z,°'. Again, it is clear
that mod(zy, ep) carries o to .

In all cases, o fixes

{(2b=1,€v—1,2b, €1), (Z;" 1, Zb€b—1, Zb, €b) }-

It is not difficult to show that o — «” is a homomorphism.
Also, ab,libill is mapped to 72_,, which can be expressed as

op-12y 1 [Zb-1, %]-
By Proposition 4.1, Autg,b—?J_i,p ~ Outyp—211,, and
Auty o111, = Oubgp21111,,
so we get a homomorphism
pinch(zp_1): Outgp_211,p — Outgp_21111,p (11)
which is a left inverse of (the index b — 1 restriction)
elim(zy,ep): Outgp_2i111,p — Outgp_211,p- (12)

Notice that pinch(z, 1) maps &, 1 to 72, = G,_1%,_}, or, with extra

: = (9,6—1,p) < (9:,p)y —1
notation, maps ,”’; to o, E . O
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We have constructed a finite-index splitting of the exact sequence in
Theorem 9.5.

10.2 Theorem. Ifb = 2, then

Outgp—21111,p = Oubgp_211,p XXgp—1,p-

Here
G corresponds to 6; x 1, for 1 <j<b—2;
~ (9,b,p) < (g:0-1p) ¥ .
o, corresponds to o, X Zp_1;
ap corresponds to 1 x . O

10.3 Remarks. (i) We shall describe the action of Outgp 21111, 0035 1,

in Section 11. The action of Outgy—211, on X4 p—1,, is then by pullback
along (11).

(ii) We have seen that (11), the map pinch(zp_1), is a left inverse of (12),
(an index b — 1 restriction of) the map elim(zp, €p). The factorization

elim(zp, ep) = elim(ep) - elim(tp41)

passes to the index b— 1 subgroups. Thus pinch(z,—1) followed by (an index
b — 1 restriction)

elim(ep): Outgp_o1111,p — OUtygp—211p11,

is a left inverse of (an index b — 1 restriction)

elim(tp+1): Outg’b_gu’pll i Outg’b_gLLp .

This corresponds to pinching the (b — 1)st boundary component, and
then eliminating the bth boundary component in two steps, first converting
it to a puncture, and then eliminating the puncture, to get back the original
surface.

If we replace p with p — 1, and b with b + 1, we get the map (7). O

We can iterate Theorem 10.2.

10.4 Corollary. Ifb > 1, then

Outy 116, > Outy1,p xBg1,p X Bgop-e- X Xgp1p.
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10.5 Corollary. Ifb > 1, then

Outg7llb7llp
~ Outy 110 0 XBgp0 X g p1 X X Ngpp1

~ Outy1,0X¥g,1,0 X Xg,2,0X "X Xgp1,0X g p,0XDgp1 X+ XEgpp 1.

Proof. This follows from Corollary 8.5 and Corollary 10.4. Alternatively,
since b+ p = 1,

Outg’llb+p70 ~ Outg’l,o D(Egyl’() X 29,2’0 X - X Zg,b+p—l,0~

Since {&; | b+ 1 < j < b+ p) lies in the normal subgroup

2gb,0 X Vg pt1,0 X oo X Xgpip 10,

we get the result. O

11 Description of an action

11.1 Remarks. Let b > 1.

By Theorem 9.5, i%b,l,p is a normal subgroup of Outg;_111,p; We want
to describe the resulting action by conjugation.

Since d is fixed by positive elements and inverted by negative elements,
it remains to describe the action on the other generators of ig’b_l,p.

Recall that X, , is free on X, _1,, and has a distinguished element,
Zb-

By Proposition 4.1, Outgp_111,p =~ AUtg,bflj_i,p’ and the latter acts on
Yg.b,p, fiXINg 2.

Definitions 9.2 give a homomorphism >, , — Ev]g7b_1)p, r — I; for
example, %, = o, X",

Consider any v € X4, and any « € Aut, ;4,4 ,. Thus v, v* € Egp,
and ¥, 0® € ig7b,1,p. Since & normalizes ig,b,Lp, we see that U lies in

Yg.b—1,p- Moreover, under the composite

Outgp—111,p = Outgp_1,p11 = Autgp_1,,
both v and ¥* map to v® = ¥“. Since the kernel of this composite is
generated by &y, we see that 7% = v¥g} for some integer n. To describe the
action, it remains to describe n in terms of v and a. O
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11.2 Definition. Suppose that b > 1.

We now define the twisting-number map tw: X4, — Z.

For each v € ¥4 p, define the twisting number of v, tw(v), as follows.
Recall that ¥, 5, is a free group, with basis X, ;1 ,. When v is expressed
as a reduced word in this basis, tw(v) sums the number of occurrences in v
of subwords of the form

tk7 jlﬁ Yiy Zj7 T Yiy yzfﬂ yi""riu @@7
and subtracts the number of occurrences in v of subwords of the form
tky Tiy Yy Zjy YitTiy Lot Yy Tt Yi o Yoo Xy

here x; - - - y; represents all words that begin with x; and end with y;. For
example, tw([z;,y:]) = tw(@G;ziy;)) = 04+0+1—-1+1+1 =2 and
tw(Zp) =p+29+b—1=2—xgp-1p- O

11.3 Remarks. (i) For a reduced word w in a given basis X of a free
group F, let f,,: F — Z be the map which assigns, to each reduced word
v in X u X!, the number of occurrences of w as a subword of v, minus
the number of occurrences of W as a subword of v. An interesting history of
the use of such maps, especially in the study of ¥4 1, can be found in [1,
Section 1.1].

The twisting-number map is a sum of infinitely many such maps.

(ii) One can express the twisting-number map as the result of applying
the endomorphism

o &

L I d 2. %o
k;tT(?Jri:Zl(yi@ $i5+ 2;0-y;0 Y010 )+]Z'1 Zj

D

of Z[X4 ], and then applying the augmentation map Z[Xgp ] — Z. O
We can now describe the action of Outg 111, On ig,b,lm.

11.4 Theorem. Suppose that b > 1. Let v € Xgp, and o € Auty ;45 .
Then .
5o — 5o O_Zw('u )—sign(a) tw(v) (13)

~ ov_;;w(vo‘)—sign(oz) tw(v)

. v& _ -
in Autg . Hence 0% =v in Outgyp p.

Proof. Let 3 = (5%) ' v@ azw(va)_Sign(a)tw(v). It follows from Remarks 11.1
that we can write 3 = oj"w ! for some m € Z and some w € X, ,. We
want to show that m =0 and w = 1.

Now ef = wz'ep and, if b > 2, then 6571 = wep_1.
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In this paragraph we consider consequences of making 2z, central in
Xg.b,p*Ep. Notice that Autgy 111, acts on this quotient group, and, in par-
ticular, so does Z for each z € X1 ,. Explicitly, forp > k>1,1<i <y,
1 <75 <b—1,if 2, is made central then we can write the following.

7 {wHw for we Xgppu Ep_1,
k-

€p —> thk €p.

W — w for we By 0 Xgpp—{yil,
it § Yi > ZoYi,

ep — T;ZpCp.

W — w for we Ey_1 v Xgpp— {2},
Yit § Ti — 2%,

€p > ZpYiCh-

W — w for we Xgppu Ep_1—{ej},
Zj - €j — Zp€y,

€p > Zp2;j€p.

. . Fe t - t «@
It is straightforward to check that e; = vzbw(")eb. Hence e}” = vasz(v )eb,
and
~a — ~ t i t
ey, =ept’ =e* = (vzbw(v)eb)" = Uo‘zslgn(a) W(U)eb.

It follows that 3 fixes ep.
In summary, wz]" is annihilated if 2, is made central.
Let us first consider the special case where b = 2, and « fixes

{(zb=1,€vb—1,2b, €1), (Z;" 1, Zb€b—1, Zb, €b) }»

and v does not involve z,_1, that is, v € (X _2 ). It follows that 6571 =
ep_1. But 6571 = wep_1, so w = 1. Thus, making z, central annihilates z;".
Since b = 2, 2 is a primitive element of the free group X , * Fy. It follows
that m = 0. Thus this special case of the theorem holds.

If we now apply elim(zp—1,e5—1) to the foregoing special case, we get
an o’ € Aut,, 57, and a v’ € g4 1, for which the conclusion of the
theorem holds. By considering pinch(z): Outgp_111,p — Outgp—11111,p,
we see that the general case arises in this way. O
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11.5 Remark. It is not difficult to check that (13) can be used to define
an action of Outg 111 on X445, X (o). In checking a condition of the
form ow” = 7%, it is useful to know that (v, w*) = sign(a){v, w), where
(v, w) denotes the result of applying the augmentation homomorphism to

i v0 wd Vo w(?)

0yid 0 1;0
Notice that (—, —) can be given via the usual symplectic product on the
abelianization of ¥4 . O

We can now calculate with some of the special automorphisms of Defi-
nitions 2.10.

11.6 Lemma. Ifb>1 and g = 1, then the following hold in Autgp p.

~ o ~A—1 A . .

il = xil = i Liy Zf 1$l§g

B, 3 ~ o~

4 = yz7 = T; Vi, Zf 1<Z<g

A0 B ’% oA T a-lAa—1n .

z, = 20y, = ZitpT] Y ZTrow, if p=1

~7, T -1 a1 ~ ~Arl A -1 .

z, =z o, = T, Yi1Tip1Y, Ti0, if 1<i<g-1
~i . /,71 N A Aa—1l A1 A 1 <i< 1
Yi = Y = T Yir1Tit1Yi Ly Yjqpq Litls ifl<i<g-—1.
~Avi 7 _ A A~ a-la-1na . .

Tl = 2iy100 = Tig1Yi%ipq1Y;41 Tit100, if 1<i<g-—1.

AYg T 1 s la—lAa -1

2y = wx 0, = Z Yy Zgo, ,if b=2

Proof. We compute
tw(zf") = tw(g,z:) = —(1) + (=1) + 1 = -1,
tW( N=tw(zy;) =(-1)+(1)+1=1,
tw(x]?) = tw(z1t,T17,21),
(-D+1-(-1)—-14+(-1)+1+(-1)+1=0,
tW(Ti 1 1Yi+12i417;74)
-+ +(-H-D+(-1)-1-1+1=-2,
tw(y") = tW(Tis1Yi41Ti41%Ti1Ti11Ti41) = tW(0),
tw(z z+1) = tW(Ti41YiTit 1T 1Tit1)
=-D+1)-(-1)-O+(-)—1+1+1=0.
tw(z)?) = tw(Z17,7g) = —(1) = (1) + (=1) + 1 = =2,

tw(z)")
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Hence
tw(z;") — tw(z;) = (=1) = (=1) =0,
tw(yfi) —tw(y;) =1—-1=0,
tw(z]) —tw(z1) = (0) — (1) = 1,
tw(z]") — tw(z;) = (=2) — (=1) = -1,
tw(y;") —tw(y;) =0,
tw(z),) —tw(zigr) = (0) — (1) =1,
tw(a)s) — twizy) = (~2) - (—1) = —1
The result now follows. O

11.7 Corollary (Wajnryb). Ifb = 1 and g = 2, then the normal closure
of T1 in Out;b_u_l,p is the subgroup ¥4,_1, which occurs in the exact

sequence
1= Xgp-1,p = Outgp111,p = Outgp1p — 1.

O
11.8 Lemma. Ifb>=1 and g = 1, then, in Auty o,
T1 — Y1T1221Y1 21,
—1 Ael A A
Yoai =TT G T Qwew  forall we Xgpo— {71, 2},
oy

Zp zl‘q;“ , ey — T1Y,T1Zp€p-

O

11.9 Corollary (Wajnryb). Ifb = 1 and g = 2, then the normal closure

~

v ow—1 ~—1 ~ . + .
of Yooy =y T I1 in OUtg,b—uLo s Xgb—1,0- O

12 Artin diagrams

12.1 Definitions. A diagram (V,n) consists of a set V together with a
function n which assigns, to each two-element subset {z,y} of V, a value
Nzyy ENU {o0}. Such a diagram can be depicted as the complete graph
with vertex set V' labelled so that the edge joining z and y has label ny, ..
One then applies the convention that if ny, .y is “small”, then the edge and
label are replaced with ng, ., unlabelled edges joining x and y.

An Artin diagram in a group G is a diagram (V,n) in which V is a family
of elements of G, such that, for each two-element subset {z,y} of V, and
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each m € N, (zy)™* = (yz)™* if 2m = ny, 4y, and (zy)"c = (yz)™y if
2m — 1 = nyg, . Thus, no conclusion is to be drawn if ng, ,, = 0.

For any diagram X there is a universal group G, denoted Artin(X), such
that X is an Artin diagram in G. O

12.2 Example. It is well known that, if g > 1, b > 2 and p > 2, then

(051 Qg Qg1 Qg
Yo —B—m—B—rn— - 769—1779—17ﬁ97’yg
| oo o |
H1— p2— =+ T fp-1 Tp—1— =+ —— T2 T1
Op  Op-1 g2 01
is an Artin diagram in Autg . O

12.3 Definitions. For n > 1, the diagram
a; — Gz — a3 — — Qp-1 — Qn

is denoted A,,. The center of Artin(A4,,) is infinite cyclic with distinguished
generator Za, = ay if n=1,and Za, = ([, a;)" " if n > 2.
For n = 3, the diagram

ai

as — a3 — A4 — v T Qp—1 — Qp

is denoted D,,. The center of Artin(D,,) is infinite cyclic with distinguished
generator Zp, = ([[;_, a;)?" 2 if nis odd, and Zp, = ([[;_, a;)" ' if n is
even; see [3]. The diagram

ai

a2 — a3 — a4 — Tt T Qn—1 7 Qn an+1 An+2

is denoted 24; + D,. The center of Artin(24; + D,,) = Artin(A4;)? x
Artin(D,,) is free abelian of rank three, with distinguished basis Z4, , =
(n41, ZA,, = Gny2 and Zp,. We shall return to these elements in Sec-
tion 14.
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For any ¢ € Sym,,, replacing [[;_, a; with [ [}, a;+ in these expressions
gives another expression for each distinguished central element. For n = 3,
although Ds; and Az have different labellings, both Zp, and Z4, can be
expressed as (ajazaz)t. O

13 Examples

In this section we describe some illustrative examples taken from topology,
some of which do not have algebraic justifications at the time of writing.

13.1 Example. A sphere with p punctures, So.p-

By Notation 3.3, Out,0p is an extension of Outgg 11, by C2 x Sym,,.
By Corollary 8.2, Outg o ;1r has an ascending normal series with sequence
of factor groups

320,0,p—1520,0,p—2, " ** 5 20,0,1-

(Each X ,; is free, so the normal series gives rise to a decomposition of the
form
Outg g,11» = X0,0,p—1 X Xg,0,p—2 X --* X 3 0,0,

where left parentheses are understood to accumulate on the left. Such an
expression is not as informative as the sequence of free factor groups of a
normal series.)

If 0 <7 <2, then i0,0,i =1, and, if i > 3, then i0,0,i = Yo,0,; is free of
rank ¢ — 1.

If p < 3, then Outg g = C2 x Sym,,.

The group Outgo4 is an extension of a free group of rank two by
Ca x Symy, and the latter is isomorphic to PGLa(Z/2Z) x (Z/2Z)%; in Re-
marks 13.7(v) and (viii), we shall see that Outg 4 ~ PGL2(Z) x (Z/2Z)>.

The groups Outg,g,5 and Outg g ¢ have connections with Remarks 13.7(iv)
and Example 13.4, respectively. O

13.2 Example. A closed disc with p punctures, Sp 1 p-

By Proposition 4.1, Outg 1, ~ Aut0707pli, a group of automorphisms of
a free group of rank p.

The subgroup Outar’lm is the braid group on p strings, and Outar,lyw
is the pure braid group on p strings. By Corollary 8.5, we get the classic
decomposition

+
OUtO_MLp ~ E0,1,1 X E0,1,2 Koo X 20,1,;:—1,

where ¥g 1 ; is free of rank 1.
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If p = 2, then
i — i iy — 2 — iy

is an Artin diagram in Outg; p, and Emil Artin showed that it induces an
isomorphism Artin(A,_1) = Outg, 1,p- Surjectivity was proved algebraically.
Injectivity was first proved topologically; algebraic proofs were given by
Larue [9] and Shpilrain [17] using results of Dehornoy [4].

The braid group on p strings, Outai 1,p» modulo its center, (1), is iso-
morphic to Out({ow_l. This is a trivial group if p < 2, while Outéimul ~~
PSLy(Z), and Outaio_’u_l ~ Autt(F); see Remarks 13.7(viii) and (iv). O

13.3 Notation. Let Zf’b7p<2> denote the group obtained from X,;, by
imposing the relations t7 = t3 = --- = tf) = 1. This is the orbifold group of
the surface S, ;, 2 with p double points, as opposed to punctures. There
is little topological difference between a double point and a puncture.

There are natural sign-preserving maps Autgp , — Aut,;, 2 and

Outgp,p — Outyp 2 -

The latter map can be shown to be an isomorphism by using topological
arguments. We shall apply this fact only in this section, which is dedicated
to examples. O

We now look at the hyperelliptic involution. This is an order-two, orien-
tation-preserving homeomorphism of the surface of genus ¢ induced by a
180°-rotation of Euclidean three-space about the z-axis, where the surface
is embedded so as to meet the axis in 2¢g 4+ 2 points, and to be invariant
under the rotation.

13.4 Example. S, is a double branched cover of 50707(2%2)(2).

It is not difficult to show that ¥ ¢ (2412)2 has a decomposition of the
form ¥g 0,0 x Co. Here X400 is the unique torsion-free, index-two sub-
group of X 2942y, 80 it is a characteristic subgroup. Thus there is a
sign-preserving restriction map Autg g (2412)2 — Autgo,0, and an induced
map

AUto,o,(2g+2)<2) /Eg.0,0 = Outgo,0 (14)

where we understand that ¥, 00 represents the image of the composite of
natural maps

2,00 — E0,0,(2g+2)(2) - Au'ﬁo,o,(zg+2)(2) .

For g = 0, Outg 9,0 = Outg02 = Co, and (14) is bijective.
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For g > 1, the domain of (14) is an extension of Cy by Outg 0,242, since
there is a short exact sequence

1 — Cy — Autg g (2942) /Xg,0,0 = Oty g 242y — 1.

If g = 1, then (14) has kernel of order four, and is split surjective; see
Remarks 13.7(v) and (viii).

For g = 2, a classic result of Birman-Hilden says that (14) is an isomor-
phism, and hence

Aut07076(2) ~ Autg’()’o and Out070’6 ~ Outg’o’o /CQ
If g = 3, then (14) is injective, but not surjective. O

We now remove an invariant disc around one of the skewering points.
We note that the hyperelliptic involution is not admissible here, so does not
give rise to an element of order 2 in the corresponding mapping-class group.

13.5 Example. S is a double branched cover of Sy 241y -
There is a homomorphism ¥4 1 o * £1 — 2071,(257“)(2) x 1 given by

Ti > loiq1t, 1<i<g,

Yi > toiq1 H?/iill ty, 1<1<y,
Z1 — Z%7
€1 — €.
Here [z;,y;] is mapped to [[}_o; 1 tir [ [os; tir [1o2 tir. Tt follows that
i 2i+1 241 2i+1
H[xi’vyi’] — H tir H tir = (H tir)?,
=1 =1 ir=1 =1

and we see that the map is well-defined. It is not difficult to show that it is
injective, and identifies ¥, ; o with a characteristic, index-two subgroup of

2o,1,(2g41)
This determines a sign-preserving homomorphism

AutO,i,Qngl - Autg,i,07
which is equivalent to a homomorphism
Outo,1,2g41 — Outg 0. (15)

It can be shown that this is injective. For g < 1, (15) is bijective; see
Remarks 13.7(vi) and (viii).
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In (15), &7 (= 072;7%) is mapped to &1 (= 012;!), and we get an
injective quotient map

Outo,1,294+1 /{57y — Outg.1,0 {&1).

For g > 1, an extension of Cy by Outg2g+111 embeds in Outyo . It
follows, from Example 13.4, that this map remains injective even after com-
position with
elim(tl): Outg7071 g Outg70,0 .
In general, we have the braid group on 2¢g + 1 strings, Outaiug“, em-
bedded in Outg 1,0, and the corresponding map of Artin diagrams is as
follows.

fn — fl2 — fiz — fla — fis ©— flgg_1 — fli2g
| | | | | | |
G — B — N —f—F2— " — Vg1 — Bg— Ty

The work of many authors culminated in a polished presentation of
Outy , o in terms of Artin diagrams; see [12]. For g < 1, we get the braid
group on 2¢g + 1 strings. For g > 2, the generating set used is the set of
2g+1 DLH generators, {&;}7_; U {ﬁl} _,u{%:}Z}, which form the following
Artin diagram in Out, ;.

ay o
| | (16)
bi— o — % — - — 1 — by

Here & does not lie in the (faithful) image of the braid group Outg; 5 . ;.

Rather than remove one invariant disc, we can remove a pair of disjoint
discs which are interchanged by the rotation.

13.6 Example. S, is a double branched cover of 5071’(2%2)(2).
Here there is a homomorphism g2 0 # E2 — Xg 1 (242)@ * E1 given by

T; = tojy1ta, 1<i<g,

21+ 1
Yi > toip1 Hz’ 1 1<i<y,
togi2
210 279 e > t29+261a

Zo W 21, €y — €1.
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This map is well defined, since

g 2g+1
ti)2(t 2 =1
xz,yl 2122 > 29+221 =1,
i=1 =1

and it identifies ¥,20 with a characteristic, index-two subgroup of
Yo,1,(2g+2) - Notice that ¥ o540y €1 has a corresponding partition in
two. Here we get a homomorphism Autg 12442 — Autgoo. For example,
the image of oy is 0109, and the image of fgg+2 interchanges e; and e;. Now
Auto’i’2ng2 is mapped to AUtg,ui,o» so we get a homomorphism

Out071,2g+2 il Outg,u_Lo . (17)

Topological arguments can be used to show the injectivity of (17); see [16].

For g = 0, (17) is bijective.

For g = 1, since (17) carries &1 = 0151*1 to 0109 = 01025;1, compos-
ing (17) with ehm(eg) and with elim(eq, e2) gives embeddings Outg 1,2g4+2 —
Outgy,1,1 and Outgp,2g4211 — Outy,0,111, respectively. For g = 1, these are
bijective; see Remarks 13.7(ii) and (iv).

For g > 1, the braid group Outg,y,,, embeds in Out, ,, and the
corresponding map of Artin diagrams is as follows.

fi1 — flo — fi3 — flg — fi5 - — flag—1 — flag — flag+1
! l l | l l l !
0717617’“717527’? 7'7/971 - 69 - 'uYg-

O

13.7 Remarks. Let us collect together some of the results related to the
sphere and the torus, as follows. Let V denote Cy x C5. Let Fy denote a
free group of rank two, Fy ~ 3; ; =~ 3¢ 3. The following hold.

(i) Autyo2 > Autg s -
(ii) Out1 1,1 = Outo 1,4
~ Auty,1,0 >~ Auty g3 XF> ~ Aubg g, 9 ~ Auby o5 -
(ili) Outyp2 = Outy o101 x Ca.
(iv) Outy .2 /Ca =~ Outyp111 =~ Outg 411
=~ Autg o4 > Auty o1 =~ Aut(Fz) =~ Autg g 3211 -
(v) Outg,o.4 = Outg i1 xV.
(vi) Outy,1,0 = Outo,1,3
~ Auty o5~ Autg g7 -
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(Vii) Outl,()’l jasd Outl’o,o
~ Autl)o,o ~ GLQ(Z)

(Vlll) Out0,074 /V >~ Out170,1 /02 ~ Out070,3j_1
~ PGLQ(Z) ~ Aut070,3 .

The isomorphisms of the positive subgroups are of interest since Out& 1.4
(see (ii)) is the braid group on four strings, and passing modulo the center
gives Outg g 41, (see (iv)). Similarly, Outg, 5 (see (vi)) is the braid group
on three strings, and passing modulo the center gives OUt(J)r,o,sj_l (see (viil)).

Many of the interconnections arise from an action of V' x Cy on Si 4.
Consider the affine action of Z2 x GLy(Z) on the plane R%. This induces
an action on the punctured plane R? — Z2. Modulo the action of (2Z)?2,
this gives an action of V' x GLa(Z) on (R? — Z?)/(2Z)*> = S104. This
in turn gives a subgroup V x GLy(Z) of Outy o4, which we denote by
OutJLOA for the purposes of this digression. The subgroup V x C5 acts
on 51,4, with the generator of C'y acting as the hyperelliptic involution
ﬁxing each puncture. We find 5170,4/02 = 507074, 51,074/‘/ = 517071 and
S1,04/(V x Ca) = Sy 3. The resulting action of V' on Sy4/Co =
So,0,4 corresponds to taking an appropriate group of symmetries of the
two-skeleton of a regular tetrahedron, and deleting the (four) vertices.

The abelianization of 3 52,1 is V' x Cq, and we find that X 52 14
is an extension of ¥; 91 by Cq, of ¥4 by V, and of X194 by V x Cs.
The subgroups ¥1,0.4, X1,0,1, and ¥g0,4 of ¥ o 32,1 are characteristic, or
Autg o 32 j-invariant, and it can be shown that there are natural identifi-
cations

Aut07073<2)l1 = Autl,o,l = Aut0,0’4 = AutJ{)0747

where AutJ{’O’4 denotes the image of the restriction map Autg )1 —
Auty o,4. This gives identifications

Outo’o’g(z)u = Out170,1 /CQ = Out07074 /V = OutIOA /(V X 02)

Let us say a brief word about the proofs of (i)-(viii).

We first consider (iv). Notice that X1 ¢ 1 is free on {x1,y:}, that A‘ltl,o,i
is the group of all automorphisms of 3, 1 which fix or invert the commuta-
tor [x1,y1], and that Auty o ; is the group of automorphisms of ¥4 ¢ ; which
carry the commutator to a conjugate of itself or its inverse. Now, by a re-
sult of Nielsen’s, Auty g is all of Aut(2;,9,1) ~ Aut(Fs). The isomorphism
Out& 0411 Autiq1 is described explicitly in [6], using presentations.

It is a simple matter to verify (i), (ii) and (iii) using (iv).

In (v), V is generated by ji1jiz *, fiafifiz fiz - We leave the proof of (v)
as an exercise. Notice the similarity to the classic decomposition Sym, =
Syms,; XV.
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Now (vi), (vii) and (viii) are straightforward. O

14 Matsumoto’s relator

Suppose that g = 2. The Artin diagram (16) in Out, 1,9 corresponds to the
DLH generators. To find an interesting expression for g in terms of these
generators, we consider the Artin diagram

a g
| (18)
o N— B2 — Fo— -+ — Yg—1 — By

in Outg 0. It determines a homomorphism

Artin(2A; + Dag1) — Outg 1.

The distinguished basis of the center of Artin(24; + Dy,_1) then distin-
guishes three elements

g—1

ZAl,l = ’707 ZALQ = dl, ZDQQ,l - 2 H ’Ylﬂz%»l - 7
i=1

of Outg 10, and we shall find that Zy4, | ZAQl’:?’ Z]Szlg_l =1

g—1 o

14.1 Theorem. If g > 2, then (&2 - || (%:Bir1))¥™* = % 07?973 in
i=1

Outg’]”().

Proof. We work in Autg10. Suppose 2 < n < g. It is straightforward to
show

Tp_1 = YnTnlYp_1Tn—1,
Yn—-1 — ynxnyn—lfn?n7

Tn=1Pn:  Tn +— TnYn—-1TnYn,
Yn > TnlYn,

w w—w forall weFE uXg10—{Tn_1,Yn—1,%n,Yn}



Dicks and Formanek

By induction,

g

H(%‘-lﬁi)l

i=n

In particular,

g
H ’71—1/87,
=2

Now

and

42

w w—w forall we {xi,yi}?;f v {z1,€e1},
Tp—1— Yg - HZL— “Yp_1Tn—1,
Yn—1 7 Yg * Hf;g i Yn-1- 17, i Ty
Tp =Yg Hi/tl Tir Yy TiYi—1 H;q/fii' "Yg» NSUEY,
Yi Yy Ht’t " YiTilg - Hi/tl " Yi 'Hule Ty Yy,
n<t<g.
T Yg - Hfzg Ti - Y171,
Y1 — Yg - H?:g Ti Y1 H§=2 T Yg,
Li =Yg - Héilg T - Y TilYi—1 - H“:]/_z Yy 251G,
Yi—= Yy - Hz’ilg Tir - YiTilYg - HZ/J:g i Yi - [z T - Uy
2<i<y,
zZ1 =z, €1 — €.
w1y - [y @i Taan,
n '_’yg'H?: 7'1,/1'1_[?: 1'yga
T2 — Yg H?, TP || "YUt - | JE Yy
mF»ngjﬁ, "Yi%iYi—1 Hﬁﬂ "Ygo 3<i<y,
Yi — yg Hztl T yZ zyg Hz’-t Y Hz'*erl Ty yg’
2<1<yg,
21— 21, €1/ €y,

T1 — Ty, 21,
Y1 — TgY1Tg,

— 2 —
w2 = 29 [[]_o T+ [yg, 2g] - [lig1 i Ty,
2

g g=—1
y2 = xg - [1 T Yy - [] @i [wg,y0] - T] @i T,
i=2 i=2 i=g
T — Jjgajiflfg, 3 < Z < 9,
Yi > TglYi-1 - ng Ty - [2g,y,] - Hi’*g Ty - Tg,
3<i<y,

zZ1 = 21, €1 — €.
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Then
T1 — Y1 T12g,
Yyr — Y1,
g Ty — H?=2 Ti - [Yg, g] - H?:g—l Lis
(2 H(Viflﬂi))z%g: Y2 — H?:z Ti- Yot - Hzg;zl 2 [l’gvyg] : ?:g T
=2 Ti > Ti_q, 3<i<y,
yi = i T10 s B [2g,yg] Tz g v, 3<i<g,
21 > Xg21%g, €1 V> Tg€q.
Let ¢ = @i (aa [[]_o(i-15:))*Ty, s0
Ty T1Tg,
Y1 — Y1,
T2 = H?:z T - [yg, xg] - H?:gfl L,
o S ys — Hfzg Ti-YgY1 - H;tgl Ti - [2g,yg] - H?:g Lis
Tpv> L1, 3<1<y,
yi > yier - 1190 To - [2g. 0] - [,z 3<i<y,
21— zf*", e] — Tgeq.

Forl<n<g-l,letm=g—1-n,s500<m<g—2and ¢" = g9~ 17,
By induction,

m+2
T — 2 Hi:g Zi,

Y1 Y,
for 2<i<n+1(=g-—m),

€Ty = H:/—:Z Ty - [yi+ma xi+m] ! Hz%:ierfl Xy
+m m-4+1 m-1 2
o vi— 11 T Yoy - 11 oo I [zo,ye]l 11 2w,
=2 =2 '=m+2 '=1+m

for n+2(=g-m+1)<is<y,

Tj > Tj—n,
g—n — g i—n+1
( i—n " Ly =i—ny1 ¥ T Lt =g—n41 LY ] " L L= &)
Yi = Yin |1 PRI [ Y 0% 7 K P
Hm+2wi g
i=g < r
21— 2 yooe1 o2 Ti- e
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In particular,

Ty > T Hfzg Ty,
Y1 — Y1,
for 2<i1<y,
i [T Tir - [yir il - [lo_iy @i,
Yi = 1_2[2':2 Tir = YY1 - H;:':z[xi’»yi'] : H?’:i Lir,

o, =i _
12y 0, 61'_’1_[?:2‘ri'61'

o'

On squaring the latter map, and recalling the definition of ¢, we find

210 a1 | [ [yi 2] = 12121, 1],

g w— wY for allwe Xg10—{z1,21},
(@ (az | [(vi18:))Fg)%2: 2 [y 77
E i i g 2 ZlHt:g[y i _ 2{11,741]’
er — 17 o[xi, ui] - e1 = [y, z1]Z1e1.
(19)
It is straightforward to show that (19) is ’yoozl_lyjl. Passing to Outg 1,0, we
have the desired result. O

By Corollary 11.9, Z:;fg Zpyyy = ZA,, ZZIIQ = o7 can be added
as a relator to a presentation of Outy 1,0 on the DLH generators to give a

presentation of Outg g 0.

14.2 Theorem (Matsumoto). If g = 2, then Ev]g,op is the normal closure

of
g—1
& ¥ (dg - | [GiBipa)) o
=1
m Out;r’l’o. O

15 Four viewpoints

Let g = 1.
In [16], it was shown that the Artin diagram
dr
| (20)
Yo— P — 1 — -+ — Vg-1 — By

in Outg 1,1 gives rise to an embedding Artin(Dsg41) — Outg 1 1.
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It is interesting to relate this to Theorem 14.1, which says that the Artin
diagram

v

(6%)
| (21)
1B — Fo— o — Fg — By
in Outg41,1,0 has Yo dfg_l as distinguished element.

In Remarks 15.1, 15.2, and 15.4, we shall discuss partial isomorphisms
Outg,m “ > Outg’g’o “nna Outg’g’o “nno Outg_;,_l’l‘o

such that the Artin diagrams in Outy 1,1, Outg,2 0 and Outg 30 determined
by (20), and the Artin diagram in Outgy1,1,0 determined by (21) all corre-
spond. Hence we get a distinguished element in each group, and we shall

. o o v v v29—1 <2v2g—1 v w2g—1
see that these are, respectively, 01, 0122 = 0165” ~, 7103 and Yo 77 7,
since we shall see that these correspond under the partial isomorphisms.
Thus, calculating the distinguished element in any one case gives it in all

four cases.

15.1 Remarks. In Section 16, we shall construct a strange partial isomor-
phism
unelim(bg): Outy 1,1 v Outg .
It corresponds to distinguishing, or removing, an open disk centered at the
puncture. It respects (20), and carries &1 to 5122 = 61557
This is a partial left inverse of the map elim(bs): Outy 1110 — Outg 1,1
which respects (20), and carries &1 to &1, and & to 1. O

15.2 Remarks. Essentially as in Definitions 10.1, we can construct a map
pinch(zl): Outg,u_l,o i OuthJ_u_Lo

corresponding to pinching the first boundary component to get the first two
boundary components, and renumbering the second boundary component
as the third boundary component. It is a left inverse of the map

elim(zz,e2): Outg11111,0 = Outgii1,0

which corresponds to eliminating the second boundary component and
renumbering the third boundary component as the second boundary com-
ponent. Hence we have a partial isomorphism

pinch(zy): Outg 2,0 v Outy30.

It respects (20), and carries &1 to 72, and &5 to 3. O



Dicks and Formanek 46

15.3 Example. g > 1,b>4,p=0.
The interested reader can pinch z; a total of b — 2 (> 2) times and find
that, for the Artin diagram

a
Fo—Pr—  — Yg—1 — By TL— To— " — Tp2 Op

. -1 1-2g .
in Outy p0, one has Zp, ,, Zy, 7, =7 =1, that is,

1=1

g b—2
o 3 U \b—1 v2g—1
(G - H(%:Aﬁi))zlg = (H )Pt a0
j=1
Here Z,, , corresponds to a Dehn twist around the first b — 1 boundary

components. O

If b > 2 and we identify two boundary components of S 5, respecting
the referential S', then we get a surface Sg41_2,. This operation behaves
moderately well with respect to homotopies. We consider a special case.

15.4 Definition. There is a map

Zg7370 & E3 — 294,1,170 * E1

given by
29 = T1YT1, ez 1,
23 — Y1, €3 — Iy,
Ti = Tig, Yi = yiy1, for 1<i<g,
Z1 =z, €1 — €.

There is then an induced map Autg,um,o — Autg+1)i’o, which is easily
seen to be an injective. One can check that this map sends «; to a;41 and
Bi to Biz1, for 1 <4 < g, and sends ~; to v;,.1 for 0 < i < g — 1. Also, it
sends o3 to oy, and sends 722, '3, to

T — 2121Y1T121,
VN PRV | = z
YT, 1T12] 1w wT TR forall we Xg10— {1, 21},

Z1 — 21, €1 — e1.
By Proposition 4.1, this can be viewed as an injective partial map
glue(252, 23 “*): Outg 39 v Outgyr 1.

It transforms (20) to (21) and carries &3 to &g and 72 to o. O
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16 Converting a puncture to a boundary

We can convert a puncture into a boundary component by removing, or
distinguishing, an open disk centered at the puncture. This gives an inclu-
sion of surfaces which behaves badly with respect to homotopies, but we
get partial homomorphisms of mapping-class groups.

The following is a consequence of Lemma 11.6.

16.1 Lemma. Ifb>=1 and g = 1, then the following hold in Autyy .

zg = (Gioy, 2oyl if 1<i<yg.

Gioy™)% = 2@y, if 1<i<g.

T = 224 G103 ) Biga (Gioy ™) 12, if 1<i<g-—1

@ioy ™) = 234 G107 ) Bipa G0y ) BTL Givr 0p) 7 B,
ifl<i<g-—1.

il = B (Gioy NEL Gisr0y ) T Bigr, if 1<i<g—1

O

16.2 Definition. Suppose that b > 2.

We shall construct a partial splitting of the exact sequence in Proposi-
tion 6.2. To be more precise, we shall construct a partial splitting of the
index b — 1 exact subsequence

1 —{Fpy = Outyp—21111,p — Outygp_211,p11 — 1. (22)

By Theorem 10.2 and Corollary 8.4, we have semidirect product decompo-
sitions

Outgp—21111,p = Outgp—211,p XXgp-1,p, (23)

Outgpoi1,p11 = Outypoi1,p XVgp1p- (24)

Recall that an element of Outyy_211,, lifts back to a unique represen-
tative in Autg,b72Li,p’ and this acts on igyb,lm. The representative in turn
lifts back to a well-defined second representative in Aut g.b—21111,p Where
Zp—12p replaces zp—1. This second representative acts on g4 5, and hence
acts on igb,l,p by the formula in Theorem 11.4.

Moreover, (22) arises from (23) and (24) using the identification

ig,bfl,p/<5u7b> = ig,bfl,zr
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Since ig’b_l}p is free (of rank 2g + b+ p — 2), we can construct an
isomorphism

G Xgp1,p X LTy = Bgpo1p (25)
given by
T T, T UioyTh for 1<i<yg,

szZj, for 1<5<0?
th 1, for 1<k<p,

0p > Op.

Notice that

Here Outyp_211, acts on both sides of (25); let N denote the subgroup
of Outg 211, consisting of those elements which commute with ¢, so ¢ is
a map of N-groups. Then (25) lifts to an isomorphism

(N xZgpo1p) Xy > NxZgp 1,
We represent the restriction
N x i%b,l,p — N x i%b,l,p
as a partial map
unelim(ep): Outyp—211p11 v Outgp_2i111,p-
It is a partial splitting of (22), with domain N x ig,b—Lp.

It follows from Lemma 16.1 that N contains {&1} U {;}7_, u {%:}7=}.
We claim that IV also contains 515{’[1)71”’ ). The representative of &Igfi’ll’fl’p )
in AUtg,b—ui,p is ab_l,?b_fl? and the second representative, in AUtg,b—uui,pa

is TE_IEI; 131;11. The latter acts on each element of

b—2
{2yl v {Zj}jzl U itk tio,
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as conjugation by H,lc —ptk 1T [is vl - Hb_2 . It is not difficult to show

that this commutes with ¢, so N contains Uég b=1p),

Hence N x Zg7b,17p, the domain of unelim(ep), contains

{ay U B v

(q7 D) g,b—1,p)
1

X Zp_1 which

b , « b,
(g p) X %1% = (9 1P)Zb respec-

and also contains Yo = &1 X 2] y1x1, and o,

are mapped to a3 Z] Y ¥ =50 and & oy
tively.

If g = 2, then N does not contain ¢z, nor any proper power of &i3. Thus,
if g = 2, then N has infinite index in Outg 211 p- L]

16.3 Example. ¢ >2,0=2,p=0.
The injective partial map unelim(es): Outg 1,1 v Outg oo respects
(20) and carries &1 to 0129 = 51659_1, as desired. O
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