CANONICAL EQUIVALENCE RELATIONS ON
NETS OF PS,,

JORDI LOPEZ-ABAD

ABSTRACT. We give a list of canonical equivalence relations on dis-
crete nets of the positive unit sphere of ¢g. This generalizes results of
W. T. Gowers [1] and A. D. Taylor [4].
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1. INTRODUCTION

Let FIN be the family of nonempty finite sets of positive integers. A
block sequence is an infinite sequence (z,,), of elements of FIN such that
for every n, max z,, < min,; (usually written as x,, < xp41). If (zp)n is
a block sequence, ((x,),) denotes the set of finite unions z,, U--- Uz, .
Recall the following pigeonhole principle known as Hindman’s Theorem [2]:
For every coloring ¢ : FIN — {0,1,...,l — 1} there is some block sequence
(zn)n such that ¢ is constant on ((x,),). This is equivalent to the fact
that for any equivalence relation on FIN with a finite number of classes
there is a block sequence (z,,), such that ((z,),) is contained in one class.
However, for arbitrary infinite colorings of the form ¢ : FIN — N there
is no hope to find a monochromatic structure {(x,),), as can be observed
considering the coloring ¢ defined by ¢(s) = mins. Nevertheless, there are
results saying that there is always a “substructure” where the coloring has
a certain “canonical” form, much in the spirit of the original motivation of
F.P. Ramsey [3] for discovering his famous Theorem. For example, A. D.
Taylor [4] showed that any equivalence relation on FIN can be reduced to
one of the following five canonical relations:

min, max, (min, max), =, FIN?,

where for two finite sets s,¢ smint iff the minimum of s is equal to the
minimum of ¢, smaxt iff the maximum of s is equal to the maximum of ¢,
$(min, max)t iff both minimum and maximum are the same. More precisely,
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for every equivalence relation ~ on FIN there is a block sequence (z,),, such
that ~ restricted to {(x,),) is one of the canonical relations.

Given a positive integer k, let FIN, be the set of mappings z : N —
{0,1,...,k} such that the support supp z = {n : z(n) # 0} is finite and
k is in the range of x. Let T : FIN, — FINg_; be the mapping defined
by T(x)(n) = max{x(n) — 1,0}. A k-block sequence (x,), is an infinite
sequence of members of FIN, such that maxsupp z,, < minsupp x,1, for
every n. There is now the natural definition of ((z,),) as the set of elements
of FIN}, of the form Tioxno V.- VT4, such that some i; = 0, and where
for i > 0, Tz is defined by T x(n) = max{z(n) —i,0}, T° = Id, and for
z € FIN;, y € FIN;,  Vy is defined by (z V y)(n) = max{z(n),y(n)}. W.
T. Gowers’ result [1] states that FIN, has a pigeonhole principle, i.e., for
every equivalence relation on FIN with a finite number of classes there is a
k-block sequence (), such that ((x,),) is contained in one class. Observe
that FIN; is isomorphic to FIN, so this result can be naturally viewed as
a generalization of Hindman’s result.

The aim of this paper is to characterize any equivalence relation on FIN
with arbitrary number of classes. More precisely, we will give a non redun-
dant finite list 7; of equivalence relations such that for every equivalence
relation ~ on FINj there is a block sequence such that ~ restricted to it
is in 7;. An equivalence relation belonging to the canonical non redundant
list can be identified with a particular procedure of assigning invariants to
vectors of FINy. For example, a typical member of 7 will be defined from
the following invariants: Fix some 1 < i < k, and let us assign to any vector
s of FINy, the first integer n for which s(n) = i. Let us call this invariant
min; s. Another more complex example is the following. Given two integers
i and [ such that 1 <[ <i—1 <k, let us assign to any vector s of FINy
the set of integers n such that min; 1 s < n < min; s, and s(n) = [.

o b I X

mini, 1 mini

FIGURE 1. an example of invariant
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Of course these assignments are not well defined for an arbitrary vector
of FIN. Nevertheless, we will show that any k-block sequence will have
a k-block subsequence for which all the vectors have all possible invariants
well defined. The precise definitions will be given in Section 3.

The main idea to assign invariants to a given equivalent relation comes
from Taylor’s proof [4]. Let us explain how it works. Given an equivalence
relation ~ on FIN; let s : [FIN]] — {0,1}* be the coloring defined by

s(a)(0)=1 iff ag~ay

= iffaOUa1~a0
iffaOUa1~a1

iff ap Uay Uag~agU as,

(1)

a = (a07a17a2) —

where [FIN]B! is the set of 3-sequences of finite sets (ao,a1,as) such that
ap < a; < ag. Since [FIN] BBl has a pigeonhole principle, there is a block
sequence X = (z,,), such that s is constant in [X ]! with value sy € {0, 1}%.
Analyzing all the possible cases for sg, it is possible to conclude which of the
relations of the list {min, max, (min, max), =, FIN?} is equal to ~ restricted
to X (precisely, in some block subsequence Y of X). Let us restate the fact
that s is constant in a different way. Fix an alphabet of countably many
variables {z,},. An ~-equation e is a pair z;, U--- Uz, ~zj, U---Ux;j ,
where 0 = ip < -+ < i, jo < -+ < jm (formally, the pair is (x;, U---U
xi, xj,U---Ux;j, ). eis truein X iff for any sequence ag < -+ < @max{i, jn}
in X, a;, U---Ua;, ~aj,U---Ua;, , and it is false in X iff for any sequence
ap <+ < Gmax{is,jn} M X, @iy U---Uaj #aj,U---Uaj, . eis decided in
X if it is either true or false in X. So, the fact that s is constant on X is
equivalent to say that the equations xg ~z1, xo Uz ~ 2, 9 Uz ~ 1 and
zoUxy Uxg~axo Uy are all decided in X. For an arbitrary k, the type
of equations to be considered is more rich. As an example, for k = 2, the
equations

roUxy UTxe ~ 21 UTxe, 2o+ Ty Uxo ~ 29 U o,

need to be considered. Of course the best situation would be to start with
a block sequence which decides all the equations, but this condition is too
strong, since we will show that it is equivalent to be in the list 7. Never-
theless, we will show that for a given equivalence relation ~ on FIN there
is a k-block sequence X which decides a sufficient number of ~-equations
to assign a list of invariants to ~, and hence to recognize ~ as a member of
the list 7. We will characterize also the members of 7 as the equivalence
relations for which their equations are always true or always false, and we
will show that the number ¢, of equivalence relations in 7; can be described
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using standard arithmetic functions. For example, we show in Section 5
that this number is

th=|Tu| = €2 [k [D(k,1) = T(k +1,1)]> + D(k + 1, 1)2} :

Since FINy, is isomorphic to a net of the positive sphere of cg, our result
implies the immediate analogue for those nets. In particular, this will imply
that given an equivalence relation R on PS,, and given some § > 0 there is
an infinite dimensional block subspace X of ¢y and some equivalence relation
R’ in our finite list such that any R’-class in X will be included in some
R-class in X.

This paper is organized as follows. In Section 2 we introduce FIN
as a natural copy of a net of the positive sphere of ¢y, extending some
concepts coming from Banach space theory to FINy. We also state the
Pigeonhole principle for FINj. Equations are defined in Section 3, together
with the canonical invariants associated to a vector. We describe the vectors
for which these invariants are well defined, and we show that they appear
“everywhere”. We define also the family 7. In Section 4 our main Theorem
is proved, and in Section 5 we give an explicit formula to compute the
cardinality of 7. Sections 6 and 7 deal with the finite version of our main
result, and with some consequences on equivalence relations on the positive
sphere of c¢g, respectively.

2. FIRST DEFINITIONS AND RESULTS

Recall that ¢y = ¢o(R) is the Banach space of sequences of real numbers
tending to 0, with the sup norm defined for a vector Z = (x,, ), of ¢o by ||Z|| =
sup,, |z, |. Let (ey)n, be its canonical Schauder basis, i.e., e, (m) = 0y, m. The
support of a vector & = (x,)n, is supp & = {n : x,, # 0} and let cpp be the
linear subspace of ¢q consisting on the vectors ¥ = (z,),, with finite support,
i.e., only finitely many of the coordinates of = are not zero. Given two
vectors & and  of cpp we write & < ¢ to denote max supp & < minsupp .

Let PS,, be the set of norm one positive vectors of cg, i.e., the set of all
vectors & = (x,)n such that ||Z]] = 1, and such that =, > 0, for every n,
and let PB., be the set of positive vectors of the unit ball of c¢y. Observe
that PB., is a lattice with respect to (zn)n V (Yn)n = (max{zn,yn})n and
(Zn)n A (Yn)n = (min{zn, yn})n, with 0 = (0),, and 1 = (1),,. Notice also
that PS,, is closed under the operation V, and that zVy =z +y if  and
y have disjoint support. Given A, N C ¢g, and §y > 0, we say that N is a
do-net of Aiff (a) ||Z—g]|| > ¢ for every & # ¢ € N and (b) for every @ € A
there is some Z € N such that ||@ — Z| < do.
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For a given 0 < 0 < 1, let k be the first integer such that 1/(1+8)*~1 <4,
and let e = 1/(1+9). Let

N5 ={x € PB,,, : z(i) € {1,6,¢%,...,e" 1 0}}
Ms ={x € PSe, : x(i) € {1,e,€%,...," 1 0}}.

Since &' — it = &i(1 —¢) = £4(6/(1 +9)) < 6 and €71 < 4§, it is clear
that N and M are e*~'-nets of PB,, and PS,.,, respectively. It is also
clear that Ny is a sub-lattice of PB,, with respect to V and A. One of
the main properties of Ay is that it is closed by the scalar multiplication
with ¢, identifying e/ = 0 for I > k (which means that we identify the
coordinates less than ¥ with 0). Also, for two Z,% € M;, we have that
TVe'Y, TV € Ms, for every 0 < i < k—1. Notice that Ns = Uf;ol et M,
disjoint union. Let © = Qs : N5 — {0,1,...,k}" be defined by

| k—log.(x,) ifz,#0
O((@m)m)(n) = { 0 if 2, = 0.
The nets Mg and N3, and the mapping © give a different interpretation of
FINj as a geometrical object of PS,,. It is not difficult to show that this
new definition coincides with the one given in the introduction.

Definition 2.1. Given k, let 0 < § = (k) < 1 be such that 1/(1+6)*~! =
0, and let FIN;, = ©(My), i.e., it is the set of functions s : N — {0,1,... k}
eventually 0, and with & in the range. Elements of FINy are called k-vectors.

Observe that ©"Ns = Ui:ol 07! Mj, and that ©”c* M is the set of all
functions s : N — {0,1,...,k} eventually 0, and with k£ —i in the range. So,
©7¢* Mg = FIN}_;. Hence, O”" N3 = Ule FIN; =: FIN<;, whose members
are called (<k)-vectors.

We can transfer the algebraic structure of N, C coo to FIN<j, via ©. In
particular, for s,t € FIN<y, let the support of s be supp s = {n : s(n) # 0},
we write s < t to denote that maxsupp s < minsupp t, define sVt and sAt
by

(s Vit)(n) = max{s(n),t(n)} and (s A t)(n) = min{s(n), t(n)},

and transfer the multiplication by e, that we will call T, i.e., for a (< k)-
vector s, let
T(s) =007 !(s)) = (s —1) V0.

Consequently, FIN<y, is a lattice with operations V and A, and it is closed
under 7. We will use the order <y, to denote the lattice-order of FIN <y, i.e.,
for s,t € FIN<y, we write s <p t iff s At =s. Notice that FIN; vV FIN; =
]_J‘INmaXUY”7 and that FIN; A FIN; = FINmin{w}. We will denote s V¢t by
s+t whenever s < t.
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Let S : FINy_1 — FIN} be an inverse map for T', defined for a (k — 1)-
vector a by
a(n)+1 ifne€suppa
S(a)(n) = { 0( ) if not o
Let FINE:O] = {(sn)n € (FINg)™® : s, < Spy1for every n > 0} be the set
of k-block sequences. For n € N, let FINE:] = {(s0,--+,8n-1) € (FINy)™ :
s; < si41 for every i = 0,...,n — 2} and let FINE;OO] =Uns1 FINE:} be the

set of finite k-block sequences. For a = (8p)nen € FINEOO] (N < ), let
(o) be the set of all k-vectors of a, i.e., (o) = O(LinSpan ©~{s,, },, " Ny),
where for a subset A of ¢p, LinSpan A denotes the linear span of A. Notice
that FINg = ((@ey,)n). For i <k, let («); be the set of i-vectors of «. For
M < N < oo, and @ = (8p)n<n let [a] [M] he the set of k-block subsequences
of a, defined as [a]M = {(s,)nerr € FINLM} :sp€{a)(0<n< N)}
Without loss of generality we will identify [a]!!] with (a).

Given two finite block sequences « and 3, and two infinite ones A and B,
we define o < 8 if and only if a € []l°ll, @ < A if and only if a € [A]ll*]],
and B < A if and only if B € [A]l**]. Notice that all these definitions come
from the notion of subspace. For example, A € (B) if and only if the space
generated by © 1A is a subspace of the space generated by ©~!B.

For a k-block sequence A= (a;); and a € (A), since (A) =0 (LinSpan O~
{a;}; N N%), we have that ©~'a € ©7{a;}; N Ny. Therefore, O la =
> %0 1lq;, for some m, and with possibly some d; = 0. This implies
that a = O3~ %07 1a;) =Y ", O(e¥O~1a;) = 3" Tha,.

Definition 2.2. Given a k-block sequence A = (a,)n, let Cy : (A) — FINg
be the mapping satisfying

0 = Z Tk_CA(a)(n)am (2)
n=0

for every k-block vector a of A. Since O la =3 . ek~Cal@me-1q, for
every a, Cy is well defined. (2) is the canonical decomposition of a in A.
Notice that C4(a) € FINy, for every a.

For two (< k)-vectors s and t, we write s C ¢ iff tfsupp s = s, i.e., if ¢
restricted to the support of s is equal to s, and we write s L t iff s At =0,
i.e., if s and ¢ have disjoint support. Notice that if s = ZZOZO Tklng, is
the canonical decomposition of a (in arbitrary A), then T*~!»q, C a, for
every n. Observe also that T#~tna, L T*~lwa,,, for every n # n'.

Proposition 2.3. Fiz A = (ay)n, and a € (A). Then, for every n, if there
are some r < k , and m such that T*"a,(m) = a(m) # 0, then necessarily
Ca(s)(n) =7 (i.e., T*"a, C a). O
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Recall the following W. T. Gowers’ pigeonhole principle for FIN.

Theorem 2.4. [1] If FINy is partitioned into finitely many pieces, then
there is A € FINE:O] such that (A) is in only one of the pieces.

The following is the natural higher dimensional version of this Theo-
rem, first proved in [5] in a even more general case (for FINECOO] and Borel

colorings).

Lemma 2.5. Suppose that f : FINE:] — {0,...,1 = 1}. Then, there is a
block sequence X such that f is constant on [X]M.

PrOOF. The proof is by induction over n. Suppose it is true for n — 1.
Notice that this implies that the result is not only true for FIN ,£n71], but
for [Z](»=1, for every k-block sequence Z (using the canonical isomorphism
A : FINy, — ((2n)n) defined by A(BGe,) = z,). We are going to define two
sequences {6, }, and {X,}, such that:

1. 0, = (ag,...,a,_1) € FINE:], and X, is a k-block sequence.

2. X, >0,, ayg = Oeg, a, =min X, 1, and X,11 < X,

3. For every (bo, . ..,bn_2)€[0,]"~ Y, fis constant on {(bo, . .., bn_2,2) :

x € X, } with value e((bg,...,bp—2),7).

They are constructed using Theorem 2.4. Notice that e((bo,...,bn—2),7) =
e((bo, ... ,bn_2),s), whenever (by,--n_2) € [0,]* 1 and r < s, since X, <
X,. Let X = (a,),. Define the mapping ¢ : [X]I""" — {0,1,...,1 -1}
by e(bo, . ..,bn—2) = €((bo, - .., bp—2),7), for some (any) r. By inductive hy-
pothesis, there is some Y < X such that ¢ is constant on [Y]"~. We show

that F is indeed constant on [Y]["): Fix two sequences s; = (béi), ey bgll)

of [Y]I", i = 0,1. Then, E(béo),“.’biozz) = E(bél),...,bflllQ), and we are
done, since e(b((f), ce bgiz) = F(b((f), R bg)fl)‘
0

3. EQUATIONS, STAIRCASES AND CANONICAL EQUIVALENCE RELATIONS

Roughly speaking, terms are natural mappings that assign k-vectors to
finite block sequences of k-vectors of a fixed length n, and which are defined
from the operations + and T° of FIN,. For example, the mapping that
assigns to a block sequence (a1, aq) of k-vectors the k-vector a; + Tas is a
k-term which can be understood as the mapping with two variables x1, z2
defined by f(x1,22) = x1 + Txs.

From a fixed two k-terms f and g, both with n variables, and one
equivalence relation ~ on FINy, we can define the natural coloring cy 4 :
[FINg]" — {0,1} via cfq4(ai,...,an) = 1 if and only if f(ai,...,a,) ~
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g(ai,...,ap). A k-equation will be f ~ g. Notice that the pigeonhole
principle introduced in Lemma 2.5 shows that for every equation f ~ g (f
and g with n variables) there is some infinite block sequence A such that,
either for every (ai,...,ay) in [A)M, f(a1,...,a,) ~ g(ai,...,ay), or for
all (ai,...,a,) in [A]M, f(a1,...,a,) # glay,...,a,), ie., in A the equa-
tion f ~ g is either true or false. As we explained in the Introduction,
Taylor proves that an equivalence relation ~ on FIN is “controlled” by a
list of 4 equations (precisely zg ~ x1, o9 ~ xo + 1, 1 ~ xo + 1 and
Zo + 1 + x2 ~ xg + z2). This is going to be also the case for arbitrary k,
of course with a more complex list of equations.

3.1. Terms and equations.

Definition 3.1. Let X = {zy },>1 be a countable infinite alphabet of vari-
ables. Consider the trivial map x : X — N, defined by z,, — x(z,) =n. A
free k-term p is a map of the form s o x where s is a k-vector, i.e., it is a
map p : X — {0,...,k} such that supp p is finite, and & is in the range of
p- A natural representation of p is
!
p=p(z0,...,m) = »_ TF ™,
i=0

where 0 < m; < k, and at least one m; = k. For example T?x1 + Txo + 24,
and x1 + x5 are both free 3-terms. Notice that, if p is a free k-term, then
pox~lisa k-vector. A free (<k)-term is s o x, where s is a (< k)-vector.
It follows that the set of free (<k)-terms is a lattice. For example

p(T0,s -, %)V q(20s ..., Tm) = (pox Vqox ') ox.

For a fixed free (<k)-term p(xo,...,x,) = > o T*"™iz;, there are two
kinds of substitutions: 1. Given a sequence of free (< k)-terms tq, ..., tn,
consider the substitution of each z; by ; and get

n

p(t()v s 7tn) = \/ Tkimltz

i=0
In the case that p and to,...,t, are free k-terms, then p(to,...,t,) is also
a free k-term.
2. For a block sequence (ao, ..., a,) of (<k)-vectors, replace each z; by a;,
and get

n

plag,...,a,) = Zkamiai.

i=0
If p is a free k-term, and ag,...,a, are k-vectors, then the result of the
substitution p(ag,...,a,) is a k-vector. The main reason to introduce free

k-terms is the following notion of equations.
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Definition 3.2. A free k-equation (free equation in short) is a pair
{p(zo,...,2n),a(z0,...,xn )} of free k-terms. Given a fixed equivalence
relation ~ on FINy, we will write the previous free equation as

p(zo, ..., xn)~q(xzo, ..., Tn)-

Given sg, s1, 99 and i1-vectors respectively, a free jo-term p, and a free j;-
term q satisfying that max{i;, j;} = k for I = 0,1, we consider the equations
of the form s+ p~t+qand p+ s~q-+t, called k-equations (or equations,
if there is no confusion). Observe that now the substitutions of (bo,...,by)
in the equation s + p ~t + ¢ will be allowed only when by > s,t, and for an
equation p + s~q+ t, provided that b, < s,t.

Definition 3.3. We say that a k-equation s+p(xg, ..., 2n,)~t+q(xo,...,Tn)
(or p(xg,y...,2n) +s~q(zo,...,2,)+1t) holds (or is true) in A iff for every
(agy...,an) in A with ag > s,t (resp. a, < s,t), s+ p(ag,...,an)~s+
q(ag,...,a,) (resp. plag,...,an) + s~q(ag,-...,an) + s). The equation
s+p(xo,. .. xn)~t+q(zo,...,z,) (or p(zo,...,Tn)+s~q(xo,...,Tn)+1)
is false in A iff for every (ag,...,a,) in A with ag > s,t (resp. a, < s,t),
s+plag,...,an) #s+q(ag,...,a,) (resp. p(ao,...,an)+s%q(ag,...,an)+
s). The equation is decided in A iff, either is true, or false in A.

It is clear that, given a k-equation p(xo,...,xn) ~q(zg,...,Tn ), We can
assume that n = n’, since we can extend the terms of the equation adding
summands of the form 7%z and not changing the “meaning” of the k-
equation.

Some properties of equations that will be useful.

Proposition 3.4. Suppose that all free equations with at most five variables
are decided in a given block sequence A. Then,

1. Ifxo—l-Tk_ixl +xo ~xo+To s true in A, then xo+TF Iz 49 ~ 20+
o 18 true in A for every j < i.

2. Ifxog4+x1+Taxo~x9g+Txe or Taxg+x1 + 29 ~T20+ 22 are true in
A, then o+ x1 + 22 ~x0 + T2 is also true in A.

3. If the equation zg + x1 + Txo ~x + Tlxy is true in A, then the
equation vo+ 1 +T7xo ~x0+T 25 also is true in A for every j < i.

4. If the equation Tixo + 1 + 2o ~T'xg + x5 is true in A, then the
equation TV xg+ 21+ 2o ~TIxg+ 2o also is true in A for every j < i.

5. If the equation xo 4+ TF " ay + TF"0xy ~ a0 + TF 025 holds, then
also the equation xg + Th=T20 + ThTogy gy + TH 00, for every
r1 > 1o and .
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PrOOF. Fix A deciding all the equations with at most five variables. 1. Fix
j <. Then,

xo+TH gy + TF oy + 23 ~ 20 + T (21 + T T a0) + 23~ 20 + 73
hold in A. (3)
Hence,
xo+ T wy + (T Ty + x3) ~ 20 + (TF 725 + 23) holds in A, (4)

and we are done. 2. Suppose now that zg + x1 + Txo ~xg + Txo is true in
A. Then

ro+ 20 +Taws~wxg+Tas and vg+ 21 + 22 + Tx3~20 + T3
are true in A. (5)

Hence, xg + 21 + 9 + Tx3~x9 + o + Tx3 holds in A, and therefore,
To+21 422 ~To+To is true in A. 3. Suppose that zo+z1+T s ~zo+T 2
is true in A, and fix j > i. Then, x¢ + o1 + 2o + T (23 + T Jay) ~ 20 +
21+ 2o+ TIxs + Tiag~xo+ Tlas hold in A, and

ZTo + X1 + Tj(IQ + Tiijﬂjg) ~ XT0 + X1 + zjg + Tixg ~ T0 + Ti.Tg
hold in A, (6)

which implies what we wanted. 4. is showed as 3. Let us show 5. Fixry > 79
and ro and suppose that the equation zg+T% "1z +TF "0y ~ zog+T* 029
holds in A. Then, zg+T* "2, +TF "1 2o+ TF "0 x5 ~vzg+TH "1 (TT 221 +
29)+TF w3 ~ o+ TF 03 and (wo+TH 722 )+ TH "1 0o+ TH 023 ~ 29+
Tk="231 ~T*="0g24 holds in A. Therefore, zo + T* "2x1 ~T* T0x5 ~ o +
TFk=T024 is true in A. O

3.2. System of staircases and canonical equivalence relations. To
try to classify equivalence relations of FIN, is somehow the same that to
find canonical properties of a typical k-vector. For example, one of these
properties can be the cardinality or the minimum of its support. Coming
back to Taylor’s result, he proves that these properties are the minimum,
the maximum, both together, the cardinality (which corresponds to the
identity) and any property that fulfills all 1-vectors (and which corresponds
to the equivalence relation where any two vectors are related). For an
arbitrary k > 1, it is expected a bigger list of canonical properties. One
example is, for a given k-vector a, the first n of the support of a such that
a(n) = k; another one is fixed 1 <4 < k, the minimum n such that a(n) = 1,
that is not always well defined, since for ¢ < k, there are k-vectors where
i does not appear in their range. Nevertheless, this last property seems
very natural. We will introduce a type of block sequences, called systems
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of staircases, where these properties (and some others) are well defined, for
every k-vector.

Definition 3.5. For an integer i € [1, k], let min;, max; : FIN;, — N be
the mappings min;(s) = mins~'{i}, max;(s) = maxs~1{i}, if defined and
0, if not. A k-vector a is a system of staircases (sos) if and only if

1. Rang s = {0,1...,k},

2. min; a < min; ¢ < max;a < max;a, fori < j <k,

3. for every 1 <17 <k,

Rang af[min;_;a, min;a] = {0, ... i},
Rang af[max;a, max;_1a] = {0,...,i},
Rang af[minga, maxia] = {0,...,k}.

The following figure illustrates the previous definition.

=

1] I

min; ming min; ming maxy maxj

FIGURE 2. A typical sos.

A block subspace A = (ay), is a system of staircases if and only if all
k-vector a € (A) is a sos. In the next Proposition we show, among other
properties, that for every k-block sequence A there is sos B € [A]l*],

Proposition 3.6.

1. T preserves sos, i.e., if a is a sos k-vector, then Ta is a sos (k—1)-
vector.

2. T*Ja+b, a+ T* b are sos’s, provided that a < b are sos. There-
fore, for every k-term p(xq,...,x,) and every block sequence of sos
(ag,...,an) € [FIN|*tU the substitution p(ag,...,a,) is also a
S08.

3. A= (an)n is a sos if and only if a, is a sos for every n.

4. If A is a sos, then any other B < A is also a sos.

5. For every A there is some B < A which is a sos.
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PROOF. Tt is not difficult to prove that 1. and 2. (for the last part of 2., use
induction over the complexity of the k-term p). To show 3., let us suppose
that for every n, a, is a sos, and fix a € ((an)n). Then, there is a k-term
p(zo, ..., xy,) such that p(a,,...,a,) = a. Therefore, by 2., a is a sos. 4. is
trivial. Let us show 5. Fix A = (a,)n. For each n, let

k—1
Cn—ZT A(2k—1)ntj— 1+2Tk S D agr—1ymah-144-
Jj=1
Notice that for each n, Rang ¢,[0, ming(c,)] = Rang ¢,[maxy(c,),00) =

{0,...,k}. Therefore, Rang T*7c,]0, min; T+ J(c,)] and Rang T* ¢,
[max; T%79(c,),o0) are equal to {0,...,j} for each j < k. For n > 0,
let

k
ZT n(3k—1)4+j—1 T ZTk Cn(3k—1)+k—1+j
Jj=1
k-1
+ Z Tki(ki])Cn(Sk—l)-ﬁ-Zk—l-‘rj'
j=1
It is not difficult to show that every b,, is a sos. O

Definition 3.7. An equivalence relation ~ on FINy is canonical in A if
and only if all equations are decided in every sos B € [A] in the same way,
i.e., if and only if for every equation p ~ g, either for every sos A € [B], p~q
is true in A, or for every sos A € [B], p~gq is false in A. We will say that
R is canonical if it is canonical in FINy.

Canonical equivalence relations are those for which all the equations p ~ ¢
are decided in every sos in the same way. It is not difficult to see that all the
equivalence relations of the list {min, max, (min, max), =, FIN?} are canon-
ical in FIN. Indeed Taylor’s result is equivalent to the fact that there are
no more canonical equivalence relations that the one in this list. It will
be shown later that for every k, there is a finite list of canonical equiva-
lence relations. Indeed we will give an explicit description of how canonical
equivalence relations looks like. Roughly speaking, the canonical equiva-
lence relations are the relations with a definition made out from the typical
invariants of a sos. For example, two k-vectors s and ¢ are related iff the
first position n of the support of s where s(n) = k — 1, and the correspond-
ing for ¢ are the same. The following definition gives the list of invariants
associated to a sos that will characterize completely the canonical equiva-
lence relations, hence the list 7. We will prove later that any equivalence
relation belongs to 7 when restricted to some sos.



CANONICAL EQUIVALENCE RELATIONS ON NETS OF PS., 13

Definition 3.8. For a set X, a k-block sequence A, and an arbitrary map
f: (A) — X, we can define the relation R; on (A) by sRyt if and only
if f(s) = f(t). Whenever there is no confusion, we will use the notation
sft instead of sRyt. Fix now a sos A. Recall that for ¢ € [1, k], min;(s) =
min{n : s(n) =14}. This mapping can be easily seen as min; : (A) — FIN;
in the following natural way

min; (s)(n) = {

For I C {1,...,k}, let min; : (A) — FINpas € FIN<; be defined by
mins(s)(n) = i if n = min;(s), for ¢ € I and 0 otherwise, i.e., mins(s) =
{(min;(s),7) : i € I'}, and extended by 0 in the rest. In a similar manner,
we define

i if n = min,(s)
0 otherwise.

max; (s)(n) = { i if n = max;(s)

0 otherwise,

and max; : FIN, — FINpaxr, defined by maxy(s) = {(max;(s),1)

i € I}, again extended by 0. Clearly min; = \/,.; min; and max; =
V;c; max;, where V is the sup operation on FIN<, and for f,g : (4) —

FIN<k, (f Vg)(s) = f(s) V g(s).
We need to introduce a new class of functions. For [ <i—1, let 021, 91-171 :
(A) — FIN; be the mappings defined by

9?71(5) ={(n,1) : n € (min;_1(s), min,(s)) & s(n) =1}, extended by 0, and
91»171(5) ={(n,1) : n € (max;(s), max;_1(s)) & s(n) =1}, extended by 0.

Le., for a given n,
07,(s)(n) =

1 [ 1 ifn e (max;(s), max;_1(s)) and s(n) =1
0ia(5)(n) { 0  otherwise.

[ if n € (min;—q(s), min;(s)) and s(n) =1
0 otherwise, and

For example, for k = 4,7 =3, = 2 and a given sos 4-vector s, 9%72(5) is the
2-vector such that (03 ,(s))(n) = 2 for every n such that (a) s(n) = 2, and
(b) n is in the interval between mins(s) (i.e., the first m such that s(m) = 2)
and ming(s) (i.e., the first m such that s(m) = 3), and it is zero otherwise.
For 1 <1<k, let

07(s) = {(n,1) : n € (miny(s), max(s)) & s(n) = I} extended by zero.

We illustrate this new definition with another example: For £k = 4,1 = 3
and a sos 4-vector s, 03(s) is the 3-vector with value [ = 3 in every element
n of the support of s such that (a) s(n) = 3, and (b) n is in between ming(s)
and max4(s), and 0 otherwise.
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Let 6) 1,0; _; and 62| be the 0 mapping (hence, the equivalence relations
associated to them are all equal to FIN%). For I = (), the mappings min;

and max; are simply the 0 functions, i.e., 0(s)(n) = 0 for all s and n.

REMARK 3.9. 1. Sometimes we will use min;, max; as a integers, instead
of a i-vector, i.e., min;(s) will denote the unique integer n such that
min;(s)(n)=i.

2. Notice that we can extend one of the mappings f defined before for FIN
to all FIN<, by setting f(s) = f(s), if it is well defined, and f(s) = 0, if
not. For example, for a (< k)-vector s, min;(s)(n) = ¢ iff ¢ € Rang s and
n is the minimum m such that s(m) = ¢, and min,(s) = 0 otherwise; and
G?J(S) will have the same definition, provided that the mappings min;_;
and min; are well defined for s, and so on.

Proposition 3.10. Suppose that | # —1. Then,

1. ~°, - ~min;_1 N ~min;» o1, - ~max; N ~max;_1 and

N0l2 c ~miny N ~maxy -

. C ~ ~pe C ~pe .
2 012 - 912+1 and 6‘i,L - 0i,L+1

ProOOF. We show the result for 0?71. The other cases can be shown in a
similar way. For suppose that 67,(s) = 67,(t), and we work to show that
min;_1(s) = min;_1(¢). Let n be such that min; 1(¢)(n) = ¢ — 1. By
symmetricity, it suffices to show that s(n) =i — 1. So, let r be the unique
integer such that T*~C4M("g (n) = i — 1. Note that C4(t)(r) > i — 1.
There are two cases:
(a) C4(t)(r) =i — 1. Since a, is sos, there is m > n such that TF=Ca®))
ar(m) = I, and hence 67,(t)(m) = I and 6,(s)(m) = I. This implies
that Ca(s)(r) = Ca(t)(r), and hence TF=C4((Mq C 5. Hence, s(n) =
TF-Ca®Mg, (n) =i—1.
(b) Ca(t)(r) > i —1. Then, 69, is well defined for T*=4")("q,  and
00,(Th=Ca® g, C 69,(t) = 69,(t), which implies that T*=Ca(®) (g, C s,
and again we are done.’ 7

Let us show now 2. for 67. For suppose that 67(s) = 67(t), i.e.,
{n € [ming(s), maxy(s)] : s(n) =1} = {n € [ming(s), maxg(s)] : t(n) =1}.

Let n € (ming(s), max(s)) be such that s(n) = I+1. We work to show that
t(n) = 1+ 1. Let 7 be the unique integer such that T*=C4() (Mg, (n) = +1.
Then, Ca(s)(r) > 1+ 1, and since a, is a sos, TF=CaG) g1} £ (),
Moreover,

Claim. (T*=¢4()("q,)=1{1} N (ming(s), maxy(s)) # 0.



=
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Proof of Claim: Let rg,r1 be the unique integers such that a,,(ming(s))
ar, (maxg(s)) = k. Observe that ro < r < ry. There are two cases: If rg
r < 71, then we are done since (T*~C¢4()(") g, )=1{1} N [miny(s), maxy(s)]
(TF=Ca()") g, )=1{]} is non empty.

Suppose that ro = r (the case r1 = r is similar). Then, Cy(s)(r) = k,
and ming s = ming a,. So, (a,)"{l} N (ming(a,), max(s)) # 0, since a,. is
a sos, and therefore Rang a,|(minga,, maxy a,) = {0, ..., k}.

A

O

Notice now that for every m € (T*=¢a()("q )=} O (miny s, maxy, s),
t(m) = 1, since (T*~C4()(" g, )~} N (miny, s, maxy, s) C 67(t). By Propo-
sition 2.3, Ca(t)(r) = Ca(s)(r), and hence T*=C4()(" g, T ¢ which implies
that t(n) = TF=Ca(5)M g (n) = s(n) = 1. O

We split the family of mappings introduced in Definition 3.8 into natural
sub-families as follows.

Definition 3.11. Let Fpip = {miny, ..., ming}, Frax ={maxy, ..., maxy},
Fuiae =105, + i €{l,....k} l€{l,...,i—1}}, fore =0,1, and Frnia =
{0% : 1 € {1,...,k}}U{0}. Notice that the family F = FininUFmaxUFmiqo U
Foniar U Fmid is pairwise incompatible, i.e., f L g for every f #£ g € F.

For a fixed block sequence A we say that a function f: (A) — FIN<y is
staircase (in A) if it is in the lattice closure of F. An equivalence relation
~ in A is staircase (in A) iff ~ = ~; for some staircase mapping f.

Given two mappings f,g: (4) — X we say that f and g are equivalents
(in A) f = giff ~f = ~y, L.e., if f and g define the same equivalence relation
in A.

The next two propositions give some clarity to the previous definitions.

Proposition 3.12. An equivalence relation ~¢ is staircase iff there are
LC{l,... k}, .C{jel :j—1el}, (I)jes withl) <j—1 (for
e=0,1) and l,(f) such that
~f = ~minp, N n ~ o © ﬂ~92(2) ﬁ~max,1 N n ~g1 -
jedo Ml " jen
(0)y . 1)y (2)

We say that (1o, Jo, (1) jeso, 11,1, (15 ") jesss Iy ) are the values of f.
PRrOOF. This decomposition is a direct consequence of Proposition 3.10. [

Proposition 3.13. Fiz a staircase mapping f a sos A = (ap)n, and
k-vectors s and t of A.

1. Fither f = 0 or there is a unique sequence fo < f1 < --- < fn, fo #0
such that f = \/I_, fi in A.
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2. f(s) = f(t) if and only if fi(s) = fi(t) for every 0 <i < n.

f(s) = f(t) iff f(stsupp t) = f(t) and f(Hsupp s) = f(s)".

4. Suppose that sg,s1 < to,t1 are (<k)-vectors of A such that so + to,
s1 + t1 and so + t1 are k-vectors. If f(so + to) = f(s1 + t1), then
f(SO + to) = f(S() +t1).

b

PrROOF. 1. is a consequence of Proposition 3.12. 2. is clear from 1. Let us
check 3. Using 2., we may assume that f € F. There are several cases.

(a) f = min;. Suppose that min;(s) = min;(¢). Then, i € Rang sfsupp ¢,
and hence min;(s[supp t) = min; s = min; ¢ = min,(¢{fsupp s). Suppose
now that min; s < min; ¢. Then, min; s < min; ¢ < min;(¢{fsupp s). So,
min; (#fsupp s) # min; s.

(b) f = max; is shown in the same way.

(¢) f =067, Suppose that 6,(s) = 67,(t). Then, by (a), min; s = min #f
supp s, and min;¢ = min; s[supp ¢, where j = i —1or j = i. Fix n €
(min; ;(s), min;(s)) such that s(n) = I. Then, t(n) = [, and hence 69, (¢
s)(n) = I. Now suppose that G?J(t[s)(n) = [. Then, t(n) = [, and hence
s(n) =1.

Suppose that 67,(s) = 67, (tlsupp s) and 67,(t) = 67, (slsupp ¢). Then,
min;(s) = min,(¢) for j = ¢ —1,i. Fix n such that le(s)(n) = [. Then,
67, (tisupp s)(n) = I, which implies that t(n) = I.

(d) The cases of f = 92-171 and f = 07 have a similar proof that (c).

Let us check 4. Fix sg, s1,t0,t1 as in the statement, and suppose that
f(so+to) = f(s1+t1). Suppose that f = min;. If min;(sg+tp) = min,;(so),
then clearly min;(sp+tg) = min;(so+t1). If not we have that min;(so+tg) =
min;(tg), hence by our assumptions min;(s; +¢1) = min;(¢o). Since s1 < to,
it follows that min;(s; +¢;) = min;(¢;) and we are done. Suppose now that
f = max;. If max;(so + to) = max;(sp), then max;(s1 + t1) = max;(s1)
(again using now that ¢; > sg), and therefore, ¢; is a (< i)-vector. So,
max;(so +to) = max;(so+t1). If max;(sg+1t9) = max;(to), then max;(s; +
t1) = max;(t;) and we are done. Suppose now that f = 921 and suppose
that 9?,1(30 + to)(n) = H?J(sl +t1)(n) = 1. If s1(n) = I, then so(l) = [,
and hence (sg + t1)(n) = 1. If t;(n) = I, then clearly (sq +t1)(n) = 1. By
symmetry, we are done in this case. The proof for f = 9?’1 and f = 607 are
rather similar.

O

Proposition 3.14. Any staircase equivalence relation is canonical.

INotice that slsupp t is not necessarily a k-vector, but still we can apply f to it. See
Remark 3.9.
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PrOOF. By Proposition 3.13, it suffices to show the result only for f € F.
Fix f€F, set ~=~ and consider an equation p(zo, ..., Zs) ~¢(Zo, ..., Tn)
where p(zo,...,2n) = Y g_o TF"™ixg and q(zg, ..., 2n) = >y T %zy.
Set p* =pox~!and ¢* = qgox~1. So p*(d) = mg and ¢*(d) = ug for d <n
and 0 for the rest. Fix two sos A and B (B can equal to A), and suppose that
p(ag,...,a,) ~rqlag,...,a,) for some (ag,...,a,) € [A]"TU. We work
to show that p(bo,...,bn) ~q(bo,...,b,) for every (bo,...,b,) € [B]I"T1.
There are several cases to consider depending on f.

(a) f = min;. Let dy be the first d such that mg > 4, and d; be the
first d such that ug > i. Then min;(p(ag,...,a,)) = min;(T* ™0)cy,
and min;(q(ag, - . .,a,)) = min;(T* %1)a,,. Since min;(T* ™0 )ay, =
min, (T*~%41)ay,, we have that dy = d; (otherwise, agq, | ag,). Hence
mg, = g, (notice that T"a L T®a if r # s). So p and ¢ satisfy that for ev-
ery d < dy, both mg and ug are less than ¢ and mq, = uq, = %. This implies
that min; p(bo, ..., by,) = TF¥"™do by, = min; q(by, ..., b,). (b) f = max; has
a similar proof. (¢) f = 021. By Proposition 3.10, ~go  C ~min, ; N ~min,-
For ¢ = 0,1, let d. be the first d such that p*(d;) = ¢*(d;) > i —1+e.
Notice that dy < dy, and that

dy

eg,lp(a(h s >an) :921 Z Tk_mdad (7)
d=do

dy
Gglq(ao, ceeyap) :921 Z Tk uig,, (8)
Jj=do
We are going to show that for every d € [dy, d;] either my and ug4 are both
less than [ or mgq = ug. For suppose that mg > I. Then 60, T" "ay C
09,5 = 07,t. Since for T*~“a'ag L T* ™4ay for every d' # d, if follows that
Tk—mag, C T+ "iqy, which implies that ug = mg. (d) The cases f = 9:‘171
and f = 07 have a similar proof. O

Let us give now some other properties of equations for staircase equiva-
lence relations, whose proofs are left to the reader.

Proposition 3.15. Suppose that ~ is a staircase equivalence relation with

vatues Io, Jo, I, Jv, (I)jes0, (1) e, and 1.

1. Let 0 < rog <11 <79. Ifxg +TF 201 +TF "0xg ~ag + TF T0xy is
true, then r ¢ Iy.

2. If1? = —1, then the equation xo+x1+T2 ~ To+x2 15 true. Ifl,zC #* -1,
then for every 0 < 1 < l,% the equation xo + T* 'y + 2o ~x0 + T2
holds in A.
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3. Suppose that i ¢ Ip, and let j = max Iy N[1,4i]. Then the equation
TFIgg+TF gy + a0 ~TF 20 + 24 is true.

4. If Z;O) = —1, then the equation TF=U=Vgy + TF-U"Vg 4+ 29~
ka(j’l)xo + x5 s true.

5. Suppose that l;o) # =1, and let h < lgo)' Then the equation
Th=G=Dgo 4+ TFhgy + 2o ~TF0"Dgo + 29 is true.

6. Suppose that p(zo,...,xn) is a (< k)-term, and suppose that

p(ﬂ?o, BRI amn) + Tk_lanrl + Tn+43 Np(an ) 7:1,‘“) + Tk_lxn+2 + Tn+43
holds. Then p(zg,...,z) +T* 2,1 +2pio~p(T0,. -, Tn) + Tpio
also holds.

The symmetrical results are also true. 0

Definition 3.16. A staircase map (or an equivalence relation) is called a
min-relation if Iy = @), and a max-relation if Iy = (.

REMARK 3.17. 1. Notice Proposition 3.10 states that if [ # —1, then
k € Io N I;. Hence if ~ is a min-relation or a max-relation, then li =—1.
2. The equation = 4+ s~ x + ¢t is always true if ~ is a min-relation and that
s+ x~t+xis true if ~ is a max-relation.

4. THE MAIN THEOREM
The next theorem is the main result of this paper.

Theorem 4.1. For every k and every equivalence relation ~ on FIN there
is a sos B such that ~ restricted to (B) is a staircase equivalence relation.

Let us explain here how to show, using our approach with equations,
Taylor’s result about FIN. Fix an equivalence relation ~ on FIN. A di-
agonal procedure shows that we can find a block sequence A = (ay,), such
that for every n, every 4o, 41,142, i3, jo, j1, j2, j3 € {0,1} and every s,t € (A),
the equation

s+ Tioxo +TU% +T2x9 + Tisa:g ~t+ Tjoa:o +Thg + T2 + Tj3x3
is decided in A. (9)

For an arbitrary k, the analogue result is stated in Lemma 4.2. We consider
the same cases considered in original Taylor’s proof:

(a) xg~x1 holds. Then ~ is (A)? on (A): Let s,t € (A), pick u > s,t, and
hence s,t~ u.

(b) xg~x1 is false, xo + x1 ~xp 18 true, and xo + x1 ~x1 s false. Let us
check that ~ is ~yi, on (A). Fix s,¢ € (A). Suppose that s ~pi, ¢, and let
n be the minimum such that C4(s)(n) = 1. Then s = a, + ¢, t = a, + ¢/,
and using that xg+ 21 ~ xg holds, s,t ~a,. Suppose now that s _. t, and

min



CANONICAL EQUIVALENCE RELATIONS ON NETS OF PS., 19

suppose that min(s) < min(¢), and pick n as before. Then s~a,, a, < t,
and a,, ~t, a contradiction.

(c) xo~ 1 is false, xg + x1 ~xq is false, and xg + x1 ~x1 is true. Similar
proof that 2. shows that ~ is ~i, on (A).

(d) xog~xy is false, xg + 21 ~xo and g + x1 ~x1 are false, and xo + x1 +
Lo ~xo + o is true. We show that ~ is ~pin N ~max on (A). Tt is rather
easy to prove that ~pin N ~max C ~ on (A). For the converse, suppose that
max s # maxt and s ~ t. We may assume that max s < maxt. Let n be the
maximal integer m such that C4(¢)(m) = 1. Then, t = ¢'+a,,, and hence the
equation s ~t' + xg holds and hence t’ + xg + z1 ~t’ + x( also holds which
implies that xg + x1 ~xo holds, a contradiction. Notice that this proves
that if zg + x1 ~ xg is false, then ~ C ~ .. We assume that max s = maxt
but mins # mint. Suppose that mins < mint. We work to show that
sobt. Suppose again that s~t and work for a contradiction. Let ng,n
be the minimum and the maximum of the support of s in A resp., and let
mo be the minimum of the support of ¢t i A. Then s = an, + 8" + an,,
t = Gy +t' + an,. Using that the equation xg + 1 + x2 ~xo + 22 is true,
we may assume that s’ =¢ = 0. Since ng < my < n1, either the equation
To + To ~ 1 + xo is true or the equation xg + x1 ~ 1 is true. But the first
case implies that the equations xg + x3 ~x1 + 22+ 3 and xg + xr3 ~x2 + X3
hold and hence xg ~ xg + x1 holds, a contradiction.

(e) xo~x1, o+ X1 ~Tg, To + T1~2T1, To + T1 + T2 ~xo + T2 are false.
Then ~ is = on (A). For suppose that s ~t, and suppose that s # t. Since
o + w1~z is false, then maxs = maxt (see 4. above). Let n be the
maximal integer m < max s such that C4(s)(m) # Ca(t)(m), and without
loss of generality assume that C4(s)(n) = 1 and Cy4(s)(n) = 0. Then,
s=s+a,+s" and t =t + 5", with t' < a,. Therefore the equation
s" + 29 + 21 ~t" + 21 holds, which implies that s’ + xg + x1 + x9, 8 + 2o +
o ~1t"” + x5 holds, and hence the equation xg + x1 + x3 ~ g + 23 is true.
A contradiction.

For arbitrary k the proof is done by induction over k. It makes use
of several lemmas. From now we fix an equivalence relation ~ on FINy.
Our approach is the following. By the pigeonhole principle Theorem 2.4,
there is always a sos A who decides a finite class of equations. It turns out
that one of the main sort of equations we are interested in are of the form
Zo+ 8 ~ xg +t where s and ¢ are (k — 1)-vectors (and the corresponding
symmetric definition). The reason is that if they are decided, then we can
define naturally the (k — 1)-equivalence relation

s~ tiff zg+ s ~ xg+t holds,

and then use inductive hypothesis to detect ~; as a (k—1)-staircase equiva-
lence relation. Few more equations decided in A will force ~ to be staircase.
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Lemma 4.2. There is some sos A = (an)n such that for every 5-tuples
i,je {0,...,k}°, and every (<k)-vectors s and t of B, the k-equation

4 4
s+ Z TWg ~t + ZTN)Q:[ 1is decided in A.
=0 =0
PROOF. Suppose defined 6,, = (ag, . ..,ay,), A, = (az(-”))i such that
1. 0, < A,. ) .
2. The equations s + Z?:o T gy ~t + Z?:o TiW g, are decided in 4,
for every (<k)-vectors s,t of 6,, and every ije {0,...,k}>.
3. Gpi1 = aén) and Apy 1 € [(agn))izl].
Let us show that A = (a,,), works: Fix a equation F, s+ Z?:o Tz(l)xl ~t+
Z?:o 77 gy, and let n be the minimum such that s,t are (< k)-vectors of
0,. Then FE is decided in A,,, which implies that it is also decided in A.
This is the construction of the sequences: For suppose defined 6,, < A,, =
(a("))i. Let ani1 = aén), and 0,11 = 0, ~(ap4+1). Let {Eo,..., E,_1} be the

K3
(finite) list of all k-equations of the form s+ 31 T Vg ~t+ 31 Ti0 g,
where s and t are (< k)-vectors in (fn41)<k and 4,5 € {0,...,k}%. Let
Az [(@™)i51]5 — {0, 1} be the finite coloring defined for j € {0, ..., u—1}
by Alco,. .. cs)(j) = 0iff E; is true in (a!™);>1. By Lemma 2.5, there is
Api1 € [(agn))izl]‘x’ such that A is constant on [A,,11]°, which is equivalent
to that all the equations considered above are decided in A, 1. O

4.1. Proof of Theorem 4.1. The proof is by induction over k. Suppose
that Theorem 4.1 holds for k — 1.

Lemma 4.3. There are some sos A and some staircase equivalence relations
~o and ~1 on {A)g_1, such that for every s,t € (A)g_1,

s+ xog~t+ x0 is true in A if and only if s~ot, and (10)
To+ s~z +t is true in A if and only if s~ t. (11)

Moreover, ~¢ and ~1 satisfy that for two (k — 1)-vectors s and t of A,
s~qot iff the (k — 1)-equation s + x ~gt + x holds in A, and (12)
s~y t iff the (k — 1)-equation x + s ~gx +t holds in A. (13)
PROOF. Let B = (by,), be a sos satisfying Lemma 4.2. Then for (k — 1)-

vectors s and t of B the (k — 1)-equations s + zg ~t + xo are decided in B.
Define the equivalence relation on (B);_1 by

s~ tiff s+ xg~t+ 2o holds in B.
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It is not difficult to show that ~’ is an equivalence relation. By inductive
hypothesis there is some (k — 1)-block sequence B’ = (b),),, € [(Thy),]>!
and some canonical equivalence relation ~g such that ~’ coincides with ~q
on B’ (since all staircase equivalence relations are canonical). The k-block
sequence A = (Sb),),>1 satisfies what we want for ~.

We show now (11). Suppose that s ~¢t. Then the k-equation s+x¢ ~t+
ro holds. Since the equation s+ Txg+ x1~t+ Txg + x1 is decided, it
must be true. So, for every k-vector b > s, it follows that s+ Tb~qt+ T,
which is equivalent to say that the (k — 1)-equation

s+ g ~ot+ zo holds in A. (14)

Suppose now (14). Fix a (k—1)-vector u > s,t. Then s+u ~q t+wu, which is
equivalent by definition to that the k-equation s + u + xog ~t + u + 2o holds.
Hence s + x¢ ~t + x¢ holds, which by definition is equivalent to that s ~q t.
Let us prove the corresponding result for ~q: Fix two (k — 1)-vectors
s,t. If s~ t, then xo + s~z +t. Given a (k — 1)-vector u < s,t, choose
a k-vector a < w in {(Sb),)n>0). Then, a + v+ s~a + u + t which implies
that w4+ s~1 u+t, i.e., the (k —1)-equation xg+ s ~1 zo + ¢ holds. Suppose
now that the (k — 1)-equation zg + s~1 g + ¢t holds. Pick (k — 1)-vector
u < s,t. Then, the k-equation xg +u + s~ xg+ u + ¢t holds, and hence also

Zo + s~xo + ¢t holds (since this equation is decided).
O

Roughly speaking, (12) and (13) are telling that the (k — 1)-relation ~q
does not depend on the part of a (k — 1)-vector before ming_; and that ~1
does not depend on the part of a (k — 1)-vector after maxy_;. We precise
the form of the staircase relations ~g and ~q for which we introduce the
following useful notation.

Definition 4.4. For [ < k, let maxﬁ€ : FIN; — FINy be defined by
(max} s)(n) = s(n) iff n < maxy(s), and s(n) > [, and 0 otherwise. No-

tice that max} is = to the staircase function with values I = {I,...,k},

Jo = {l+1,...,k}, for every j € Jy, l;o) = I, l,(f) =land I = {k}.
Symmetrically, we can define min}, by min}(n) = s(n) iff n > miny, s and

s(n) > 1.

The following Lemma detects which kind of staircase equivalence rela-
tions of FIN, are ~g and ~1.

Proposition 4.5. A staircase relation ~ (on a fized sos A of k-vectors)
satisfies that s~t iff x + s~x 4+t holds (in A) for every k-vectors s,t, if
and only if either ~ is a max-relation or there is some max-relation ~' and
some l € {1,...,k} such that ~ = ~' Nmax,.

The symmetrical result for s + x ~t+ x is also true.
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PRrROOF. Fix a staircase relation ~ with values I, J;, (l;e))je]s (e=0,1)and

l,(f) such that for every k-vectors s,t, s~t iff x + s~ax + t holds. Suppose

that Iy # (), since otherwise ~ is a max-relation. Let [ = minly. We
work to show that In = {l,l+1,...,k}, Jo = {{ +1,...,k}, for every
7 € Jo, lj(»o) =1, l,(f) =1 and k € I;. First we show that l,(f) # —1. If
not, the equation xy + 1 + o ~x9 + x2 is true and hence the equation
21 + Tg ~ xg is true, which implies that | ¢ Iy, a contradiction. If l,(f) > [,
then the equation xg+T* !21 + 29 ~ 20+ 22 is true and hence the equation
Tk=lgq + xo ~ x5 is true, which implies again that [ ¢ Iy. If l,(f) < [, then
the equation Tk’l(kz):co + x1 ~ 1 holds and hence the equation

o + kal,(f)xl + x5 ~x0 + x2 holds, (15)
which is contradictory with the definition of l,(f).

We show now that Iy = {I,...,k}. Tt is clear that Iy C {l,...,k} since [
is the minimum of Iy. Now we work to show that {l,...,k} C Iy. Suppose
not, and set

j=min{l,..., k}\ Io.
Then the equation T* 7 1gg + T* Tz + zo ~T* 7 1z + x4 is true and
hence the equation g + TF 7 1oy + T* Txo + 23~ 29 + TF 7 1y + 25 is
true, which implies that also the equation zg+T* 71 4+ 29 ~ 29 + 2 holds.
This is contradictory with the fact that j > [ and that ~ C ~p?- Notice
that In = {I,...,k} implies that J; = {l +1,... ,k}.

We show that Z§O) = [ for all j > [+ 1. Suppose that lJ(.O) = —1. This
implies that the equation TF~U—Dgq + TF-GDgy 4 2o ~TF0"Dg 4 29
holds. Again by adding one variable at the beginning of both terms and
using that j — 1 > | we can arrive to a contradiction with the fact that
l,(f) = [. Suppose now that l;o) < I. Then the equation Tk*l.(jO)xO + a1~

is true, and adding a variable we arrive to a contradiction. Suppose that
lj(-o) > [, then the equation
TF=U"Dgo + TF gy 4+ 2o ~ T 0Dy + 24 is true, (16)

which derives to a contradiction in the same way than before. It is not
difficult to check that the converse and the symmetric situation for min are
also true. (]

(12) and (13) and Proposition 4.5 show the following property of ~
and ~q

Corollary 4.6. The relation ~q is either a min-relation or there is some
I <k —1 and some min-relation R such that ~o = RN mink_, and ~1 is
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either a max-relation or there is somel < k — 1 and some max-relation R
such that ~1 = RN maxfcfl. O

Recall that ~g and ~1 are both staircase equivalence relation of FIN_1.
We give now the proper interpretation of both as k-relations. Suppose that
k > 1. We know that either ~; is a max-relation, or ~; = maxfc_1 NR, with
R a max-relation. Let

r o~ if ~7 is a max-relation
1= { e}wﬁR if Ip # 0.

Notice that in the second case we have that max; C~}. We do the same

for ~q: It is either a min-relation or ~g = RN mingﬁl. Let

r ] ~o if ~q is a min-relation
07 RN6Y, if L #0.

In this second case we have that minj, C~j. For k = 1, let ~f = ~} = FIN7.
We are going to show later on that ~ C ~{N~/. The next proposition
tells that the extensions ~. of ~. have similar properties, for € = 0, 1.

Proposition 4.7. Let s and t be (k — 1)-vectors. Then
1. s+a~(t+x holds iff s~ot iff s+ x~t+ x holds.
2. x+ s~y x+t holds iff s~1t iff x + s~z +t holds.
3. s+ xo+ 1 ~ t+ o+ X2 holds iff s~qt.
4. zo+ a2+ 8~ 21 + 20+t holds iff s~ t.

@ is (0}, V maxy, Vmaxy_1)(a+ s)
Q) smdiats)

X

maxg(a) max|(a) ming_q(s) maxy_1(s)

min; (s) miny(s)

FIGURE 3. The relation between ~; and ~
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PROOF. We show the result for ~1; for ~q the proof is similar. If ~ is a max
relation, then there is nothing to prove. Suppose that ~; = max§€71 NR,

for some I < k — 1, where R is a max relation. So, ~| = 9,212 N R and we
only have to show that

smax’,_,t iff the equation z + s Hl(cll)x + ¢t holds, (17)
which is rather easy to check (see Figure 3). O

Definition 4.8. Let D = (d,), be a k-block sequence and a k-vector
s =3 ,5,TF Mg, of D, and let ng = no(s) and n; = ni(s) be
respectively the minimal and the maximal elements of the set of integers n
such that Cp(s)(n) = k. We define the first part of s in D as the (<k—1)-
vector fps =3, . TF=Cp()Md,,  the middle part of s in D as the (<k)-
vector mps = Zne(no’nl)T’“_CD(s)(”)dn and the last part of s in D, as
the (< k — 1)-vector Ips = 3., ., Tk=Cp()(M) . Notice the following
decomposition s = fps + b,, + mps +b,, +Ips.

Roughly speaking, fps is the part of s before the occurrence of miny s,
mps is the part of s between miny s and maxy s, and [ps is the part of s
after maxy s. All these definitions are local, depending on a fixed sos D.

Let A = (ay), satisfying both Lemmas 4.2 and 4.3, and let B = (b,),
be defined for every n by b, = Tas, + asnt1 + Tasn+2. The main reason
for the definition of B is to guarantee that for every k-vector s of B, fas
and [y s are exactly (k— 1)-vectors. We need this because ~. (¢ =0, 1) give
information only about (k — 1)-vectors.

From now on we work in B, unless we say explicitly the contrary. The
following Proposition tells that in B many equations are decided.

Proposition 4.9. Let p(z1,...,2,-1) and q(z1,...,25—1) be (< k —1)-
terms. Then,
1. The equation xg + p(x1,...,Tpn_1)~xo + q(1,...,Tpn_1) is decided

in B.

2. The equation xo+p(x1,. .., Tn-1)~x0+q(21,...,Tn_1) holds in B if
and only if the equation xo+ p(x1,...,Tn-1)~1 20+ q(x1,. .., Tn1)
holds in B.

The symmetrical results for ~{ are also true.

PRrROOF. Fix two (<k — 1)-terms p = p(z1,...,Zn-1), ¢ = q(T1,...,Tp_1).
1. Fix a finite block sequence (cg,...,c,—1) in B. Suppose that c¢o +
plery..oyeno1)~co + gler, ... en—1). By definition of B, ¢y = ¢ + ¢f,
where ¢ is a k-vector of A and ¢ is a (k — 1)-vector of A. Hence,

ey +plcr, .y en_1)~1cy +qlcry ... cn1). (18)
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Since the relation ~ is (k — 1)-canonical in A, the (k — 1)-equation
2o+ p(x1,...,Tp—1)~1 2o+ q(x1,...,2p_1) is true in A. (19)

Fix (do,...,dn—1) in B, and set dg = d{, + dfj. Then,

d/0/+p(d1a'-~7dn—l)N1 d/0/+q(d17"'7dn—1)7 (20)
and hence, the equation
To +p(d1, e 7dn—1) ~Zo+ q(dl, ey dn—l) holds in A, (21)

which implies that do + p(dy,...,dn_1)~1do + q(d1,...,dn_1), as desired.
2. Suppose that g + p(x1,...,2n-1)~z0 + ¢(z0,...,Tn_1) holds in B.
Then for a given block sequence (cg, ¢1,...,¢,—1) in B, the equation

xo+Teo+pler, ... cn_1)~x0+Tco+q(c1,...,cn—1) holds in B. (22)
By Proposition 4.7, (22) implies that
2o+ Teo +plct, .-y en_1)~y 20+ Teco + q(c1, ..., ¢n1) holds in B. (23)

Since ~} is canonical, the equation

xo +Tx1 + p(x2, ... 20) ~ 1o + Ty + q(72,. .., 2,) holds in B.  (24)
)

This implies that the equation zg + p(z1,...,ZTn—1)~] o+ q(x1,. .., Tp_1
holds in B, as desired. O
<

Proposition 4.10. For suppose that a,b are k-vectors of B, s,t are
(k — 1)-vectors of B such that a < s, b<t and a + s~} b+t.
1. Ifa,b < s,t, thena+s~a—+t.
2. Iflya =1pb =0, and maxy(a) > maxy(b), then b+ s~b+1t.
!/
0

The corresponding symmetrical results for ~{, are also true.

PROOF. Let us check 1. By Point 4. of Proposition 3.13, we have that
a+ s~} a+t. By construction of B, a = a’ + a” where d’ is a k-vector and
a’ is a (k — 1)-vector, both of A. But since the relation is ~/ is staircase,
it is canonical, and hence the k-equation

zo+a” + s~ o+ a” + ¢ holds in A. (25)

It follows from Proposition 4.9 that a’’ +s ~1 a” +t, and hence, by definition
of ~1, the k-equation

2o +a’ + s~z +a” +t holds in A. (26)

Replacing in (26) g by a’, we obtain that a + s~a +¢.
2. Since lpya = Ixb = 0, we have that a+s = a’'+ay,+s and b+t = V' +a,, +t.
Since maxy(a) > maxy(b), it follows that ng > mg. This together with the
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fact that a 4+ s~} b+t implies that max, ¢ ~/ and hence, by definition, ~/
has to be max-relation. Set ¢ = max I;(~}) < k. Then the equation

p(zo,- .., T) + Tkii/x,»_s_l ~q(xe, .. o) + Tkii/xr_s_l is true, (27)
for every terms p and ¢, and every i’ > i. Now set
t=t +T"a,, +t".
Notice that ¢ is a i-vector, and s is a ¢’-vector for some i’ > i. By (27),
a+s=a'+an,+s~1 b +am, +t'+Tk7janO +5~ 0 +am,+s=b+s. (28)

Hence, b+t ~{ b+ s, and since b < s,¢, 1. implies that b+ s~b +¢.
O

The following result detects the staircase equivalence relation that will
be equal to ~ on B in terms of which equations hold or not in B. This will
end up the proof of Theorem 4.1.

Theorem 4.11.
1. Suppose that xg + T~V + xo ~ g + 29 is true, and
wo + T oy + 29 ~ 30 + 29 is false. Then ~ = ~|, N~ N~y
2. Suppose that xo + 1 + x9 ~x9 + T2 1S true.
(a) If Txo + o1 + 29 ~Txo + 22 and xg + 21 + Txo ~xo + Tao are
both false, then ~ = ~{ Nming N maxy N~].
(b) If Txog+x1+x0 ~Txo+ T2 i8 true, and xo+x1+Txo ~x0+T T2
is false, then ~ = ~{Nmaxy N~
(¢) If Txog+x1+a9 ~Tag+xs is false, and xo+x1+Txo ~x0+T 2o
is true, then ~ =~ Nming N~.
(d) If Txo + o1 + 2o ~Tao + x2 and xg + 1 + Taxo ~ 29 + Tao are
both true, then ~ = ~{N~.

The proof is done in various steps. 1. is in Corollary 4.20, and 2.a., 2.b,
2.c and 2.d in Corollary 4.25, and Lemmas 4.21, 4.23 and 4.26 respectively.
We start with the following proposition that gives one of the inclusions.

Proposition 4.12.

1. If the equation Txg + x1 + o ~Txo + T2 is true, then
~pNmax, N~y C ~.

2. If the equation xo + 1 + Txo ~xo + Txo is true, then
~p Nming N~y C ~.

3. If the equation xo + T~ ("D 4+ o ~xo + xo is true, then
~0 N~p2 N~y C~, for every I < k,

4. If the equation xg + x1 + T2 ~ o + To is true, then
~p Nming Nmaxg N~) C ~.
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5. If the equations Txo+x1+x3 ~Txo+T2 and xo+x1+Txo ~T0+T 22
are both true, then ~{N~} C ~.

PROOF. 1. Suppose that the equation Txg+x1+x9 ~Txg+2x2 holds. Then,
Txg+ Txy + 22 + x3~Tx0 + x3 holds, and also the equation Txg + Tx1 +
r9 + x3~Tx9 + x3~Tx0+ T2 + 23 holds. This implies that the equation

Txg+ Tx1 + 20 ~Tx0 + 9 1S true. (29)

Hence the relation ~¢ is a min-relation and which implies that ~{ so is
a min-relation. Set R = ~{Nmax; N~} and suppose that sRt. Then
maxj § = maxy t. Let n be such that maxy s = max, = maxy b,,. Therefore,
s=¢+aspt1 + 8" and t =t + azp1 + 7. It is not difficult to show that
the equation

TIZ?O + 21+ X2 RTIO + X2 holds. (30)

So, we may assume that s’ and ' are (k — 1)-vectors of A. Since s~ t,
we have that s’ + asp41 + 8"~ + agny1 + 7. Since s~ t, we have that
s+ agnt1 + '~ t' + agpe1 + ¢, and hence s’ ~gt’, which implies that
s+ x~t + x is true. In particular s’ + agny1 +t" ~t' + aspy1 +t7, ie.,
s~t.

Proofs of 2., 3. and 4. are rather similar. Let us check point 5. Fix
§ = fas 4 any + MaS + an, + a8, t = fat + am, + mat + ap,, + lat such
that sRt, where R = ~({N~. If mg = ng, then sR N miny ¢, and hence we
are done by 2. So, suppose that ng < mg. Since ~j is a min-relation and
~/ is a max-relation, the equations Tzo + x1 + 29 RTxo + x2 and zo + 21 +
TxoRxo+Txzo are true. Therefore, sRfas+an, +1as and tRfat + apm, +Iat.
Since s~ fas+ ap, +las and t ~ fat + ap, + lat the proof will finish if we
show that

SAS + Gy + las~ fat + am, + lat. (31)
Since $pS+ ang +1as ~{ fat+am, +lat and sps+an, +1as ~) fat+am, +1at,
by the last point of Proposition 4.10 (for both ~{ and ~), we have that
SAS + amg + lat ~ fat + am, + ot and sgs + ap, + las~ fas + an, + l4t.
(32)
But sps 4+ am, + lat ~ fas + an, + lat, and we are done.
O

To show the other inclusions on Theorem 4.11 we need a new definition.

Definition 4.13. Suppose that ~ is a max-relation with values I, =
0,1y, J1 and (I");es,. For any i < k — 1, define [;(i) = I, N [0,d],
J1(¢) = J1 N [0,4], and let ~(i) be the staircase equivalence relation on
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FIN}, with values I, (i), J1(i), and (1$"))c s, ;). Notice that

~(i) ifi+1¢ 1
N(’L+1): maXi+1ﬂN(’i) 1fZ+1€Il andi¢]1
max;41 N ~(Z) N 97;14_1 o) if 4 +1e€ J1,

Wit

and that ~ = ~(k). Notice that every ~(¢) is also a staircase equivalence
relations on sos of FIN;.

Roughly speaking, ~ (i) is the staircase equivalence relation with values
the ones from ~ who are smaller than 7.

REMARK 4.14. Observe that for a given ¢ < k — 1, s~(i)t iff the equation
with variable

x + sl[max;(s), maxy (s)] ~(i)x + ¢ [max;(s), max; (s)] holds. (33)

Proposition 4.15. Fiz j' < j < j”, and suppose that s is a j'-vector, t is
a (< j)-vector, and a is a j"-vector such that a + s ~(§)T'a +t for some
1>0. Then, ~(j) = ~(j'), and hence s" ~(j)t".

PROOF. Set s’ = a+s and t' = T'a+t, and suppose that s’ ~(j)t’. We are
going to show that I5(j) = I2(j’), which will imply that ~(j) = ~(j'), as
desired. We know that s'[[max;(s’), max;(s’)] ~(j)t'[[max;(s"), max;(s’)].
Notice that for every r € [j,7'), max,(s’) = max,(a), hence max,(s') #
max, () , since a and T'a have nothing in common except 0’s. This implies
that I5(j) C [§/,1] and hence I5(j) = Ix(j').

O

Lemma 4.16. ~ C ~/(j), for every j < k. In particular, ~ C ~.

PROOF. The proof is by induction over j. Notice that if k = 1, then ~} =
FIN% and hence there is nothing to prove. Suppose that & > 1. Let I, J;
and (lj(.l))jejl be the values of ~/.

j = 1: Suppose that 1 € I} (otherwise nothing to prove), i.e., ~|(1) =
~max, - Suppose that s~t but max;(s) < max;(t), and let n and i be the
unique integers such that

max; 7% *a, = max;t and t = t' + TF a,,. (34)

So, s = ' + T* a,, for some i/ < i and some k-vector s’. The fact that
s ~ t implies that the equation s’ 4+ T% % zy ~t' +T* iz holds in B, which
implies that the equation s’ + TF~% (zq 4+ T% 1) ~t/ + T (2o + TV 1) is
true. Therefore

s+ T g+ ~t' + TFigg + TF 2, holds, (35)
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(35) implies that the equation
4 T g ~t! + TF g + TF 7 2y s true, (36)
and hence, also
zo + TF " 41 ~ 2 is true in B. (37)
But since j — i + ¢’ < k, we have that
xo+Tx1~x0+ T + Tk7i+i/9:2 is true, (38)
and by Proposition 4.9, we have that
20 + Ty~ 20 + Ty + TF 7 25 holds, (39)

which is contradictory with the fact that 1 € I.

j~j+ 1. Suppose now that we have shown that ~ C ~/(j) and let us
prove that ~ C ~/(j+ 1). There are two cases:

(a) j ¢ I: Suppose that j 4+ 1 € I; (otherwise, nothing to prove), and set

B =maxI; N[0, j]. (40)

We notice that 5 can be 0. By definition of ~}, we know that if j +1 =k
belongs to I, then j = k—1 also belongs to I;. So, j+1 < k. We only need
to show that ~ C max;;i: Suppose that s~¢, and max;; s < max;q1¢;
set s =5 +TFla, +s" t=t' + TFVa, +t", with { <I', ' > j+1, and
(< (4 + 1))-vectors s” and ¢’. Observe that in the previous decomposition
of s, s’ needs to be a k-vector. By inductive hypothesis,

S/ 4 Tk—lan + S// Nll (j)t/ 4 Tk;fl’an + t”. (41)
Since ~/ is a staircase equivalence relation, 4. of Proposition 3.13 gives that
s+ T a, + 5"~ (5)s' + T a, +t" (" can be 0), (42)

which implies that s’ + T%"la, + s” ~} s + T* !a, +t’, and hence, by
Proposition 4.10, s’ + T*a,, 4+ s" ~s' + T*"la, + t". Resuming, we have
that

'+ TFlay +t7 ~t/ + TF a4, (43)
and hence, the equation
s+ T gy + TF gy ~t! + T Vg + TF 21 holds, (44)

where j > a > [ is such that ¢” € FIN,. Notice that since j ¢ I;, and
j>a>pf=maxI;NI0,...,7], the equation

zo + T "y + TF %y ~) 2o + TF 2y is true, (45)
for all » < j. Hence,
2o+ TF "oy + TF %ag ~z0 + TF 24 is true. (46)
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There are two cases: If [ < j, then

s T g~ s + TF gy + TF gy ot + TF V) + TF 2y is true,
(47)
and hence,

o + TF Vo + TF Vg + T g ~ag + T2 + TF= %25 is true, (48)
which implies that

zo + TF Ut ) + TF %20 ~ 20 + T %25 holds. (49)
By Proposition 4.9,
2o+ TF- Ut g, 4 Thg, ~ o+ T*=24 holds, (50)

which is a contradiction with the fact that j +1 € I;. Suppose now that
j+1<1<1. Then, the equation
s+ T Yo+ T 2y) + TF “ay ~s' + T lag + Ty holds,  (51)
and hence,
¢ TV g+ TR0 Dy Tr=ogy o' 4 TF Vo 4+ T 224 holds,
(52)
which implies that
zo + T O D g 4 TFp0 2o + TF 2y holds. (53)

Notice that i — ¢ > 0, and hence, (53) is contradictory with the fact that
jt+1lel.
(b) j € I;. Suppose that j + 1 € I; (otherwise, nothing to prove). Then
~1(7+1) = ~1(j) ﬁGﬁr)Ll Nmax;11, where | = lj('i)r Suppose that s ~t. By
inductive hypothesis, s~ (j)t, and in particular max;(s) = max;(t). Let
mo = max{max;15, max;1t}. First we show that

(81 [mo, max; (s)]) 7 (1) = (#[mo, max;(s)]) = (1) (54)
(i.e., for all n € [mg, max;(s)], s(n) =l iff ¢(n) = 1). For suppose not, and
let
my = max{m € [mg, max;(s)| : (s(m)=1or t(m) =1) and s(m) # t(m)}.
Suppose that s(mq) = I, and that t(m1) # 0. Let n; be the unique n
such that TF=C("q, (m;) = s(my) = I, and let h = Cg(n1) > I. So,
W =Cg(n)#h s=s+T"a, +s" andt =t +TF"a, +1’ with
s”,t" both j-vectors. By definition of m1, the equation

x+ 8" ~1(j+ 1)z +t” holds, (55)

and hence, also both

45"~z +t" and x + " ~z +t" hold. (56)
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So, ' +TF "a, +s" ~t" +TF " a, + 5" and hence, the equation
s+ T oy + T gy ~t! + T 29 + T I 2y holds. (57)

There are two cases: Suppose first that A > h’. Since xzg + TF "z +
Tk=Ixy ~h 2o+ T* 2y is true, the equation zg +TF "2y + TF I xy ~ g +
Tk=J x4 holds for every r < I. Since | + h' —h < I,

s TF gy + TF ey + TF Ty ~ 8" + TF (g + T ) + TF T2y ~
Ntl + Tk—h’ (.’L'O + Th_lxl) + Tk_jxg ~ t/ 4 Tk_h/$0 + Tk—(l+h’_h)x1+
TRyt + T gy + TF Iy ~ 8’ + TF P2y + T 925 hold. (58)

Notice that we have used that A > [, and so Th=! makes sense. Summariz-
ing, the equation
s+ T hgy + TF ey + TF T ag~ s’ + TF gy 4 TF 25 holds,  (59)
and hence, the equation
zo+ T oy + TF 2y~ g + T 25 holds, (60)

which is a contradiction with the fact that ~} C 971-+17l. Suppose now that
h < h'. Then b’ > [, and repeating the previous argument used for the case
h > h'/, we conclude that the equation

t'+ Tk_h/xo +TF by + TP Ty~ t + Tk_hlgco + T* 24 holds, (61)
and hence,
zo 4+ T oy + T Ty ~) 29 + TH 725 holds, (62)

which is a contradiction.

The proof will be finished if we show that max;;; s = max;; ¢: If not,
w.l.o.g. we may assume that max;;;s > max;yit. Let n; be such that
max;_js=max;_1(T*~"b,,), where h = Cg(ny) > j + 1. Then, s = s’ +
TFha, +s" t=1t —l—Tk_h/an1 +t"”, where h’ < h and s”,t" are j-vectors.
From (54), it follows that

zo + 8"~ (5 + 1)zo + " holds, (63)

and hence,
S+ TPyt ~t! + T a4+t (64)
This implies that the equation

S+ TF gy +TF Iz, ~t + Tk_h/xo + TF Iz is true. (65)
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Using a similar argument than above, we arrive to that the equation

s+ Tk_h(aco + T )+ TF gy ~t + Tk=H (o + Th_lxl)—i—
+ T I 2y is true, (66)
and hence,
§ LT gy + TF oy + TF Ty ~t! 4 TR gy - TR—UR =h)p o
+T* gy mt! + TF M 2o + TF Iy ~ 8" + T P2y + TF 25 holds, (67)
which is again a contradiction, since it implies that

o + Tkill’l —+ Tkijl’g Nll To + Tkijl’g hOldS. (68)

Proposition 4.17. Suppose that a,b are k-vectors of B, s,t are (< (k—1))-
vectors of B such that a < s and b < t, and suppose that a + s~b+t.

1. Ifa<tandb<s, thena+s~a-+t and hencea+t~b-+t.
2. Ifa < t and maxy, a < maxy b, then a+s~ a+t and hence a+t ~ b+t.

PROOF. 1. is a consequence of Proposition 4.10(1) and Lemma 4.16. Let
us prove 2. For suppose that a,b,s,t are as in the statement. By Lemma
4.16, a+s ~} b+t. Since maxy(a+s) < maxy(b+t), we have that ~j=r~1,
where ~ is a max-relation of FIN;_;. This implies that s ~1 ¢, from which
easily follows the desired result. |

Lemma 4.18. If the equation g + x1 + Txo~xzg + Txo is false, then
~ C maxy.

PROOF. Suppose that s ~¢ but maxys > maxyt. Set

S =faS+ Gny +MaS + an, +1as
t =fat + am, + mat + am, + lat,

where n; > my. Set Iyt =t' + T* %a,, +t", where t' < T""a,,, < t", and
i < k. By Proposition 4.17

fatdame +mat+am, +t'+Tk7ian1 +lpas~ fas+an, +mas+an, +las, (69)
and therefore, the equation

fat + Qmg +mat 4 ap, + 1t + T 0o + Ty ~ fas+
+ Gpy + mas + xg + Tx1holds.  (70)
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Since ~C~ and ~) is a canonical relation, the ~}-equation

fat + amg +mat + am, +t' + T wg + Tay ~ fas+
+ an, + mas+ xo + Tx1holds.  (71)
Since ~ is a staircase relation, the truth of the last equation implies that
k ¢ I;(~}), and hence ~/ is a max-relation with max(I;(~})) at most k—1.
Therefore,
fat 4 @mg + mat + am, +t' + T g + Ty ~)
~ fat + amg + mat + @, + '+ Ty is true,  (72)
which implies that
fat + @y +mat + am, +t' + T xg + Tay ~
~ fat + amy + mat + @y, + '+ Taqis true.  (73)
Hence, the equation
fattamg+mat+am,, +t' +Tx1 ~) ~) fas+an, +mas+zo+Txy holds, (74)
from which we conclude that
To + 21 + TTo ~x09 + Too is true, (75)
a contradiction. O

Lemma 4.19. Suppose that xg + TE=U=Dg) + 2o ~xo + 2o is true but
2o + TF ey + 29 ~x0 + 22 is false. Then ~ C ~p2- In particular, ~ C
ming N maxy,.

PRrROOF. Fix [ as in the statement. Since we assume that the equation

o + Tkill’l —+ Tg ~ X + i) iS false, (76)
by Proposition 3.4(1,2), we know that
zo +x1 + Txo ~x0 + To is false. (77)

So, by Lemma 4.18, we obtain that ~ C maxy. Suppose that s ~ ¢t. Take
the decomposition

s =fBs+bn, + mps+ bp, + s
t =fpt + bn, + mpt + by, + s,
where we implicitly assume that lgs = Ipt, since s ~} t. Observe that
showing that sf?t is the same that proving that
for all n € [min{ng, n1}, m|, either Cp(s)(n), Cp(t)(n) <1,
or Cg(s)(n) = Cy(t)(n). (78)
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Assume on the contrary that (78) is false, and let a be the last n €
[min{ng, ny}, m] for which

max{Cg(s)(n),Cg(t)(n)} > 1 and Cg(s)(n) # Cg(t)(n). (79)

Set lp = Cp(s)(a), and I} = Cp(s)(a). Notice that o < m. Without loss of
generality, we assume that {; < Iy (the other case has a similar proof). Set

S =3 rhCa()my,

na

o Z Th=Ca(®m)yp,

n<a

Using this notation, we have that the equation
s+ TF gy + 2y ~t' + TF Mgy + 21 holds. (80)

There are two cases:

no < nq. We first show that in this case s’ +T% "0z is a k-term. If ng = nq,
then a > ng, and hence s’ is a k-vector. Suppose that ng < ny. If a > ng,
then s’ is a k-term. If o = ng, then Iy = k, and clearly s’ +T* *zq = s' 4+
is a k-term. We consider two subcases:

(a)ly <1 <ly. Then, by our assumption that 2o+ TF D g 429 ~ zo+20
holds, we have that

s+ T gy + T gy + 29 ~ s + TF 20 + 29 holds. (81)
By (80),

ST Yogg+TF gy oy~ +TF g+ TF Mgy + 29 ~
~ s+ TF gy 4 T oz + 25 holds, (82)
which implies that the equation
s+ T gy + T g + 29 ~ s + TF 20 + 29 holds. (83)

This is contradictory with the fact that I > [.
(b) 1 <l <lg. Then,

s+ Th gy + TF (T gy 4+ 29 ~ 8" + TF 020 + 25 holds,  (84)
and by (80),
s’ + Tk_lol‘o + T‘k_l1 (Tlo_l)Il + 1o ~ t + Tk_llxo-i-
L kb (Tlo_l)asl + 29~ s +TF gg 4+ TF 2y + 25 holds. (85)

Again, this derives into a contradiction.
n1 < ng. It can be shown that ¢’ + TF 1z is a k-term. We consider the
same two subcases as above:
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(CL) lh<l< lo. Then

t 4+ T gy + TNy + 29 ~ 8" + T Mgy + 25 holds, (86)
and hence,
s+ Tkiloxo + Tk7l0I1 + a9 ~5 + Tkiloxo + x5 holds, (87)

which, by (80), implies that
VT g+ TF gy + 29 ~ ' + TP 2y + 25 holds, (88)
a contradiction, since [y > I.
(CL) [ <L < lo. Then
t/ + Tk_lll‘o + T'k_l1 (Tlo_l).ifl + o ~ t/ + Tk_lll‘o + xo holds. (89)
Using that
t+TrF gy + Tk_ll(Tlo_l)xl dao~s +TF gy + Ty + 29 ~
~t TR0y + T2 + 25 holds,  (90)
we arrive to a contradiction.

O

Corollary 4.20. Suppose that xo + TF= "Dy 4+ xg ~ a0 + 22 is true, but
xo+TF oy + 29 ~ 20 + 29 is false. Then, ~ = ~4N ~pz2 N ~.

PrOOF. By Proposition 4.12, ~ N ~g2 N~} C ~. We only need to show
that ~ C ~{. For suppose that s~ ¢, and use the decomposition

s =faS+ Gny + MAS + amy + 1aS
t =fat + Qp, +Mal + Qpyy + [at.

Since maxy s = maxyt, we have that mg = mj, and since s ~| ¢, by

Proposition 4.7(4), we may assume that [ s ~1 [y¢. By Lemma 4.19, s ~g1 ¢,
and using that the equations xg +TFIgy 429 ~ xg+x9 are true for all j <[,
we may also assume that ng = ny and mys = mut. Therefore, the equation
fas + xo~ fat + xo holds. By definition of ~g, we have that fas ~qg fat,
and by Proposition 4.7(3), s ~ t, as desired. O

Lemma 4.21. Suppose that Txg + x1 + 2o ~Txo + 29 is true, and xg +
21 + Txg ~x0 + Ty is false. Then, ~ = ~jNmaxy N~.

PRrROOF. We only need to show that ~ C ~{. For suppose that s~t. We
may assume the following decompositions of s and ¢

s =fas+ any +MaAS + am + 148
t =fat + an, + mat + am + las.
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Notice that, since T'zg + x1 + x2 ~ Txg + xo is true, we have that zg + z1 +
T9 ~xg + o is true. Hence, we may assume that mys = muat = 0. Notice
also that, since

Txog + x1 + T3 ~Txg + T2 is true, (91)
and since fis and fat are (k — 1)-vectors (this is why we use the decompo-
sitions of vectors of B in A), we have that

s~ fas+ an, +1las and t ~ fat 4+ an, + las. (92)
This implies that fas ~o fat, and, by Proposition 4.7(1,3),

8~ fas+ any +1as ~( fat + an, + Iat ~ ¢, (93)
as desired. (]

Proposition 4.22. Suppose that xg+x1+Txe ~ xo+Tx2 holds, and suppose
that Txog 4+ x1 + xo ~Txg + 2 is false. Then, ~ C miny.

PROOF. Suppose that s ~t. Take the decomposition
s =fas+ any +MaS + amy + las
t =fat + an, + mat + am, + lat.

Suppose that ng # nq, and w.l.o.g. assume that ny < ny. Since xg + =1 +
Txo~xg + Txo holds, we have that

fas+an, +1las~ fat + an, + st (94)
By Proposition 4.17(2), we have that
fas + ang + lat ~ fat + an, + lat, (95)
and hence (since l5t is a (k — 1)-vector), the equation
fas+xo + Txo~ fat + x1 + Txo holds. (96)

This implies that
fas+xog+x1 +Tas~ fat + xo + Taz~ fas+ x1 + Txz holds, (97)
which implies that the equation

fas +xo + xo ~ fas + x5 is true. (98)
Since fas is a (k — 1)-vector, we have that
Txo + w1 + 29 ~T'xg + T2 is true, (99)
a contradiction.
O

Lemma 4.23. Suppose that xo + x1 + Txo ~xg+ Txo is true, and Txg +
21 + xo~Txo + 2 is false. Then, ~ = ~{ Nmin, N~].
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PROOF. By Proposition 4.12, we have that ~{ Nmingy N~} C ~. Let us
show that ~ C ~{ Nmin; N~}. By Previous Proposition 4.22 and Lemma
4.16, we have that ~ C ming N~}. So, we only need to show that ~ C ~y.
For suppose that s ~t with

s =fas+ any, +mas + an, +as

t =fat + any, + mat + am, + lat.

Since the equation xg + 1 + T'zo ~xg + Txo is true, we have that

fas + ang +1as ~ fat + an, + lat, (100)
and, by Proposition 4.17,

fas+ any +1las ~ fat + an, + las, (101)
which easily leads to that s~ ¢. O

Lemma 4.24. Suppose that ©o + ©1 + T2 ~ xo + X2 s true , and that
zo+ 21+ Taxo~xg + Txo and Txg + x1 + o ~Tx9 + T2 are both false.
Then, ~ C ming N maxy,.

PrOOF. By Lemma 4.18, we know that ~ C maxy, and by Lemma 4.16,
~ C ~). So, we only need to show that ~C miny. For suppose that s~t,
set

s =fas+ any + MaS + am, + 1as
t =fat + an, + mat + am + lat.

Suppose on the contrary that ng < ny. There are two cases: n; = m. Hence,
ng < m and

s~ fas+ any + am +1las and t = fit + ap, + st (102)
By Proposition 4.17,
fas+ ang + am 4+ las~ fat + am + las, (103)
which implies that the equation
fas+xo+ x1 ~ fat + a1 1S true, (104)

a contradiction, since fas is a (k — 1)-vector. ny < m. Then, by our as-
sumptions, and Proposition 4.17,

fas+ ang + am +1las~ fat + an, + am + las. (105)
Hence, the equation
fas+xg + xo~ fat + 1 + 22 IS true, (106)

which easily derives to that Txg + 1 + o ~Txo + x2 must be true, a
contradiction.
O
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Corollary 4.25. Suppose that v1 + xo + x3 ~ 11 + x3 1S true , and that
r14+axo+Tars~x1+Txs and Tx1+x9+x3~Tx1+23 are both false. Then,
~ = ~{ Nming Nmaxg N~.

PROOF. By Proposition 4.12, ~{Nmin; Nmax; N~} C ~. Let us show

the converse. By Lemma 4.24, we have that ~ C ming Nmaxg. It remains
to show that ~ C ~{. For suppose that s~t, where s = fas + a, +
maS + am + las and t = fat + ap, + mat + ay + las (we may assume that
las = Iat, since maxy(s) = max(t)). There are two cases: n < m. Then,
fas+an+am +las~ fat+ay, +mpt+ an + lys which directly implies that
s~ t. The proof for ng = m is quite similar. |

Lemma 4.26. Suppose that Txo+x1+x9 ~Txo+22 and xo+x1+T 20 ~ 20+
Txo are both true. Then, ~ = ~(N~.

PROOF. It is enough to show that ~ C ~{. For suppose that s~t¢, with
s = fas+an, +mas+am,+las and t = fat+a,, +mat+apm, +lst. By our
assumption over the equations, we may assume that s = fas + an, + las,
and t = fat + ayn, + lat. W.lo.g. we assume that nyg < ni, and hence, by
Proposition 4.17,

fas+ ang +lat ~ fat + an, + lat. (107)
Cases: ng = n;. By definition of ~{, (107) implies that
fat + an, + 14t N6 fas+ an, + lat, (108)

but trivially fas+ an, + lat ~§ fas + an, + 148, and we are done. ng < nq.
Then,

fas+xo+ Taxg ~ fat + x1 + Tao is true, (109)
which easily derives to that

fas+x1 +Taxg ~ fat + a1 + Tz is true, (110)
which implies that s ~j t. O

Corollary 4.27. FEvery equivalence relation on FINy is canonical in some
50s. (]

This corollary has the following local version.

Corollary 4.28. For every block sequence A and every equivalence relation
~ on (A) there is a sos B € [A]l*! on which ~ is canonical.

PROOF. Fix the canonical isomorphism A : FIN, — (A) (i.e., the extension
of Oe,, — ay). It is not difficult to show the following facts:
1. B=(by)n is asos iff FB = (Fb,,), is a sos.
2. For every canonical equivalence relation ~,,, every sos B, and s,t €
(B), s~cant iff F7ls~ o, F71t
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We define ~" on FIN by s~'t iff Fs~ Ft. Find a canonical equivalence
relation ~.q, and a sos B such that ~ and ~4, are the same on (B). Let
C = FB, which is a sos. Then ~ and ~4, are the same in (C): s ~q, t iff
Flsmp, F7Iff F-ls~ F-1¢iff s~ t. O

Corollary 4.29. Every canonical equivalence relation is a staircase equiv-
alence relation.

PROOF. Notice that, since ~ is canonical in A, A = A works for both
Lemmas 4.2 and 4.3. Hence, ~ is a staircase equivalence relation in B =
(Tasp, + asnt1 +Tasnt2)n. Let ~' be this staircase relation, which is equal
to ~ when restricted to B. We work to show that ~ and ~’ are not only
equal in B, but also in A. Fix s and ¢ in A, and take their canonical
decompositions in A

s — Z Tk—CA(s)(n)an and ¢ — Z Tk—CA(t)(n)an_
n>0 n>0
Suppose first that s ~¢. Since ~ is canonical, the equation
Z Th=Cale) g~ Z TE=Ca®®) g holds in A, (111)
n>0 n>0
and hence, also holds in B, i.e.,
> Tk Cal Mg, N k= CalM g holds in B, (112)
n>0 n>0

But since ~’ is staircase, it is canonical (Proposition 3.14), and hence, equa-
tion (112) also it holds in A, and in particular, s ~'t.
Suppose now that s~’t. Since ~’ is canonical in any sos, the equation

Z Th=Cal)m)y Z TF=Ca®™) g holds in A, (113)
n>0 n>0

hence, also in B. By definition, ~’ is equal to ~ restricted to B, and hence
D Tk Cal g, N Tk CaOM g, holds in B. (114)
n>0 n>0

Since ~ is canonical, the equation (114) holds in A, and in particular,
s~ t. O

5. COUNTING
Recall that e, (1) = Z?:o% is the exponential sum-function and that
I(a,z) = [7t""te~'dt is the incomplete Gamma function. Notice that
L(n,1) = (n—1)le e, 1(1).
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Let Ay, Br be the set of min-relations and max-relations respectively,
and set ap = |Ag| and by, = |Bg|. Let Cp C Ay be the set of min-relations
R such that k ¢ Iy(R), and let Dy, C By, be the set of max-relations R such
that k ¢ I1(R). Set ¢, = |Ci| and di, = |Dy|. Notice that

1. ¢y = ag—1,

2. A, = A1 U {Rﬂ ~ming, - R e Ckfl} U {R M ~miny, ﬂNggyl =
—lorl=1,....k—1, Re Ap_4 \Ck_1}. So, ar = ag—1 + cx—1 +
k(ag—1 — cx-1).

Hence,
ar = (k+1Dag—1 — (k—Dag_2,a0 =1, a1 =2 (115)
By standard methods, we conclude that

e(1+k)KTQA+E1)
= = kleg(1 116
h T(2+ k) ex(1) (116)
Now let 7 be the set of canonical equivalence relations of FIN} and t; =
|7%|. Then,

To=({RNS:Re A, SeB}\{RNS : Re A \Cy, S € B\ D})U
U{RNSN~p : RE€A\Cy, S € By \Dy,l=—lorl=1,...k} (117)
Hence,
ty = aj — (ar, —cp)? + (k+ 1)(ag — cx)? = k(ay, —ar_1)* +ai  (118)
and from (116) and (118), we obtain that
te = (Klex(1)? + k (Kleg(1) — (k — 1)leg_1(1))° (119)
or, equivalently,

th = €2 [k [O(k,1) = T(k+1,1))% + Tk +1,1) (120)

This is a table with the first numbers t;:

E 10|12 |3 4 ) 6
tr | 15|43 | 619 | 13829 | 446881 | 19790815

REMARK 5.1. Let us say that a canonical equivalence relation R is
linked free iff Io(R) and I;(R) have no consecutive members and k ¢
Ip(R) N I;(R). The number I of linked free canonical equivalence rela-
tions of FINy, is the Fibonacci number Fyiio for 2k + 2, since Fjyo is the
number of subsets of {1,2,...,1} with no consecutive elements, and since
R is linked free iff the set Iy(R)U{2k+1—1i¢ : i€ 1(R)} C {1,2,...,2k}
has no consecutive numbers.
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6. THE FINITE VERSION

Theorem 6.1. For every m there is some n = n(m) such that for ev-
ery equivalence relation ~ on (e, ..., ey) there is some so0s (ag, ..., am) =
(eg, ... en) such that ~ is a staircase equivalence relation in (ag, ..., Qm).

PROOF. Suppose not. Then, there is some m such that for every n there
is some equivalence relation ~, on (eg,...,e,) which is not a staircase
relation when restricted to any sos (ag, ..., am) of (e;)i—,. Let U be a non-
principal ultrafilter on N, and define the equivalence relation ~ on F'I Ny by
s~tif and only if {n : sR,t} € U, where R,, = ~, U{(a,a) : a € FINy}is
an equivalence relation on FINy. It is easy to show that ~ is an equivalence
relation. By Theorem 4.1, there is some sos A = (ay), on which ~ is a
staircase equivalence relation, say ~.q,. Choose n large enough such that:

1. (ag,...,am) = (e),
2. For s,t € (ag,...,am), s~tiff s~, .
This can be done: For every pair s,t € (ag, ..., an), let
f {ns~ptield ifs~t
A”_{ {n:se,tteld ifsitt (121)
Let n = min|), telao,am) As,t- Then ~, is ~ restricted to (ao, ..., am),
and hence is a staircase equivalence relation, a contradiction. O

Corollary 6.2. For every m there is some n = n(m) such that for ev-
ery equivalence relation ~ on {eg, ..., e,) there is some sos (ag,...,am) =

(egy ..., en) such that ~ is a canonical equivalence relation on (ag, ..., Qm).
O

Corollary 6.3. For every m there is some n = n(m) such that for every
(boy...,byn) and every equivalence relation ~ on (by,...,b,) there is some
s0s (ag, ..., am) = (bo,...,by) such that ~ is a staircase equivalence relation
when restricted to {(ag, ..., Qm).

PROOF. Let n = n(m) be given by Theorem 6.1. Fix bg,...,b,, and
an equivalence relation ~. Let F be the canonical isomorphism between
(€0,y...,en) and (bg,...,by,). Define ~' on (e;)?, via F, i.e., s~'t if and
only if F(s)~F(t). Fix a sos (¢;), = (e;)?; and a staircase equivalence
relation ~qy, such that s~'¢ if and only if s~cqn t, for s,t € (¢;)7™,. Let
b; = Fe;, for i = 0,...,m. Observe that (bo, ..., by) is a sos since sos is pre-
served under isomorphisms, and that ~4, is well defined on (bg, ..., bn).
Since ~cqp, is staircase, s~cqpn t if and only if F~1s~., F~'t for all s,t €
(bo,...,by). Hence, s~cant iff F7ls~ e, F71tiff Fls~' 71 iff s~t.
Therefore ~q, and ~ coincide on (b, ..., by).

O
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7. CANONICAL RELATIONS AND CONTINUOUS MAPS ON PS.,

Our result over equivalence relations on FIN; gives some consequences
about equivalence relations on PS,,. Let us start with some natural defini-
tions.

For a fixed § > 0, let k be the first integer such that 1/(1 + §)*~! < §,
and set §; = (1 +6)"F for0<i<k. For0<i<k+1,let

bkt _ D jp ) <<k
7i(0) =1 0 if i =0
o =1 ifi=k+1
and for 0 < i <k, let
I(é)_{ [7i(8), vi+1(9)) if0<i<k
v [VE(8), ye41(0) =1] ifi=k
Observe that §; € Ii(é) for every 0 < ¢ < k, and that [0,1] = Uz 011(6),
disjoint union.

For x = (¥m)m € PBg, and n € N, let I‘gf)(x) be the unique 0 < i < k
such that z,, € I*, and define T's : PB,, — FIN<; by Ts(z) = (I (2)).
Notice that F(;(PS’CO) C FINg. A Vector x € PS,, is called a d0-sos iff I'sz
is a sos. A block sequence (), of vectors of PS,, is called a 0-sos iff every
r € PSx is a 6-sos. The next proposition is not difficult to prove.

Proposition 7.1. Fiz p € [0,1], z,y € PB.,, and a k-vector s of FINy.
Let i be the unique integer such that p € Ii([s). Then,
L. Ts(z+y) = Ts(x)+Ts(y) and Ts(pe,) = T 'Ts(en) = TH (O en).
2. T5(pO5 ') = TFT5(O; 'x). Therefore, if (an)n is a sos k-block
sequence, then (@glan)n 18 a 0-508.
O
Definition 7.2. Given a staircase mapping f of FIN, we consider the

following two extensions to an arbitrary d-sos X = (z,),. The fist one is
f©: PSx — FIN<y, closing the following diagram:

r
PSx 46»((F5$n)n>

£ f

FIN,
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The second one is f() : PSx — PB,,, defined by fM)(z)(n) = z(n) iff
FO@z(n) # 0.
Proposition 7.3. Fiz a staircase f, and some §-sos X.
L (fog)® =rfDo¢D, fori=0,1and® equal toV or A.
fY is a Baire class 1 function.
If Mz = Dy then fOz = fOy for every x,y € PSx.
1051 Oz — fWa| < 6§ for every x € PSx.
For every k-vector a € ((T'sxp)n), f(l)@gla = f(o)@gla = fa.
Therefore fMNO5'a = fMO5' iff V051 = OO, for ev-
ery k-vectors a,b € (Tstpn)n)-
6. For every x € PSx there is some k-vector T such that

|z — fO0;'z| <§ and fOz = fOO; 7.

Cup

PROOF. 1. is rather easy to check it. Let us show 2. Suppose that f is
a staircase mapping. Then f in the algebraic closure of F (see Definition
3.11), i.e., there is a finite list fy, ..., fn € F such that f = f1 ®1 fo®2 f3O3
-+ On, fn, where ©; is either V or A for every ¢ =1,...,n—1. By point 1.,
fo = fl(l) O1 f2(1) o)) fél) O3+ Oy £ Since for every point = € PSy,
the support of fi(l)(ac) is finite, we may assume that f € F. We give the
proof for the case f = min;. The other cases can be shown in a similar way.
For | > 0 we define the following perturbations of the intervals I (6), let

1@ _ [ (6(0) = 1,741(9)) ifi<k
il (7(8) = 1,1] ifi=k

These are open intervals of PS.,. For each [, let f; : PSx — PBx be

defined for n € N as follows,

i (%) '
fi(z)(n) = { g(ﬂ) ﬁ fl(()? € 1; and for all m < n z(n) € [0,7:(9))

Let us check that f; is continuous, and that f; —; f. For suppose that z, —,
x, with z,,x € PSx. Let n be the unique integer such that f;(z)(n) =
z(n) > 0, ie., z(n) € Ii(f;) and x(m) € [0,7;(d)) for every m < n. Since

both sets are open, there must be some r’ such that z,~(n) € Ii(j) and

xpr(m) € [0,7v:(9)), for every 7/ > 7’ and every m < n. Therefore, for all
" > fi(z.n) = fiz. Let us check now that f; — f. Fix x, and we
work to show that fi(x) — f(x). Again, Let n be the unique integer such
that fi(x)(n) = x(n) > 0. Let I’ be such that z(m) € [0,7;(5) — 1/1) for
every m < n. Then firz(m) =0 and firaz(n) = z(n), for every I > 1’ and
every m < n. Also, firz(m) = 0 for every m > n. All this implies that

for(@) = f(x).
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It is not difficult to show the rest of the points. O

For an equivalence relation R, and x € PS,,, the R-equivalence class of
x is denoted by [z]g.

Proposition 7.4. Fiz 6 > 0, a staircase equivalence relation R¢, and a
k-block sequence A = (ay)n, where k = k(3). Set X = (v, = O5'a,), and
R=Rjo).
1. For every x € PSx there is a k-vector T of A such that ||z—05'z|| <
& and [z]r C ([0 '7]R)s-
2. For every z,y € PSx, if (x,y) € R, then (x,2) € R, for every
T Ny<pz<pzxVy.

Proor. 1. Fix x € PSx, and let  be a k-vector of A such that ||z —
0;'z| < 6 and fOz = fOO;'z. Set 2’ = ©;'7. We work to show
that [z]r C ([2']r)s. For suppose that y € [z]g N PSx. Then fMz =
fWy, and hence f@y = Oz = fO' TLet § be a k-vector of A such
that |ly — ©5'7] < ¢ and fOy = f©O0O5'y, and set y' = O;'y. Then,
fOz" = fOy’ which implies that fMa’ = fMy/ ie., v € [2']g and hence
y € ([2']r)s-
2. By Proposition 3.13, we may assume that f € F. Again, we give a proof
for the case f = min,, since the other cases can be shown in a similar way.
Suppose that (z,y) € Ry, and fix z € PSx with x Ay <y 2 <p zVy. Let
n be the unique integer such that fMz(n) = z(n) = y(n) = fMy(n) > 0.
Then z(m),y(m) € [0,7;(J)) for every m < n. Therefore, z(n) = z(n) =
y(n) and z(m) € [0,7;(6)) for every m < n. This implies that f1)(z) =
().

O

Definition 7.5. A §-staircase equivalence relation is Ry for some stair-
case f.

The next result is the interpretation of Theorem 4.1 in terms of equiva-
lence relations of PSx.

Proposition 7.6. Let R be an equivalence relation on PSx. Then for
every 0 > 0 there is some §-sos X and some §-staircase equivalence relation
R such that:

1. R and R coincide in a e-net of PSx for some e < 4.

2. For every R-class a on PSx there is a R-class 3 on PSx such that
a C Bs.

PROOF. Fix §, and let k = k(5). Define R on FIN} via ©5. Then there
is some sos k-block sequence A = (a,), and some staircase equivalence
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relation Ry such that R and R; coincide on (A). Set R = Rgay and X =
(zn)n, where x,, == @glan for every n.

1. Fore = (1+0)*1, N = ©5 ' ({(an)n)) is a e-net of PS(X) satisfying our
requirements.

2. For a fixed x € PSx choose some k-vector T of A such that ||z —2'|| <4
and f(Oz = fO2/ where 2’ = ©;'z. We work to show that [z] 5z C ([2/]g)s-
Suppose that y € PSx is such that fMz = f(My. Pick some k-vector §
of A such that ||y —¢'|| < 6 and fOy = fOy" where y' = O;5'y. Then,
fOr = fOy and hence f @z’ = f(Oy/ which implies that f(Ma’ = f(My/,
Therefore, y' € [2']g. O

In the case of equivalence relations with some additional properties, we
have the following stronger result.

Proposition 7.7. Fiz 6,7 > 0, set k = k(d), and suppose that R is an
equivalence relation on PS., such that
1. for every x,y € PS., and every z € PS., withx Ny <p z<pzVy,
if (x,y) € R, then satisfies that (z,z) € R, and
2. for every sos k-block sequence B = (by,), and every x € PS(eglbn)n
there is some k-vector T of B such that [z]r C ([05'Z]r)--
Then, there is some 0-sos X and some d-staircase equivalence relation
R such that (a) for every R-equivalent classes o in PSx, there is a R-

equivalent class 0 in PSx such that o C sy, and (b) for every R-
equivalence class 8 there is a R-equivalence class « such that 3 C («)s.

PROOF. Define R on FINj via ©s5. Then, there is some sos A = (ay,)
and some staircase equivalence relation Ry such that R is Ry on (A). Let
R = Ray, and X = (2n),, where z, = @glan for every n. (b) is shown
in Proposition 7.6. Let us show (a). Fix € PSx, and choose a k-vector
T of A such that [z]g C ([2/]r), where 2/ = ©;'Z. Let us show that
[2']r C ([2']g)s on PSx. Fix y € [2']g. Then, there is some k-vector gy of
A such that 2’/ Ay <p v <z 2’ Vy and ||y — ¢/|| < J, where y’ = O;'7.
Hence, y’ € [2']g, and therefore, y' € [2']R/. O
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