Galois theory of graded fields

L. EL FADIL

Departement of Mathematics,
Faculty of Sciences Dhar-Mehraz,
P.O. Box 1796 Fes-Atlas,
Fes-Morocco
lhouelfadil@hotmail.com

Abstract

In this paper, we investigate Galois theory of a graded field exten-
sion S/R. In particular, we restate the Galois theory results given in
[1]. On the other hand, the Galois notions defined in [2] do not cover
many situations, for examples the group algebras. We show that
these notions are particular cases of Galois theory of commutative
ring extensions.

Introduction

Let (T, ) be a multiplicative group and R a graded commutative ring with
respect to I', i.e., R = @©,cr R, such that R, is an Ry-module and R, R, C
Rywr for all (o,7) € T2 Set T = {0 €T | R, # 0} and R" = U,cr R,
the set of homogeneous elements of R. For every non-zero homogeneous
element x € R,, we write deg(z) = o and we call it the degree of x. The
graded ring R is called a graded field if every non-zero homogeneous element
in R is invertible. In this case, R; is a field and R, is an R;-vector space
of dimension 1 for every o € I and 'y is a subgroup of I, called the grade
group of R.

Throughout this paper, S/R is a graded field extension with grade groups
I'r=TandI's = A, ie., R, C S, for every 0 € I'. For a subgroup A such
that ' C A C A, define S(A) := ®zenSy. In particular S(I') is a graded field
with grade group I' and we have R C S(T'") C S. In the first section, we split
the extension S/R into two graded ring extensions R C S(I') and S(T') C
S. The first one is made of graded fields which are graded over the same
group I', while in the second one S(I') and S have the same homogeneous
components of degree 1, namely S;. We split also the extension S/R into



two graded field extensions R C U and R C T. The first one is a graded
field extension with ramification index 1, while the second one is a totally
ramified graded field extension. We characterize the separability of graded
field extensions via the discriminant. In the second section, we investigate
Galois theory of graded field extensions. In particular, we restate the Galois
theory results given in [1]. Moreover the Galois theory notions defined in
[2] do not cover many situations, for examples the group algebras. We show
that these notions are particular cases of Galois theory of commutative ring
extensions.

1 Preliminaries

In this section, S/R is a graded field extension with grade groups I'r =T
and 'g = A, i.e., R, C S,, for every o € I'. For a subgroup A such that
' CACA, wedefine S(A) := ®zecpSs. In particular S(T') is a graded field
with grade group I', and we have R C S(I") C S. In this way we split the
extension S/R into two graded ring extensions R C S(I') and S(T") C S.

We list here some useful results without proofs but with a exact refer-
ences see [3].

Proposition 1 1) S is a crossed product of S(T') by the group AJ/T. In
particular, S is a free S(I')-module.
2) and S1 ®pr, R~ S(I"). In particular, S(T') is a free R-module.

Remark. If S is a finitely generated R-module, then S is a free R-module
of finite rank and [S : R] = [S1 : R1][A : T']. Indeed, S is a free S(I')-module
of rank [A : T] and S(T') is a free R-module of rank [Sy : Ry].

[A : T is called the ramification index of the extension S/R and [S; : Ry]
is called its residual degree.

Recall that, for a free R-algebra S of finite rank, every z € S induces
an R-homomorphism [, of S defined by I, (s) = xs for every s € S. Define
Ts/r(x) = tr(ly) the trace of I,. Then Tg/p is a linear form of S which
induces a bilinear form of S defined by Tg/r(z,y) = Ts/r(zy) for every
(z,y) € S?. The determinant of the bilinear form T, with respect to
an R-basis (e1,...,e,) of S is denoted by D(es,...,e,), and called the
discriminant of (ej,...,e,). The discriminant ideal of the R-algebra S
is the principal ideal generated by D(ey,...,e,), where (e1,...,e,) is an
R-basis of S. From [[4], Théoréme III 4.7, page 89], if S is a commutative
free R-algebra of finite rank, then S/R is separable if and only if the trace
map T/ induces a non-singular bilinear form, i.e., Dr(S) = R (see [5]).



Lemma 1 Let S/R be a graded field extension. If S/R is separable, then
S is a free R-module of finite rank.

Proof. By the previous Remark S is a free R-module. Then by [[4], Propo-
sition II1.3.2], S is finitely generated as an R-module.

In the sequel S/R is a graded field extension such that S is a free
R-module of finite rank. We split the extension S/R into two graded field
extensions R C U and R C T. The first one is a graded field extension with
ramification index 1, while the second one is a totally ramified graded field
extension.

Proposition 2 S may be decomposed as S ~U Qr T, where T/R is totally
ramified and U/ R is a graded field extension with ramification index 1.

Proof. Since S is a free R-module of finite rank, then A/I'is a finite abelian
group. Set A/T =< g > X --- X < g, >. For each o; fix an homogeneous
element u,, of S with degree o; and for every o € T, fix u, € R, — {0} and
define Ugsoit poratr = = Uy (U ) .. (Up,)°". Somehow UsUer = O o' Usro,

where a, . € Ry for each (0,0') € A2 Set T = ZRUT“ where AT =
i=1
{f1,...,Tntand U = Z Souy. Then U/R is a graded field extension with

oel’
ramification index 1 and T'/R is totally ramified graded field extension. The

multiplication of S induces an isomorphism of R-algebras

e UuT — S

€ QUr; = €iUr;.

The following Theorem give us a characterization of the separability of
graded field extensions. This Theorem appears in [3], but for the convince
of the reader, we give a new simple proof.

Proposition 3 S/R is separable if and only if S1/R; is separable and [ :
T is invertible in R;.

Proof. Under the same notations as in the proof of the Proposition 2,
{eZuT |1<i<m 1<y <n}isaanasisofS Foreveryl <i<m,1<
j < n, define e * v a linear form of S by el * uf (x @ y) = ef(x)ur (y)

7 Tj

forall(xy)EMxT Then{ez®uT],1<i§m,1§j_ n} is an
R-basis of S, with dual basis {ef xuX ,1 <i < m,1 < j <n}. Hence
Tugr/r(z®Yy) =3, j€f xuf ((x®y)(€z®un)) Z” e (we;)uy (yur,) =

doimyef(wed) Yo0_y uy (yur,) = Tyyr(x)Tryr(y). Since Tryr(us,) = d1ius,n,



where 71 = 1, then the determinant of the bilinear form T/ p with respect
to the basis {u,, , 1 <j <n}is D(ur,,...,u,,) = sn™, where s is an invert-
ible element of Ro. Set TM/R(eiej) = tl'j, TT/R(Tle) = Skl, M = (tij)i,j
and N = (sp1)x,. Then the determinant of Tg/r with respect to the basis
{eiur, , 1 <i<m, 1 <5 <n}is det((Tuw)u,v), Where zy, = tijsp, u =
(i, k) and v = (4,1). From [[6], p 101], (Zyp)uw = M QN and det((zyy)u,v) =
(det(M))"(det(N))™. Consequently, Dg(S) = (Dg,(51))"(n)"™R. Hence
S/R is separable if and only if S7/R; is separable and n is invertible in Rj.

Proposition 4 Let S/R be a graded field extension. Then S/R is separable
if and only if for every graded subfield extension S'/R of S/R, S/S’ and
S'/R are separable. In particular, S/R is separable if and only if S/S(T)
and S(I')/R are separable.

Proof. Let S'/R be a graded subfield extension of S/R. Then its grade
group A is a subgroup of A and its homogeneous component of degree 1, S|
is a subfield of S;. Set n, m and r the cardinal orders of A/T', A/A and A/T
respectively. Then n = mr. If S/R is separable, then S; /Ry is separable and
n is invertible in R;. Hence m and r are invertible in Ry, S1/S5] and S}/R;
are separable. Consequently, S/S’ and S’/R are separable. Conversely, if
S/S’ and S’/ R are separable, then m and r are invertible in Ry, S1/57 and
S7/R;y are separable. Therefore S1/R; is separable and n is invertible in
Ry, i.e., S/R is separable.

2 Galois extension of graded fields

In the this section, we investigate Galois theory of graded field extensions.
First we characterize simple Galois extensions by the minimal polynomial
of a primitive element of a such extension and then we characterize Galois
extension of graded fields by its ramification index and its homogeneous
components of degree 1. In particular, we restate the Galois theory results
given in [1].

For two commutative free R-algebras A and B, let G; (resp. Ga) be
a finite subgroup of Autg(A) (resp. of Autr(B)) such that A%t = R and
B% = R. Then G x G5 is a finite subgroup of Autr(A ®z B) such that
Autp(A ®p B)51*G2 = R.

Proposition 5 Under the above hypotheses, A ®r B is a G1 x Ga-Galois
extension over R if and only if A/R is a G1-Galois extension and B/R is
a Go-Galois extension.



Proof. Denote by A(G1) the A-algebra with basis consisting of idempotents
{es]|o € G1} and consider the following homomorphisms,

hga: ARA — AG1)
TRY = D,eq T0(Y)eo.
hp: B®B — B(G2)
TRY r— Yoeq, ¥0(Y)eo
h: A®RB®A®BA®RB — A®RB(G1XG2)

(@eh)©@ol)  — Tieaxa 10(@) ©brl).cor

Then h is an isomorphism if and only if hy and hp are isomorphisms.
Indeed, set A = (a1,...,a,) and B = (by,...,by) two R-bases of A and
B respectively. Then F = (a; ® bj);; is an R-basis of A® B. Let M =
(ij)i<ij<n (resp. N = (Bij)1<ij<m) be the matrix of ha with respect to
bases A and G; (resp. the matrix of hp with respect to the bases B and
G2). Then H = ((«fji)(i,5)(k,)) 18 the matrix of h with respect to bases
F and G. Hence H = M ® N and det(M @ N) = (det(M))" (det(N))™.

Corollary 1 Let S = U ®r T as defined in the Proposition 2 and let G
(resp. Gs) be a finite subgroup of Autr(U) (resp. of Autg(T)) such that
UG = R and T2 = R. Then S/R is a G1 X Ga-Galois extension over
R if and only if U/R is a G1-Galois extension and T/R is a Ga-Galois
extension.

In the sequel I' is considered as an additive group. Recall that for a
polynomial P =" ja;X* € R[X] such that a,, # 0, P is called an homo-
geneous polynomial if every a; is homogeneous and r = %ﬁeg(%) eqQr
does not depend of the choice of (i, j) for every ¢ # j and a;a; # 0. Set
A = deg(ay) + nr. X is called the degree of the homogeneous polynomial
P, i.e., P is an homogeneous element of degree X in the graded ring R[X],
when we put deg(X) = r. We show that if S/R is a graded field extension,
then every homogeneous element x of S, which is integral over R has its
minimal polynomial over R, which is homogeneous.

The following Theorem appears in [3], but for the convince of the reader,
we give the same proof.

Proposition 6 Let S/R be a graded field extension and o € S, be an
homogeneous element of degree x € A. If « is integral over R, then «
has its minimal polynomial over R, which is homogeneous, i.e., the ideal
I(a)) = {P € R[X]|P(a) = 0} of R[X] is an homogeneous principal ideal
of the graded ring R[X].



Proof. Since « is integral over R, then there exists a non-zero polynomial
of smallest degree in R[X], which annihilate a. Let P € R[X] be a such
polynomial and set P(X) = a,X™ + -+ + ag, where a, # 0 and a, =
S1n+- -+ 8y its decomposition of homogeneous elements of R. Consider the
(deg(s1,)+n deg(a))-homogeneous component of a,a™+- - -+ag, then there
exist homogeneous elements of S s,,...,sq such that s,a”™ 4+ .-+ s9 =0
and deg(s,) + ndeg(a) = deg(sp_1) + (n — 1) deg(a) = --- = deg(sp). Set
po(X) = X" +r, 1 X" 1+ +1g, where 7; = 2. Then p, € R[X] is an
homogeneous polynomial of minimal degree, which annihilate . Since
is a monic polynomial then I(a) = pqR[X].

Proposition 7 Let T/R be a totally ramified graded field extension and
s € T,, an homogeneous element of degree x. Let G be a finite subgroup of
Autr(R[s]). Then R[s]/R is a G-Galois extension if and only if the minimal
polynomial pus(X), of s, splits in R[s] and its roots are simple. In this case
G =1{91,--.,9n}, where g;(s) = (s, n = [R[s] : R] and (, is a primitive
root of X™ — 1.

Proof. Let n be the cardinal order of the group ' < z > /T". Set a =
s". Then deg(a) = nz € T and then there exists v € R[s]p such that
a = Vun,. Since T/R is a totally ramified graded field extension, then
R[slo € Tp = Rop and then v € R. Consequently, a € R. Let f(X) =
X™+ -+ 4 1o be an homogeneous polynomial in R[X], which annihilate s.
Then m deg(s) = deg(ry) € I'. Hence n divides m and then ps(X) = X" —a
is the minimal polynomial of s over R. Since the cardinal order of G is
equal to n, then pgs(X) splits in R[s] with simple roots si,...,s,, where
= , = are the roots of X" — 1. Conversely, assume that p,(X) splits in

FEERN

R[s] with simple roots s1,...,s,. Then 2L, ... 2= are the roots of X™ —1

in R[s]. Consequently, s; = (s for each i. Let y = Z?;Ol rist € Rls].
Then gx(y) = o + Z;:f r;(Fst for each k. Hence if y € R[s]%, then
y =710 € R. Now we compute det(h), the determinant of the homomorphism
h of R[s]® R[s] into R[s](%), with respect to R[s]—bases B = (1,s,...,s"!)

and G respectively. We obtain

1 s .. sl
| S () s
det(h)=| ﬁ =
n.—l o (”*1).2 n—1
1 g s . . . G S

_ 5n(n+1)/2<2(n71)/2 H (CZL _ %)
1<i<j<n,i#j



Since s is an homogeneous element and ¢ — (7 is a non-zero homogeneous
element of degree 0 for each ¢ # j, then det(h) is invertible in R. Finally,
R[s]/R is a G—Galois extension.

Corollary 2 Let T/R be a totally graded field extension and s € T, be an
homogeneous element of degree x. Then R[s]/R is a Galois extension if and
only if n is invetible in Ry and Ry contains a primitive root ¢, of X™ — 1,
where n is the cardinal order of the group T' < z > /T.

Proof. We have already p15(X) = X™—a is the minimal polynomial of s over
R. Since R[s]/R is a Galois extension, then it is separable, i.e., the polyno-
mial ;15(X) = X™ —a is separable over R. Hence its discriminant n"a™~1! is
invertible in R and then n is invertible in Ry. Moreover ps(X) splits in R[s]
with simple roots s,(,s,...,(" 's. Consequently, ¢, € Ro. Conversely,
assume that n is invertible in Ry and ¢, € Ry. Set G = {g1,...,gn}, where
gi(s) = Cis. Then the same proof of the previous Proposition implies that
R[s]/R is a G—Galois extension.
Now, we are ready to generalize the Proposition 3.3, given in [1].

Theorem 1 Let S/R be a graded field extension. Let | be the exponent of
AJT. Then S/R is a Galois extension if an d only if So/Ro is a Galois

extension, | is invertible in Ry, which contains (.

Proof. Set A/T =< g1 > - < g, > and let s1,...,s, be homogeneous
elements of T such that deg(s;) = o; for each i. Then the multiplication
of T induces an isomorphism of R-algebras u : R[s;]®---® R[s,] — T.
Consequently, T'/R is a Galois extension if an d only if R[s;]/R is a Galois
extension for every 1 < i <r. Set S ~U ®gT as defined in the Proposition
2. Then S/R is a Galois extension if an d only if T/R and U/R are Galois
extensions. Since U ~ Sy ®g, R and Ry is a field, then U/R is a Galois
extension if an d only if Sy/Ry is a Galois extension. Then by Corollary 2,
S/R is a Galois extension if an d only if So/Rg is a Galois extension and !
is invertible in Ry, which contains (.

Proposition 8 Let S/R be a graded field extension and l the exponent of
AJT. Then If S/R is a Galois extension, then S/S(I') and S(T')/R are
Galois extensions. The converse is true if Ry contains (.

Proof. Set n, m and r the cardinal orders of A/T, A/A and A/T respec-
tively. Then n = mr. If S/R is a Galois extension, then Sy/ Ry is a Galois
extension and n is invertible in Ry. Hence m and r are invertible in Ry,
Ry contains ¢; and Sp/ Ry is a Galois extension. Consequently, S/S(I") and
S(I")/R are Galois extensions. Conversely, assume that S/S(I") and S(I')/R



are Galois extensions and Ry contains (;. Then m and r are invertible in
Ry, Ry contains (; and Sy/Ry is a Galois extension. Consequently, S/R is
a Galois extensions.

Theorem 2 Let T/R be a totally ramified graded field extension. Then
T/R is a Galois extension if and only if for every homogeneous element of
s €T, R[s]/R is a Galois extension.

Proof. Let s € T, be homogeneous element. Then R C R[s]Tand I" < z >
respectively. Let [ be the cardinal order of I' < > /T". Then [ divides the
cardinal order of A/T". Consequently, Ry contains ¢; and [ is invertible in
Ry, i.e.,R[s]/R is a Galois extension. Conversely, assume that for every
homogeneous element s € T, R[s]/R is a Galois extension. Set A/T =<
o1 > -+ <a, > and let s1,...,s, be homogeneous elements of T" such that
deg(s;) = o; for each i. Then R[s1] ® --- ® R[s,| ~ T and then T/R is a
Galois extension.

Corollary 3 Let T/R be a graded field extension. Then T/R is a Galois
extension if an d only if every homogeneous element s € T is a simple root
of its minimal polynomial over R, which splits in R|[s].

3 Concluding remarks

Let S/R be a graded field extension such that R is a domain with quotient
field K.

1) Since Dg(S) is generated by an homogeneous element of R, with degree
0, then S/R is separable if and only if Dr(S) # 0 that is equivalently to
Dk (KS) # 0. Hence S/R is separable if and only if KS/K is separable.
In particular, if A is abelian torsion free then R and S are domains with
quotient fields K and K.S respectively. We find also the separability results,
given in [1].

2) If A is abelian torsion free then R and S are domains. Since S is a
connected ring, then S/ R is a Galois extension if and only if S/R is separable
and S¢ = R, where G = Autg(S) (see [9] Theorem 2.1, page 7). From [1],
S is an integrally closed domain. Then S¢ = R if and only if (KS)¢ = K.
Consequently, S/R is a Galois extension if and only if KS/K is a Galois
extension. This state the Galois theory results given in [1].

The following Theorem allows us to show that the notions defined in [2],
are simple cases of the Galois extensions of commutative rings.



Theorem 3 Let S/R be a graded field extension such that S is a connected
ring. Then S/R is a Galois extension if and only if for every homogeneous
element s € S, s is a simple root of its minimal polynomial which splits

mn S.

Proof. Since s is homogeneous element, R[s]/R is a graded field extension.
Since S/R is a Galois extension, then it is separable and then R[s]/R is
separable. Hence it is a simple root of its minimal polynomial. Since S is a
connected ring, then the Galois group of S/R is Autr(S) and then o(s) € S
for every o € Autg(S). Consequently, us(X) splits in S.

3) If A is abelian torsion free, then S is a connected ring. Hence S/R is a
Galois extension if and only if for every homogeneous element s € S, s is a
simple root of its minimal polynomial which splits in S. That shows that
the Galois theory notions defined in [2] are simple cases of Galois extensions
of commutative rings.

Examples. Let K be a field with characteristic p.
1
Set R=K[X1,...,X,, X;*,..., X! and S:K[Xlr%l,...,Xrﬁ,Xl"l,
-1

T

.., X,”"]. Then S/R is a Galois extension if and only if p does not divide
ny...n, and ¢, € K. In this case the Galois group of the extension S/R is
a1

1 .
G=<o01 > x---%x <0, >, where 0;(X,"") = (,,X ™ for each 1.

2) Let L/K be a finite field extension. Set § = L[X#,X#]. Then S/R
is a Galois extension if and only if p does not divide n, ¢, € L and L/K
is a Galois extension. In this case the Galois group of the extension S/R
is GXx < o >, where O’(X%) = (, X" and G is the Galois group of the
extension L/K.

3) Let R be a graded field and P(X) = X" —1 € R[X]. Set S = R[X]/(P).
Since P(X) € R[X]p is an homogeneous polynomial, then S/R is a graded
field extension. Hence S/R is a Galois extension extension if and only if n is
invertible in R and (,, € R. In this case S ~ R" as algebras. In particular,
let G be a cyclic group with cardinal order n. Then L[G]/K is a Galois
extension if an d only if L/K is a Galois extension, n is invertible in R and
¢n € R.

4) Generally, let G be a finite abelian group with exponent m. Then L|G]/K
is a Galois extension if and only if L/K is a Galois extension, p does not
divide m and K contains (.



5) Let H be a subgroup of G. L[G]/K|[H] is a Galois extension if and
only if L/K is a Galois extension, p does not divide [ the exponent of G/H
and K contains (.
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