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Abstract

In this paper, we investigate integral domains in which each ideal
is a w-ideal (i.e. the d- and w-operations are the same), called the
DW-domains. In some sense this study is similar to that one given
in [9] for the TV-domains. We prove that a domain R is a DW-
domain if and only if each maximal ideal of R is a w-ideal, and if R
is a domain such that Ras is a DW-ideal for each maximal ideal M
of R, then so is R, and the equivalence holds when R is v-coherent.
‘We describe the w-operation on pullbacks in order to provide original
examples. MSC:13G05, 13A15, 13F05.

Introduction

The notion of the w-operation has recently received much more interest
for its homological aspect. This paper aims to investigate the ideal-theoretic
properties of this star-operation. It is well known that for a domain R,
d < w <t < v in the sense that for each nonzero fractional ideal I of R,
I=1;CI, CI C I, and the inclusions may be strict ([12, Proposi-
tion 2.3). In [8], W. Heinzer has initiated the study of domains in which
each ideal is divisorial (i.e. each ideal is a v-ideal, or d = v) and called them
divisorial domains. Inspired from this work, E. Houston and M. Zafrullah
studied the so-called TV domains, i.e. domains in which each t-ideal is a
v-ideal (or, ¢ = v). Recently, we have studied the TW domaiuns, i.e. domains
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in which each w-ideal is a t-ideal, or w = ¢. Our investigation follows this
way in studying what we so-called DW-domains, or domains in which each
ideal is a w-ideal, i.e. the d- and w-operations are the same. In the second
section, we motivate our study by constructing examples showing that the
notions of DW-domains, TW-domains and T'V-domains are completely in-
dependent. Following [9], the equality of the ¢ and v-operations on maximal
ideals of a domain R is not sufficient for R to be a T'V-domain. However,
we prove that a domain R is a DW-domain if and only if if each maximal
ideal is a w-ideal (i.e the equality of the d- and w-operations on maximal
ideals forces the equality of the two star-operations) (Proposition 2.2). This
will be the first step in remarking the difference between these two classes
of domains. We Also prove that if Ry, is a DW-domain for each maximal
ideal M of R, then so is R, and the equivalence holds when R is v-coherent.
The section close with a complete characterization of Noetherian domain
for which each overring is a DW-domain. It turns out that such domain
is of one dimensional. The third section deals with pullbacks in order to
provide original examples. We start by examining the situation for the
diagram of type (M) in which M is assumed to be a maximal ideal of T.
We then examine the larger case of diagram of type (A), where M is not
necessary maximal in 7. We prove that for such diagram, assume that
qf(D) CT/M. If T and D are DW-domains, then so is R (Theorem 3.6).
The section close with a description of the composite ring R = A+ X B[[X]],
which is a particular case of diagram of type (A), but in which the assump-
tion T' = B[[X]] is a DW-domain is not required since this forces B to be a
field, Proposition 2.6.

2. Motivation and Preliminaries.
Example 2.1
1) A DW-domain which is neither a TW-domain nor a T'V-domain.

Let @ denote the rational number field, Z the ring of integers and X and Y
indeterminates over Q. Set V = Q(X)[[Y]] = Q(X) + M where M =YV
and set R = Z + M. Then each maximal ideal N of R is of the form
N = pZ + M = pR, where p is prime (i.e. irreducible) in Z. So N is a
principal ideal of R and therefore a v-ideal. Since N~! = p~!R O R, then
R is a DW-domain, [12, Proposition 1.3]). Since R is an integrally closed
domain which is not a PVMD, then R is not a TW-domain, and since
M is a v-ideal of R which is contained in infinitely many ¢-maximal ideals
(clearly each maximal ideal N of R contains M), then R is not a T'V-domain
([9, Theorem 1.3]).

2) A TW-domain which is neither a DW-domain nor a T'V-domain.



Let A be a PV M D which is not a field with at least one non t-invertible
t-maximal ideal M and let X be an indeterminate over A. Set R = A[X].
Then R is a PVM D and therefore a TW-domain. Since A is not a field,
by Proposition 2.6 below, R is not a DW-domain. Now, since M is not
t-invertible in A, then MM~ = M. So M~ = (M : M) = A and then
M, = A. Since (M[X]);: = M:[X] = M[X] and (M[X])), = M,[X] =
A[X] = R, then M[X] is a t-ideal of R which is not a v-ideal. It follows
that R is not a T'V-domain.

3) A TV-domain which is neither a DW-domain nor a TW-domain.

Let A be an integrally closed domain which is not a PV MD and for
which A[X] is a Mori domain. Set R = A[X]. Since R is Mori, then R is
a T'V-domain. Since A is not a field, by Proposition 2.6 below, R is not a
DW-domain. Finally since R is an integrally closed domain which is not a
PVMD, then R is not a TW-domain.

Proposition 2.2. Let R be an integral domain. The following conditions
are equivalent.

i) R is a DW-domain;

1) Every prime ideal of R is a w-ideal;

1i1) Every maximal ideal of R is a w-ideal;

iv) Every maximal ideal of R is a t¢-ideal;

v) GV(R) = {R}.

Proof. i) = ii) = ii) Trivials.

i11) = iv) Follows from [11, Lemma 2.1]

iv) = v). Let A € GV(R). If A C R, then let M be a maximal ideal of R
which contains A. So R = A,, = Ay C M; = M, by iv) which is absurd.

v) = i) Let I be a nonzero ideal of R and let & € I,. Then there exists
A € GV(R) such that xA C I. By v), A = R. Hence xR C I and therefore
x € I. It follows that I,, = I and therefore R is a DWW -domain.

Corollary 2.3. Let R be a domain with t —dim R = 1. Then R is a
DW-domain if and only if dim R = 1. In particular a Krull domain is a
DW-domain if and only if it is a Dedekind domain.

Proof. Let X' (R) denote the set of prime ideals of R of height one. Since
t —dimR = 1, then X'(R) = t — Maxz(R). Since R is a DW-domain,
by Proposition 2.2, Maz(R) = t — Maxz(R) Hence X'(R) = Max(R) and
therefore dim R = 1.

Now if R is a Krull domain which is a DW-domain, then dim R = 1 and
therefore R is a Dedekind domain.



According to [12, Proposition 1.3], if for each maximal ideal M of R,
M~1 D R, then R is a DW-domain. The converse is not true. Indeed, let R
be an almost Dedekind domain which is not Dedekind. Since R is a Priifer
domain, then R is a DW-domain (in fact d = w =t). Since dim R =1 and
R is not Dedekind, then R has a non invertible maximal ideal M. Hence
MM='=M. So M~ = (M : M) = R, as desired. The following corollary
states when the equivalence holds.

Corollary 2.4. Let R be a H-domain. The following conditions are equiv-
alent.

i) R is a DW-domain;

ii) M~! D R for each maximal ideal M of R (i.e each maximal ideal of
R is divisorial);

iii) 171 D R for each proper ideal I of R.

Proof. i) = ii) Suppose that M~' = R for some maximal ideal M
of R.Since R is a H-domain, then there is a f.g. ideal I C M such that
I' = M~! = R. Hence I € GV(R) and therefore I = R by Proposition 2.2,
which is absurd.

1) = i) Let I be a proper ideal of R and let M be a maximal ideal
of R with I C M. Then clearly RC M~'CI!.

i14) = 1) Follows from Proposition 2.2 since I~! D R for each proper
ideal I of R forces that R is the unique ideal .J of such that J—! = R. Hence
GV (R) = {R}, and then R is a DW-domain.

Corollary 2.5. Let R be a semikrull domain. Then R is a DW domain if
and only if dim R = 1.

Proposition 2.6. Let R be an integral domain and let X be an indetermi-
nate over R. Then R[X] (respectively R[[X]]) is a DW-domain if and only
if R is a field.

Proof. Assume that R[X] is a DW-domain. Let 0 # d € R and let J be
the finitely generated ideal of R given by J = dR + XR. We claim that
J' = (R[X] : J) = R[X]. Indeed, Since dR[X] C J, then J~! C d~'R[X].
Let f € J~! and write f = d~'g for some g = ZaiXi € R[X]. Since X €
i=0
J, then d"'gX = fX € R[X]. Hence, for each i € {1,...,n}, d"ta; € R.
So a; € dR and therefore g € dR[X]. Hence f = d~1g € R[X] and therefore
J~! = R[X]. Then J; = J, = R[X]. Hence J = J, = R[X]. Sod ! € R
and therefore R is a field.
For R[[X]], the proof is similar to R[X].



Proposition 2.7. Let R be an integral domain. If Ry; is a DW-domain
for each maximal ideal M of R, then R is a DW-domain. Moreover, if R is
v-coherent, then the equivalence holds.

Proof. Let I be a nonzero ideal of R and let x € I,. Then there is
A € GV (R) such that A C I. Now, for each maximal ideal M of R, since
ARy € GV(RM) and ARy C IRy, then x € (IRM)wl = IRy since Ry,
is a DW-domain. Hence z € Upsenran(r)yl R = I and therefore I = I,. Tt
follows that R is a DW-domain.

Now, assume that R is v-coherent and R is a DW-domain. Let M be
a maximal ideal of R. By Proposition 2.2, it suffices to show that M Rj,
is a w-ideal of Ry;. Let 2 € (M Rps)w,. Then there is J € GV (Ry) such
that ©J C MRy;. Set J = AR); for some finitely generated ideal A of
R. Since ARy = xJ C MRy, and A is f;g, then xpA C M for some
uw € R\ M. So zuA, = zuA; C M; = M, by Proposition 2.2. Hence
cAyRy = zpAyRy € MRys. Since R is v-coherent and A is f.g, then
AyRy = (ARpr)y, = Jy, = Ry Hence xRy € MRy, and therefore
xr € MR). It follows that M R, is a w-ideal of Rj; and therefore R, is a
DW -domain.

Example 2.8. A localization of a DW-domain is not necessarily a
DW-domain. Indeed, let @) denotes the field of rational numbers and let X,
Y and Z indeterminates over Q. Set T = Q(v2)[[X,Y,Z]] = Q(v/2) + M
and R = Q+ M. By [6, Theorem 4.12], R is a local Noetherian domain. Let
P, =XT, P, =(X,Y)T and consider the chain (0) C P, C P, C M. Since
htrPy = 2 and T is a Krull domain, then T'= (T : P») = (P> : P) = Pz_l.
Hence Py ' = T = M~" and then (Py); = (P2), = M. So P; is not a t-ideal
of R. Now, it is easy to see that Rp, = Tp, is not a DW-domain since it
is a Krull (so PV M D) which is not Priifer. However since R is local with
maximal ideal M and R C T = M~!, then R is a DW-domain.

Theorem 2.9. Let R be a Noetherian domain. The following statements
are equivalent.

1) Each overring of R is a DW-domain.

1) dim R = 1.

Proof. Since R is Noetherian, then R’ = R is a Krull domain. By [11,
Corollary 2.5], w = t = v. Since R’ = R is a DW-domain, then d = w.
Therefore R’ is divisorial. By [8, Theorem 2.5], R is a Priifer domain and
therefore a Dedekind domain. Hence dim R = dim R’ = 1, as desired.
Conversely, assume that dim R = 1. Let T be an overring of R with
T C Qf(R). By [10, Theorem 93], T' is Noetherian and dim7 = 1. Let
I be a nonzero ideal of T' and let x € I,,,. Then there exists A € GV (T)



such that tA C I. If A C T, since dim7T = 1, then GradA = 1. So
A=Y = (T : A) D T ([10, Exercice2, page 102]), which is absurd since
A€ GV(T). Hence A =T and therefore x € I. It follows that I = I,,, and
T is a DW-domain.

3. Pullbacks.
In this section we examine the transfer of the “DW” property to the

pullbacks. To avoid unnecessary repetition, let us fix notation for the rest
of this section. Data will consist of a pullback of canonical homomorphisms

R — D
! l
T — T/M

where T is an integral domain, M is an ideal of T’ (not necessarily maximal),
@: T — T/M is the natural projection, D is a proper domain contained in
T/M, and R = ¢~}(D). We explicitly assume that R C T and we shall
refer to this as a diagram of type (A). If M is a maximal ideal of T', we shall
refer to this as a diagram of type (M). The case where T' =V is a valuation
domain of the form K + M, where K is a field and M is the maximal ideal
of V is of particular interest. We shall refer to this as the classical D + M
construction.

Theorem 3.1. For the diagram of type (M):
1) If R is a DW-domain, then so is D.
2) If T is local, then R is a DW-domain if and only if so is D.
3) If T and D are DW-domains, then so is R.

Proof. We need the following two lemmas.

Lemma 3.2 (cf. [4, Proposition 3.1]). For the diagram of type (A), assume
that ¢f(D) C T/M. Then T is t-linked over R.

Proof. Let A be a nonzero ideal of R such that A=! = R. Let x € (T : AT).
Then AT C T implies that tAM C M. SoaM C (M : A)C (R: A) =R.
Since AA' = RCT C (M:M)C M~ then AZ M. Let Ry = ¢~ (k),
where k = ¢f (D), and consider the following diagram:

R — D

| |
Ro — k

! !
T — T/M



If ARy = Ry, then 1 = Zaixi, where a; € A and x; € Ry for each

i=1
i €{l,...,n}. Then z = Zwaixi. Since za; € vA C zAT C T and
i=1

x; € Ry C T for each ¢ € {1,...,n}, then za;x; € T and therefore x € T.
Assume that ARy C Ry. Since M is a maximal ideal of Ry and A € M,
then ARy + M = Ry. Hence 1 = a + m for some a € Ry and m € M. So
T = xa+ xm. Since ra € ARy C xAT C T and am € M C R C T, then
x € T. Tt follows that (T : AT) = T and therefore T is t-linked over R.

Lemma 3.3 ([12, Lemma 3.1]). For the diagram of type (M), let J be a
(fractional) ideal of D and let I = ¢~1(.J). Then I, = ¢~ (Jy).

Proof of the Theorem. By Lemma 3.3, it is clear that if R is a DW-domain
then so is D. So, we may assume that D is a DW-domain and prove that
R is a DW-domain in the two cases. By Proposition 2.2, it suffices to show
that each maximal ideal @ of R is a w-ideal. Let @) be a maximal ideal of R.

2) Assume that T is local with maximal ideal M. Then it is well known
that each (integral) ideal of R is comparable (under inclusion) to M. By
maximality, M C Q. Then Q = ¢~ !(q) for some maximal ideal q of D.
Since D is a DW-domain, then q = g,,. By Lemma 3.3, Q, = ¢~ !(qu) =
¢ Y(q) = Q. Hence R is a DW-domain.

3) Assume that T is a DW-domain. If M C Q, then Q = ¢~ 1(q) for
some maximal ideal ¢ of D. Since D is a DW-domain, by Lemma 3.3,
Quw = ¢ quw) = ¢ 1(q) = Q. Assume that M Z Q. Then Q+ M = R. So
1 =a+m for some a € Q and m € M. Now, for each x € Q,,, x = za+zm.
Since za € @, to show that z € @ it suffices to show that xm € @. Since
Z € Qu, then there is A € GV (R) such that x4 C Q. So zAT C QT. Since
T is t-linked over R (Lemma 3.2), then AT € GV (T'). Hence z € (QT )y, =
QT, since T is a DW-domain. So am € QT M = QM C @Q, as desired. It
follows that R is a DW-domain.

Example 3.4. 1) In the case where T is local, R is a DW-domain do not
forces that T is a DW-domain. Indeed, let @ be the field of rational numbers
and let X and Y indeterminates over Q. T = Q(v2)[[X,Y]] = Q(v2) + M
and R = Q + M. By Theorem 3.1 (1), R is a DW-domain, however T is
not a DW-domain since it is a Krull domain which is not Dedekind.

2) The assumption of being a “DW-domain” on D is not sufficient to
get R a DW-domain when T is not local. Indeed, let T = Q(v/2)[X,Y] =
Q(vV2) + M and let R = Q + M. Let I be the finitely generated ideal of



R given by I = (X — 1)R+ YR. It is easy to see that I~! = R. Then
I, =1, = R. So I, = R. Hence I is not a w-ideal and therefore R is not a
DW-domain.

Corollary 3.5. Let K be a field, D a domain contained in K and X
an indeterminate over K. Set R = D + XK[X] (respectively R = D +
XK[[X]]). Then R is a DW-domain if and only if so is D.

Proof. Tt suffices to take T' = K[X] (respectively T = K[[X]]).

Theorem 3.6. For the diagram of type (A), assume that ¢f(D) C T/M.
If T and D are DW-domains, then so is R.

The proof need the following lemma.

Lemma 3.7. For the diagram (A), assume that D =k is a field. If T is a
DW-domain, then so is R.

Proof. Let J be a nonzero ideal of R and let x € J,. Then there exists
A € GV(R) such that zA C J. Since A~-'=RCT C(M:M)C M~}
then A € M. Since M is a maximal ideal of R (R/M = D = k), then
M+ A = R. So there exists a € A and m € M such that 1 = a+ m. Hence
x = xa + xm. Since za € xA C J, to show that x € J, it suffices to show
that xm € J. Since T is t-linked over R (Lemma 3.2), then AT € GV (T).
But A C J implies that AT C JT and then = € (JT'),,, where w; is the
w-operation with respect to T'. Since T'is a DW-domain, then (JT'),,, = JT
and therefore x € JT. Hence xm € JTM = JM C J, as desired. It follows
that J = J,, and therefore R is a DW-domain.

Proof of the Theorem. Consider the following diagram:

R — D

| |
Ro — k

! !
T — T/M

By Lemma 3.7, Ry is a DW-domain and by Theorem 3.1, R is a
DW-domain.

Now, we turn our attention to the composite ring R = A + X B[[X]],
which is a particular case of the diagram of type A, but in which the as-
sumption T' = BJ[[X]] is a DW-domain is not required since this forces B
to be a field, Proposition 2.6.



Proposition 3.8 Let R = A+ XB[[X]] where ¢f(A) C B. Then R is a
DW-domain if and only if so is A. In particular k + X B[[X]] is always a
DW-domain.

Proof. Let I € GV(R) and set M = XB[[X]]. Write I = (f1,...,fr),
where f; = a;+Xg; for eachi € {1,...,7}. Since M~! = (M : M) = B[[X]]
and I71 = R, then I € M. So a;, # 0 for some iy € {1,...,r}. Let Q be
the set of all j € {1,...,r} such that a; # 0. Clearly 2 is nonempty. Let
L be the ideal of A given by L = Z a; A and let J the ideal of R given by
jeQ
J =L+ M. Tt is easy to see that I C J. Since RC L'+ M =J ' C
I"' =R, Then L'+ M =J ' =R. So L7! = A. Hence L € GV (A).
Since A is a DW-domain, then L = A. So1 € L. Write 1 = Z Ajaj. Then
JjEQ
1+ XY Xgj =Y Afj € 1. Since 14+ X Y X;g; is a unit of R (recall
jeQ JEQ jeQ

that U(R) = U(A) + M), then I = R. It follows that GV (R) = {R} and
therefore R is a DW-domain.

The following proposition shows that the result of Proposition 3.8 is not
true if qf(A) € B.

Proposition 3.9. Let R = A + X BJ[[X]] (respectively R = A + XB[X]).
If there is a nonzero nonunit a € A such that a ' AN B = A, then R is not
a DW-domain.

Proof. Set I = aR + XR. Then it is easy to show that I-! = R. So
I € GV(R). but since a is nonunit of A, then I is a proper ideal of R. It
follows that R is not a DW-domain.

Example 3.10. The domain R = Z + X Z(9)[[X]], where Z is the ring of
integers is not a DW-domain. Indeed 2 is nonunit in Z and 2’1ZQZ(2) =Z.
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