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Abstract

The classical notion of the discriminant of a number field was gen-
eralized both to commutative free R-algebras with finite rank and to
R-subalgebra of a separable K-algebra with finite dimension, where K
is the quotient field of a Dedekind domain R. In this paper, we define
the discriminant ideal to a projective sub-module of constant rank of
an R-algebra. As applications, we characterize separable polynomials
over an R-ring.

Introduction

Let L/K be a finite separable extension of fields. Then the trace and
norm maps of L are defined by: TL/K(x) =

∑n
ı=1 σi(x) and NL/K(x) =∏n

ı=1 σi(x) for all x ∈ L, where σ1, σ2, . . . , σn are the K-isomorphisms of L
into its algebraic closure. The trace map of L induces a non-singular bilin-
ear form of L2 defined by: TL/K(x, y) = TL/K(xy) for every (x, y) in L2.
When K = Q and L is a number field, OL denotes the integral closure of
Z in L. Then OL is a free Z-algebra of rank n = [L : Q]. The determinant
of the bilinear form TL/K with respect to a Z-basis (e1, . . . , en) of OL is
called the discriminant of (e1, . . . , en) and is denoted by D(e1, . . . , en). The
principal ideal of Z generated by D(e1, . . . , en) is independent of the choice
of the Z-basis of OL and called the discriminant of the number field L. The
classical notion of the discriminant of a number field was generalized both
to commutative free R-algebras with finite rank and to R-subalgebra of a
separable K-algebra with finite dimension, where K is the quotient field of
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a Dedekind domain R (See [1], [2], [3], [4], [7], [5] and [6]). In this paper, we
define the discriminant ideal to a projective sub-module of constant rank of
an R-algebra. As applications, we characterize separable polynomials over
an R-ring.

Throughout this paper, R will denote a commutative ring, M a projec-
tive R-module of constant rank n and u is an endomorphism of M . max(R)
is the set of maximal ideals of R. For a maximal ideal P of R, set MP the
scalar extension of M by RP and uP the RP -endomorphism induced by u.

The first section deals with trace and norm maps in a projective sub-
module of constant rank of an R-algebra. We first extend theme to projec-
tive sub-module of constant rank of an R-algebra and then we define the
discriminant ideal of a such sub-module. In the second section, we give ex-
amples and applications. We achieve the paper by characterizing separable
polynomials over an R-ring in the third section.

1 Norm and trace

Let R be a domain with quotient field K, M a projective R-module of con-
stant rank n and u an R-endomorphism of M . Let P be a maximal ideal
of R. Then MP is a free RP -module of rank n. Let (e1, . . . , en) be an
RP -basis of MP . Then (e1, . . . , en) is a K-basis of KM . Consequently, for
every maximal ideal P of R, the RP -endomorphism uP , induced by u, and
the K-endomorphism uK , induced by u, have the same characteristic poly-
nomial Cu(X) ∈ R[X]. The polynomial Cu(X) is called the characteristic
polynomial of u. Set Cu(X) = Xn +an−1X

n−1 + · · ·+a0 the characteristic
polynomial of u. Define tr(u) = −an−1 the trace of u and det(u) = (−1)na0

the determinant of u.
Generally, let R be a commutative ring, M a projective R-module of con-

stant rank n and u an endomorphism of M . If the characteristic polynomial
of the RP -endomorphism uP does not depend of the choice of the maximal
ideal P of R, in particular if R is a domain, then we define tr(u) and det(u)
as the trace and the determinant of the endomorphism uP respectively, for
an arbitrary maximal ideal P of R.

Let S be a K-algebra and M a projective submodule, of KS, of constant
rank n. For every x ∈ M , x induces an R-endomorphism lx of M defined
by lx(m) = xm. Define TM/R(x) = tr(lx) the trace of x and if lx has its
characteristic polynomial in R[X], then define NM/R(x) = det(lx) the norm
of x. These notions generalize the classical notions, in particular if L/K
is a separable extension of degree n and M is a projective submodule, of
L, of constant rank n, then the trace and norm maps of M are defined by:
TM/K(x) =

∑n
ı=1 σi(x) and NM/K(x) =

∏n
ı=1 σi(x), for all x ∈ L, where
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σ1, σ2, . . . , σn are the K-isomorphisms of L into its algebraic closure.
We start this section by the following examples illustrating our studies.

Examples

1) Let S be a projective R-algebra of constant rank n and x ∈ R. Since
Cx(X) = (X − x)n, then TS/R(x) = nx and NS/R(x) = xn.

2) Let S/R be an extension of commutative rings such that S is a projective
R-module of constant rank. Let G be a finite sub-group of AutR(S) such
that SG = R, where SG is the ring of all elements of S which are fixed
by every element of G. Set S(G) the S-algebra with a basis constituting
by orthogonal idempotents E = {uσ | σ ∈ G}. Recall that S/R is a G-
Galois extension if and only if h : S ⊗ S −→ S(G), defined by h(x ⊗ y) =∑

σ∈G xσ(y)uσ is an S-isomorphism (see [8]). Then

Proposition 1 Let S/R be a G-Galois extension. Then Clx(X) =∏
σ∈G(X − σ(x)) for all x ∈ S. In particular, TS/R(x) =

∑
σ∈G σ(x) and

NS/R(x) =
∏

σ∈G σ(x) for all x ∈ S.

Proof. Since S is a faithfully-flat R-algebra (see [8, lemma 1. 11, page
5]), it suffices check these results by scalar extension by S. Thanks to the
isomorphism h, S⊗S is a free S-module with rank n = [G : 1] and G operates
over S ⊗ S by σ(x ⊗ y) = x ⊗ σ(y). Since l1S⊗x = lx⊗1S , we compute the
characteristic polynomial C1S⊗x(X) of l1S⊗x. Thanks to the isomorphism h,
we identify 1S ⊗ x with

∑
σ∈G σ(x)uσ. Then x.uτ = τ(x)uτ . Consequently,

the matrix of l1S⊗x with respect to the basis E is (τ(x)δτ,σ)(τ,σ)∈G2 . Hence
Cl1S⊗x(X) =

∏
σ∈G(X − σ(x)))1S . Finally, Clx(X) =

∏
σ∈G(X − σ(x)).

1.1 Discriminant ideal

Let S be an R-algebra and M a projective sub-module of constant rank
n of S. The trace map TM/R induces a bilinear form of M2 defined by
TM/R((x, y)) = TM/R(xy) for all (x, y) ∈ M2. If M is a free R-module
of rank n then the determinant of the bilinear form TM/R with respect to
an R-basis (e1, . . . , en) of M is denoted by D(e1, . . . , en) and called the
discriminant of (e1, . . . , en). In general way, for (a1, . . . , an) ∈ Mn. The
discriminant of (a1, . . . , an) is the determinant D(a1, . . . , an) of the matrix
(TM/R(aiaj))i,j and the discriminant ideal of M over R is to be the ideal
of R generated by all D(a1, . . . , an), where (a1, . . . , an) runs over Mn. This
will be denoted by DR(M) ( see [9]).

Proposition 2 Let M1 and M2 be two projective sub-modules, of S, of
constant ranks m and r respectively. Then
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1) If M1 and M2 are mutually orthogonal, then

DR(M1 + M2) = DR(M1)DR(M2).

2) DR(M1 ⊗M2) = (DR(M1))r(DR(M2))m.

Proof. Since ⊕P∈max(R)RP is a faithfully-flat R-algebra, we can assume
that M1 and M2 are two free sub-modules of S of ranks m and r respectively.
Let {e1, . . . , em} be an R-basis of M1 with dual basis {e∗1, . . . , e∗m} and
{v1, . . . , vr} be an R-basis of M2 with dual basis {v∗1 , . . . , v∗r}.
1) Since M1 and M2 are mutually orthogonal, then the determinant of the
bilinear form T(M1+M2)/R with respect to the basis {(e1, 0), . . . , (em, 0)} ∪
{(0, v1), . . . , (0, vr)} is

det(TM1/R(eiej))1≤i,j≤m det(TM2/R(vivj))1≤i,j≤r.

2) For 1 ≤ i ≤ m and 1 ≤ j ≤ r, define e∗i ∗v∗j by e∗i ∗v∗j (x⊗y) = e∗i (x)v∗j (y)
for all (x, y) ∈ M1 × M2. Then {ei ⊗ vj , 1 ≤ i ≤ m, 1 ≤ j ≤ r} is an
R-basis of M1⊗M2 with dual basis {e∗i ∗v∗j , 1 ≤ i ≤ m, 1 ≤ j ≤ r}. Hence
TM1⊗M2/R(x ⊗ y) =

∑
i,j e∗i ∗ v∗j ((x ⊗ y)(ei ⊗ vj)) =

∑
i,j e∗i (xei)v∗j (yvj) =∑m

i=1 e∗i (xei)
∑r

j=1 v∗j (yvj) = TM1/R(x)TM2/R(y). Set TM1/R(eiej) = tij ,
TM2/R(vkvl) = skl, A = (tij)1≤i,j≤m and B = (skl)1≤k,l≤r. Then DR(M1 ⊗
M2) = det((xIJ)I,J)R, where xI,J = tijskl, I = (i, k) and J = (j, l).
By [[10], page 157 and page 101], (xIJ )I,J = A ⊗ B and det(A ⊗ B) =
(det(A))r(det(N))m. Consequently, DM1⊗M2/R = (DM1/R)r(DM2/R)m.

2 Examples and applications

1) We give a method for computing the discriminant ideal of polynomial
algebras over a domain.

Let f ∈ R[X] be a monic polynomial of degree n. Let x1, . . . , xn be
its roots counted with multiplicity order in some commutative ring. Then
Disc(f) := Res(f, f ′) =

∏
i 6=j(xi − xj).

Let R an integrally domain with quotient field K and L/K a separa-
ble extension. If L = K[x], where x is an integral element over R with
minimal polynomial f , then TL/K(x) =

∑n
ı=1 σi(x), where σ1, σ2, . . . , σn

are the K-isomorphisms of L in its algebraic closure. In the other hand,
the discriminant R(Sf ) is the principal ideal of R generated by Disc(f) =∏n

i=1

∏
j 6=i(σi(x) − σj(x)). In this section, we extend this result to exten-

sions over a domain. More precisely, we show that if R is a domain and
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f ∈ R[X] is a monic polynomial, then DR(Sf ) is generated by Disc(f) =∏n
i=1

∏
j 6=i(xi − xj).

Theorem 1 Let R be a domain with quotients field k and f ∈ R[X] a
monic polynomial of degree n. Then

D(1, X̄, . . . , (X̄)n−1) = (−1)
n(n−1)

2 NSf /R(f ′(X̄)).

Proof. Let x1, . . . , xn be the roots of f in some commutative exten-
sion T of R and P ∈ R[X]. Since the R-endomorphism lP (X̄) and the
k-endomorphism l′

P (X̄)
of kSf induced by lP (X̄) operate with the same man-

ner over (1, X̄, . . . , X̄n−1), then they have the same characteristic polyno-
mial. Consequently, we can assume that R is a field. Moreover the trace of
an endomorphism does not modify after scalar extension, so we can assume
that the roots x1, . . . , xn of f are in k. For 1 ≤ i ≤ r, denote Ei = ker(u−
xiid)ei the characteristic space of the endomorphism l′

X̄
associated to the

eigenvalue xi and let {ui
1, . . . , u

i
ei
} be a k-basis of Ei such that X̄ui

1 = xiu
i
1

and for 2 ≤ s ≤ r, X̄ui
s−xiu

i
s ∈

∑s−1
j=1 Ru1j

i. Then P (X̄)ui
1 = P (xi)ui

1 and
for 2 ≤ s ≤ r, P (X̄)ui

s−P (xi)ui
s ∈

∑s−1
j=1 Ru1j

i. Hence P (x1), . . . , P (xr) are
the roots of the characteristic polynomial CP (X̄)(X) with multiplicity order
e1, . . . , er respectively, i.e., CP (X̄)(X) =

∏r
i=1(X −P (xi))ei . Consequently,

TSf /R(P (X̄)) = −
n∑

i=1

P (xi) and NSf /R(P (X̄)) = (−1)n
n∏

i=1

P (xi).

D(1, X̄, . . . , X̄n−1) = det(TSf /R((X̄)i+j) = (−1)n det(
n∑

k=1

xi+j
k )

= (−1)n det((xj
k)k,j) det((xi

k)i,k) = (−1)n det((xj
k)k,j)2.

Using the Vandermande determinant, we have

D(1, X̄, . . . , X̄n−1) = (−1)n
n∏

i=1

∏

j 6=i

(xi − xj) = (−1)
n(n−1)

2 NSf /R(f ′(X̄)).

2) We find, partially, the Maschke’s Theorem by using the discriminant
ideal.

Let R be a domain and G a finite abelian group of cardinal order n.

a) Set G =< σ1 > × · · ·× < σr >. Then R[G] ' R[σ1]⊗· · ·⊗R[σr]. Let σ ∈
G with order e. Since 1, σ, . . . , σe−1 is an R-basis of R[σ] then Xe − 1 is
the minimal polynomial of σ over R. Consequently, R[σ] ' R[X]/(Xe−
1). Hence DR(R[σ]) = eeR. By the proposition 6, DR(R[G]) = nnR.
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b) Recall that, a commutative projective R-algebra S of constant rank is
separable over R if and only if DR(S) = R (see [9]). Then R[G] is a
separable R-algebra if and only if n is invertible in R.

c) In particular, if K is a field of characteristic p, then K[G] is a separable
K-algebra if and only if p does not divide n. Hence we find also the
Maschke’s theorem: If p does not divide n, then K[G] is a semi-simple
K-algebra.

3) Let S be a commutative projective R-algebra of constant rank and G a
finite subgroup of AutR(S) such that SG = R. Let P be a maximal ideal of
R and B a maximal ideal of S above P. Set D(B/R) = {σ ∈ G , σ(B) ⊂ B}
the splitting group of B. Then

red : D(B/R) −→ Autk(P)(S/B)
σ 7−→ σ̄ : S/B −→ S/B

x̄ 7−→ σ(x)

is a homomorphism of groups its kernel is I(B/R) = {σ ∈ G | (σ−1G)(B) ⊂
B}. I(B/R) the inertie group of B.

Proposition 3 Under the above hypothesis, let P be a maximal ideal of R
and B a maximal ideal of S above P. Set G/D(B/R) = {σ̄1 . . . , σ̄r}. If the
TS/R induces a non-singular bilinear form of S̄, then PS =

∏r
i=1 σi(B).

Proof. Since TS/R induces a non-singular bilinear form of S̄, S̄/k(P) is
separable. Hence S̄ = K1 × · · · ×Kr. Consequently, PS =

∏r
i=1 Bi, where

B1, . . . ,Bs are the maximal ideals of S above P. Since SG = R, G acts
transitively over the maximal ideals B1, . . . ,Bs. Hence for every Bi, there
exists σj such that Bi = σj(B). Moreover if j 6= k, then σj(B) 6= σk(B).
Consequently, PS =

∏r
i=1 σi(B).

3 Separable polynomials over an (R)-ring

Let R be a domain with fractions field K and f ∈ R[X] a monic polynomial.
f is called a separable polynomial if the R-algebra Sf is separable. That is
equivalently to NSf /R(f ′(X̄)) is an invertible element in R.

Let R be a Dedekind domain. R will be called an (R)-ring if for every
field extension L/K, DR(OL) = R implies L = K, where OL is the integral
cloture of R in L.

We characterize the commutative projective separable algebras finitely
generated as module over an (R)-ring.
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Proposition 4 Let R be an (R)-ring with fractions field K. The only
commutative projective separable algebras finitely generated as module over
R are of the form Rn, where n ∈ N∗.

Proof. Let S be a such R-algebra. Then KS/K is separable. Hence
KS = K1 × · · · ×Kr, where Ki/K is a separable field extension for every
i. Consequently, S = S1 × · · · × Sr. Since S is a commutative projective
R-algebra of constant rank, then for every 1 ≤ i ≤ r, Si is a commutative
projective R-algebra of constant rank. Since DR(S) =

∏r
i=1 DR(Si) = R,

then DR(Si) = R for every 1 ≤ i ≤ r. Since R is a Dedekind domain and
DR(Si) is square free, then Si is the integral cloture of R in Ki for each i.
The fact that R is an (R)-ring implies that Si = R for every 1 ≤ i ≤ r.

The previous Proposition allows to us to characterize separable monic
polynomials over an (R)-ring.

Proposition 5 Let R be an (R)-ring with quotients fields k. The only
monic separable polynomials over R are of the form f =

∏n
i=1(X − ai),

where (ai, . . . , an) ∈ Rn and
∏

i6=j(ai − aj) is invertible in R.

Proof. Let f ∈ R[X] be a monic separable polynomial and set f =∏r
i=1 P ei

i its the factorization of irreducible polynomials in K[X]. Since
R is integrally closed, then every Pi ∈ R[X]. Since f is separable over R,
then for every 1 ≤ i ≤ r, ei = 1. As R is an (R)-ring, every Pi is with
degree 1. Finally, Disc(f) =

∏
i 6=j(ai − aj) is invertible in R.

Theorem 2 The only monic separable polynomials over R are of the fol-
lowing forms:

1) X−a and (X−a)(X− (a+1)), where a ∈ R if R = Z or R = Z[
√−2].

2) X − a , (X − a)(X − (a + 1)) and (X − a)(X − (a + i)), where a ∈ R if
R = Z[i].

3) X−a and (X−a)(X− (a+µ)), where a ∈ Z[
√

2] and µ is an invertible
element of Z[

√
2] if R = Z[

√
2].

Proof. We show that these domains are (R)-rings.
Let m ∈ Z be an integer square free such that m = 2 or 3 modulo 4.
Then Z[

√
m] is a Dedekind domain. Set K = IQ[

√
m] and let L/K be an

unramified number field extension. Then DZ[√m](OL) = Z[
√

m]. From [[1],
page 17], DZ(OL) = NK/Q(DZ[√m](OL))(DZ(Z[

√
m]))[L:K]. Set n = [L :

K], then DZZ(OL) = (4m)
n
2 Z. By [[7], page 70, corollaire 2], (π

4 )r2 ≤ n!
nn |

4m |n
4 , where n = r1 + r2, r1 is the number of Q-algebra isomorphisms of L
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in R. So, (π
4 )

n
2 nn

n! ≤ |4m|n
4 . If m ∈ {1, 2,−2}, then (π

4 )
n
2 nn

n! ≤ 8
n
4 . Hence

n ≤ 3 and then L = K. Consequently, Z[
√

2], Z[i] and Z[i
√

2] are (R)-rings.
For R = Z see [7], page 71.

To achieve the proof, it suffices to determinate the invertible elements
of these domains.
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