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The cyclicity of the period annulus of reversible quadratic Hamil-
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we study this problem in a uniform way.
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1 Introduction

Following [15] and [11] the quadratic centers are classified into four classes:
Hamiltonian (Q47), reversible (Q%), Lotka—Volterra (Q%") and codimension
four (Q4). It was pointed out by Ilive in [9] that if Xz € Q¥ N QF, then
except one case (the Bogdanov—Takens system, which has been extensively
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Figure 1. The phase portraits of Xz, for the different values of A.
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studied in many papers, see [1, 13, 12, 9]), the cubic Hamiltonian H (z,y)
can be transformed into the following one-parameter family

Hy(z,y) =2[3(A—2) —3(A— D)z + A2z® +¢?], A€ (—00,00). (1.1)

The phase portraits of the corresponding vector fields X, = 9Ha 0 _

oy Ox
aa%a% are shown in figure 1. We consider the quadratic perturbations of

X, as follows.

y=—3(4A-2)—6(A—1)x+ 3422 + y?) + eg(z,y, €), (1.2)

where € is a small parameter, f and g are quadratic polynomials in z, y
with coefficients depending analytically on e. A natural question is: how
many limit cycles can appear for small € from the period annulus (or annuli
if A €(0,2)), surrounding the center (or centers if A € (0,2))?7 Here the
limit cycles that emerge from the center (or centers) are included. The
sharp upper bound of the number of such limit cycles is called the cyclicity
of the period annulus (or annuli).

Tlive [11] investigated the perturbations of quadratic centers, he pointed
out, among other, that Xy_, € Q¥ N Q¥ N QL{V\Q4 (the Hamiltonian
triangle, see figure 1), and the cyclicity of Xpg_, is determined by a third
order Milnikov function (in fact, he already proved in [10] that the cyclicity
of the period annulus is equal to three in this case); if A € (—o0,00)\{—1}
then Xz, € Q¥ NQM\{QLY UQ4}, and the cyclicity of the period annulus
of Xg, is equal to the sharp upper bound of the number of zeros of the
second order Milnikov function (see Theorem 3 of [11])

Ja(h) :// (a+ Bz +~yx~t) d dy, (1.3)
Int(5.4(h))
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for all constants «, 5 and 7y, and § 4 (h) is an oval contained in the level curves
{Hy = h with h € (he,hs)}, where h. and hs denote the corresponding
values of the level curves which shrinks to a center C'4, or expands to the
homoclinic or heteroclinic loop connected to one or two saddles respectively
if A # 2, and to a Non—Morsean point if A = 2.

Based on this formula and on the Picard—Fuchs equation, and using dif-
ferent techniques, the papers [17], [9] and [16] investigated the cyclicity of
the period annulus of X, under quadratic perturbations for the cases of
A€ (—1,0), A=0, and A = 2, respectively, and [4] studied the same prob-
lem for the cases of A € (—o0, —1) and A € (0,2). On the other hand, using
the Picard—Fuchs equation and the Picard-Lefschetz formula (in complex
domain), [7] studied the cyclicity of Xg,, A € (2,00), under degree n poly-
nomial perturbations. Combining the above results together, and restricting
them to quadratic perturbations, one has the following conclusion.

Theorem 1.1 If A € (—o0,00)\{—1}, then for small & the mazimum num-
ber of limit cycles for system (1.2) which emerge from the center and the
period annulus altogether is equal to two.

Remark 1.1 If A € (—o0, —1)U(2,00), then the period annulus is bounded
by a homoclinic loop. By the result of [14] the maximal number of limit
cycles in theorem 1.1 also includes the limit cycles bifurcating from the loop.

In this paper, borrowing some techniques from [3] and using some results
of [4], we will give a uniform and easier proof of theorem 1.1. To explain
the idea of the proof, we reformulate theorem 1.1 in a geometric way. As
mentioned above, the maximal number of limit cycles in theorem 1.1 is equal
to the sharp upper bound of the number of zeros of the integral (1.3). We

define
Ip(h) = // e dedy, k=0,1,-1. (1.4)
Int(54(h))
and
Ii(h) I_1(h) I1{ (h) 17, (h)

p(h) = ma q(h) = Io(h) , w(h) = Ié/(h)’ v(h) = W (1.5)

Note that Iy(h) is the area of Int(d4(h)) and I})(h) is the period of d4(h),
so Ip(h) > 0 and I)(h) > 0 for h € (he, hs). Since the period function of
the quadratic Hamiltonian vector field Xy, is monotone (see [2]), we also
have I{/(h) # 0. Hence p, q,w,v € C*(h., hs), and (1.3) can be written as

Ja(h) = alo(h) + BIi(h) + vI-1(h) = Io(h)(e + Bp(h) +~q(h)),  (1.6)



and we also have
Ju(h) = aly(h) + BI (h) + 121 (h) = I§ (k) (a + Bw(h) +v(h)). (1.7)

We define two curves in the (p, ¢)—plane and in the (w, v)—plane, respectively,
as follows

Sa=A{@a)(h) : h € (he,hs)}, Qa={(w,v)(h) : h € (he, hs)}. (1.8)

Then the number of zeros of J4(h) for h > h. is equal to the number of
intersection points (counting their multiplicities) of ¥ 4 and the straight line
Logy : {a + Bp +vg = 0} in the (p, ¢)-plane.

Definition 1.1 A plane curve is called sectorial, if it is smooth, and when
running it, the tangential vector rotates an angle less than .

Therefore, if Xy, has only one period annulus, then Theorem 1.1 follows
from

Theorem 1.2 For any A € (—o0,0)\{—1} the curve ¥4 is sectorial and
strictly convex with non—zero curvature.

It is hard to study X 4 directly, but it is easier if we link it with Q4. From
(1.7) we see that in the (w, v)—plane the intersection of Q4 with the straight
line L4, : {a + fw + v = 0} corresponds to a zero of the function
JA(h) = 0. We identify the (p,¢)-plane with the (w,v)-plane, then the
two straight lines Lag, and L;, 5. are identified (we will make this identifi-
cation throughout the paper). We will prove that both curves ¥4 and Q4
are smooth, and that the following basic lemma holds.

Lemma 1.1 Curves X4 and Q4 have no common tangent line for A €
(=00, 00)\{—1}.

The idea of the proof of theorem 1.2 We denote by &; the tangent
line of ¥ 4 at the point (p, ¢)(t) € L4, t € (he, hs). Note that J4(he) = 0 for
any A, hence if we take &; to be Lag, then J4(h) has a double zero at h = ¢
plus a zero at h = h.. By Rolle’s Theorem this implies that &; intersect
Q4 at some point (w,v)(t') with ¢’ € (he,t). It is easy to prove that if
0 <t—he < 1 then & intersect 24 at a unique point transversally. On the
other hand, we will show that the two endpoints of € 4 keep on the different
sides of & for t € (h¢, hs). Therefore, lemma 1.1 implies & N Q4 consists
of a unique point for all ¢t € (h, hs), counting the multiplicity. This proves
the convexity and non—zero curvature property of ¥ 4. Since p/(h) # 0 for
all A (see lemma 3.1 of [4]), the curve X4 is obviously sectorial. Hence,
theorem 1.2 follows.



Remark 1.2 If A € (0,2), then Xy, has two period annuli, hence there
are two curves X4 and ¥'4. Once we prove both of them are convexr with
non—zero curvature, then it is easy to prove that any straight line intersect
AU, at most in two points, counting their multiplicities. In fact each of
these two curves is located in one of the two opposite sectors, sharing one
vertexr and having two crossing straight lines as boundary, and the tangent
line at h = h. and the asymptotic line for h — hg of each curve intersect at
a point inside the same sector (see figure 4 of [4]). Therefore, in this paper
we will only prove theorem 1.2.

The proof of lemma 1.1 depends on the Picard—Fuchs equation and some
techniques, among them the use of a Riccati equation satisfied by w(h)
is important. A Riccati equation was used in the study of the cyclicity
problem, probably for the first time, by Iliev in [10].

The paper is organized as follows. We make some preliminaries and
recall some known results in section 2, study the properties of the curves
¥4 and Q4 in section 3 (we will use the equivalent forms ¥4 and Q4), and
prove theorem 1.2 in section 4.

2 Preliminaries

2.1 Phase portraits of Xy,

The next result is easily obtained from system (1.2).

Lemma 2.1 The following statements hold for Xy, (i.e. ¢=0 of (1.2)):

(1) For any A, Xp, has an invariant straight line {(x,y) : x = 0}, and
has a center at (x,y) = (1,0), corresponding to the level value of
h=h; =A-3.

(2) Forany A+#0, Xg, has a singularity at ((A—2)/A,0), corresponding
toh=hy = (A+1)(A—2)%/A2, which is a saddle if A <0 or A > 2,
or a center if 0 < A < 2.

(3) For A < 2, Xp, has two saddles on the invariant straight line at
(0,£+/3(2 — A)), and has a heteroclinic loop, corresponding to h =0
if—-1<A<2.

(4) As A — 0, the singularity ((A —2)/A,0) goes to infinity. As A — 2,
the three singularities ((A — 2)/A,0) and (0,++/3(2 — A)) combine
together and form a degenerate singularity at the origin.



The 7 phase portraits of Xy, are shown in figure 1, depending on the values
of A € (—o0,-1),-1,(-1,0),0,(0,2),2 and (2, 00), respectively. Hence, to
study the cyclicity of the period annulus surrounding the center (1,0) we
need to take

(heyhs) = (hi,ha), if A<—1orA>2
@ (M, 0),  if Ae(—1,2],

where hy = A—3 and hy = (A+1)(A—2)%/A2. In the rest of the paper, we
always take the value of (h., hs) as in (2.1), if no other values are specified.
Note that 0 € (h., hs) only in the case A € (2,3).

(2.1)

2.2 The Picard—Fuchs equations
The Picard—Fuchs equation for Iy(h), I;(h) and I_;(h) was deduced in [4]

as follows:
d Iy ago Qo1 Qo2 Iy
Gh)— | h =1 aw air a2 L |, (2.2)
dh
1 asy a1 A2 I,

G(h) =6h(h—h1) (A2h — (A+1)(A—2)?),
ago = 4A%h% — 2(A — 1)(24% — 44 - 9)h,
apr = —12Ah,
aga = A(A—1)h? — (A+1)(A —2)(A - 3)h,
alp = —A(A—1)h? + (A — 2)(A2 — 24 + 9)h,
ain = 6A%h% —6A(A —1)(A — 2)h,
a2 = QhQa
asy = A(9A? — 18A+ 1)h — 9(A? — 1)(A — 2)(A - 3),
ag = —6A%(A—1)h +6A(A+1)(A—2)(A—3),
asg = 2A2h% — 2(A2 — 1)(A — 3)h.
From the definition of p(h) and ¢(h) (see (1.5)), we have
I (h I)(h I' ((h I (h
- Iégh; - Igihiﬂ b d(h) = Iol((h)) - Iggh;‘” )
Combining this with (2.2), we obtain a system of equations for (h,p, q):
h=G(h),

P = a0 + a11p + ai2q — p(ago + ao1p + ao2q), (2.3)
4 = ago + a21p + az2q — q(ago + ao1p + ap2q).

where

p'(h)
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Note that the curve X 4, defined in (1.8), is the projection onto (p, ¢)—plane
of an orbit of system (2.3), which is the one—dimensional stable or unstable
manifold (depending on the value of A) of the singularity (hy,1,1). From
(2.2) we can deduce the following equality (see (3.7) of [4])

I",(h) = c1(h, A)I(h) + ca(h, A)I} (), (2.4)
where
_ 6(A—2) 4A(A-1)
alhA)==—=— -3 D(A=3)’
C2(th):_Q(A—l) 8A

n AT DA-3)
From (2.4) and (1.5) we obtain

v(h) = c1(h, A) + ca(h, A) w(h). (2.5)

From (2.2) we also obtain the following 2-dimensional system for (h,w) (see
(3.10) of [4])

il e T(h), w= —b01w2 + (bll — boo)w + b1 = ¢(h,w), (26)

where

T(h) = (A+1)(A=3)G(h),

boo = —4A%(3A% — 6A —5)h% + 6(A? — 1)(A — 3)(34%2 —6A — 5)h—
6(A+1)2(A—2)%(A - 3)2,

bo1 = 8A3(A —1)h? — A(A+1)(A - 3)(17A? — 34A — 3)h+
9(A—1)(A—-2)(A+1)%(A-3)?

bio = —A(A—1)(A%2 —2A +5)h? + (A —2)(A+ 1)%(A — 3)?h,

bin = —2A%(34% — 64— 17)h* +6(A — 1)(A+ 1)*(4 — 3)?h.
Remark 2.1 From (2.4) and (2.5) we have that if A =3 then w(h) =1/3
for h € (heyhg). If A = 2, then the two equations of system (2.6) have a

common factor 2h. Since we consider h € (hy,0) for A =2, we could, for
simplicity, eliminate this factor, and (2.6) becomes

h=—36h(h+1), @&=—(32h—9)w?+ (28h — 18)w — 5h.

In the following, we will use this system instead (2.6) in the case of A = 2.



2.3 Some related results

By using the existence of the invariant straight line and from (2.3), we have
the following results (see Lemmas 3.1 and 4.1 of [4]).

Lemma 2.2 For A € (—oo0,0)\{—1} we have
(1) p'(h) #0 for h € (he, hs).

. . dq A+3
2) A = (1,1 b)) L =_ -
(2) At its endpoint (p,q)(h1) = (1,1) of ¥4, we have that ap L
@ 20
dp?  A+1°

It is easy to see that if A # 0,1 and 2, then system (2.6) has six distinct sin-
gularities: three saddles (hy,w1), (0,®), (he,w)) and three improper nodes
(hla 1)3 (Oﬂ0)7 (h27w2)7 where

5A2 -6A—-3 _ 2(4-2)
w1 = , W= )
5A2 +6A+9 3(A—1) o
A2 , (A—2)(5A% — 14A +5) '
2T Y27 TTA(BAZ — 264 + 41)

We recall that an improper node is a node such that all the orbits arrive to
or exit from it in one direction. Let

C, = {(h,w(h)) : w(h) is defined in (1.5), h € (he, hs)}.

Lemma 2.3 In the (h,w)-plane, the curve C,, is the stable (or unstable)
one—dimensional manifold of the saddle (hi,w1), and it connects to another
singularity as h — hg as follows (see figure 2, where the dashed curves show
different possible positions of C,):

(1) to the improper node (ha,ws) with slope —oco if A € (—o0, —1)U[2,3),
and with slope 400 if A € (3,00) (when A € (2,3), C,, passes through
the saddle (0,&) and coincides with the unstable manifold of this sad-
dle, with negative slope);

(2) to the improper node (0,0) with slope +o0o if A € (—1,2).

Remark 2.2 We do not show the cases A =1 and A = 3 in Figure 2. In
fact the behavior of C,, for case A =1 is the same as for the case 0 < A < 1
(or the case 1 < A < 2), but the value & tends to oo (or —cv). In the case
A =3, C, is just a line segment {w = 1/3}, see Remark 2.1.



A<—1 —-1<A<0 0<A<1l 1<A<?2 A=2

Figure 2. The behavior of C,, for different values of A.

Proof. From (4.6) of [4] we see that C,, is the stable or unstable manifold
of the saddle (h1,w1), going to the direction h > h. = hy. We need to study
its limit as h — hg. For this purpose, we can use the same arguments as in
section 5 of [4]. So, we list the main points below, and give details for one
case (the little complicated case A € (2, 3)).

(1)

(2)

The function ¢(h,w) in (2.6) is a polynomial of degree two in h and in
w. Hence each branch of the 0-clines of (2.6) (i.e. the curves (h,wo(h))
in (h,w)-plane defined by ¢(h,w) = 0) is monotone, or has at most
one extreme point.

From the coefficient of w? in ¢(h,w) of (2.6), it is not difficult to find
that only for A € (0,2) the orbits of system (2.6) can have a vertical
asymptotic line in (h., hs), and this case was studied in section 5
of [4]. In the other cases, each branch of the O-clines connects two
singularities on the invariant lines h = h. and h = hg, respectively,
and the two branches of the 0-clines do not intersect for h € (he, hs).

At the saddles (hy,w;) and (0,&) the O-clines of (2.6) have slopes
why = 2w'(h1),  wy = 20'(0), (2.8)
respectively, where

5(A+1)(A-3)g1(A)
24(5A% + 64+ 9)2

_ 5(A+1)(A-3)

~ 108(A —2)(A—1)%’
(2.9)

with g1(A) = 7A3 + 2142 — 27A — 9 (having zeros approximately at

—3.90, —0.278 and 1.18), w’(hq) is the slope of C,, at (h1,w;), and

&’ (0) is the slope of the stable (or unstable) manifold of system (2.6)

at the saddle (0,).

w'(h1) = @'(0)

As an example, we study the case A € (2,3) in detail. In this case,
he =h1 <0< hy =hg, 1 >w; >0 >0and ® > wy > w) > 0. One



branch of the O-clines, C{, passes through three singularities (h1,1), (0,@)
and (hg,ws), and has a unique maximum point between the points (h1,1)
and (0,&). Another branch of the 0O-clines, C3, passes through other three
singularities (hy,w1), (0,0) and (h2,w}), and has a unique minimum be-
tween the points (0,0) and (hg,w5). By (2.8), the stable manifold of the
saddle (hq,w1), i.e. Cy, and the unstable manifold of the saddle (0,©), de-
noted by C’), must stay in the region between C} and C3if 0 < h—h; < 1
or 0 < —h < 1. Since §(0) is an ordinary oval of Xy, for 2 < A < 3,
we have that |I]/(0)| and |I{'(0)| are bounded while I{/(0) # 0 (see [2]). On
the other hand, if we take h = 0 in (3.6) of [4], then we find I}'(0) # 0;
otherwise, we would get I)(0) = 0, which contradicts the fact that I}(0)
is the period of §(0). Hence, by (1.5), w(h) must tend to a finite non—zero
value as h — 0. This implies that, when A increases from hq to 0, C, cannot
intersect the O—cline C¢, then tends to co, and cannot go to the improper
node (0,0). Therefore, the only possibility is that C,, coincides with C/,.
When h increases from 0 to ha, C,, is above the O-cline C§ (using (2.8)
again), hence C,, decreases and goes to the improper node (hq,ws) with
slope —oo. O

We denote by Sg the segment {(h,w) :w =&, h € (he, hs)}.

Lemma 2.4 C,NS; =0 if A€ (—o0,0)\({—1}U(2,3)); and C,NS; =
((0,0)) if A € (2,3).

Proof. If A = 1, then S; tends to co (or —oo, see Remark 2.2), hence
the statement is obviously true. The case of A € (2,3) was studied in the
proof of lemma 2.3. In other cases, the two endpoints of C,, are located
on the same side of Sz, see figure 2. Hence, if C, N S; # (), then there is
at least one point on S, at which the vector field (2.6) would be tangent
to Sz. We prove that this is impossible. If A = 0, then from (2.7) and
(2.6) we have ©® = 4/3 and ¢(h,4/3) = 30h # 0 for h € (he, hs). If
A€ (=00,00\({~1} U {0} U {1} U (2,3)), then

- 5A(A—1)(A+1)%(A—-3)%h(h — h*
o01,3) = - A= VAL LU 5hih 1)

where h* = (A+1)(A—2)(A—3)/(A(A—1)), and

A+1)(A—2)(A-3)
A3(A—1)2

4
(hy — h*)(hg — b*) = 2 >0,if A< —lor A>3;

and

2A+1)(2— A)(A—3)?

(hlfh*)(oih*): AQ(A_l)Q

>0, if Ae(—1,2)\({0}u{1}).
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Hence, h* does not belong to (h, hs), and the lemma is proved. O

3 Properties of the curves ¥4 and Q4

Instead of X4 and Q4 (see (1.8)), for simplicity, we will defined the curves
Y4 and Q4. For A £ —1 we let

N A+3 2(A+2)

alh) = q(h) + o) = 25 (3.1)
Correspondingly, let

N A+3 2(A+2)

We define the two curves
Sa={p,0)(h) : h € (he,hs)}, Qa={(w,7)(h) + h € (he, hs)}. (3.3)
Lemma 3.1 For A € (—o00,00)\{—1} the following statements hold.

(1) As h increasing from h. = hy to hg, the curve Q4 goes from its
endpoint (w,7)(h1) = (w1,0) to the endpoint (w,7)(ha) = (wa, D2)
if A€ (—o0,—1)U(2,00), where iy = 12/(A(A + 1)(A — 2)).

(2) Along Q4 we have

dv  72(5A% +6A+9)

im = ,

h—hi dw (A —3)gi(A)

d*v 28(5A% +6A +9)3g2(A)

W d? T AT DA 301 (A)°

where g1(A) is defined below (2.9), and g2(A) = 55A* 4 20443 +
16242 — 324A — 81 (having two real Toots approzimately at —0.2306
and 0.9803 ).

Proof. Statement (1) is easily deduced from (3.2), (2.5) and lemma 2.3.
Statement (2) can be obtained from system (2.6) by using (3.2) and the
method of lemma 2 from [5]. O

Lemma 3.2 For A € (—oo,00)\{—1} the following statements hold.
(1) For 0 < h—hy < 1 we have the following expansions

5

p(h) = 538

(A+1)(h—h1)+---, q(h) (A+1)(h—hy)?+- -

1
=1——
24

11



_ dq d2q 2
(2) Along X4 we have limy_p, dq =0 and limp,_,p, o g = A—Sl'

(3) Along ¥4 we have limy, ., % = M

if A€ (—o0,—1)U(2,00).

Proof. Statement (1) can be obtained from system (2.3) by using (3.1)

and the method of lemma 2 from [5]. Statement (2) follows from statement

(1). To prove statement (3), we use the following formula (see the end of

section 1 of [8]). Suppose that f(z,y) is a polynomial. Then near the value

hs, corresponding to a saddle loop with a saddle at (x,ys), any integral
h) = fflnt(5A(h)) f(x,y) dx dy, has the expansion

F(h) = F(hs)+f(xsyys)(h_hs)ln|h_hs| +C3(h’_hs) + - )

where c3 is some coefficient which we do not need in our discussion. If
A € (—00,—1)U(2,00), then by lemma 2.1(2), (zs,ys) = ((A—2)/A4,0) is a
saddle with a saddle loop, corresponding to the level value hs = hy. From
this formula and definition (1.4) we have that

I (h) = Ip(hy) + (z5)¥(h — he) In|h — hy| + cx(h — hg) +---, k=0,1,—1.
Hence, by using the above formula and definition (1.5) we have

dg _ . I'5(h) — Ig(h)a(h) _ (z5)"V) — q(ho)

1 “q 1
hohy dp  hehs TL(R) — I (R)p(h) 25 — p(ha)

where 2, = (A—2)/A. Combining this with (3.1), we obtain statement (3).
O

Consider the following transformation from the (h,w)-plane to the
(w, 7)-plane

w=uw, Vz(Cﬂh,A)—W) <(hA)+j41J:j)w

By (2.4), if A # 3, the transformation has the form

__3(h—h)
= =—B3A-1w-—2(4-2)]. 3.4
o=w 7= B w24 -2) (3.4
It is easy to see that (3.4) maps the straight line {(h,w) : h = ho}
(ho € [he, hs]) of the (h,w)-plane into a straight line of the (w, 7)-plane. In
particular, maps {(h,w) : h = h;} into L1 = {(w,?) : ¥ = 0}, and maps
{(h,w) : h = hg} into Ls, where

12



L 36(A-D(w— )
{(“’”’)‘” <A+1><A—3><A—2>2}’

Lo if Ae(—o0,—1)U(2,00)\{3}, (3.5)

{((w,7):w=0a}, if Ae(=1,2\{1}.

We note that if A # 1 then Ly N Ly = {(©,0)}. From (2.5) and (3.2)
we see that the transformation (3.4) maps the curve C,, of the (h,w)-plane
into the curve Q of the (w,7)-plane.

Let
{(h,w) : h € [h1, ha],w > @} if A€ (—00,—1)U (3,00),
{(h,w) : h € [h,0),w <@} if Ae(-1,1),
Dy=< {(hw):helh,0),—c0<w<oo}if A=1, (3.6)
{(h,w) : h € [h1,0),w > &} if A€ (1,2],
{(h,w) : h € [h1,0) U (0, hs],w >a}if A€ (2,3).

Correspondingly, let D', be the region in the (w,7)-plane, which is the
half-plane v > 0 if A = 1, and is the sector limited by the two straight lines
Ly and Ly with vertex at (©,0) (containing (2 inside) if A # —1,1,3. Note
that L is included in D’; and the vertex (@,0) is not; and Lo is included
only when A < —1 and A > 2. If A € (2,3), then both D4 and D/, are
divided into two sub-regions.

The Jacobian of transformation (3.4)

D(w, D) 3[2(A — 1w — 2(A — 2)]

D(h,w) h2

is well defined and non—zero if (h,w) € D4 (see the definitions of (3.6) and
(2.7)). Hence, we immediately have the following result.

Lemma 3.3 For any A € (—oo,00)\({—=1} U{3}) the transformation (3.4)
from D4 to D'y is a smooth diffeomorphism. Hence, system (2.6) in D4
becomes the smooth system

wz@l(wvlj)v 15:@2((“)717)7 (37)
in D'y.
Lemma 3.4 For A € (—o0,00)\({—1} U {3}) we have

(1) Any orbit of system (2.6), especially C,,, is transversal to all straight
lines {h = ho, ho € [h1,hs)} in Da.
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(2) Any orbit of system (3.7), especially Qa4, is transversal to all straight
lines between Ly and Lo in D'y (L1 is included but Lo is not), the
lines are parallel if A =1, or are in a sector region with vertex (©,0)

if A1

Proof. Statement (1) follows from the first equation of (2.6), i.e. h 0,
if h € (h1,hs) and A € (—o0,00)\({—1} U (2,3]), and by using the first
expression of (2.9). The case A € (2, 3) was discussed in the proof of lemma

3.3. Statement (2) follows from statement (1) and lemma 3.3. O
We denote by Ly, 5. the part of the straight line L;, 5. = {a+pw+7 = 0}

in the (w, 7)-plane, which is contained in D’y. Let Cy = {(h,w) : b1 <h <
hs, w =U(h)} where
M(h)

U(h) = U(h;A,a,ﬁ,’y) = W, (3.8)

with

M(h) = [~ (A — 3)a + 6(A — 2)4]h — 6(A — 2)(A — 3)7,
N(h) = [(A—3)8+9(A— 1)y]h — 9(A — 1)(A — 3).

Lemma 3.5 For A € (—oo,00)\({—1} U{3}) and any constants o, 3 and
¥, Ly, is tangent with order k to an orbit of system (3.7) (in particular
to Qa, at a point (w,)(ho) for ho € (h1,hs)), if and only if Cy is tangent
with order k to the corresponding orbit of system (2.6) (in particular to C,,,
at (ho,w(ho))).

Proof. Under transformation (3.4) the line L, ;. becomes

N(h)w — M(h)

(A—3)h (3:9)

a+ fw+w =

where 3% + 42 # 0, and the linear functions N (h) and M (h) are defined in
(3.8). If N(hg) # 0, then for h near hg we can rewrite the above equality as

a+qu@uﬁ%%pUm»

This means that transformation (3.4) maps the straight line L7 ; to the
curve Cy, and the lemma is proved for h near hg by lemma 3.3. Next, we
show that we can skip the zero point of N(h) for h € [hq,hs]. In fact, if

N(ho) = 0 but M(hg) # 0, then the equation (3.9) is not satisfied, and we
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do not need to consider it. If N(hg) = M (hg) = 0, then the resultant of
N(h) and M (h) must be zero, i.e.

(A—3)2[3(A—1)a+2(A—-2)3]y=0.

If v = 0, then N(h) = (A — 3)hp and M(h) = (A — 3)ha, the right hand
side of (3.9) becomes fw + «, and the above discussion is still valid. Note
that in this case U(h) is a constant —a/8 (8 # 0 when v = 0). If 3(A —
Da +2(A —2)8 = 0, then Lis, C D', is parallel to Ly when A = 1, or
passes through the vertex (@,0) of the sector D’y when A # 1. By lemma
3.4, there is no orbit of system (3.7) tangent to L7 5., and the assumption
of the lemma is not satisfied. |

Lemma 3.6 For A € (—oo,00)\({—1} U {3}) and for any constants o, [,
and 7y, there exist at most three points on Lzm, counting their multiplicities,
such that at each of these points the vector field (3.7) is tangent to Lis.,-

Proof. By lemma 3.5 we only need to consider the number of tangent
points on Cy (corresponding to L 5 ) with respect to the vector field (2.6)
in the (h,w)-plane. By using (2.6) and (3.8) we obtain

— ok, U()) — U ()T (h) = A= E(h)

@ —U'(h)h] TN

v (3.10)
where F'(h) = F(h; A,«, 3,7) is a polynomial in all its arguments, and of
degree 3 in h. Besides, F'(h) has the factor (h — h1) or (h — h) if L},
has the endpoint (w,7)(h1) or (w,7)(ha), respectively. Note that we may
suppose N(h) # 0 for h € [hq,hs], see the proof of lemma 3.5, and the

straight line {h = 0} is not included in D4, see (3.6). O

Lemma 3.7 In the identified (p,q)— and (w,7)—plane, if a straight line
Lagy intersects Y4 at least in two points (counting their multiplicities, but
the left endpoint (1,0) of £ 4 is not included), then Log- must intersect Q4
at some point (w,v)(h) with h € (he, hs).

Proof. For this (o, 3,7), the Abelian integral I4(h) = Iy(h)(a + Bp(h) +
vq(h)) has at least 3 zeros for h € [he, h], since I(h.) = 0. Hence I’{(h) =
I (h)(a + Bw(h) + v©(h)) has at least one zero for h € (h¢, hs). This gives
the desired conclusion. O

Lemma 3.8 The following statements hold.

(1) For any A # —1, ¥4\{(1,0)} stays on one side of the tangent line at
its endpoint (p,q)(h1) = (1,0) (i.e. the line Ly). Hence, for h > hy
we have that g(h) <0 if A< —1, and g(h) >0 if A > —1.
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(2) For any A # —1, Qa\{(w1,0)} stays on one side of the tangent line,
denoted by L3, at its endpoint (w,7)(h1) = (w1, 0).

(3) For any A € (—oo,—1) U (2,00)\{3}, Qa\{(w1,0), (w2, )} stays on
one side of the straight line, denoted by L4, passing through its two
endpoints (w,7)(h1) = (w1,0) and (w,7)(h) = (we, ¥2), and stay on
one side of Ly and is tangent to Lo at (wa, s).

(4) For any A # —1, if a straight line L intersect Q4 at lease in four
points (counting their multiplicities), then it is impossible that the
intersection point of LN Ly is located on Ly in the same side of (w1, 0)
with respect to the point (1,0).

Proof. By lemma 3.2(1) and (2), we have (p,q)(h1) = (1,0), limp_p,
dg/dp = 0, and limy, ., d>q/dp® = 20/(A + 1). Hence X4 is tangent to
Ly ={Gg=0} and q(h)(A+1) >0for 0 < h—hy < 1. If g(h) = 0 for
some h > hi, then ¥4 intersects the straight line L at list at three points
(counting their multiplicities), hence by the same argument as in the proof
of lemma 3.7, L; must intersect Q4 at a point (w,#)(h) with h € (hq, hs),
and this contradicts lemma 3.4(2). Hence, statement (1) is proved.

We note that for h near hq and near hg, Q4 is located on the same side
of Lz. Hence, if Q4N L3 # () for h > hy, then there are at least two points on
Ly (counting their multiplicities), such that the vector field (3.7) is tangent
to Lg in D’y. By lemma 3.5, this is equivalent to a similar tangency property
of vector field (2.6) with C,,. Along L3, we have that o = w1y (dv/dw)(hy),
B = —v(dv/dw)(hy). By using (2.6), lemma 3.1(2) and lemma 3.6, we obtain
that the function F'(h) of (3.10) has the form

V(A +1)*(A=3)*(h = hn)*¢r(h, A) /(91 (h))?,

where 11 (h, A) is a linear function in h. This proves statement (2).

To prove statement (3), we use the same argument as above. We take the
straight line Ly to be Lagy, i.e. a@ = ywiDs/(wa —wn), 8 = —yia/(we —w1).
Hence the function F'(h) of (3.10) has the form

V(A= 3)%(h = ha)(h — ha)a(h, A) /(A + 3)*(A - 2)2,

where 15 (h, A) is also a linear function in h. On the other hand, it is easy
to verify that for h near hq and near ho, Q4 is located on the same side of
Ly. Since Ly is contained in the boundary of D'y, Qa\{(w2,72)} certainly
stay on one side of Ly, and by lemmas 2.3 and 3.3 Q4 is tangent to Lo at
the point (ws, 3).

The proof of statement (4) is similar. If L U Q4 consists of at least 4
points, then there are at least 3 points on L at which the vector field (3.7)
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w1, 0) (1,0)

(b) A>3 (c) 2<A<3

Figure 3. The relative positions of ¥4 and Q4 for A € (—o0, —1) U (2, 00).

is tangent to L. Hence, by lemma 3.5, the vector field (2.6) is tangent to
Cy, corresponding to L, at least at 3 points. If in the (w,?)- plane the
point L N L; is located on L; in the same side of (wy,0) with respect to
the point (1,0), then in the (h,w)-plane, Cy intersects the invariant line
{h = h1} at a point M on this line in the same side of the saddle (hy,w;)
with respect to the other singularity (hq,1). Note that C,, is the stable or
unstable manifold of the saddle (h1,w;), hence the directions of the vector
field (2.6) with respect to Cyy at the point M and at the nearest intersection
point of Cy N C,, are opposite, hence between these two points there is at
least one more tangent point on Cy with respect to the vector field (2.6),
and this contradicts lemma 3.6. Note that by the same reason M cannot
coincide with the saddle point (h1,w;). Therefore, the proof of the lemma
is finished. O

As we defined above, in the identified (p, 7)— and (w, 7)—plane, the sector
D', is formed by the two straight lines Ly and Ly (if A # —1,1), Ls is the
tangent line of 4 at its endpoint (w1, 0), and Ly is the line joining the two
endpoints of Q4. Now we let Ls be the tangent line of ¥4 at its endpoint
(p,q)(ha) if A< —1or A > 2. Besides, we denote by Dy the region in D’,,
which is formed by Li, Ly and Ly, denote by Dg the region in D’,, which
is formed by L3, L4 and Lo. See figure 3.

Lemma 3.9 If A € (—oo,—1) U (2,00)\{3}, then we have : (1) Q4 C Dg.
(2) DsN Dq consists of a unique point (w,7)(he) = (w2, 72). (8) ¥a C Dx.
(4) If A > 2, then the boundary of Dgq is a triangle. In particular, if
A € (2,3), then each of the two pieces of Q4 (contained in each of the two
parts of D'y, respectively) is also located in the triangle region formed by the
two tangent lines at its two endpoints and the straight line passing through
them, see figure 3(c).

Proof. Statement (1) follows from lemma 3.8(2),(3) and the fact that Lo
is contained in the boundary of D’,.
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By lemma 3.2(3), L5 and L4 pass through the same point (w,7)(hs) =
(w2, 2). Hence, to prove statement (2), it is enough to prove that in D’
the line L5 is on the left of Ly if A < —1, and L5 is on the right of L4 if
A > 2, and this fact follows from the following claims (see figure 3):

(l) p(hg) <wg if A< —1 and p(hg) > wy if A> 2.

(11) (j(hz) >y if A< —1 and (j(hg) <y if A > 2.

(111) p(hg) <w if A< —1, and p(hg) >wp if A > 2.
Now we prove these claims. From lemma 2.1(2) we see that if A€ (—o0, —1)J
(2,00) then Int(d 4 (he)) is the region bounded by the homoclinic loop of the
saddle ((A—2)/A,0), and Int(d.4(he)) is on the left of the saddle if A < —1,
and on the right of the saddle if A > 2 (see figure 1). From (2.7) we have
w(hg) = wa = (A—2)/A. Hence, by the definition of p(h) in (1.5), we obtain
claim (i). If claim (ii) is not true, then by lemma 3.2(3) we would find a
straight line L, such that L N Do = () and L intersects ¥4 at least in two
points, and this contradicts lemma 3.7. By using the definition of p(h) in
(1.5) and (1.4), claim (iii) is equivalent to £(A) = [[1,(5., (n,y) (@—w1)dz dy <
0if A < —1, and £(A) > 0 if A > 2. In polar coordinates (r,6) given by
T =wy +1rcosl, y=rsinf, the oval d4(ha) is given by

_ 3Acos?f — (A—2)sin*0
~ Acosf(sin?0 + Acos? )’

where 6 € tan~t(—ta,ta), ta = \/34/(A —2)cosf. Let t = tan 6, then

= [ (3ren =52 e ) a

r =r(0)

where f(t, A) = ((2 — A)t?> + 3A)/(A(t? + A)). A calculation shows that if
A < —1, then

(A+1)[(3— A)\/3(2— A)n(A) — ((A) arctanh(/3/(2 — A))]

§4) = 1(—Ap2(547 + 6A 1 9)

<0,
where n(A) = 25A42—12A4+27, and ((A) = 25A*—112A34+130A4%+120A+45.
And if A > 2 then

(A+1)[(3—A)/3(A—2)n(A) + ¢(A) arctan(/3/(A — 2))]
4A5/2(5A% 4+ 6A+9)

§(A) = > 0.

In both cases, the numerator of (A) has fixed sign, it can be shown by a
method, for example, as in the proof of lemma 3.4 of [6]. Thus, claim (iii),
and consequently statement (2), are proved.
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To prove statement (3), we first note that ¥ 4 stays in one side of L; by
lemma 3.8(1). We claim that X 4 also stays in one side of Ls. Otherwise, Ls
intersects ¥4 at least in two points, this contradicts lemma 3.7, because by
statements (1) and (2) Ls N Q4 = {(w,)(ha)}. The same argument implies
that ¥4 also stays in one side of Ly. Otherwise, we would find a straight
line, which intersects ¥4 at least in two points, and has no intersection with
Dq,.

To prove statement (4), we first note that

- 5(A+1)(A-3)? 12(A+1)
W) —w= , l—w=—f—7—"—.
3(bA%2+6A4+9)(A—-1) 5A2+6A4+9

Hence, @ < wy < 1if A > 2, and Q4 must be located inside the triangle
region bounded by L, Ly and Ly, see figures 3(b) and 3(c). On the other
hand, by lemma 3.8(2), 24 is located on one side of L3, so L3 must intersect
Lo at a point between the points (@, 0) and (ws, 7 ), and 4 is located inside
the triangle region bounded by Lo, L and L4. If A € (2,3), then D4 (resp.
D',) is divided by the straight line {h = 0} (resp. {w = @}) into two parts.
From (3.4) we see that the images of {(h,w) : w = ©} and {(h,w) : h = 0}
are contained in {(w,7) : w = @}. By taking w = w(h) in (3.4), and using
(2.6), (2.8) and the L’Hopital Rule we find that for 2 < A < 3
5(A+1)(3—A)

fim w(h) = RA-1)A-2 "

‘(h) 4142 —82A+21

lim 7
neo W (h) 8(A — 2)2

<0.

Hence, we can determine the position of (w,#)(0) and the curve Q4 is
smooth at this point. The proof of the property for each arc of 4, on
the left and on the right of this point, is the same as in the proof of lemma
3.8(2) and (3). Here we also use the fact that the singularity (©,0) is a
saddle of system (2.6). ad

If A e (—1,2], then we need to consider A € (h1,0). In the identified
plane, we let Lg = {(p,q) : p = p(0)}, and let Ly be the identified g— and -
axes. From (2.7) it is easy to find the two zeros of w; =0 at A; =~ —0.3798
and A, ~ 1.5798.

Lemma 3.10 If A € (—1,2], then the following statements hold.
(1) £a\{(1,0)} is located above Ly (the tangent line at its endpoint (1,0)),
and on the right of its asymptotic line Lg, which is on the right of Lg.

(2) Qa\{(w1,0)} is located above Ly and on one side of Ly (the tangent
line at its endpoint (w1,0)), and has the asymptotic line Lo. Besides,
Q4 has the following properties:
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Ly

(wl,O) (1,0)

Figure 4. The relative positions and behavior of £ 4 and Q4 for A € (—1,2].

(i) If A =2, then Qy is located on the right of Ly. If A € (—1, A;]U
[As,2), then Q4 N Lo consists of a unique point. In these two
cases along Q4 near its endpoint (w1,0) we have dv/dw < 0 and
d*v/dw? > 0, and Qa\{(w1,0)} stays on the left of the vertical
straight line Ly = {w = w1}. The behavior of Q4 is shown as
curves (a) and (b) in figure 4, respectively.

(ii) If A € (A1, Az), then Q4 is located on the left of Lo, and along
Q4 near its endpoint (w1,0), if dv/dw < 0 then d*v/dw?® > 0.
See curves (c), (d) and (e) in figure 4.

(3) Any tangent line of Qa does not pass through the point (©,0) if A # 1,
where © € (—00,0) U (1,00) if A#2, and 0 =0if A=2. IfA=1,
then any tangent line of 1 is not parallel to L.

(4) w1 < p(0), hence X4 NQa = 0.

Proof. Statement (1) follows from lemmas 3.8(1), 2.2(1) and 3.2(1). Since
the heteroclinic loop 6(0) is located on the right of the invariant line {x = 0}
of system Xp,, from the definition of p(h) and ¢(h) in (1.5) we find p(0) > 0
and limy, o g(h) = 0o. By (3.1), ¥4 has the asymptotic line Lg.

Statement (2) follows from lemmas 3.8(2) and the following two facts:
(I) Ly corresponds to a straight line {a + fw + vo = 0} with o = § = 0.
By (3.8), if « — 0 and 8 — 0, then Cy tends to {w = 0} U {h = hy} if
A # 1 and tends to {h = hy} if A = 1. In any case, by lemmas 2.4 and
3.4, Qa\{(w1,0)} is located above L;. (II) By lemma 2.3, limj,_qw(h) = 0.
Hence, by lemma 3.7 and statement (1) (¥4 has the vertical asymptotic
line Lg), 24 must have the asymptotic line L.
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Now we prove the sub-statements (2)(i) and (2)(ii). The behavior of
Q4 near its endpoint (w;,0) is easy to obtain from lemma 3.1(2) and by
comparing the values of the zero points of wy (as a function of A): g;(A)
and g(A). Note that for h near h; and near 0, Q4 stays on the left of Lg if
A € [A1, As] (w1(A1) = w1(A2) = 0), stays between the two lines Ly and Lz
if A =2, and is located, respectively, on the left of Ly and between Ly and
Ly if A€ (—1,A;) U (As,2). Hence, if we prove that Q4 can intersect each
line Ly and Ly at most in one point (counting the multiplicity), then the
sub-statements (i) and (ii) follow. We note that if Q4 intersects the line Lg
(resp. L7) at least in two points, then along Ly (resp. L7) we may find at
least two tangent points with respect to the vector fields (3.7), because Q4
is the stable or unstable manifold of the saddle (w1, 0), hence the directions
of the vector fields (3.7) with respect to Ly (resp. L7) at the point (0,0)
(resp. (w1,0), 0 < 0 < 1) and at the nearest intersection point of Q4 N Lo
(resp. QaNLy) are different. Thus, it is enough to show that along Lg (resp.
L7) the vector field (3.7) has at most one tangent point for h € (hy,0). In
fact, if we take Lo (resp. L7) as the line Log,, i.e. a = 0,7 = 0 (resp.
a = —wi1 B,y = 0), we obtain the function F(h) in (3.10) with a linear
function in A as its factor, besides the factors h and h — h;.

Statement (3) follows from lemma 3.4(2) and the fact that from (2.7)
wehave 0 > 1if —1<A<1l,0>0if1<A<2 andw=0if A=2.

If A € [A1,As], then wy < 0, and statements (1) and (2)(ii) obviously
imply statement (4). If A € (—1, A1)U(A2, 2], we calculate p(0)—w; directly.
In this case the period annulus is bounded by H4(x,y) = 0. Using (1.1),
(1.5) and (1.4) we have that p(0) —ws > 0 if and only if

xaA
KA:/ (x —wi)y/—A22 + 3(A — 1)z — 3(A —2)dz > 0,
0
where x4 = [3(A —1) +1/3(3+ 24 — A?)]/(24). A calculation shows that
if Ae (—1,0) D (—1,A;), then

Ka= 4?;;&?; 1+)(63 A+A9)) {277(A)\/3A(A —92) +3¢(A)In ,L(A)} >0,

where

n(A) =2542 — 124 + 27, ¢(A) =5A4° + 1542 + 154 — 27,
3A(A+1)3—-A
) VIAATDE-A)
2(3(1 — A) — 2¢/3A(A - 2))
Similarly, if A € (0,2] D (Ag,2], then

Ka= g@; 142(5’ A+A9)) {Qn(A)\/SA(Z “A) + 3§(A)T(A)} >0,
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where 7(A) and ¢(A) are the same as above, and

7 retan [ A
T(A)—<2+ t (2 3A(2—A)>>.

4 Proof of the main result

Lemma 3.2(2) shows that for any A # —1 the curve ¥4 is convex near
its endpoint (1,0), corresponding to h = hi. We need to prove that ¥4 is
convex for all h € [hy, hs). We suppose the contrary: there is a h* € (hy, hy)
such that the point M* = (p,q)(h*) is the first zero—curvature point on ¥4
from the point (1,0). We denote by X% the arc of ¥, from (1,0) to M*.
We first prove the following basic lemma.

Lemma 4.1 In the identified (p,q)- and (w,?)-plane, for any A # —1 the
curves % and Q4 have no common tangent line.

Proof. First we make a proof in the case A < —1, then we use the same
idea for the other cases. We denote by T& (resp. T4) the tangent line of ¥%
(resp. Q4) at the point (p,q)(h) (resp. (w,7)(h)). We suppose that there
are t € (h1,h*] and s € (hy, hs), such that T, =T§ = T.

We claim that the two endpoints of Q4, (w1,0) and (wg, ¥2), must keep
on different sides of the tangent line T for all h € (hq, h*]. This is obviously
true for the endpoint (wy,0) by the convexity of ¥*. By lemma 3.8(1)—(3)
and lemma 3.9 (see figure 3), if T% passes through the point (ws, 72 or leaves
this point at the same side as (w1, 0) does, then T% N Q4 = {(wo, )} or
T{f NQ4 =0, and this contradicts lemma 3.7. We now apply this property
to the common tangent line T, then by lemma 3.8(4), the intersection of
T N Q4 has only two possibilities: either a tangent point with tangency
2 plus a simple point, or a unique point with tangency 3. Besides, the
behavior of T'N Q4 has two types, shown in the cases (a) and (b) of figure
5. If the type (a) happens (it may have a tangency 3, or for h increasing
Q4 crosses T at a point, then it meets T again at a tangent point on the
left), then we can find s’ € (hq,s), such that Tf{ passes through the point
(©,0), contradicting lemma 3.4(2). If the type (b) happens (it also has two
more relative positions of TN, ), then by lemmas 3.8(2),(3) and 3.9(1) we
must find a straight line L’ (see figure 5(b)), such that L'N{4 consists of at
least 4 point (counting their multiplicities), and L’ N Ly at a point on L; in
the same side of (w1, 0) with respect to the point (1,0), and this contradicts
lemma 3.8(4).
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Figure 6. The behavior of TN Q4 for A € (—1,2).

The proof in other cases is basically the same, and even more simple. If
A > 2, then by lemma 3.9(4) Dq, is bounded by a triangle (or each piece
of Q4 is bounded in the triangle region if 2 < A < 3). Hence, if Q4 and
¥ 4 have a common tangent line, then we must find another straight line in
D', such that it intersects Q4 at least in 4 points, and it intersects L; at
the same side as (w1,0) with respect to (1,0). We remark that the proof
of the case A = 2 is exactly the same. The case A = 3 is special: from
remark 2.1 we see that as A — 3 then Q4 tends to a vertical segment
{(w,7) :w=1/3,0 < v <1}, and the lemma is obviously true.

If A€ (—1,2), then Q4 has a vertical asymptotic line Lo. Hence, it is
obvious that the endpoint (wy,0) of Q4 and the point (w,)(h) for h ~ 0
are located on different sides of the tangent line 7% for all h € (hy,h*]. If
TL =T§ =T is a common tangent line (¢ € (hy, h*] and s € (hy,0)), then
the behavior of T N4 has two types shown in figure 6. If type (a) of figure
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6 happens, then as h increases from s to 0, the tangent line Tg moves on {4
in such a way that the intersection of T4 N Ly passes through the interval
{{w, ) : 7 = 0,w € (1,00) U (—00,0)}, and also it passes a position which
is parallel to Ly. This contradicts lemma 3.10(3). If the type (bl) or (b2)
of figure 6 happens, then, by using lemmas 3.10 and 3.8, we may find a
straight line, intersecting Q4 at least in 4 point, and intersecting L; in a
point (w,0) € Ly with w < w; < 1. This contradicts lemma 3.8(4). O

Proof of Theorem 1.2 We suppose A # —1. By lemma 2.2(1), the curve
Y4 is sectorial. From the definitions of ¥4 and 4, it follows that ¥4 is
strictly convex with non—zero curvature if and only if ¥4 does. If £, is
not strictly convex with non—zero curvature, then, as we discussed in the
beginning of this section, we may find the first zero—curvature point M* on
it from its endpoint (1,0), and denote by %% the arc of ¥4 from (1,0) to
M*. We let T% be the tangent line of £* at the point (p, q)(h). We take T
to be the straight line L,g~, move it on Y 4 as h increases from h; to h*, and
consider the number of intersection points of Tg* NQyu. TO<h—hy <1,
then by lemmas 3.4 and 3.1(2) Tg N Q4 consists of a unique point (counting
its multiplicity). Since ¥4 has zero curvature at the point (p,q)(h*), the
Abelian integral I4(h) = Io(h)(a+ Bp(h) +vG(h)) has at least a triple zero
at h* plus a zero at hy. Hence I’(h) = I[(h)(a + Bw(h) + y(h)) has at
least two zeros for h € (hy, h*). This means that TN 4 consists of at least
two points. On the other hand, as we have obtained in the proof of lemma
4.1, the endpoint (wq,0) and the point (w,7)(h) for h ~ 0 are located on
the different sides of the tangent line T% for all h € (hy,h*]. Therefore, the
increasing of the numbers of intersection points of T# N4, as h increases
from h; to h*, can be realized only through a tangent position of T£ to Q4
for a h € (hy,h*], and this contradicts lemma 4.1. Thus, the proof of the
theorem is finished. |
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