UNIFORM APPROXIMATION ON CLOSED SUBSETS OF
C BY POLYANALYTIC FUNCTIONS

A. BOIVIN, P. M. GAUTHIER, AND P. V. PARAMONOV

ABSTRACT. We give necessary and/or sufficient conditions on a closed
set F' in C in order that any function f, continuous on F and n-
analytic in O, be the uniform limit on F of a sequence of n-analytic
entire or n-analytic meromorphic functions.

1. INTRODUCTION

Let n € N be a fixed natural number, and let 0 = 9/9%z denote the
Cauchy-Riemann operator. A function f is said to be n-analytic (or poly-
analytic of order n) in an open set G C C if f is n-times continuously
differentiable and satisfies @ f = 0 in G.

It follows easily that f can always be written as

(1) f(2) = fo(z) +Zf1(2) + ...+ 2" fasa(2),

where fy, ..., fn—1 are holomorphic functions in G, and that this represen-
tation is unique.

When the functions f; in (1) are either all (analytic) polynomials, or
all rational functions, or all meromorphic functions, we obtain the class of
n-analytic polynomials, n-analytic rational functions and n-analytic mero-
morphic functions, respectively. Note that n-analytic rational functions are
not defined as the quotient of n-analytic polynomials when n > 2, and that
n-analytic meromorphic functions may be continuous at a singularity, for
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example the 3-analytic function
z22/z z # 0;
= {7 e
at z = 0.

Let F be a closed subset of C and denote by FY its interior. Let C(F)
be the space of all continuous functions on F and for f € C(F), let ||f||r =
sup,cp |f(2)]. Set

A (F)={feC(F)|d"f=0on F°},
En(F) ={f € C(F) | Ve > 0,3g € An(C) with |[f —g|lr <&},

and

M, (F)={f € C(F)| Ve > 0, there exists a n-analytic
meromorphic function h in C having
no singularities in F with || f — h||r < e}.
That is £, (F') (respectively M., (F)) is the set of functions in C'(F') that can

be approximated uniformly on F' by n-analytic entire functions (respectively
by n-analytic meromorphic functions on C having no singularities on F').

For a compact subset X of C, set

Pn(X) ={f € C(X) | Ve > 0, there exists a n-analytic
polynomial p with || f — p||x < e}.

For X and Y compact sets in C with X C Y, let R}: denote the set of
n-analytic rational functions without singularities on Y and set

RY(X)={fecC(X)|Ve>0, Ir e RY with ||f —r|x < e}.

Note that P,(X) C RX(X) C A,(X), that &,(F) € M, (F) C A.(F)
and that &,(X) = P, (X).

In this paper, we give, for n > 2, several necessary or sufficient conditions
on X or F, (apparently independent of n) in order that equality occurs in
some of the inclusions above. In particular, for compact sets X, our results
considerably generalize the main results of [4] (see Section 2).

We continue this section with a few more definitions and concepts that
will be required to state our results. For any proper subset S C C, we
denote by S° its interior, 5 its boundary and S its closure. The Riemann
sphere C U {oc} and the open unit disk {|z| < 1} will be denoted by C and
A respectively. For X ¢ C, X compact, X will stand for the topological
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hull of X, that is, the union of X with all the bounded components of C\ X
(holes of X).

Let f be a bounded holomorphic function on A. By Fatou’s theorem the
nontangential limit f(e'') exists dt-almost everywhere (a.e.) on dA. The
following concept was introduced in [4].

Definition 1. A bounded simply connected domain 2 C C is called a
Nevanlinna domain if there exists a conformal mapping k£ : A — Q of A
onto £ and two bounded holomorphic functions u and v in Q (with v # 0)
such that dt-a.e. on A one has

(2) k(e) =

As pointed out in [4], this definition is independent of the choice of k, and
(for Nevanlinna domains) the quotient u/v is uniquely defined in Q. Indeed,
if k1, up,v1 and ko, ug, ve satisfy (2), then ki, ug, vy also satisfy (2). By the
Luzin-Privalov theorem (see [9, Chapter 3, §D3]), (u1/v1)oks = (uz/v2)oky
and hence w1 /v = ug/vs.

The class of all Nevanlinna domains will be denoted by A/. For examples
of domains in this class, see [4, §3] and the references therein.

Definition 2. A domain 2 C C is called a Carathéodory domain if €2 is
bounded and 9 = 00y, where Qy, is the unbounded component of C\ Q.

Definition 3. Let A be a subset of C. A non-empty subset I C A is a
border of A (or an A-border) if each a € I has a neighbourhood V in C such
that there is a homeomorphism h of V' N A onto a relatively open subset of
the closed upper half-plane and VNI = {z € V | Imh(z) = 0}. Thus, a
border is locally a Jordan arc. We further require that a border be locally
rectifiable.

Note that if € is an open set in C, I is an Q-border and f is a bounded
holomorphic function in €2, then the nontangential limit f({) exists for al-
most every ¢ on I with respect to length.

For a bounded domain €2, a relatively open subset I of 92 and € > 0, set
0. ={z€ Q| dist(2,00\I) > e}

and
I. ={zeI|dist(z,00\I) > ¢e}.
If I =09, we set Q. = Q and I, = 99.
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Definition 4. Let Q be a bounded domain in C and let I be a Q-border.
We say that Q is I-Nevanlinna (denoted Q € N (I)) if for each sufficiently
small € > 0, there exist two bounded holomorphic functions v and v in €,
(with v # 0) such that a.e. on I. one has

u(Q)

T

It follows from the Luzin-Privalov theorem that w/v is uniquely defined
in the sense that if uy,v; and wuo,vs satisfy the condition of the definition,
then wy /v1 and ug /vy coincide in Q, for sufficiently small €. Letting € go to
zero, we have that w/v is uniquely defined in . It is not obvious whether
u/v can be written as the quotient of bounded holomorphic functions in
(see [8]).

Note also that if 2 is a Nevanlinna domain such that 02 is a border of
Q, then (£ is a Jordan domain and) Q € N (99).

Definition 5. Let Q be a bounded domain in C and let v; and 72 be two
Q-border Jordan arcs on the boundary of €2. Suppose that for £ = 1,2, there
exist open neighbourhoods U, of v, in C such that Q, = QN U, € N ().
Let wu¢/vy be the meromorphic function appearing in the definition of ~-
Nevanlinna (¢ = 1,2).

~v1 and 7y, are said to be Nevanlinna Q-independent if there exists no
path in Q along which the two meromorphic elements (u;/ve, Q¢), £ = 1,2,
are meromorphic continuations of each other.

Remark 1. It follows from the Luzin-Privalov theorem that if v, and 75
are Nevanlinna (-independent, then Q ¢ A(I) for each Q-border set I
containing vy; U 7ys.

Notice also that if 41 and 7, are analytically independent Q-border arcs
on J0 (see [4, §3]), then v; and 7, are Nevanlinna Q-independent. In
particular, every polygon (2 has two Nevanlinna Q2-independent Jordan arcs
on its boundary.

2. MAIN THEOREMS

Our first two theorems give rather strong necessary conditions for the
equalities A, (F) = &,(F) and A,(F) = M, (F) to hold, reducing the
(necessity part of the) problem of approximating on closed sets by n-analytic
entire functions and n-meromorphic functions to an approximation problem
on compact sets. Though both Theorem 1 and Theorem 2 below are true
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for n = 1, much better results are known in this case. In fact, when n =1,
a complete characterization of the closed sets F' for which either A; (F) =
E1(F) or A1 (F) = My (F) holds has been obtained by N.U. Arakelian and
A H. Nersessian respectively. See the discussion following Problem 1.

Theorem 1. Let F be a closed subset of C and let n € N be fized. If
An(F) = E,(F), then for each Carathéodory domain S, one has

(3) A (FNQ) =REFNQ)
and
(3" A,(FNQ) =REFNQ).
In particular, if in addition C \ Q is connected, then
(4) A (FNQ) =P, (FNQ)
and
4" A (FNQ) =P (FNQ).

Theorem 2. Let F be a closed subset of C and let n € N be fized. If
An(F) = M, (F), then for each Carathéodory domain 0, one has

(5) A (FNQ) =RE(FNQ)

Problem 1. Is it true that, when n > 2, these necessary conditions for
approximation are also sufficient?

When n = 1, it follows immediately from Arakelian’s theorem (see [5,
Chapter IV, §2]) that these conditions are not sufficient to have A;(F) =
E1(F). They are not sufficient either for the analogous result to hold when
approximating by entire harmonic functions (see [7, Chapter 3, §10]). But
condition (5) is both necessary and sufficient for A;(F) = M;(F) to hold
(see [5, Chapter IV, §1D]; note that the statement there must be corrected
to say “for each Carathéodory domain g”, otherwise it is incorrect).

In Section 4, we shall give examples to illustrate our theorems and to
show that, in some circumstances, approximation by entire polyanalytic
(n > 2) functions seems easier than by entire analytic (n = 1) or entire
harmonic functions. For instance, it is not necessary for the set C\ F to be
locally connected at oo (compare with Arakelian’s theorem [5, Chapter IV,
§2C] and Gardiner’s theorem [7, Corollary 3.21]).

Our next theorem is closely related to the question asked in Problem 1.
It generalizes [4, Theorems 2.2].
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Theorem 3. Let n € N be fixred. Let X be a compact subset of C, and

{Q}ser be the (connected) components of (X)° that are not contained in
X. Then

if and only if
(7) An(X NQ) = RE(X NQY)

for each £ € L.

Remark 2. When n = 1, it follows easily from Mergelyan’s theorem (see [5,

Chapter III, §2]) that (6) < (X = )2') <= (7), and thus that Theorem 3
holds in this case.

Notice also that when X is a Carathéodory compact set (i.e. when 0X =
0X), {Q}eer are precisely the bounded components of C\ X, and thus
Theorem 3 can be used, with the help of Theorem 1, to deduce Theorem 2.2
in [4].

In order to apply Theorem 3, it is important to be able to answer the
following question:

Problem 2. Let 2 be a Carathéodory domain and X be a compact subset
ofﬁ such that A, (X) = R$(X). When is it true then that A, (X UdQ) =
RE(X UON)?

In [4], Problem 2 was studied when 2 is a Jordan domain and X is strictly
contained in € (see [4, Theorem 4.3]). We have obtained the following
stronger result.

Theorem 4. Let n € N, n > 2 be fived, let Q2 be a Carathéodory domain
and let X be a compact set in Q such that

(8) An(X) = R(X)
and such that the set E := 0Q\ X is a Q-border. Let {Dy}scr be all the

components of Q\ X for which E; := D¢\ X # 0. If Dy & N (Ey) for each
{ € L, then

(9) A (X U00Q) = RE(X UIQ).

Corollary 1. Let Q2 be a Carathéodory domain with connected complement
of it’s closure, and such that 02 contains two Nevanlinna Q-independent
arcs y1 and vo. Let X be a compact subset of Q with A,(X) = Pp(X).
Then A, (K) = Pp(K), where K = X U 0.
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In [4, Theorem 4.3, Proposition 4.4] the previous result was obtained for
Jordan domains €2 and analytically independent ; and 5. Corollary 1,
and a fortiori Theorem 4, fails when n = 1.

3. PROOFS

3.1. Proof of Theorem 1. We will only establish (3), the proof of (3')
being essentially the same. Moreover (4) and (4') follow immediately from
(3) and (3') respectively, from [3, Theorem 2] and Runge’s Theorem.

Assume that n € N is fixed, that A, (F) = &,(F) and that f € A, (F N
Q). Using Tietze’s extension theorem, we first extend f to a function, still
denoted by f, which is continuous on C and has compact support. We
now apply the approximation scheme of A.G. Vitushkin [13], appropriately
adapted to our situation. We will only outline the method. The details can
be found in [4, Proof of Proposition 2.5].

Put £ = 8" and let ®(z) = 2" }((n — 1)!7z)~! be the fundamental
solution for £, let 0 := 0/0z and let B(a,r) denote the open disk with
centre a and radius r > 0.

Now fix an arbitrary 6 € (0,1) and construct a §-partition of unity as
follows. For each j = (j1,j2) € Z?, set a; = j16 + ij28, B; = Blaj,0)
and choose ¢; € C§°(B(a;,d)) such that 0 < ¢; <1, 37,2 ¢; =1 and
ngascpjﬂ < A9 1 <r+ 5 < n, where A depends only on n.

Let fj = @« (¢;Lf). Set J ={j € Z* | B(a;j,8) Nsupp f # 0}, and note
that J is a finite set. We have Lf; = ¢;Lf in the distributional sense, and
f:Zje,]fj' Let le{j€J|Bj CQ}, JQZ{jEJ|Bjﬂﬁ:®} and
J3 = {j S J|B]ﬂaﬂ7é@} Note that J = J; U Jy U J3.

If j € Ji, then f; € Ay (F) = &,(F) C REUFNQ). If j € Jo, then
f; € RSYF N Q) by Runge’s Theorem.

It remains to consider the case j € Js. For each j € Js, one can find
aj € B(a;,6) \ © and a Jordan curve ~; in B(a},0) \ Q with starting point
a; and with ending point in dB(aj},d). It follows (see [4, Proof of Propo-
sition 2.5]) that we can construct functions g;, n-analytic outside ~y;, and

thus in RE(F NQ), such that
1> (i = 9)llprg — 0 as §—0.
JjE€J3
The desired approximant is g = ZjEJlqu i+ ZjEJa gj-
3.2. Proof of Theorem 2. Assuming that A,(F) = M, (F) and that

f € A, (FNQ), the proof of Theorem 2 is mutatis mutandis the proof of
Theorem 1. The details are left to the reader.
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3.3. Proof of Theorem 3. Notice that all Qy, ¢ € L, are Carathéodory
domains and so, by Theorem 1, (6) implies (7).

To show the sufficiency of (7), let u be a finite complex-valued Borel
measure supported on X such that p L P,(X). We must prove that u L
A (X) holds whenever (7) holds.

We start by noticing that if the index set L is empty, that is if X is
simply connected, then (7) is an empty condition and (6) follows from [3,
Theorem 2] and Runge’s theorem. So we assume that L # (), and we
fix £ € L. By [4, Lemma 2.4], one can find a sequence of complex analytic
polynomials {g; }52; such that ||¢;| ¢ < C, where C is an absolute constant,
and, as j — oo, such that ¢; — 1 uniformly on compact subsets of €2, ¢; — 0
on compact subsets of ()A( )%\ Qy, and, in addition, such that the sequence of
measures {g; M}?C:1 converges weak-* to some measure pg,. It follows that

supp pa, C (X NQ) UOX and that ug, L Pp(X).
Recall that ) d(2)
~ v(z
v(¢) = Tm/ 2 ¢
defines the Cauchy transform of a (finite) measure v. We claim that
(10) Zu(z20) =0, VzoeQ\X, s=0,...,n—1.

Indeed, since z°u(z0) = E/S;LE (z0) whenever zp € €y \ X (see [4, proof of
Theorem 2.2 (2)]), we can assume without loss of generality that

(11) supp pu C (X N Q) U OX.

But if (11) is satisfied for u, we then must have supp pq, € X N€,. In fact,
since g; — 0 on (X)%\ Qy,

(12)  Zug, (w) =0, Vwe[()?)o\m}u{@\)?}, s=0,...,n—1.

Since 1 has no atoms on 9X (see [1, Lemma 9]), the function

fo(w) = £ / 2 g, (2)

) z—w
is continuous on C \ Q; and, by (12), it vanishes outside Q. It thus follows
that “szcmﬁ = 0 since ngg , = pia, in the sense of distributions. Therefore
pa, LRE(XNQ) =A,(X NQ) and (10) holds.
Now since ¢ was arbitrary in (10), we have that
?[\L(ZO) =0, VzeC\X, s=0,...,n—1,

and thus g L RX (X). We will complete the proof by showing that R:X (X)=
A, (X). For this, we again apply Vitushkin’s technique, using the notation
from the proof of Theorem 1 above.
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Take any f € A,(X) and extend it to a function (still denoted by f)
continuous on all of C and with compact support. Let {f;} be the localized
functions corresponding to the covering {B;}. If B;N X =0 or B; N X #
0, we deal with the corresponding f; as in the proof of Theorem 1. It
remains to consider the case when B; C ()?)O. In this case, B; belongs
to some component © of (X)° . If Q C X°, then fi = 0 and there is
nothing to be done. If Q ¢ X° then Q = €, for some ¢ € L. Since
feAXNnQ) =R, (X N, one can find {g,}°_,, gm being n-
analytic in some neighbourhood U,,, of X N, such that, after an appropriate
extension of g, (still denoted g,,,) to a continuous function on all of Qy, one
has ||f — gmllg, — 0 as m — oo. Using well-known properties of the
Vitushkin operator, we obtain that

1% (6 Lgm) = fillx = 1P * (& (Lgm — L x < Cllgm = fllB; = 0
as m — oo. Clearly @ * (¢;L£gm) € R:X (X). This completes the proof.

3.4. Proof of Theorem 4. We will proceed by contradiction. Let K =
X U 9Q and suppose that

(13) An(K) # RYK).

We will show that then there must exist an ¢ € L such that Dy € N (Ey).
Assuming (13), it follows that there exists a measure o supported on

K with o L RS{(K) but o £ A,(K). We notice that o] is a nonzero
measure, since otherwise, we would have suppo C X, contradicting (8).
Since F = Uper, Fp and L is at most countable, we can choose an ¢ such
that o, is also a nonzero measure. We shall prove that Dy € N(E,). Let
X, = Q\ (Dy U Ey), so that 0X, C 9QU dD,. Fix ¢ > 0 so small that
ES = {z € Ey| dist(z, X;) > €} # 0 and U|E5 # 0. By definition, Ey is

a Dy-border, and so there exists an at most countable family of disjoint
(open) Jordan arcs {v;};eJ, such that E, = Ujez,v;. Moreover, since Ef
is compact in 0D, and each v; is open in 9D, there exists a finite subset
J C Jgp such that Ej C Ujesv;.

For each j € J, we can choose points a; and b; on «y; such that v; has
tangents at a; and bj, the path 7; which is the part of ; strictly between a;
and b; has positive orientation with respect to {2 when “starting” at a; and
“ending” at bj, and moreover such that Ej C Uje;7; =: I'1 and o # 0.
Notice that

dist(z, Xp) <e if z€ Ep\T;.

Let Q. be the unbounded (connected) component of C \ €. Then
Qo is simply connected since 00y = 02 is connected, and each 7; is a
Qo-border (here we extend Definition 3 to include domains in C which
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contain 00). Choose an enumeration of J such that the 7;’s are in con-
secutive order on 0€),,. We may as well assume that this enumeration is
{1,2,...,N}, where N = |J|. Notice that the ¥;’s have negative orienta-
tion with respect to 1o,. Therefore, for each j € J, we can find a Jordan
rectifiable arc 3; in Q. which starts at b;, ends at a;41, is normal to ;
at b; and is normal to ;11 at ajy1 (where ayy1 = a1 and yn41 = 7).
In addition we can (and will) require that the curve I' = U;c;(; U §;) is
a Jordan rectifiable curve which surrounds and meets nontangentially the
compact set

Y =X, U (Er\ (Ujes7;))

and has positive orientation with respect to the domain G surrounded by
I'. We notice that Y € G U (Ujes{a;,b;}), suppc C Y UT'y, Ty C T, and
recall that <7|Fl # 0. Moreover, since I meets Y nontangentially, for each
zeY,

(14) dist(z,T') =< dist(z,Ujes{a;, b;}).

Let 09 = ([[;c;(# — a;)(z = b;))o. Then o L P,(Y UT), since this is also
true for o. Recall that 7i(¢) = (27i) ™! [(z — ¢)~'du(z) defines the Cauchy
transform of a measure u. We need the following Lemma.

—1
Lemma 1. Let p be a measure such that (HjeJ |z —ajl||z — bj|) s a

finite measure on Y. Then the measure [i(C)d(|y is finite and

(15) (b + B(Q)dC|p) L P (Y UT).

Proof of Lemma 1. Let us first prove that i(¢)d(|y is a finite measure:

AN = = e e
A o o

<) (f=g) e

length(T"
< Const / ength(l) 0 00))
Y HjeJ |z — ajl|z — by

< 00,

where the penultimate inequality follows from (14).

This last estimate allows us to use Fubini’s theorem in order to prove
(15).
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Indeed, if p is a complex polynomial, then

[ i+ [ O

r
1 [ du(z)
[ )+ [ 00 (5 [ 222 ) ac
L [ pQ)
= z)du(z —l—/ (/ d¢ | du(z
[ )+ [ (5 [ 255 dute
=0
by Cauchy’s formula. O
Let us apply Lemma 1 to the measures p, :=Z°0qly, s =0,...,n— L

We then have

(%00 — (s + 15 (Q)dC|p)) L Pu(I),

so that, by an analog of the F. and M. Riesz theorem on rectifiable Jordan
domains due to LI. Privalov [11, Chapter 3, §7], for each s € {0,...,n — 1}
there exists a function hs in the the Smirnov class F4(G) such that one has

(16) Z'0op = s + ﬁs(()ddr + hs(C)ddF :
First setting s = 0 in (16), then multiplying the resulting equation by z*,
s =0,...,n—1, and observing that us := Z°ug, we thus also have

o0 =20 + Cio(Qd¢|+ Cho(Q)dc | -
Subtracting this last equality from (16), we get, for s =0,...,n — 1,

¢ (fio(€) + ho(€)) dCp = (s () + hs(€)) dC|1- -

Since oolp, = (Ho(¢) + ho(C)) dC|, # 0, by the Luzin-Privalov theorem,
we have that jip(2)+ho(z) Z 0 in Dy, and so the nontangential limit fio(¢)+
ho(¢) is nonzero at almost all points ¢ € I'y, which gives that

Zs — ﬁs(C) + hs(C)
1i0(¢) + ho(C)

(nontangentially) a.e. on I'y. Since each fis is bounded outside an e-
neighbourhood of Y and each hy is a quotient of bounded holomorphic func-
tions in G, a simple calculation gives (taking just s = 1) that ¢ = u(¢)/v(¢)
nontangentially d¢ - a.e. on I'y for some holomorphic functions u and
v bounded in {z € D, | dist(z,K) > e} , which precisely means that
Dy € N(Ey). Theorem 4 is proved.



12 A. BOIVIN, P. M. GAUTHIER, AND P. V. PARAMONOV

3.5. Proof of Corollary 1. It follows from the hypotheses that v; Ny, =
0. Let X3 = X U(O0Q\ (71 U~z2)). Corollary 1 will follow immediately
from Theorem 4 applied to this X;. It thus only suffices to verify that the
hypotheses of Theorem 4 are satisfied in this case.

Since A, (X) = Pn(X), X is contained in © and 9Q\ (1, U 2) has
connected complement, it follows from Runge’s theorem that

Ay (X1) = Pp(X1).

Moreover, in this case, E := 92\ X7 = v1 U2, and the collection {D;} ey,

consists of a single domain D; = Q\ X. But by Remark 1, Dy ¢ N (71 Uv2).
Thus Theorem 4 applies and Corollary 1 is proved.

4. EXAMPLES

Example 1. We first give an example that shows that Theorem 1 would
fail if we would replace either RSH(F N Q) or RE(FNQ) by P.(FNQ) or
P.(FNQ)in (3) or (3') respectively.

Let U; be an open bounded ribbon which winds around the outside of
the circle {|z| = 1} and accumulates on that circle. One says that U; is a
“cornucopia” (see [6, Chapter VI, §5, Figure 4] or [4, §3]). Note in passing
that U; is a Carathéodory domain with the property that C\ U; is not
connected.

Let F = {|2| < 1}UU; and Q = U;. We remark that F is a Carathédory
compact set, i.e. that OF = Bﬁ, and that FNQ = FNQ =Q. Foralln € N,
we have A, (F) = P,(F) by [3, Theorem 2], and A,(F N Q) = RE(FNQ)
by [4, Proposition 2.5], but A, (FNQ) # P, (FNQ) by [4, Theorem 2.2(2)].

Example 2. The following is an application of Theorem 3 which cannot
be obtained by using [4, Theorem 2.2(2)] instead.

We again start with a cornucopia. This time the open ribbon Us winds
around the outside of the ellipse {22 + 2y? = 1}, and accumulates on that
ellipse. Let X be the union of Uy with a segment [—a, a], where a > 0 and
the segment does not contain the foci of the ellipse. Let Q = {2 +2y? < 1}
be the interior of the ellipse. Notice that Q ¢ A (see [4, §3]), that Q is
the only component of ()? )0 which is not contained in X, that X is not a
Carathéodory compact set (so [4, Theorem 2.2(2)] does not apply in this
situation), and that X N Q = QU [~a,a]. Fix n € N, n > 2. From [4,
Theorem 4.3(2)], it follows that

Ap(XNQ) =P(XNQ) =RUXNQ)
and consequently, from Theorem 3, that A, (X) = P, (X).
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Example 3. We now give an example of a nowhere dense closed set F' in
C such that C\ F is connected, but not locally connected at oo, and still F
is a set of Carleman approximation (see [5, Chapter IV, §3]) by n-analytic
functions when n > 2. In particular, A, (F) = C(F) = £,(F). This is in
sharp contrast with (the case n = 1) Arakelian’s theorem [5, Chapter IV,
§2] and with harmonic Carleman approximation [7, Theorem 4.6].

For k =2,3,4,..., let

and set
F = (ktJOQ(AkUBkUCk)> U{x:(), 0§y<oo}.

The set F is often refer to as an Arakelian glove. Clearly, C\ F is connected,
but not locally connected at oco. From [2, Proposition 5], to prove that F' is
a n-analytic Carleman set, it suffices to show the existence of a “compatible
exhaustion” {K;}22,. For this purpose, set K; =0,

and let X; = K; U (Kj42 N F). It remains to check (see [2, equation (10)])
that

(17) An(X;) = Pn(X;).

When j = 1, this follows from [3, Theorem 2] and Runge’s theorem. Now
fix j € N, j > 2, and let €2 be the Jordan domain whose closure is

Q=X;\ [(k;LjJrg({x:%, k<y<oo}
U{z =30+ 729), k<y<oo}))

Ufe=0,y>k}).

We now apply Theorem 4 with this 2 and X = K. Since, in this case,
'\ X consists of two rectangles, which we denote D;; and Dj 2, and since
D;; ¢ N(0D;,; \ X) for i = 1,2, one has A, (X UdN) = R(X UIN) =
Pn(X UIN). Now we apply Theorem 3 to obtain (17), and this completes
the example.
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