A uniform pro of on the weak
Hilb ert's 16th problem for n=2

FengdeChen"! ChengzhilLi",
JaumeLlibre?, Zenghua Zhang!

DSchool of Mathematical Science, Peking University,
Beijing, 100871, P.R.China
E-mail: fdchen@263.net, liczZQmath.pku.edu.cn, zenghuazhang@263.net

2>Depaurtaument de Matematiques, Universitat Autonoma de Barcelona,

08193, Bellaterra, Barcelona, Spain. E-mail: jllibre@mat.uab.es

Abstract

The weak Hibert’s 16th problem for n = 2 was solved by Horozov
and Iliev (1994 Proc. London Math. Scc. 69 198-244), Zhang and Li
(1997 Adv. Math. 26 445-460), Gavrilov (2001 Invent. Math. 143 449—
497), and Li and Zhang (2002 Nonlinearity 15 1775-1992), by using
different methods for different cases. The aim of this paper is to give
a uniform and easier proof for all cases. The proof is restricted to the
real domain, combines geometric and analytical methods, and uses
deformation arguments.

2000 Mathematics Subject Classification. 34C07, 34C08,
37G15.

The first author is partially supported by the grant FAP-0030824228 of Fuzhou
University, the second author is partially supported by the grants NSFC-10231020 and
RFDP of China and the third author is partially supported by the grants BFM2002-
04236—C02—-02 and 2001SGR 00173.

YCurrent address: Department of Mathematics, Fuzhou University, Fuzhou
350002, China.
ZCurrent address: China Life Insurance Company, Beijing, China.




1 Intro duction

1.1 The Weak Hilb ert's 16th problem and its solution
for n =2

Let H(x;y) be a real polynomial of degreen + 1, and supposethat the
corresponding Hamiltonian vector eld

@ @

XH = Hy@ HX@ (11)
has at least one certer. A natural problem is asking for a maximal number
of limit cycles, bifurcated from the period annulus of the certer for the
perturb ed system

X =Xyu+ Y, (12)
where

@ @

Y = Yi(XVY;, )=+ Yo(X Y, )=

1% y; ) & 20Xy )@
Y1 and Y, are polynomials in x and y of degreen, and their coe cien ts
depend analytically on the parameter . It is well known that this number
is closely related to the least upper bound of the number of zeros of the

Abelian integral

(= [ Yatoyi0dx Vaboyiody=  [[ - dvev) dxdy; (1.3
(h) Int( (h))
where (h) H~!(h) is an oval.
The weak Hilbert’s 16th problem is asking for a least upper bound Z (n)
of the number of zerosof | (h) for a xed n and for all possibleH; Y.

It is known that Z(n) is nite (see[14] and [18]), but there is no precise
estimate of it. For the casen = 2 this problem was completely solved. The
result can be stated as follows using the above notation.

Theorem 1.1 Z(2)=2.
We briey recall the relevant results. If Xy has at least one certer

then, without loss of generality, the cubic Hamiltonian function can be
transformed into the form (see[7])

1 1 1.
H(xy) = E(X2 +y?) éx?’ + axy? + ébyS; (1.4)



where (a;b) belongsto the region

G:{(a;b)2R2: % a 1.0 b (1 a 2+ 1}: (1.5)

If (a;b) 2 @5, then Xy is degenerate(i.e. Xy belongsto the inter-
section of the Hamiltonian classwith other integrable class(es))and | (h)
has at most one zero, the cyclicity of its period annulus is determined by
the second-or third- order Melnikov function, see[13]. The cyclicity of the
period annulus (or annuli) is 3 for the Hamiltonian triangle case(see[12)),
and 2 for all other 7 cases(see[6],[11],[22],[23] and [3]).

The set Gn@s is divided into three disjoint regions G;, i = 1;2;3, by
the following two curves

PE {(a;b)2R2:b: V' 4a(2a+ 1); %<a< 0} (1.6)
and

2
If (a;b) 2 Gn@ = G [ lo[ Go[ leo [ Gs, then Xy is generic(i.e. Xy
belongsonly to the Hamiltonian class), and the least upper bound of the
zerosof | (h) givesthe cyclicity of the period annulus (seealso [13]).

Note that along the curve |5 two singularities of X coincide, and that
onesingularity of Xy tendsto in nit y when (a; b) tendsto the curvel,; Xy
has one, two or three saddle points for (a;b) 2 G;; G, or Gz, respectively;
Xy has two period annuli for (a;b) 2 G, and one period annulus in the
other cases. A partial result of Theorem 1.1 was rst proved by Horozov
and lliev [7] for (a;b) 2 Gg, then by Gavrilov [5] for (a;b) 2 G;[ G.. Sincea
basicassumptionin [7] and [5] is that H (x;y) has4 distinct critical values,
the caseqa;b) 2 15[ |, must be consideredseparately Papers[21] and [16]
independertly gave di erent proofs for (a;b) 2 |, and a recert work [15]
solved the problem for (a;b) 2 I,. Note that the conclusionof Theorem 1.1
can be extended to the maximal number of limit cyclesof X in the case
(a;b) 2 Gy [ G2 [ G3 by aresult of Roussarie[17].

The methods usedin the above mertioned papersare quite di erent; for
example, [5] usessometools from complex analysis and algebraic topology.
The aim of this paper is to provide a uniform and easierproof for all the
genericcases.We will restrict our discussionto the real domain.

lmz{(a;b)2R2:b= 2" a7 0< as 1}: (1.7)

1.2 Outline of the uniform pro of

In the normal form (1.4), Xy hasa certer at the origin O(0; 0) surrounded
by a period annulus, which endsat a homoclinic orbit of the saddle S(0; 1).

3



Let (h) H~!(h) beanoval for h 2 (0;%), (h) shrinks to the certer O

ash! 0+ 0,and (h) expandsto the homoclinic loopash! ¢ 0. Since

both Y;(x; y;0) and Y»(x;y; 0) are quadratic, it is not dicult to seethat
(1.3) can be written as

I(h) = //1 X ey (1.8)

where ; and arearbitrary constarts. Following the notations of [7], we
de ne

M () = [Jie( ny) OXAY; X (1) = [Jrae( vy X dxdy;
Y(h) = fflnt( (hy) Y dxdy; K(h) = fflnt( (hy) XY dxdy:

Note that M (h) is the areaof Int( (h)) and M ’(h) is the period of (h), so
M (h) > 0and M’(h) > O for h 2 (0; §). Hence(1.8) can be written as

I(hy= M(h)+ X(h)+ Y(h)=M(h)[ + P(h)+ Q(h)]; (1.9
where
X (h) . Y(h) .

P(h) = M ()’ Q(h) = M) (1.10)

The following results are easily obtained from the de nitions of 1 (h),

P(h) and Q(h). The secondpoint of statemert (3) was rst proved in
Theorem 2.4 of [7], seealsolemma 4.1 of [15].

Lemma 1.1 For any (a;b) 2 Gn@5 we have
(1) 1(0) O for any constants ; and
(2) PO) = limh—otoP(h) = 0 and Q(0) = limn_04+0Q(h) = 0.
(3) P(h) < 1 for h 2 [0;1=6] and Q(h) < O for h 2 (0; 1=6]:
(4) P;Q2C>[0,5)UC’[0;§]:

Thus we can de ne the centroid curve (see[7]) by

ab = {(P;Q)(h) 0 h é}; (1.11)

where(a;b) 2 Gn@s. Obviously, for any constarts , and the number of
zerosof | (h) for h > 0 equalsto the number of intersection points (counting
multiplicities) of the curve 4 with the straight line

L : + P+ Q=0 (1.12)
in the (P; Q){plane, where 2+ 26 0.



Definition 1.1 A plane curve is called sectorial, if it is smooth, and when
running it, the tangential vector rotates an angle less than

Therefore, if Xy has only one period annulus, then Theorem 1.1 follows
from the following result.

Theorem 1.2 For any (a;b) 2 Gn@s the curve ap is sectorial, and is
strictly convex with non—zero curvature.

Sincethe Picard{F uchs equation of M (h); X (h); Y (h) and K (h) is of order
4,it is very dicult to get the global information of the curve ., except
someof its local properties for h near 0 and near 1=6, for more details on
Ficard{F uchs equations seesection 2. We note that for h near 1=6, which
correspondsto the saddleloop, we needto usethe expansionof M (h), X (h)
and Y (h) in the form of ¢c; + co(h  1=6)In(1=6 h)+c3(h 1=6)+o(h 1=6),
see(1.8) of [7], for example. The following result was proved in section 3 of
[7] and lemma 7 of [5].

Lemma 1.2 For any (a;b) 2 Gn@s the curvature of ap near its two
endpoints is non—zero.

This result is equivalent to say that for genericquadratic Hamiltonian sys-
tems the order of the Hopf bifurcation and of the homoclinic bifurcation
is at most two, and it basically follows from the Bautin's theory [1] and a
result due to Horozov and lliev [8]. Note that this result for h near O can
be obtained directly by computations from the Picard{F uchs equation (see
lemma 2.2(2) below).

Taking derivative on | (h) twice, we get

1"(h) = M)+ X+ Y= MM+ ()+ L] (L13)

where (h) ~ x//(h) C (h) _ Yll(h) .

M "(h) v M "(h) '
Note that M "(h) 6 0 for quadratic Hamiltonian vector elds (see[2]). We
de ne the curvein the ( ;! ){plane

(1.14)

1
. = . | . _ .
ath {( 1)) :0 h 6}. (1.15)
Hencethe number of zerosof | /(h) for h > 0 equalsto the number of inter-
section points (counting multiplicities) of the curve ., with the straight
line
L + + 1'=0 (1.16)

in the ( ;! }{plane.



We identify the (P; Q){plane with the ( ;! }{plane, hencethe two lines
L andL’ areidentied. We will prove the following basic facts.

Lemma 1.3 For any (a;b) 2 Gn@5 the following statements hold, which
imply the regularity of the curve ap.

@ [1/M]*+ [ (M)]*6 0 forh2 (0; %), and
(2) (;1)(h1) & (;1)(h2) for hy & hy and hi;hy 2 [0; £]:

To prove theorem 1.2, we supposethe cortrary: for some(a;b) 2 Gn@s
the curve 4 haszerocurvature at somepoints, and we denoteby (P; Q)(h*)
the nearestsuch a point to the endpoint (P;Q)(0). By lemma 1.2, h* 2
(0; %). Now we denote the arc of ,p fromh=0to h=h*by 7, We
will prove the following property of 7.

Lemma 1.4 For any (a;b) 2 Gn@5, the curve ap s smooth. In particu-
lar, along 4y (for h 2 [0;h*)) we have

d°Q dQ

apz > 0;  ko(a;b) aP ki(a;b); (1.17)
where o Q(l)
ko(a;b) = T 1< 0, ki(aj;b) = 17P?%) > 0 (1.18)

If such h* does not exist, then (1.17) holds globally along ap (h 2 [0;1=6]).

We denotethe setof tangert linesof o (resp.  ap) by Tx,, (resp. Tq,, ),
that is

Ts,, = f n:thetangert lineto 5y at (P;Q)(h);h 2 [0;1=6]g; (1.19)
Ta,, = f n:the tangent lineto apat (;!)(h);h2[0;1=6]g: (1.20)
We will prove
Lemma 1.5 For any (a;b) 2 Gn@s we have:

(1) ¢\ ap6; foranyt2(0;1).

2) o\ ap=1(;!)0)q, %ﬂ ab = f( ;! )(%)g, and the crossing is
transversal.

@) {GHOL I NHIN n=5 forany w2Ts,, and any h2 (0;h*];
(4) ap and ap have no common tangent line.



Proof of theorem 1.2 assuming lemmas 1.1-1.5 We will prove the
non{existence of the hypothetical value h*. Hence,by Lemma 1.4, 5, is
sectorial and strictly corvex with non{zero curvature. Now, we start the
proof of the non{existence. We move ; 2 Ts,, along 7., ast increases
from O to h* and considerthe number of intersection points of {\ 4.
By lemma1.5(1) and (2) and lemma 1.2, ;\ ,p consistsof onepoint for
0<t 1, courting its multiplicit y. As we have supposedthat ;, has
a zero curvature at h = h* 2 (0; 1=6) for some(a;b) 2 Gn@s, henceby
taking L = p the function I (h) has at least a triple zeroat h = h*
plus a zeroat h = 0 (lemma 1.1 (1)), this implies , \ ap consistsof at
least two points. By lemma 1.5(3), the two endpoints of .., keepon the
di erent sidesof |, for all h 2 (0; h*]: Hence,wemust nd ah’ 2 (0; h*) such
that 1o 2 Tza;b is alsotangent to 4y, in order to increasethe number of
intersectionpoints of (\ 4 ast increasedrom 0to h*, and this contradicts
lemma 1.5(4). 2

For (a;b) 2 Gy, Xy hastwo period annuli, hencethere are two certroid
curves L, fori = 1;2. To nish the proof of theorem 1.1, we alsoneedthe
following result, which was rst proved in [9] by using the results of [1] and
[8], and we will give a new direct proof.

Theorem 1.3 For any (a;b) 2 Gs both centroid curves are strictly convex
with non-zero curvature, and any straight line cuts Ly, [ 2y at most at
two points, counting the multiplicities.

The paper is organizedasfollows. We give somepreliminaries in section
2, and we prove lemma 1.3 in section 3, lemmas 1.4 and 1.5 in sections4,
and theorem 1.3 in section 5.

2 Preliminaries

For (a;b) 2 Gnf@s [ 1.9 by using a standard method one can obtain the
following Picard{F uchs equation of order 4, satis ed by X (h), Y (h), M (h)
and K (h) (seelemma 3.3 of [7]):
6bhM’ + bX’ (a+ 1)Y’ 2a(a+ 1)K'+ 4bM = O;
6h +a+ 1Y+ (4a(a+ 1)2 )K’'+ bla+ 1)M 6Y =0;
b (6h 1)X’'+a( 2a(a+ 1)Y'+ ((4a®+ 3a+ 1)
gad(a+ 1))K’ 6bX + b 2a%(a+ 1))M = 0, (2.1)
(@ 6h) 2 (8a’+ 12a%+ 5a+ 1) + 16a’(a+ 1)3)K’+
a(da(a+ 1)2 ) (Y'+bM)+ ( (a+ 1)bX+ 8K +
(4a*(a+ 1) )Y)=0;



where’ = & and = 4a® . Notethat = Ocorrespondsto (a;b) 2 |,
and in this casethe last three equationsin (2.1) are not independen. In
the secondpart of the thesis[20], a parallel Picard{F uchs equation of order
3 was obtained for the case = 0 (K (h) and K’(h) do not appear). Hence,
the results, parallel to Lemma 2.1 and equation (2.5) in this section, are
obtained for = 0. It is natural that all theseresults are limits as ! 0
from the corresponding results here. Hencethe discussionsn this paper are
valid for all (a;b) 2 Gn@s. Seealsothe remark 3.5 of [10].
For simplicity we usethe following notations

(@b =1 a?Ra+1) b; sab=(@a+ 1)+

s(ab) = (3a 1)2+ 502+ 4 (2.2)

Note that (a;b) > 0 for (a;b) 2 Gn@s, see(1.5). The following result
follows from (2.1) (seethe proof of lemma 2 of [4] or lemma 3.3 of [7]).

Lemma 2.1 For0< h 1 we have

P(hy= (1 ah+ L[ 5(1la+ 1)p?
(a 1)(63a2+ 18a+ 55)]h% + O(h%);
Q(h)y= 5nh+ & ( 5507 1832+ 42a+ 5)h%+ O(h?):
Lemma 2.2 For (a;b) 2 Gn@5 we have
dQ _ b .
h0hodP a1 0
_ d?’Q _ 20b ((ajb) _
JMeare T 3 E ar
- dQ Q(3)
3 | < = __<\67
S P()

1)
)

> 0:

Proof. Statemens (1) and (2) are easily deducedfrom lemma 2.1. The
statemert (3) can be proved in the sameway asin lemma4.3 of [15]. 2

Taking derivativeswith respectto h in the rst three equationsof (2.1),
and remaving M ’, we can expressX ”; K" through M"; Y" asfollows

X" = dy(h)M” + dy(n)Y”;

(2.3)
K" = dy(mM "+ dy(h)Y "



where

_ 6 1(a;bh.
)= =L
_ [12(3% + 2a+ 1)P?  24a3(3a+ 1)(a 1lh+ (a 1) of(asb).
da(h) = bL ;
(h)
_ 6Bh(a+ 1)(6h 1)h
ds(h) = Lih) ,
dy(h) = 6[12(4® P)h+ > 6a3 3aZ+ 1];

L(h)
L(h) = 12@® 6a’> 3a b)h+ (a;b):
(2.4)
Note that L(0) > 0, L(1=6) = ;(a;b) > 0 (see(2.2) and (1.5)), hencethe

linear function L(h) 6 O for all h 2 [0; 1=6].
Taking derivativesin (2.1) with respect to h oncemore, and using (2.3)

we get
d /M”"\ _ [ el(h) exh) M7
T(h)dh( Y// >_ ( eg(h) 64(h) > < Y// >v (2-5)
where
T(h)= 6bh(6h 1)L(h)T(h);
T(h) = 36(4a®> ©*)%h? 6[b*+ 2(6a + 3a+ 1)b?
+8a3(3a+ 1)h+ ,(ajb);
and A
e(h)= > exh"
k=0
with

e = 6b 3(ab);

e; =6b o(a;b)[7b*+ (83a+ 46a+ 31’ + 4(3a+ 1)(12a® a+ 10a+ 3)];

e = 36023° 2262 20%% 124a 39)b'+ (84a° 572°+
161%* + 1964° + 12542 + 408+ 43)b*+
8a(12a® 4a*+ 40a+ 9a? + 10a+ 5)(3a+ 1);

e3 =864H80° (39a® 10%&? 5% 13)b'+ a(85a® 30&t+ 174a+
278% + 125+ 25)0* 16a*(3a+ 1)(a* 10a® 10a B5)];

e, =10368h(3a® 10a? 20 5Ga)(4a® )%
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&o= (50°+ 9> 6a+ 5) 5(ah);

e =12 H(a;b)[( a®> a+ 15)b*+ ( 9a* 72a+ 94a® + 52a+ 15)b*+
a(3a+ 1)(36a* 27a%+ 57a> a 1))

ep = 216(72%+ 7a+ 10)0°+432(14° 28' 23® 67a® 3l1a 5)b’
216a(a 1)(3a+ 1)(12a® 56a*+ 11a® 69%% 35a 7)b?
172&*(3a* 3a’+ 14a’ + a+ 1)(3a+ 1)%

3= 1728(&% b)[(6a’+ 6a+ 5)b 2a(12a’ 6a® 7a® 12a 3)bH+
a*(Ba+ 1)(3a® 37a® 15a 15)];

&4 = 2073@(a+ 1)(4a> b3

€30 =0;

e = 60° 3(ajb);

e; =36P°[( 4a 1)b*+ (14a* 22a%+ 18a+ 6)b* + (3a+ 1)
(36a° + 26a* + 53a° + 57a% + 19+ 1)];

e33 =432b°[(3a+ 2)b* 2(5a' 9a® 123 a+ 1)B?
a(4a’ + 98a° + 117a* + 72a® + 58a% + 30a+ 5)];

€34 =25920°(a+ 1)(b* + a® + 10a% + 5a)(4a® b);

€40 =0;

en =605k + 16a> 4a) 3(a;b);

e = 360250° 2(52a° 17%° 92a 15)b'+
(204a° 868° + 973’ + 122&° + 474a% + 96a + 5)b*+
4a(3a+ 1)(144a° + 48a° + 23@* + 14%° + 9a® 5a 1)];

€3 =864H100° (69a® 95a° 4% 5)b'+ a(155a° 48%* 66a’+
142a? + 5Ba+ 11)* 16a*(3a® 6la* 35a° 27a® 20a 4)];
e,y =5184b(4a®> ©b?)?( 5b*+ 3a® 34a’ 17a):

From the de nition of ! (h) (see(1.14)), we have

(Y”(hy)’  (M"(h)’
M “(h) M (h)

1/(h) = t(h):

Combining this fact with (2.5), we obtain a 2{dimensional system of equa-
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tions
h= T(h); L= (h!); (2.6)

where (h;!) = ey(h)! 2+ (es(h) e (h)! + es3(h); and the dot denotes
the derivative with respect an arbitrary variable s.

Remark 2.1 We note that T(h) 6 0 for h 2 (0; %), hence system (2.6) has
no singularities for h 2 (0; %) In fact, we have shown that L(h) has no
zeros for h 2 (0; %). If (a;b) 2 Gy then T(h) has no real roots. If (a;b) 2
Go[ Gs3[ lo[ ls then the roots of T(h) correspond to other singularities
of Xy , besides the center O and the saddle S. By the monotonic property
of the level curves of the Hamiltonian vector field and the relative positions
of the singularities, we immediately obtain that the roots of T(h) must be

1
greater than .

By Remark 2.1 and direct computation we obtain the following result.

Lemma 2.3 Forh 2 [0; %] system (2.6) has 4 singularities : two improper
nodes at (0;0) and (%;O), two hyperbolic saddles at (0;! o) and (%;! 1),
where

6b 6b(2a+ 1)

<0 ;= :
s(a;b) O "= 55 8m 9% 3@ 5

0= (2.7)

When 5% 82a3 93a? 36a 5! O, the singularity (%;! 1) goes to infinity.

We recall that an improper node is a node such that all the orbits arrive
to or exit from it in onedirection.

Let

;1 =1(h) isdened in (1:14)}: (2.8)

[N

C = {(h;!):o h

The following lemmacanbe provedin the sameway asthe proof of lemma3.1
in [15], except statemert (2) which is a consequenceof lemma 3.5 below.
Statemert (1) of the next lemma shows that C, is the unstable manifold
from the saddle(0;! o) to the improper node (1=6; 0) of system (2.6).

Lemma 2.4 (1) limn_oso! () = 1o, lim, 1 ! (h) = O
2) 1 (h)< 0 forh2(0;1).
(3) limn_oso (W)= o7 limy_s o (h) = 1; where

_6(1 a) S
7 (&b

0: (2.9)

11



(4) We have

_ 5 bfi(ah) | (= 5_f2@D

lim 1/(h) = 2( 5(a;b)2’  h—oto C2( s(ab)?’

h—0+0

. " , , ” _175b 1(a;b) o(a;bfs(asb) .
hlg+0[! (h) “(h)y '7(h) “(h)] = 3 (a@b)? ;

where
fi(a;b) = 7b* + (42a% + 60a 70)b?
(18%* 18(m° + 174a%+ 12a 67);
fo(a;b) = (Ta 67)0* + (1622 27082 58a+ 70)0*+
(a 1@Ba+ 1) (9a2 27a> 2la+ 7);
fa(a;b) = 550 + (126a> 204a 106)* 8la'+
324a% + 16222 204a+ 55

(5) We have

_(h) | (2a+ 1)@Ba+ 1)
™ iy b '
2

From (2.3) and de nition (1.14) we obtain the expressionof (h) asa
function of h and ! (h) asfollows

(h) = di(h) + dy(h) ! (h); (2.10)

where d;(h) = d;(h;a;b), i = 1;2 are givenin (2.4).
We consider the following transformation from the (h;! ){plane to the
( ;! Aplane:
= dy(h) + da(h)! ; P =1: (2.11)

It is easyto seethat (2.11) maps the straight line f(h;!) : h = hgg
(hg 2 [0;1=6]) in the (h;! ){plane to a straight line in the ( ;! ){plane.

In particular, mapsf(h;!):h= 0gto Ly, and mapsf(h;!):h= lgto
L3, where
a 1 (2a+ 1)(3a+ 1)
= 1)y = [ = D R S | :
Lo {(,.). b.},L3 {(,.). : _+1}.
(2.12)

We note that if a= Othen L is parallel to L3, andif a6 Othen Lo\ L3 =
f(~;M)g, where

A= ail n= L 2.13

Ga(a+ 1)’ " Ga(a+ 1) (2:13)

12



a>0 a<0

Figure 1. From Dap to D, through the transformation (2.11).

Let

Dap=f(M!)2R?*:0 h 1=6;1 <! <1 ifa=0;
1 <!<hrifa>0O;r<! <1 if a<Og:

Correspondingly, let D}, be the region in the ( ;! ){plane, which is the
strip ¢! ;! + 1if a= 0; and is the sector limited by the two
straight lines L, and L3 with vertex at (*; ") if a6 0. Note that thesetwo
lines are included in D, but the vertex (*; 1) is not, see gure 1.

The Jacobian of transformation (2.11)

D(:') _ o oy = 0 1(@b) o(ab[6a(at 1)! b
D) - B+ ()= bL2(h)
is non{zero if a = 0, and is zeroonly for ! = M if a 6 0. Hence, we

immediately have the following result.

Lemma 2.5 For any (a;b) 2 Gn@5 the transformation (2.11) from D ap
to D}y is a smooth diffeomorphism. Hence, system (2.6) in Dayp becomes
the smooth system

=10 L="o(51); (2.14)
m D;;b:
From remark 2.1, lemmas 2.3 and 2.5 we obtain the following result.

Lemma 2.6 For (a:h) 2 Gn@s we have

(1) Any orbit of system (2.6), especially Cy, is transversal to all lines
fh = hgy;hy 2 [0;1=6)g in Dap.

(2) Any orbit of system (2.14), especially ap, is transversal to all straight
lines between Lo and L3 in Dé;b7 the lines are parallel if a= 0, or are
in the sector region with vertex (™) if a6 0, see figure 1.
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Wedenoteby L* the part of the straight line L’  in the ( ;! ){plane,
which is contained into D},. Let Cy = f(h;!):0 h 1=6;! = U(h)g
where
Z(h) zih+ z

Uch) = U(h;asb; 5 5 )= N(h) bt o (2.15)

with

z; = 6b2(* + 3a a3+ 6a?) (&b J;

zo= b a(ab);

n,=12a®> 6a? 3a ) +[12(3A%+ 2a+ 1)P?

24a3(3a+ 1)(a 1)] ;

no= o(a;bf(a 1) +b1l:

Lemma 2.7 For any (a;b) 2 Gn@ and any constants , and , L*

is tangent to an orbit of system (2.14) of order K (in particular to  ap,
at a point ( ;! )(he) for hg 2 (0;1-6)), if and only if Cy is tangent to
the corresponding orbit of system (2.6) of order K (in particular to C, , at
(ho; ! (ho)) ).

Proof. Under the transformation (2.11) the line L’  becomes

N(h)!  Z(h) _

+ + | =
bL(h)

0 (2.16)

where L(h) 6 0 for h 2 [0;1=6] is given in (2.4), and the linear functions
N (h) and Z(h) are de ned in (2.15). If N (hg) 6 O, then for h near hy we
can rewrite the above equality as

+ o+ =2 uh))=o

This meansthat the transformation (2.11) maps the straight line L* to
the curve Cy, and the lemma is proved for h near hy by lemma 2.5. Next,
we shaw that we can skip all zero points of N (h) for h 2 [0; 1=6]. In fact, if
N (hg) = 0 but Z(hg) 6 0, then the equation (2.16) is not satis ed, we do
not needto considerit. If N(hy) = Z(hg) = 0, then the resultant of N (h)
and Z (h) must be zero. By a direct computation and using (a;b) 2 Gn@s,
we obtain
[6a(a+ 1) +(a 1) +b]=0:

If = 0,then N(h) = bL(h) and Z(h) = bL(h) , this cortradicts the
non{zero property of L (h) for h 2 [0; 1=6]. If 6a(a+ 1) +(a 1) +b =0,
thenL* 2 D, is parallel to Lo and L3 whena = 0, or passesthrough
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the vertex (*; ') of the sectorwhena 6 0, see(2.12) and (2.13). By lemma
2.6, there is no orbit of system (2.14) tangert to it, and the assumption of
the lemmais not satis ed. 2

Lemma 2.8 For any (a;b) 2 Gn@5 and any constants , , and , there
exist at most four points on L™ | counting their multiplicities, such that at
each of these points the vector field (2.14) is tangent to L* . In particular,
if one of the endpoints of L* s ( ;1 )(0) or ( ;! )(1=6), then the endpoint
is included in these tangent points. If two of the endpoints of L*  are
(;')O0) and ( ;' )(@A=6), then the endpoints are included in these tangent
points.

Proof. By lemma 2.7 we only needto consider the number of tangert
points on Cy (correspondingto L* ) with respect to the vector eld (2.6)
in the (h;! )-plane. By using (2.6) and (2.15) we obtain

/ - (h / _ BPLE(h)F(h).
v (h)h.‘! —um) = (h;U(h)) U'(h)T(h) = “NZh) (2.17)
whereF (h) = F(h;a;b; ; ; ) isapolynomial in all its argumerts, and of

degree4 in h. Besides,F (h) has the factor h or (h %) if L* hasthe
endpoint ( ;! )(0) or ( ;! )(1=6), respectively. Note that we may suppose
that N (h) 6 O for h 2 [0; 1=6], seethe proof of lemma 2.7. 2

3 Proof of lemma 1.3 and related results

We rst give a proof of lemma 1.3, after we also prove someresults which
will be useful for additional studies.

Proof of Lemma 1.3 From (2.10) we seethat the transformation (2.11)
maps C; to 4p, and by lemmas 2.3 and 2.4, C, , satisfying h- 6 0 for
h 2 (0; 1=6), is aregular curve. Hence,by lemma 2.5, to prove the regularity
of 4p it is enoughto show that C, staysin Dgyp, i.e. C, doesnot meet
the straight line f! = Mg in the (h;! )}{plane for a 6 0. From (1.5), (2.7)
and (2.13) we have that, for all (a;b) 2 Gn@s,! < 0,!; > 0if a> 0, and
ar > 0if a6 0, and

5 b a(ah

| = D St R A A .
‘o ! 6a(a+ 1) 3(a,b) >0 ifa< O

ro b 1 (a;b)

5 | |
'1= Ga(ar DBz T 9al+ 3G+ 51 by O 18”0
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Hence,if C, \ fI = g6 ;, then by lemma 2.3 there are at leasttwo points
onthe line f! = rgfor h 2 (0; %), at which the vector eld (2.6) is tangent
to this line, see gure 2.

a
a>0
Figure 2. Hypothetical positions for Figure 3. Partition of G by
Ci and the straight line ! =1. 1, 2, gandly .
From (2.6) we have
5 BPL2(h) (h
(hiry = 2L (), (3.1)

36 a2(a+ 1)2

whereL (h) 6 0for h 2 (0;1=6) (see(2.4)), (h)= (h;a;b) = syh?+ s;h+
Sg, and

S, = 72a(a+ 1)(4a®> b?);
s1= 12[@%+ a+ 1b?+ a(Ba+ 1)(2a%+ a+ 1)];
so = (3a+ 1)%2+ b
A computation shows that
= s?  4sys) = 144[@* + 2a’ + 5a® + 4a+ 1)b* + 2a(2a+ 1)

(3a* + 2a® + 9a + 8a+ 2)* + a’(a  1)’(2a+ 1)?(3a+ 1)

(3.2)
In the region G (see(1.5)) = 0denes3curves i, i = 1;2;3, all of which
are located in the regionof a< 0. 1, 5, 3 andl. (see(1.7)) divide G

into 5 subregionsR;, i = 1;2; ;5, shown in gure 3.

It is not dicult to chedk that for (a;b) 2 ,, 2 and 3, (h) hasa
double zero h belongingto (0;1=6), (1 ;0) and (1=6;1 ), respectively. If
(a;b) 2 R3, then < 0and (h) hasno real zeros. If (a;b) 2 R{, R, and
R4, then (h) hastwo zerosin (0;1=6), (1 ;0) and (1=6;1 ), respectively.
If (a;b) 2 I, then (h) hasonly one zero. If (a;b) 2 R5, then (h) has
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onezeroin (1=6;1 ) and other in (1 ;0). Consequetly, the only casewe
needto consideris (a;b) 2 R;. We show that evenin this case,onestill has
C/ \ f! = rg=;, and this is equivalent to prove that in ( ;! }{plane the
curve 4 doesnot meetthe point (™ 1). Let R= R;[ 1[ Rs. Weclaim
that for any (a;b) 2 R, we have the following properties:

(A) The tangent vector of 44 at ( ;!)(©0), o= ( '(0);!’(0)), pointing
to the region D, is transversal to the straight line L, which joints
the origin to the point ( ;! )(0). And | is located clockwise from the
vector vgy, going from the point ( ;! )(0) to the point ( ;! )(1=6) =
(1;0).

(B) The tangert lineto ,p at ( ;! )(%), L is just the line L3, contained
in the boundary of D} .

(C) Nearthe endpoint ( ;! )(0), the curve ,p, keepsits corvexity, and is
located between y and vg;.

Now we prove the claim. From (2.7), (2.9) and lemma 2.4(4), for all
(a;b) 2 Gn@s we have

|9 10| me e,
© 10 |7 (sa@b)?

and for (a;b) 2 R,

') 1'(0) |_ 5b21a® 18+5 7B o(ab)
‘ 1 0 ' | 2 ( s(a;b)?

becausethe branch of the hyperbola : f7b? = 21a? 18a+ 5g, which

satis es b> 0, doesnot meet any curve ;, see gure 2. Hence, statemert
(A) follows. (We remark here that if (a;b) movesabove the curve , then

the property (A) doesnot hold, gure 6 shaws this case.) Statemert (B)

follows from lemma 2.4(5), and statement (C) follows from the expression
(0)! '(0) '(0)! ”(0) in lemma 2.4(4), where we rewrite f3(a;b) as

0;

55[(b2 :_2)1 1 (2_2)2} +6(21a° 34a)b’ a(8la’+ 204)+16232(2a+ 1)> O;

for % < a< 0: Hence,the claim is proved.
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We show that if (a;b) 2 R, then ., is located above ¢, henceit never
meets the point (). We call the following technique a deformation—
inflection principle, and we will useit seweral times later on.

Since (a;b) = ( 3:3) 2 R, the curve _1.; is corvex (lemma 3.3 of
[15]), and the tangert lines 2 Tg 12 (see(l 20)) cut the line L, belowv
the point ( ;! )(0) for all h 2 (O; 1—6] If there is a (a;;b;) 2 R sudh that

a;:b, doesnot stay above the tangert line , then by the properties (A)-
(C) for h near 0 and 1=6 the tangert line 2 Tq, , still cuts Lo below
( ;!)(0), but wemust nd someh 2 (0;1=6), sudh that 2 Tg, ,, cutsLo
above ( ;! )(0). Sincethe slope of the tangert lines ofacurvetakesns min-
imum or maximum at an in ection point of the curve, by the deformation of

ab as(a;b) 2 R varies continuously from ( ; 3) to (ay; by), we must nd
avalue (az;1») 2 R, sudh that 4,5, hasan in ection point ( ;! )(ho), and
the tangert line, sy L, of 4,., at this point passeshrough the point
( ;1)(0), see gure 4. We shaw that this is impossible. In fact, by lem-

w
v
@]
Waz;bz

agy

o

(% ,Wo)
Lo
Figure 4. Deformation of Q. . Figure 5. Tangent points on L°
mas 2.7 and 2.8, for the corresponding function U(h) = U(h;as;by; ; ; )

the two curvesC, and Cy must be tangernt at (hg;! (hy)) of order at least
3. Since 2+ 26 0, without lossof generality we suppose 6 0, then by a

rescalingwe can changeto = 1. The condition that L’  passeghrough
( ;1)) implies = (o +!g). Inthis case(2.17) becomes
L(h)2hV(h
I U’(h)b.\! —um = S0°L (h) (h). (3.3)

M) N (h)2( s(a;b)2’
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where V(h) = V(h; ;a;b) is a polynomial in all its argumerts, of degree
3in h and of degree2 in . By the above analysis,h = hgy 2 (0;1=6) is
at least a double zero of V(h) for some = o, i.e. for (a;b) = (az; by),
(ho; o) is a solution of the system of equations

V(h; ;a;b)=0; V/(h; ;a;b) = 0O (3.4)

Note that hg is the only (possible) solution of (3.4) for a xed , sinceV
has degree3 in h. If we also have V”(hy) = 0, then 4., is tangent to
L at the point ( ;! )(ho) of order at least 4 (i.e. hg is at least a triple
zero of V(h)). Since( ¢;! ) is a saddle,and ,,, iS one of its unstable
separatrices,we must nd at leastonemore point onL’  between( ;! o)
and ( ;! )(hp), sudh that the vector eld (2.14) is also tangent to L’
at this point (see gure 5). This is called the saddle property of 4,.,
at ( o;!9). This cortradicts the fact that V(h) is of degree3 in h. If
V" (hg) 6 0, then eliminating  from (3.4) we obtain v(h; a;b) = 0; wherev
is alsoa polynomial in h, aand b. Sohy must be a simple zeroof v(h; as; b,).
Computations shaw that for all (a;b) 2 R we have

v;ab) = ( s(@b)*fs(ab) > 0
v(Liash) = 52a+ 1)°( 1(a;h)*[P + (2a+ 1)(11a® + 2a+ 11)]> O

where f3(a;b) > 0 for 1=2 < a < 0 as it was shown above. Hence
v(h; az; ) = 0 haseven number (counting multiplicit y) of solutions for h 2
(0; 1=6). This meansthat besides ,,.,, hasan in ection point ( ;! )(ho)
and the tangent line at this point passeshrough ( ;! )(0) with slope o,
there is another orbit of system (2.14) with an in ection point ( ;! )(h{),
and the tangent line at this point also passesthrough ( ;! )(0) with slope

- But direct calculation shaws that v(h; 1=3;2=3) = 0 has no solu-
tion for h 2 (0;1=6) (by the method described in Appendix A). Therefore,
when (a;b) 2 R varies cortinuously from ( 1=3;2=3) to (a; b,), we must
nd a (as;b) 2 R, suc that there is an orbit  of system (2.14), and a
straight line L, passingthrough the point ( ;! )(0), with the property that

is tangent to L at a point of order 5, or of order 4 plus a crossingpoint
nearby. Hence,there exist at least4 points (counting their multiplicities) on
L\ (Dgpn@7,), at ead of these points the vector eld (2.14) is tangent
to L. This also cortradicts the fact that the function V(h) in (3.3) is a
polynomial in h of degree3. 2

Lemma 3.1 For (a:h) 2 Gn@s we have
(1) Lo= o and o\ ap=f(:!)0)0.
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(2) ab\ Lo=f(P;Q)0)g, and apnf(P;Q)(0)g stays above L.

(3) In D}y, the line L3 = 1= is always located on the right hand side of
the straight line Lo, joining the two endpoints of apb:

Proof. Statemert (1) follows from lemma2.2(1) and lemma2.6(2), seealso
the de nitions (2.12) and (1.19). If the statement (2) is not true, then we
takeLy = L , by lemmas1.1(1) and 2.2 the Abelian integral I (h) has
a double zero at h = 0 plus one more zero at someh; 2 (0;1=6], hence
I”(h) has at least one zeroh, 2 (0;1=6), i.e. ( ;!)(hs) 2 Lo\ 4p. This
cortradicts statement (1). By (2.12), (2.7) and (2.9) we have

1 (0 L) | _ 5b s(a;b) >0
(2a+ 1)Ba+1) b s(a;b) '
Therefore, statemert (3) follows. 2

By (2.7) and (2.9) we nd that the slope of the straight line L, passing
through ( ;! )(0) and ( ;! )(1=6) = (1;0), is

6b

k(80 = sy e 1

(3.5)
The next lemma givesthe xed relative position of the lines L, and L,
passingthrough ( ;! )(1=6) = (1;0) and (P; Q)(1=6).

Lemma 3.2 For any (a;b) 2 Gn@5 we have that in the half-plane f( ;1) :
1 < 0g, Lo is always located on the right hand side of L1, see figure 6.

Proof. Note that both L, and L passthrough the samepoint B(1;0), and
that the slope k;(a;b) of L, see(1.18), is always positive. Thus, by (3.5)
the conclusion of the lemmais true if g;(a;b) = 5 + 9a> 1 0. So,in
the following we prove 0 < ki(a;b) < ko(a;b) for (a;b) 2 G’  Gn@s, where
gi(a;b) > 0, i.e. above the curve | :fg;(a;b) = Og, see gure 7.

By the de nitions of P(h) and Q(h), this is equivalernt to prove

// (y ko(a;b)(x 1))dxdy> 0; (a;b) 2 G’: (3.6)
Int( (§))

6

In polar coordinates (r; ) givenby x = 1+ rcos ,y = rsin , the oval (%)
is given by

3(cog  (2a+ 1)sin? )
2(bsin® + 3asin®* cos co$ )’

r=r()=

20



, QW
O B P, v b
Ala,b)
Zab P.Q)(3)
Ly
A Qab Ls
Lo L,
Dé;b
C
a
-1/2 -1/3 [0} 1/3 1
Figure 6. The relative positions of ¥, Figure 7. The regions D1 and Da.
Qap and Lj.

where 2 tan~'( ta:ta), ta = (2a+ 1)(-172), Lett = tan , then the double
integral (3.6) is positive, if and only if

t /@a+ D2 1)’
J(a;b) = /ta (W) (ke(a;b)  t)dt> O: (3.7)

From (3.7) it is obvious that if ko(a;b)  ta, then we immediately have
J(a;b) > 0. From (3.5) we have (ka(a;D)? (ta)? = o(a;b)=((2a +
1)(o1(a; b)) %), where

g(a;b) = 2% (90a® 72a 46 (3a 1)*(Ba+ 1)% (3.8)

The locusof gx(a;b) = 0in G is a piecewisesmaooth curve with three pieces
2, 1 and 3, andtwo verticesat (a;b) = ( 1=3;0), showvn in gure 7. Note
that only 5 and 3 stay in G’. The above analysisshows that J(a;b) > 0O if
(a;b) belongsto the region between , and 3, and above | ( 2 and ;5 are
included). Hence,we only needto prove J(a;b) > 0 for (a;b) belongsto the
curved triangle regionsD; and D, which are located in G’ and on the left
hand side of 5 or on the right hand side of 3, respectively.

Case(A): (a;b) 2 D;: We will prove that P(1=6) <  for (a;b) 2 Dq,
which is stronger than ky(a;b) < ks(a;b), seelemma 3.1(2) and gure 6.

By the de nition of P (1=6), we needto prove

// (X g)dxdy < O; (a;b) 2 Dy: (3.9)
JJInt( (3))

(5% + 922 1)= 3(a;b) > 0O for
f(xy) i x = ogecutsint( (1)),

From (2.9) we have (> O0and1l
(a;b) 2 D;. Hence,the straight line L
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located in the strip 1=2< x < 1, into two parts P_ (on the left hand side
of L) and Pr (on the right hand sideof L). We denote by Pr the re ection
of Pg with respect to the straight line L. Then (3.9) follows from Pr P,
which is, by (1.4), a consequencef

_ Aud(u;yi(u) .
= @by

whereu 2 (0;1 ) is positive, y1(u) < 0 < ys(u) satisfying (u;y;(u)) 2
Int( (3)), and

H(o+uwy) H(o uwy)

J(uy) = (ay’  u’)( s(a;b)®+ 18(1 a)(5k°+ 9 1)

We rst provethat J(u;yi(u)) > Ofor unearl ( and near Q. Note that
yi(uy! Oasu! 1 , andby (2.9)

JA  ;0)= 5P+ 9% 1)( 5v° 9a’ 18+ 19)> O;

which is obviously satis ed for (a;b) 2 D;. To prove J(0;y;(0)) > 0, we
eliminate y from H( o;y) 1=6 = 0 and J(0;yi(0)) = O, then obtain
Ki(a;b) = 0, which is impossible because(a;b) 2 D; (see example 6.1
of appendix A). This meansJ(0;y;(0)) hasa xed sign for all (a;b) 2 D4,
and we can choosea special value of (a;b) to determineit. It is proved in
Lemma4.1of [15] that J(u;yi(u)) > Oforallu2 (0;1 ) and (a;b) 2 I5.
Note that I,\ D, 6 ;.

Thus, we have obtained two facts: (1) J(u;y;i(u)) > 0 for u near 0 and
nearl o, andfor all (a;b) 2 D;. (2) There are somepoints (a;b) in Dy,
for which J(u;y;(u)) > Ofor all u2 (0;1 (). Hence,if there is a point
(ai;by) in Dy, sud that J(u;yi(u)) = 0 hasroots for someu 2 (0;1 ),
then, by continuity, we must nd another point (as;b;) in Dy, such that
J(u;yj(u)) = O0has(at least) adoubleroot for someu 2 (0;1 ). Weshall
shaow that this is impossible. In fact, eliminating y from H(u+ ¢;y) = 1=6
and J(u;y) = 0 givesJ,(u;a;b) = 0, where J; is a polynomial in u, a and
b. Then we eliminate u from J;(u;a;b) = 0 and @ (u;a;b)=@ = 0, and
obtain K(a;bK3(a;b) = 0, whereK {(a;h) 6 Ofor (a;b) 2 D, asmentioned
above, and K o(a;b) 6 0for (a;b) 2 D, is provedin example6.2 of appendix
A. This cortradiction nishes the proof for case(A).

Case(B): (a;b) 2 D,. 1t is eaﬁyto verify that D,  Gs. Recall that
Gy = f(a;h) 2 R2:0< b< 2 alfor0<a 1=2;0< b< (1
a) 2a+ 1for 1=2 a< 1g. Hence,bt®+ 3at?> 1= 0has3 real rootst,
to and t3, satisfying

t1<ty< t,<0<ta<ts b+3at? 1=0 (3.10)
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and

1
1+ te+t3= tito + totg + tgty = 0; titots = B: (311)

Sa,
b’
By (3.5) and using repeatedly (3.10) and (3.11), we obtain

(a+ 12 1\° _ 1 3 P
(m> (ka(sb) 1) = @b i'jzz:l T o (3.12)
where (a;b) = 27g:(a;b)(4a®> ©?)3 > 0for (a;b) 2 D,, and
i = (b= @a P)E[Ra+ 1)(t2 (et jat + jo);

wheret; = tj (a;b) are the roots of (3.10), [p] denotesthe integer part of p,
and

12= 106+ (195a° + 1052 + 75a+ 9)b° (350a° 1077&° 1203
69%° 1442’ + 15a+ 5)b*

2a%(807a° 31%' 198&% 74@°+ 5la+ 17)b%;

=5(3 b5Ga)b’ + 3(90a’ 10%® 41a® 17a 3)B° 2a(205a°
15422° 840a* 220a® 27a® 6a 2)b° 2a*(184m° 94mt
1742 450a% + 105 + 35)b;

1

—

10 =5a(a+ 3)° 3a(105a* + 214a® + 116a% + 26a+ 3)b*+
a?(640a° 1472° 192%* 1654° 378+ 57a+ 19)07
+32a°(a 1)(9a’ 1)(2a+ 1)%
2 =(5a 8)b (65a*+ 85a°+ 99>+ 37a+ 2)b’
a’(9a®> 1)(13a’+ 26a+ 9)b;
1= (65a®+ 86a+ 20)b* + (125a° 133 32%° 113%%+
10a+ 4)b* + a®(25a+ 11)(a 1)(9a® 1);
20 =100°+ (5a°+ 18082+ 81a+ 16)6® a(3a+ 1)(51a® 107a®> 9a+ 9)b;
30 =(15a% + 27a+ 6)b* + 3a(5a® + 132> a 1)b%;

51 =50°  (5a® 42a’+ 1) a’(45a 63a® a+ 3)b;
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30 = (10a+ 11)b*+ (10a* 22a® 27a%+2a+ 1)b’+2a’(a 1)(9a® 1)

From (3.7) and (3.12) we have

3
: ‘b = pdta, 2 2la 1SS (313
(a;b)J(a;b) jgl{ 1j ntj o U2 (F @) (349

Note that onthe left hand side of (3.12) the numerator is a polynomial in t of
degreelower than that of the denominator, wemust have 1;+ 15+ 13=0:
By calculation, (3.13) can be simplied as

Al As
In — + In—+ B;
11 Ag 13 A2

where Aj = (t;  ta)=(tj + ta), and
B = 6p 2a+ 1(4a®> bP)(5a®+ 36a®> 9a+ 100%) o(a;b)b> O

From now on we simplify the notation using ; = j(a;b) to denote ;.
Therefore, by using (3.11) we have

3
Il i@p=@a’ B)* i(abKs(ab);

j=1

where K3(a;b) 6 0 for (a;b) 2 D,, seeexample 6.3 of appendix A. It is
easily to determine that

1> 0; < 0 3<0; if (a;jb)2 Da: (3.14)
Thus,J(a;b) > 0if (a;b) 2 D, is equivalert to

Ao A B 0; if (a;b) 2 Dy; (3.15)

J(a7 b) - 3 A72 A2 3

which follows from the following two statemerts:
(i) J(a;0)= 0for a2 (1=3;1); and
(i) @ (a;b)=@> O for (a;b) 2 Dy:

Now we shall prove thesetwo statemerts. Note that (a;0) = 1728°(9a?
1) > O0for a2 (1=3; I;})._It is easyto psgthat if b! O, thent; ! 1 |
bt; ! 3a, ty ! 1= 3aandtz! 1= 3a. This implies

5(a;0) = 32a°(1 a)(9a® 1)(2a+ 1)?> 0; if a2 (1=3;1):
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Hence the claim (i) follows from J(a;0) = 0, which is obviously true by
(3.5) and (3.7). To prove the claim (i), we rst nd a simple form for
@ (a;b)=@. We simply denote the derivative with respect to b by ’. Note
that | = @;=@+ (@;=@ )(@,; =@). Using repeatedly (3.10) and (3.11),
we obtain

(@B 4 b oa= 4@ PR, @b= 3> 0
Q(a; b) 1(|n(A1:A2))/ + 3(|n(A3:A2))/ = 2p 2a+ 1K 5,

where K4(a;b) > 0 for (a;b) 2 D,, seeexample 6.4 of appendix A, and

Ks= 100°+ (1752 + 130a% + 65a+ 14)b* + a(1127a* + 1273 + 41222

38 190 + 32a%(2a+ 1)(9a®> 1). Hence, multiplying @ (a;b)=@ by
2= 1(a;b), we obtain

v _ A1 B % 3( 2(a;b)+ B').
J*(a;b) = InA—2+ @b :

To prove J*(a;b) > O for (a;b) 2 D,, we repeat the same argumert as
above, i.e. to show

() limp_o(1 a)J*(a;b) > 0for (a;b) 2 D,; and
(1) @*(a;0)=@> 0 for (a;b) 2 Ds:
A calculation givesfor J(a) = limp_o(1 a)J*(a;b) the following

1 a
 a (In ba+ 1+ 2 /3a(2a+ 1)

, 2/3a(a+ 1)(3a+ 1)(45a° + 387a% + 35a 35)> _

1845 + 945at + 174283 + 45082 105 35/ °

It is not dicult to nd that J(1=3) 0:1358,J(1) = 0,and J(a)=(1 &)
has a unique maximal value at a  0:9543 for a 2 (1=3;1). Thus, the
claim (I) is proved. We usethe factor (1 a) here, sincethe straight line
f(a;b) : a= 1gis out of D,. Making derivative on J*(a;b) with respect to
b, we obtain

@ (@b _ 24" 3p@a+ 1™ s(@b)Ks(ab)
@ 43 B 1(a;bK2(aib)
where K4(a;b) > 0 for (a;b) 2 D,, seeexample 6.5 of appendix A, and

3(a;b) > 0 was shown in (3.14). Hence,the claim (I1) is proved. Conse-
quertly, (i) is also proved. 2

> 0; if (a;b) 2 Do;
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We denote the intersection point of the two straight linesLy and L, by
A( a;!a). lemma 3.2 implies that

0< A< o for (a;b 2 Gn@s: (3.16)

Lemma 3.3 For any (a;b) 2 Gn@5 if ap has an inflection point, then the
tangent line of ap at this point does not pass through the point A, where
ng = L()\ Lq:

Proof. We supposethe cortrary, i.e. there is a straight line L : + +

I = 0, passingthrough the point A, and L istangert to ., at anin ection
point ( ;!)(h) for some(a;b) 2 Gn@s. We rst give a restriction on the
slope = of the line L asfollows

ko(a;b) < = < ki(ajb); (3.17)

where ko(a;b) < 0 < k;(a;b) are the slopesof L, and L, respectively, see
(1.18). At the end of the proof we will give a reasonfor this restriction.
Hence,we will not considerthe vertical line passingthrough the point A, so
we suppose 6 0, and without lossof generality we take = 1. Therefore,
wehave = () ( +bxa 1)) a.

By lemmas2.7,2.8and (2.17), h 2 (0; 1=6) must be a double zero of the
function F(h) = F(h;a;b; ( ); ;1), F isapolynomial in all its argumerts,
and hasdegree4 in h. Eliminating  from

F(h) = 0; F'(h) = 0; (3.18)
we obtain
b'a 1)*( 1(a;b)*h?Fi( a;a)Fa(h; a;aib) = 0; (3.19)

where the rst three factors are non{zero for (a;b) 2 Gn@s, F, is also a
polynomial in all its argumerts with a long expression,but we will only use
it at h= 0and h= 1-6, and

Fi( a;@) = 6a(a+ 1) o (a 1)
If a=0thenF; = 1;ifa6 0,then F; = 6a(a+ 1)( o *), where”is
de ned in (2.13). Note that < Oif a> 0,and > 4 if a< 0. Hence,
by (3.16), we have F1( a;a) > O for all (a;b) 2 Gn@5. Next, again by the
inequality (3.16) we have

F2(0; asa;h) = 10 o(a;b) s(ab) A( o a) >0
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We also have

(2a+ 1)°

Fo(1=6; a;a;b) = 12

( 1(&0)°(Fi( asa)’Fs( asah) > 0;
where F3(x; a;b) = p(a;b)x + g(a;b), and
p(a;b) = 6[(47at47a+ 10)0?+ (7a+ 2)(2a+ 1)(11a3 + 39+ 25a+ 5)];
q(a;b)= (1 a)[7k*+ (2a+ 1)(77a% + 38a+ 5)]:

SinceF3(0;a;b) = g(a;b) > 0 and

35(1 a) s(a;b[b? + (2a+ 1)(11a® + 26a+ 11)] .0
3(a;b) ,

by using (3.16) and the linearity of F3 in x, we obtain F5( a;a;b) > O:

Now we go back to the proof of the lemma. We have supposedthat h
is a solution of (3.18). If F”(h) = 0, then the straight line L is tangent to

ab at ( ;!)(h) of order at least4, and by the saddleproperty at ( ;! )(0),
the vector eld (2.14) must be tangent to L also at some point between
(;1)0) and ( ;!)(h), henceF (h) hasfour zerosfor h 2 (0;1=6). On the
other hand, we considerthe direction of the vector eld (2.14) at the two
intersection points of L with the boundary of domain D, i.e the straight
lines Ly and L3, see(2.12). Sincethe vector eld (2.14) is induced from
(2.6), by lemmas 2.3 and 2.5 and the condition (3.16), A is between the
improper unstable node (0; 0) and the saddle( ;! )(0) on the invariant line
Lo, soat this point the direction of the vector eld (2.14) is downward with
respectto L. On the invariant line L3, B(1;0) is an improper stable node,
and the other singular point (a saddle),say M, may be above or below B,
but never meetfDg = L\ Lg, sincethere is already four tangent points
(counting their multiplicities) of (2.14) alongL. If M isaboveB or below D,
then the vector eld (2.14) is upward with respectto L at D, this implies
an odd number of tangent points (counting their multiplicities) along L,
and this cortradicts the fact that F(h) is a polynomial in h of degreefour
(lemma 2.8). If M is betweenB and D, then the stable manifold Ws(M)
of M in Dz, must cut L. Since, by lemma 2.4(1), W$(M) can not meet

ab, the unstable manifold of the saddle point ( ;! )(0). Hence, we may
useWs(M) instead of L 3, and this leadsto the samecortradiction.

If F’(h) 6 0, then h must be a simple zero of the function (3.19).
But as we have proved equation (3.19) has an even number of solutions
for h 2 (0;1=6); a direct computation shows that it has no solution for
(a;b) = ( 1=3;2=3). Thus, by the samedeformation technique usedin the
proof of lemma 1.3, we would nd (a’;b), ’andh’ 2 (0;1=6), such that

Fs( o;a;b) =
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at a point ( ;! )(h’) an orbit of (2.14) is tangent to L (with slope ' and
passingthrough the point A) of order 5 or order 4 plus a simple intersection
point nearby, and this provides the samecontradiction.

We remark that the above proof is basedon the restriction (3.17). Since
the point A is on L, the assumptionkg(a;b) < = is necessaryto guar-
antee the intersection of L with 5, but if '= " kqi(a;b) (i.e. the line
L islocatedabovelL; in D},), then the corresponding point fM‘g= L\ L3
would be above B, and the argumert we used before is not valid in this
case, becausethe directions of the vector eld (2.14) are downward with
respect to L at its two endpoints. But lemma 3.4 shows that during the
deformation processany line L, passingthrough the point A and tangent
to the vector eld (2.14) with multiplicit y of tangency three, never passthe
position L, sothe assumption = < k;(a;b) is reasonable,and the proof
is nished. 2

Lemma 3.4 For any (a;b) 2 Gn@5, the tangency of any orbit of vector
field (2.14) along the line Ly is less than three.

Proof. Weuselemmas2.7,2.8and (2.17) oncemore. In this special casewe
may take = land = , sinceL ; passeghrough the point B(1;0) and
its slope k{(a;b) = (a;b) satises 0 < (a;b) < +1 . In this casethe
function F(h) = (6h 1)R(h); whereR(h) = R(h;a;b; ) is a polynomial in
all its argumerts, and hasdegree3 in h, where = (a;bh). We claim that

RO)=  ( 2(a;0)2[B?+ 92 1) + 64> O;

(3.20)
R(3) = (2a+ 1)( 1(a;b)?[(2a+ 1)(3a+ 1) H*> 0

Now we prove the claim for (a;b) 2 Gn@s. Since = ky(a;b) > 0, we
certainly have R(0) > 0if 5b?+ 9a> 1 0. If 52 + 9a®> 1 > O then,
by (3.5), the last factor in R(0) becomes(5k? + 9a2 1)(ks(a;b) ki(a;h)),
which is also positive by lemma 3.2 (seethe beginning of the proof of this
lemma). Concerning R(%) > 0, we needonly to note that the slope of L
is bX(2a+ 1)(3a+ 1)), and that L3 is an invariant straight line of system
(2.14). Hencethe claim is proved.

The lemma is true if we prove that R(h) has no double zero (or a zero
with higher multiplicit y) for h 2 (0; 1=6). It is hard to give a direct proof,
since the expressionof (a;b) is complicated and not algebraic. First we
prove this fact for a = 0. Sincethe proof is technical, we put it in the
appendix B. Now we extend the conclusionfrom a = 0 to all Gn@s by a
homotopy method.

Note that for all (a;b) 2 G, alongthe line fa = Og the coordinate btakes
its maximum at b= 1 and its minimum at b= 0. We supposethat for some
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(ai;b) 2 Gn@s, R(h) hasa double (or higher) zeroh; 2 (0; 1=6). We take
two points (0; ) and (0; b’) in Gn@s, sud that b’ < b; < b’, and construct
a family of smooth curves = f(a (b);b) : B b b’gin Gn@s, suc
that a (b)=a (b’') = O0for O 1, o isthe segmen on fa = 0g, and
(a;;by) 2 1. Next, let

S(h;b; )= R(h;a (b);b; (a (b);b):

Then, the above assumption meansthat (h;b; ) = (hy;b;; 1) is a solution
of the following equations

S(h;b; )= 0; Si(h;b; )= 0: (3.21)

If we choosea (b) properly, then we have S/(h;b;;1) 6 0. We claim that
St (h1;by;1) 6 0. In fact, we already have Sy (hy; by; 1) = S (hy;bi;1) = 0,
if S/}, (hy;b;1) = 0O, then an orbit of system (2.14) is tangent to L, at
( ;1')(hy) with order 4 (could not be more, since R(h) is of degree3 in h),
henceon both sidesnearthis point on L, the vector eld (2.14) hasdi erent
directions with respectto L;. On the other hand, from lemmas2.3 and 2.5
we know that on L, in D, near the points ( ;!)(0) and ( ;! )(1=6) =
(1;0), the vector eld (2.14) have the same direction with respect to L,
(downward). This cortradicts the fact that the degreeof R(h) is 3.
From theseresults we concludethat the Jacobian
D(S; Sh)

D (h; b)

S Sp

S Shb = Shh S{Jj(hl;blil) 60

(h1;b1;1)

(hy;bi;1) ’

Hence,by the Implicit Function Theorem, we obtain a solution for equations
(3.21): h = h( );b= b( ) in a neighborhood of = 1( < 1). Repeating
this procedure, we may extend this solution cortinuously to the direction
of < 1,andweobtain acurve :fh= h( );b= b )gin (h;b; ){space,
which can reach the boundary of the regionfO0 h  1=6;0 L0

b b’g, likethe extensionof a solution for an initial problem of an ordinary
di erential equation. But (3.20) implies that cannot meetthe facesfh =
0;0 L0 b b'gandfh= 1=6;0 L, b b'g; the result
for a= O meansthat cannot meetthe facesf = 0;0 h 16t b
b'g, fb= ;0 1,0 h 1=6gandfb= b’;0 1,0 h 1=6g.
Hence, there is no place where can go, and this is a cortradiction. 2

!/

Lemma 3.5 For any (a;b) 2 Gn@5 the curve ayp is located in Dy, and on
the right hand side of the line L1, except the endpoint ( ;! )(1=6) = (1;0) 2
L, see figure 6.
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Proof. By lemmas?2.4 and 3.2 the endpoint C = ( ;! )(0) of . is always
located on the right hand sideof L ;, and in the region D, the tangert line
L3 of 4 at the other endpoint B (1;0) is always located on the right hand
side of L, (lemma 3.1 (3)), henceis on the right hand side of L; (lemma
3.2). On the other hand, the conclusion of the lemma is true for (a;h) =
( 1=3;2=3), since _;=3.0=3 is globally corvex (lemma 3.3 of [15]). Hence,
if it is not true for some(a;b) 2 Gn@s, then by the deformation{in ection

principle (seethe proof of lemma 1.3), we must nd another (a;b) 2 Gn@s,
for which 4 hasan in ection point, and the tangert line to 5, at this
point passeghrough the point fAg= L\ Ly, in contradiction with lemma
3.3. 2

4 Proofs of lemmas 1.4 and 1.5

Before proving lemmas 1.4 and 1.5 we needsomeauxiliary results.

Lemma 4.1 In the identified (P;Q) and ( ;!) plane, if a straight line
L intersects ap at least at two points (counting their multiplicities, but
the left endpoint (0;0) of ap is not included), then L must meet  ap
at some point ( ;! )(h) with h 2 (0; 1=6).

Proof. Forthis ( ; ; ), the Abelianintegral I (h) (see(1.9)) hasat least3
zerosfor h 2 [0; 1=6], sincel (0) = 0 (lemma 1.1). Hencel ”(h) has at least
onezerofor h 2 (0; 1=6). This givesthe desiredconclusion,see(1.13). 2

We denote by ( a;b) the closedregion bounded by the triangle with
vertices O, A and B (see gure 6).

Lemma 4.2 For any (a;b) 2 Gn@s the curve ap is located inside ( a;b).

Proof. Lemma 1.1 (3) and lemma 3.1 (2) show that ., is below fQ = Og
and above L o, exceptthe endpoint (P; Q)(0) = (0;0)2 Lo\ fQ = 0g. Now
we show that 5 is alsoabove L, exceptthe endpoint B = (P; Q)(1=6) 2
L;. If this is not true, then L1\ 5, consistsof at least two points, since
(P;Q)(1=6) 2 L, and (P;Q)(0) = (0;0) is above L,. Hence,by lemma 4.1,
L, would intersect ,p at somepoint ( ;! )(h) for h 2 (0;1=6), and this
contradicts lemma 3.5. 2

Proof of lemma 1.4 By lemma1.1(4), P’(h) and Q’(h) are continuous
for h 2 (0;1=6). If (P’(hg))? + (Q’(hy))? & 0, then dQ=dP exists and is
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continuous at (P; Q)(hy). We supposethat P’(hg) = Q’(hy) = 0, then by
de nitions (1.10) and (1.14) for h near hy we have

Q'(h) _ Y'(MM(h) M’(h)Y(h)
P’/(h)  X’/(MM(h) M’(h)X(h)
_ (Y'(m(h) M'(h)Y(h)) (Y'(ho)M (ho) M'(ho)Y (ho))
(X7(h)M (h)  M’(h)X (h))  (X'(ho)M (ho) M ’(ho)X (ho))
_ Y/ (M () MPC)Y () - MM (1) Q(4).
X" M (2) M7(2)X(2) M(2M7(2)( (2) P(2)’

where ; and . are betweenh and hy. We note that M (h)M ”(h) 6 0 for
any h 2 (0; 1=6). Hence,we have

im @M _ L (ho)  Q(ho).
h—ho P’(h) (ho) P(ho)’

This limit existsbecausehe curves ., =f(P;Q)(h)gand .,=f( ;! )(h)g
are separatedby the line L, (lemmas 3.5 and 4.2, see gure 6), hencethe
numerator and the denominator on the right hand side of above equality
cannot be zero at the sametime. This provesthe smoothnessof .

From lemma 2.2 we seethat the curve ., is corvex for h near 0, and
alongit dQ=dP is increasingfrom ko(a;b) = bxa 1), until the rst possible
zero{curvature point (P;Q)(h*) 2 4p, and d?Q=dP? > 0 for h 2 [0; h*).
We claim that dQ=dP < k;(a;b) for any point on 4 In fact, if this is not
true, then we would nd a point on 4p (it isin ( a;b) by lemma 4.2),
such that the tangent line at this point is parallel to L, henceit has no
intersection with the curve ., (lemmas 3.5 and 4.2), and this contradicts
lemma4.1. If such h* doesnot exist, (1.17) certainly holds globally for 5.
2

Proof of lemma 1.5 The statemert (1) is a special caseof lemma 4.1.
The rst point of statemernt (2) was proved in lemma 3.1(1); the second
point of this statemert follows from lemma 2.2(3) and lemma 3.5. To prove
statemert (3), we note that 7, is corvex, hence( ;!)(0)\ = ; for
h 2 (0;h*] is obviously true. If ( ;!)(1=6)\ 6 ; for someh 2 (0;h*],
then, by lemmas3.5and 4.2,B = ( ;! )(1=6) is the only intersection point
of ( ;!)(1=6)\ 4, and this contradicts Lemma 4.1.

Finally, we prove statemert (4). By lemma 3.1(3) in D, the tangent
line 1= L3 of ap isalways on the right hand sideof L5, and by lemma
4.2, ,p Staysin the triangle region 4 (a;b), which is on the left hand side
of Ly, soon the left hand side of L, (lemma 3.2). Hence, ap\ 1 = ;
for0< 1=6 h 1, seegure 6. We considerthe motion of the tangent
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line p, running on 4, ash decreasesrom 1=6. Since 4y is on the right
hand side of L, there are only two possibilities for | alsotangent to 4:
either |, passesover the point fAg= Lo\ L; upwards, and erters ( a;b),
or y passeghe points B(1;0), O(0;0), and over 4, downwards, and get
a tangen position. The later casecortradicts lemma 2.6(2). In the former
case,by using the deformation{in ection principle, varying (a;b) from the
presert valueto ( 1=3;2=3), wewould nd a(a;b) 2 Gn@, suc that
hasan in ection point and the tangent line at this point passeghrough the
point A, cortradicting lemma 3.3. 2

5 Pro of of theorem 1.3

For (a;b) 2 G,, the Hamiltonian vector eld X hastwo certers C, C’, two
saddlesS, S’, two saddleloops , ', and the corresponding periodic annuli
D( ), D( ). Hencewe have two certroid curves D()and ' D( ).
Since the corvexity does not change under a ne transformations, we can
move C or C’ (resp. S or S’) to (0;0) (resp. (1,0)) and obtain the normal
form (1.4) by ana ne transformation, sofrom theorem 1.2 we concludethat
both and ' arestrictly corvex. Note that Xy is a quadratic system,the
four singularities form a quadrilateral with C and C’ as a pair of opposite
vertices and S and S’ as another opposite pair (see, for example [19)), if
we exchangeC to C’ and S to S’ by doing an ane transformation, then
we must reversethe direction of one coordinate axis (or with a rotation ),
hence and ' must be onecorvex and one concave.

Now we denoteby L. (resp. Ls) the straight line passingthrough C and
C’ (resp. S and S'); by O the intersection point of L, and Lg; by  (resp.

") the interior of the triangle with verticesC, S and O (resp. C’, S’ and
0). Next we denote by t. the straight half{line which is tangent to at
C and points to the direction of the convexity; by ts the straight half{line
from S to another endpoint Z of (the certroid point of D( )); by M the
intersection point of t; and ts. By lemma 1.5(2), ts is tangent to at Z
(note that the point ( ;! )(1=6) correspndsto a saddle),and by lemma 1.4,
M is located on the sameside of the corvexity of . We similarly de ne
the straight half{lines t¢, t; and let fM’g= t_\ t, see gure 8.

As it has beenpointed out by Horozov and lliev [9] to nish the proof
of theorem 1.3, it is enoughto show that for any (a;b) 2 G,, M 2 and
M’ 2 ’. This follows from the claims: (1) ts and t arelocated ondi erent
sidesof L; and (2) t; and t. are located on di erent sidesof L.

The claim (1) follows from the simple fact that for a quadratic system
on any straight line there are at most two points at which the vector eld
is tangernt to this line. Now L passesthrough the two singular points S
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Figure 8. The relative positions of the two centroid curves.

and S’, soit must stay outside D( ) and D( ’). Otherwise, oneorbit inside
D( ) or D( /) would be tangent to it. On the other hand, the point Z
(resp. Z') isinside D( ) (resp. D( ’)). Claim (2) can be veri ed by means
of a direct calculation. For the normal form (1.4), C(0;0) is a certer and
the slopeof t; isky = bfa 1). From (1.5){(1.7) we seethat the condition
for (a;b) 2 Gy is: 1 B 4a>> 0, 5 b+ 4a(2a+ 1) > 0 and
3 (1 a?%*2a+1) b?>> 0, whereO< b< 1,andjaj < 1. The other
certer is C’(x’;y’) with
o = 4a% + b? + bp;_ , . (cax' + 1)

- 2, T b '

Hence,the slope of L is k' = y’=x/, and we have
N _
ke k' = 1 22 5 .
0 1 a@a+r+b )

where ;= b2 6a? b)and ,=2a 2a®> b? From ;> 0we have
? > 3a2 2a® 1, which implies ; > b1 2a)(a+ 1)2 > 0 because
ja < % for (a;b) 2 G,. Hence,if 5 0, then we have ky, k'’ > 0. If
2 < 0, then a computation gives

2 2 _ .
i1 22=4:13>0;

and we obtain the sameconclusion. Sincewe may changet/ by t. through
anane transformation, and reverseone coordinate axis (or with a rotation
) as explained before, t;, must stay on the other side of L. 2
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6 App endix A

In this appendix we use symbolic computations (with Maple, for example)
to solve two typesof problems: (1) to nd the exact number of zerosof a
real polynomial of one variable in an interval, and (2) to prove that a real
polynomial of two variables, say f (x; y), hasa xed signin a planar domain
D with boundary de ned also by a polynomial, say g(x;y) = 0. For type
(1) problem, we usethe Sturm Principle (for example, seethe appendix of
[15]), and it can be done easily and precisely by using the Maple command
\sturm".  For type (2) problem, we rst determine the sign of f (x;y) on
the boundary of D. Sowe can eliminate one variable from f (x;y) = 0 and
g(x; y) = 0, hencechangeto the type (1) problem. Then we ched the value
of f (x;y) at ead of its singular point inside D, i.e. at the solutions of
@=@ = 0and @ =@ = 0, and this also can be done by solving type (1)
problem. In the following examples,there is no singular point in D at all.

Example 6.1 K(a;b) 6 0 for (a;b) 2 D; where

K.(a;b) = 625°6° + 500%(9a®> 9a? a+ 9)b° + 30(40m" 810a°+
540a° + 360 67%° + 522a° 1622+ 144)* + 4(364%°
1093%° + 1579%" 1093m° 369%° + 19467A* 16158+
891a% + 4698 216)’ + a(8la® 162a*+ 198 144a% + a+ 90)*:

Proof. From (2.2) and (3.8) we nd that the curved triangles D; and
D> have the top verticesat (a;; b;) and (as; by), respectively, where a;, for
i = 1;2, are the roots of the equation 5a> 2a 1= 0(a; 0:2899and
a; 0:6899),see gure 7. On the other hand, we nd a point (as;b3) 2 o,
which is the unique point in G sud that gx(a;b) = @L=@ = 0, and a3
is the negative root of 45> 18a 14 = 0, a3 0:3925. Hence @
consistsof 3 arcs,i.e. 11 : f (ajb) = 0; 1=2 a a;;b> 0g, o :
fage(a;b) = 0;a3 a agand 3:fb=0 1=2 a 1=3g. We
rst show that Ky(a;b) > 0 for (a;b) 2 @, exceptat one point on i1, in
which the locusof K(a;b) = 0, say Ck,, is tangernt to 1, with even order
from exterior of D;. We havethat Cx,\ 3= ;, this follows from the fact
that Ki(a;0) = 0 has no real roots for a 2 ( 1=2; 1=3) (by the Sturm
Principle). We eliminate b from K(a;b) = 0 and (a;b) = 0, and obtain
the following polynomial in a, denotedby R(K {; 1;b),

(25a” 30a° 21a°+ 8a*+ 147a® 21+ 73a+ 24)*(5a® 8a’+ 2a+ 3)*:
Here we omit the constart coe cien t and someobviously non{zero factors.

The rst factor above hasno real roots for a2 ( 1=2;a;) , and the second
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factor has a unique real root at a* 0:4520. A further calculation shawvs
that (a*;b*) 2 Cx, \ 11. Similarly, we nd that

R(K1:00;b) = (13122216 6779&!°+ 26316%'* 708102'°+ 1339092 !>
176625@'! + 15649820 83482&° + 152462A° + 20418H"
31382m°+ 22396A° 1704&* 7406k%+ 2474%2+ 1004&  20)%;

which hasnoreal rootsif a 2 (as; a;): Thus, we have provedthat Cx ,\ @,
consistsof a unique point (a*; b*). We consider

R(K ;@ ,=@;b)= (81a° 1622+ 198&® 144a+ a+ 90)%(25312m'?
37260@'% 4464&''+ 586660 77488@&°+ 39261&°+ 895614"
833412° 36928%°+ 38914a*+ 20817%°+ 5455+ 14352 64)%;

which hasno real roots if a2 ( 1-2;a;): Therefore,Cx, \ D, = ;. Other-
wise, Cx, \ @, consistsof at least two points. 2

Example 6.2 Koy(a;b) 6 0 for (a;b) 2 Dy; where

Ko(a;b)= 125° + 25(13%3 + 1082 + 9a+ 44)0° + 45(40%° + 46&*
1022®> 8a?+ 10%a 36)b’ + (3a+ 1)(1093m° + 1190A° 9666*
2322° + 765%° 4017a+ 736)’ + (27a® + 152> 15a+ 5)°:

Proof. The proof is the sameasthe one of example 6.1. 2

Example 6.3 Ks(a;b) 6 0 for (a;b) 2 Dy; where

Ks(a;b)= 1002+ 25(171%%+ 160%%+ 765+ 2030 10(5667%%+
7794@° + 73398 + 6234@&° + 3220%% + 6840 + 493)°+
2(51200@° 115642%° 16487587 + 7706735 + 242074%°+
1772325%+ 70749%°%+ 17158%°+ 2227% + 1072)%°+ 2(276480@'!
365728%'° 9977844° 1667403° + 10167444 + 10668018°+
457743@° + 76447&* 6218&° 4314%% 5976 275)'+
(2a+ 1)(9a®> 1)(55296@'° 49877R° 113968m° 726257
219588 + 41254° + 8050&* + 28804° + 170&* 875 125)°+
2563(a  1)(2a+ 1)°(9a® 1)
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Proof. The curve @, consistsof three arcs, o1 : f (a;b) = 0;ay a
1,b> 09, 3:fge(a;h)=0;1=3 a agand o :fb=0;1=3 a 1g.
The result is that Cx, \ @, consistsof two points: (1=3;0) and (az; ),
but Cx,\ D2 = ;. This is due to the following two facts:

R(Ks; 1:b)= (5a®> 2a 1)%(5a® 15a’+ 15a 1)*
hasonereal root a= a, for a2 (ag;1), and
R(Ks;g;b) = (5a®> 2a 1)3(3a 1)%(112125312508'%+
223853787508 555194613758' 2453906757583+
2531850346152 + 754642046424'! + 599077857298'°+

187715022998’ 6451776048° 17927026998 2066267388°+
906026502° + 179959428* 2309096@° 6171153%+ 207242+ 72509}
has no positive real roots excepta = 1=3 and a = a,. Finally,

R(@ ,=@; @ =@;b) = (52> 15a’+ 15a 1)(451a* + 274a° + 18a>
26a 5) (20691025920000G6" + 86131784448000@4°+
10100615918905628° 3222027416939328° 6720297366812928 ™+
24610652175653038° + 52156704775508180°+
25715967153523380" 29731254988165060° 54867195350199620>
3976800162690384)" 15539771104847480°
26876284387444 7+ 3139828421381 %) + 2447420565385%6 +
3568766549267 3075758146268 1405302792348
98361094603° + 65450406842 + 491820078 43162125)(& 1)

has no real roots for a 2 (1=3;1), henceK 3(a;b) has no singular points in
Ds. 2

Example 6.4 Ky(a;b) 6 0 for (a;b) 2 Do; where
K.(a;b) = 25(3 a)b® 5(760a* + 154&> + 807a% + 60a+ 9)b°+
(4100a” 300a° + 1356@° + 3335&* + 30774° + 1107&> + 63&
1470  (2a+ 1)(738Ga° + 3807@7 1713m° 1892&° + 16045+
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1197@% + 19478 138 450+ a(a 1)(9a® 1)(2a+ 1)°
(1845° 94%:* 1742 4508 + 105+ 35):
Proof. The proof is the sameasthe one of example 6.3. 2
Example 6.5 Kg(a;b) > 0 for (a;b) 2 Do; where
Kg¢(a;b) = 125@ 3)b° 5(350* + 186> + 34232 + 508 93)b°+
3(525@° + 1015@G° 972%’ + 823@° + 13114° + 1124  239)"*
(4725@° 16740G7 + 1048%° + 12306@° 4286&* + 840a’+

2336%@%+ 1516 6030 a(a 1) (92> 1)(2835(° 1201%°
4203%* + 978@° + 1716%° + 5a  871)

Proof. The proof of the non{zero property of K 4(a; b) is the sameasthe one
of example 6.3. There are four singular points of K4(a;b) for a 2 (1=3; 1),
but they are not located in D5. The sign of Kg(a;h) can be determined by
choosing any value of (a;b) in Ds. 2

7 Appendix B

In this appendix we prove that the function R(h;0;b; (0;b)) hasno double
zeroin h 2 (0; 1=6). We simply denote this function by Ry(h), and denote
(0;b) by (b).
Lemma 7.1 We have that
1
f (t; btdt
QL (b= f—f# where f (£ 1) = (
S, f(t bdt

2 '(b<o0.

2
o)

(3) (b) has the following “pseudo-convexr” property, i.e. for any C 2
(0;1), we have (b)=b> (c)=cfor 0< b< c.

Proof. Note that

Q=6) _  Jlm( (2))yoxdy

@b = k(&b =7 PAZ6) [l (@ 0y’
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We may usesimilar transformations as for the integration (3.6) in order to
obtain statemert (1). To prove statemert (2), we let

g(t; u) = fi(u;bf (t bt fi(t Dtf (u;b):

Then, the numerator of /(b) equalsto
1 1 1
o N RCCORE DL
2) 1)

1 1 2\3 23
ST

Since (0) = 0, to get statemert (3), it is enoughto show that

I (b;c) c/_llf(t; b)tdt /_11f (t; oydt b/_llf (t; otdt /_11f(t; bdt > O:

As above we de ne
h(t; u) = cf (t; btf (u;c)  bf(u;cuf (t; b) = (ct  bu)f (t; bf (u;c):

Then -
I (b;c) = %[1[1(h(t; u) + h(u;t))dtdu

AN G T O N T KR J

- /, /,1 2(1 bEP(L o) .
Intherectanglef 1 t 1, 1 u 1gwemakea changeof coordinates
for the points in the half{rectangle fu+t 0gby meansofu= t;t= u,
then | (b;c) is taken over the half{rectangle fu+ t 0g, and the integrant
becomes

(2 P tH@A@ u)Pu+ )2 ut+t3)(A?2 AB + B?) S
2(AB)3

0;
where A = (1 Dbt®)(1 cu’)> 0and B = (1 + bt3)(1 + cu®) > 0. This
nishes the proof of the lemma. 2

Lemma 7.2 Let (b; ) = b(5b% + 2) 2+ (9K + 3) (> 2): Then
() = (b; (b)) has a unique real root b 0:8991 for b 2 (0;1), and
(b(b b)< 0 forb2 (0;1)nfb g:
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Proof. Easycomputations shav that (0) = Oand (1) 0:15267.From
lemma 7.1, we seethat ‘(b) < 0. We considera rectangleD = fO0< b<
1, 0:2< < 0gin (b; ){plane. It is easyto verify that the equation
(b; )= 0denesacurve in D (onemorebranch isin the complemen of

D). We prove that the curve = f(b; ): = (b)gcrosses at a unique
point in D. Eliminating, from (b; ) = 0 and {(b; ) = O we obtain a
unique zero point by = = 2=3: An additional calculation shows that has

a unique in ection point at p = by D _0:9733> by. Thus, from (0;0) to
its unigue minimum point ( 2=3; 2=8), the curve is concave, and

crosseghe line b= 1 at 0:08783. From theseproperties of and the
fact that is decreasingand pseudo{corvex (lemma 6.1), we immediately
get the conclusionthat \  consistsof a unique point (b; (b)) in D.
Numerical computation givesb  0:8991. From the expressionof (b; ),
it is easyto seethat for b = 1 we have (1) 0:66889, so we have
(b(b b)< Ofor b2 (0;1)nfb g: 2

In a similar way we have the following result.

Lemma 7.3 Let (b; )= PP(11* 202+5) 4+ 30(11°+ 41b*+ 9%+ 3) 3+

2(30%+ 350°+ 1180%+ 3507+ 3) 2+ 3b(3bP+ 9bt+ 4107+ 11) +bP(5b* 207+ 11).
Then (b) = (b; (b)) has a unique real rootb  0:7882 for b2 (0;1), and
(b b)<0forb2 (0;1)nfb g.

Now we are ready to provethat Ry(h) = rs(b)h3+ ro(b)h2+r()h+ ro(b)
has no double zerofor h 2 (0; 1=6), where

rs(b) = 432°(b () + 1)(b  (b);

ra(0) = 72°[(5L° + 2)( () + (9% + 3) (B) b(b* 2)];

ri(b) = 6o(k? + 1)[(130% + 1)( (D)2 + (2b* + 187 + 4) (b) + (b2 + 1)h];
ro(b) = (B + 1[50 1) (b)+ 6b] (b):

From lemma 7.1 and the proof of lemma 7.2 we seethat 0:16< (b < 0
for b2 (0;1), hencers(b) < 0. It is easyto seethat R{(0) = 1440° (b),
where (b) is given in lemma 7.2. Hence, by this lemma, if 0 < b< b

then R{/(0) < 0. Thesetwo facts imply that Ry(h) has no double zero for
h > 0. Otherwise, a cubic polynomial would have two in ection points. If
b b< 1lthen, by lemma7.3, we must have (b) < O(hoteb > b ). Since
Ry (h) = 3rz(b)h2+ 2ry(bh+ ry(b) and (ro(b))?  3rs(b)ri(b) = 2592F° (b),
we concludethat in this caseR(h) is globally monotone, and (3.20) implies
Ro(h) > 0 for h 2 [0; 1=6].
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