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0 What this is all about

Formally this paper is a proof of the (qualitative version of the) Vitushkin
conjecture. The last section is concerned with the quantitative version. An-
other “theorem”, which is implicitly contained in this paper, is the statement
that any non-vanishing L?-function is accretive in the sense that if one has
a finite measure p on the complex plane C that is Ahlfors at almost every
point (i.e. for p-almost every x € C there exists a constant M > 0 such that
w(B(z,r)) < Mr for every r > 0) then any one-dimensional antisymmet-
ric Calderén-Zygmund operator K (i.e. a Cauchy integral type operator)
satisfies the following “all-or-nothing” principle: if there exists at least one
function ¢ € L?(u) such that p(x) # 0 for p-almost every z € C and
such thatthe mazimal singular operator K*¢ € L*(p), then there exists an
everywhere positive weight w(x), such that K acts from L?(u) to L?(u, w).

Let us be a little bit more specific. The analytic capacity of a compact
set on the plane was defined by Ahlfors in 1947 as

v(E) =sup lim |z f(z)],

f Zz2—00
where the supremum is taken over all analytic functions in the complement
of E such that |f(z)] < 1 and f(co) = 0. Ahlfors showed that y(E) = 0
if and only if E is removable for bounded analytic functions. It was very
interesting to find a geometric characterization. This is often called the
Painlevé problem since Painlevé started to study it more than 100 years
ago.

Vitushkin’s conjecture (1967): for sets E such that H!(E) < oo, v(E) =
0 if and only if H*(E NT) = 0 for every rectifiable curve I

Alberto Calderén and Guy David found the geometric characterization
of sets of positive analytic capacity and finite length (= finite H!-measure),
thus proving one half of Vitushkin’s conjecture each.

Theorem: Let E be a compact on the plane with H!(E) < co. Then
v(E) = 0 if and only if H*(ENT) = 0 for every rectifiable curve I.

Here H' is 1-dimensional Hausdorff measure. The sets of finite
1-dimensional Hausdorff measure with the latter condition satisfied are
called purely unrectifiable according to Federer. Besicovitch studied them
and multidimensional analogs in the 1920’s and 1930’s and proved many
very difficult and beautiful results about such sets. He called them irregu-
lar.

The “only if” part of the theorem has been proved by Calderén in 1977.
It amounts to establishing that the Cauchy integral operator on Lipschitz



curves is bounded on L? (Calderén’s problem, which he solved in 1977 for
small Lipschitz constants: this turned out to be sufficient for the “only if”
part). The “if” part was considered to be super difficult. Finally it was
proved by Guy David in 1997 [D1] using also [DM]. But actually this was
only the “analytic part” of the proof. The “geometric part” was fortunately
known because of the fantastic idea of Melnikov and Verdera [MV] and a
geometric theorem due to David and Léger [L].

Here we give another (probably simpler and more streamlined, more
conceptual) proof of the “if” part in the theorem, actually of the “analytic”
part.

To explain the approach we need the notion of the Cauchy integral oper-
ator. So let E in the plane have finite H!(E). Call p = H'|E. The Cauchy
singular integral operator C,, is

o 9(Q)
Cualz) = ;1% E\B(2,0) 6 — 2

dp(q) -

Actually, if z € E, it is not clear when the limit exists (while outside
of F the definition is always fine). So we introduce the maximal Cauchy
singular integral operator C;:

* ) — o 9(¢)
Ciofz) = s [ oy E o)

and the “cut-off” Cauchy singular integral operator Cg:

S a(s) = 9(¢)
Choe)= [ o).

Suppose 7(E)>0. One should find a rectifiable I such that H!(ENT) > 0.

The analytic part here will end by constructing a positive (this is very
important, let us say this again, positive) ¢ such that

|ICLo(2)| <1 VzeC.

Setting v = ¢ dp and applying to this positive measure the permutation
idea from [MV] one gets

() = / / / c(x, y, 2)2dv(z)dv(y)dv(z) < oo



where ¢(z,y, z) is the reciprocal of the radius of the circle passing through
x,y, z. The quantity c(v) is called the Menger curvature of the measure v.

The following theorem is from the abovementioned “geometric part” of
the proof. It is due to David and Léger [L].

Theorem: If v = ¢dH'YE,¢ > 0,¢ € L*®(E), H'(E) < oo and
c?(v) < oo, then there are rectifiable curves I'; such that v(C\ U2, T;) = 0.

Now we see that after constructing a positive ¢ such that [C};¢(2)| <1,
Vz € C, one refers to the geometric papers [MV] and [L] to finish the proof
of Vitushkin’s conjecture.

How to find such a positive ¢? We have only the information that
v(E) > 0 and H'(E) < oo. The first condition means that there is a
nonconstant bounded analytic function f in C\ F vanishing at infinity. The
second condition quite easily shows that this f is represented as a Cauchy
integral of pdH'|E = ¢dp: f(z) = Cu¢(z),Vz € C\ E. We do not
explain this now, but it is easy to assume that our u := H!|E satisfies
w(B(z,r)) < Cr for all z € C and all » > 0. Then not only C,¢(z) is
bounded on C\ E, but one can prove that there exists a finite constant C
such that

|CLo(2)| < C <0 VzeC.

But this is not at all what we need—even though it seems precisely what
we wanted. The main problem is that ¢ is complex valued function! It is
impossible to prove that it is positive. (Actually positivity will generically
never happen.)

Here is the main result to the proof of which the rest of the paper is
devoted:

Main Theorem: Let y denote H!|E for a set E of finite 1-dimensional
Hausdorft measure. If there is a nonzero ¢ € L°°(FE) (this L part can
be weakened) such that sup,cc [C};¢(2)| < Const < oo, then there exists
a nonnegative bounded function v, which is strictly positive on the set of
positive measure i, such that sup, ¢ |Cy9(2)| < Const < oo.

Actually the fact that we work with H! is not important. Another way
of expressing the essence of the previous theorem is to formulate its analog,
which is as follows:

Theorem (on bounded Cauchy transforms of measures): Let v
denote a nonzero complex measure with compact support on the plane. Let
its Cauchy transform C, be uniformly bounded: sup.cc\supp(v) Cv(2)] <
Const < oco. Suppose that the area of suppv is zero. Then there exists



a positive measure p, absolutely continuous with respect to v, such that
its Cauchy transform is uniformly bounded t0o: SUp,ce\supp(u) [Cu(2)] <
Const < oo.

We are grateful to V. Lomonosov and N.K. Nikolski who pointed out to
us that this result has the following interpretation as a result about normal
operators.

Theorem (on resolvents of normal operators): Let N be a normal
operator whose spectrum o (V) has zero area. Let Ry, A € C\ o(NV), denote
its resolvent. If there are two vectors f, g such that g belongs to the closed
linear span of {N*f};>0, g # 0, and such that (Ryf,g) is a bounded func-
tion on C \ o(N), then there exists a nonzero vector h in the closed linear
span of {N* f};>0, such that (Rxh, h) is a bounded function on C \ o(N).

In other words, if a compact set supports a complex measure with
bounded nonzero Cauchy transform, then this compact set supports a posi-
tive measure with bounded (and also automatically nonzero) Cauchy trans-
form. Also if the resolvent of a normal operator is uniformly bounded on a
pair of vectors f, g, (g # 0 being in the invariant subspace generated by f)
then it is uniformly bounded on certain h, h, h # 0.

So this is what we will be proving using the “perfect hair” approach in
what now follows.

Few words about methods used in the proof.

The probabilistic argument is a very important thing here. It is used to
compensate for the roughness of our underlying measure. The other people
have used before the arguments involving many dyadic lattices at once. We
mean a paper by Garnett and Jones called “BMO from dyadic BMO” [GJ].

We use dyadic martingale decomposition in our proof. We want to men-
tion that looking at dyadic martingale decomposition is also a variation of
an old theme, initiated, at least in the context of the Cauchy integral, by
Coifman, Jones and Semmes in their paper [CJS]. There they proved a T'(b)
theorem for the Cauchy integral using a Haar basis adapted to b. The main
strategy of our proof is looking at dyadic martingale decomposition, but a
random one!

Going further.

Let us recall the definitions of the Cauchy capacities. The first is the
complex Cauchy capacity (not a very good name because it is a non-negative
set function). We define it for v € M. (K):= complex measures supported
on K.

Ye(K) := {sup |[v(K)|: |C¥(2)| < 1Vz2 € C\ K, v € M.(K)}.



The second is the positive Cauchy capacity or just the Cauchy capacity:
1 (K) = fsup p(K) £ [CH(2)| < 1Yz € C\ K, v € My (K)}.
Here M, (K) is a set of all positive measures supported on K. Obviously,

Y4+ (K) <7e(K) < y(K).

We actually prove in this paper the following theorem (a sort of inverse to
the previous left inequality).

Theorem: Let K be a compact set of zero area. Then

7 (K) = A1+ (d;a%()Q (%(”}l))@)_mvc(lf ), (INV)

where v is a measure that (almost) gives the supremum in the definition of
Ye- Its total variation in (INV) hinders us from proving that

Ye Z A7+ .

Recently Xavier Tolsa [XT3] used (INV) and a very clever “induction on
scales” that appeared in the preprint by J. Mateu, X. Tolsa and J. Verdera
[MTV], in which it is shown that the condition conjectured by Mattila
characterizes the Cantor sets of vanishing analytic capacity, to prove:

Ye 2 A'Y-‘r :

This solves an old open problem. Actually, this implies the positive answer
to Vitushkin’s question whether the analytic capacity is semi-additive (with
absolute constant). In fact, it is relatively easy to prove that v, is semi-
additive (see [NTV2],[NTV3]). The uniform comparability of 7. and ~;
implies uniform comparability of v and 74 (indeed, this is just an easy
approximation argument using the fact that for any compact set which is a
finite union of rectifiable curves, 7. coincides with ~, ).

Acknowledgements: We are grateful to Michael Frazier and Joan Verdera
for many helpful remarks.

I Suppressed operators K

Let ® be a nonnegative Lipschitz function, i.e., ®(z) > 0 for every x € C
and
|(x) — @(y)| < |z —y] for every z,y € C.



Define

by (09) = o
P eyl + () 2(y)
Lemma: The kernel k is an antisymmetric Calderén-Zygmund kernel.
It is also really well suppressed at the points where ®(z) > 0 or ®(y) > 0.
Namely,

1
max{®(z), ®(y)}

kg (7, 9)| < for all z,y € C.

Proof: Clearly,

1
kg (2,y)] <

[z =yl

Since kg is antisymmetric, to prove the second claim of the lemma,
it is enough to show that |k, (z,y)| < q)(lm) for all z,y € C. We have
O(y) > ®(x) — |z — y|. Therefore

and k'(b(l’,y) = 7kq>(y7‘r)

|z — y

ke @0 S T TS @ @) — e =)
B |z — g
oz —y2 + ()2 — O(x)|z — )
|z — y| 1

= B@)r g+ (@) —r—g)E D)’

and we are done.
To prove the first claim of the lemma, let us show that

Indeed,
1 2z —y|*> + |z — y|®(y)
|mG¢> (z,y)| < lz — y|2 + ®(2)(y) [z —y|? + ®(x)P(y)]?
_ 3 |z —y|®(y)
Sz =yl [z —y2+ e(x)@(y)]?
3 o(y) .
EE - [z — y|? + @(z)D(y)] Iha (2:9)
3 Ply) 1 4

< b
Sle—yl2 oz —yPe(y)  |z—yl?

finishing the proof of the lemma.



From now on, we will denote by K the operator with kernel k.

Pick some very small number § > 0. It will stay fixed throughout the
rest of the paper and will be used in many formulae without any special
comment. The reader may think that § is just an abbreviation for 45239,

II Perfect random dyadic lattices and good
functions

Let 1 be a measure on the complex plane C satisfying 0 < u(C) < +o0.
Assume that D is a random dyadic lattice (this phrase means that we

have a family of dyadic lattices endowed with some probability P, and we

use the letter D to denote an element in the family), and let A, {AQ }QED

be the (random) family of projections associated with D. As usual, this
means that

A A 2 L2 (i) — L2 (), A A =AA, =0 forall Q €D,
AQAR =0 when @ # R,

and for every function ¢ € L?(p), one has

p=Ap+ > Ay,
QeD

where the series converges at least in L?(;). Assume also that for every
p € L*(n),

27 Moll2. < AQlZ. + Y Aol < 2llol?. .
H@IILQ(#) I @IILQ(N) QZE;II QwIILQ(M IIwIILQ(N)

Remark: Let us make a couple of useful observations about such fam-
ilies of projections.

First of all, note that for every sequence of complex numbers {c 0 } 0eD
that is finite in the sense that only finitely many ¢ 0 do not vanish, we have

2

271 leqPlAgell:, ) < HQZDCQAQ“"
€

QeD L ()

<2 Z |CQ|2||AQ<P||2LQ(L)~
QeD !



Indeed, consider the function ¢ := ZQEB CQAQ(p and note that Ap = 0,
AQG = cQAQap. Now it remains only to apply our assumption to the
function ¢ instead of ¢ itself.

Now take any function ) € L?(u). We have

‘QXE;CQ <AQ%¢>) = KQXG%CQAQ%@‘ <

< < 2 2 ’
<[ X cotod] | Wl < VIR X lePlagal?, ]
QeD L= () QeD

In particular, this means that if 7 C D is some family of dyadic squares,

then
> Kage il < VoIl [ 3 1804, ik

QeF
(Just take cg =0 for @ ¢ F and choose ¢g for @ € F in such a way that
|CQ| =1 and cQ<AQgp,w> = |<AQ@,¢>|; if the family F is infinite, do it for

1=

all its finite subfamilies and then pass to the supremum).

Also, let us take any finite family F C D such that ||AQ<‘0||L2(,LL) > 0 for
every ) € F. Take o= 0 for Q ¢ F and choose o for Q € F in such a
(A <p1/)>| (A e, )
way that |cQ| = W and cQ<AQ<p,1/J> = #
L2 () Bz,
Then we get
{Age, ¥)? Aqp ) 14
18,0 f”¢”ﬁ<n[z Bael?, )
QeF L () QTNL2(w)

or, which is the same,

{Age )

Z D < 2|y

2
Qe}‘ (1) L2 ()

Now, of course, the summation on the left can be extended to all squares @
for which ”AQSD”LQ(H) > 0.

We will not need anything beyond this, so we are not going to say the
magic words that the projections A and {A Q} oep generate a Riesz basis

of subspaces in L?(u) to a reader who does not want to hear them.

Let Dy and D5 be two independent copies of the random dyadic lattice
D. Suppose that there is some rule which allows one to tell, for every square



Q1 € Dy, whether it is “bad” or “good” with respect to the lattice Do. Of
course, since Dy and Dy are copies of the same random dyadic lattice, we
can use the same rule to define bad squares in Dy with respect to D;.

Our next assumption is that bad squares are very rare. Namely, we
suppose that for every fixed D; and for every ()1 € D1, the probability

Pp, {Q1 is bad} <0

(and vice versa, of course).

If all the above assumptions are satisfied, we will say that D is a perfect
random dyadic lattice.

Let again D; and D be two independent copies of a random dyadic
lattice D.

A function ¢ € L%(p) is called good (the full name should be D;-good
with respect to the lattice Dy, or something like that) if for every bad square
Q1 € D1, we have

AQl Y1 = 0.
Even if a function ¢; € L?(p) is not good, we still can write the decompo-

sition

Y1= [Al%pl + Z Aleﬁl] + Z AQ1<P1 =: (¢1)good + (¥1)bad-

Q1€Dy, Q1€Dy,
Q1 is good Q@1 is bad

Note that this decomposition depends on both D; and D, and therefore
(¢1)good and (¢1)pad are random functions even if ¢4 is a sure function. If
the dyadic lattice D is perfect, it is easy to show that always

00 a <2 M
(1)gooll 2y 110l 2, < 2l

L (p)’

What is more, if ¢; does not depend on Ds, then for every fixed Dy,

2 < 2
Eyp, | (p1)mallZ, ) < 43l01l2,

Indeed, we have

2 _
Ep, | (p1)bnal, =,

<®, > ||AQ1¢1|\2L2(#) =2 P, {Qiis bad}\AQl<p1||2L2(#
Q1€Dy, Q1€D,y
Q1 is bad

<23 Y I8g, 0l <wlleil?,
Q1€Dy

)

10



Hence for all sure functions 1, we have

Ell(p1)oaal?, , <43lleall?, .

IIT Perfect hair

Let again u be a measure on the complex plane C satisfying 0 < u(C) < +o0.

Assume that we have a perfect random dyadic lattice D (i.e., a family
of dyadic lattices endowed with some probability so that the assumptions
of the previous section are satisfied) and suppose that with every dyadic
lattice D in that family a nonnegative Lipschitz function ®, is associated
in such a way that the following properties hold:

1) p{zr € C: () >0} < 6u(C) for every D;

2) For every two dyadic lattices D1, Da, for every Lipschitz function ©
satisfying infc © > 0, © > (5max(<I>D1 , <I>D2 ), and for any two good functions
w1 and py (with respect to the lattices Dy and Dy, correspondingly), we have

K <N ,
(o1 Ko@) < Nlonll 2]z

where N is some (large) positive constant, not depending on 1, v or ©.

(The assumption infc © > 0 is purely technical, of course: it just allows
us to avoid tiresome discussions concerning the definition of K ps: the
kernel is uniformly bounded, the measure is finite, so everything makes
sense. )

Then we will say that we have “perfect hair”.

Our first aim is to show that every perfect hair generates a bounded (in
L?(u)) operator, which coincides with the Cauchy integral operator every-
where outside an exceptional set of small y-measure.

IV Truncated mathematical expectation

Let £ be a nonnegative random variable and let 0 < 8 < 1. Define

ng = inf{/ﬂ\gl fdP : P{Q1} g ,8}

Note that
A) If P{¢ > 0} < 3, then Eg€ = 0;

B) P{¢ > B~ 'Est} < 26;
C) If ®,(x) (x € C) is a random nonnegative Lipschitz function, then
Es®,(z) is a certain nonnegative Lipschitz function.

11



V How to use perfect hair

Theorem: Assume that we have a perfect hair. Let 8 = V0. Let
O =B,

Then

1) pfe € C 5 B(x) > 0} < Vou(C);

2) The operator K acts in L?(u) in the sense that

SUP x>0 ||K<1>+/\HL2(M)_>L2(H) < +00.

Proof: The first claim is easy: note that
Eu{zr € C : @,(x) > 0} < ou(C),
and thereby for the set
E:={xeC: P{®,(x) >0} > =15},

we have u(E) < v0u(C). Tt remains only to recall that, according to
property (A) of the truncated mathematical expectation, & = Eg®, =0
outside E.

Now we will prove even a little bit more than the second claim. Namely,
we will show that

sup{[|Kg|| : © is Lipschitz ,© > ®} < +o00

(in the same sense as above; see the exact formulation below).
Fix A > 0 and let

Ny =sup{|[Kg|| : © is Lipschitz ,© > ® + A}.

Clearly, for every A > 0, we have Ny < @ < 400. We are going to prove

that N, is bounded by some constant independent of A.
“Space” and “frequency” reductions
Choose © > ® + X\ and functions ¢1,ps € L%(u) with |[p1]|

HSDQHLQ(H) =1 such that

L2

1, [e) 2% A
‘<60 K 902>‘ N

Consider two independent copies D; and Dy of a perfect random dyadic
lattice D. Let

S:={reC: max @Dj (z) > B '®(z)}.

12



Put
. ~ / .

(“space” reduction) and, at last,
Y = (Pj)good = @5 — (Pj)bad,  J=1,2

(“frequency” reduction).
We expect both reductions to be just “minor corrections”. Soon we will
show that this really is the case, namely, that

1
’ > < —
19502 1@ dbaall 2y < 15 (*)

with probability close to 1. Now let us demonstrate that these reductions
really make sense.
Pick a pair of dyadic lattices Dy and Ds, for which () holds. We have
(@1, Kg@2) = (g1, Kgpa) — (91, Kgp2) — (@1, Kg¥h)
and thereby
|<¢17K@62>| = %N)\ - %”K@H 2 %N)\

(here we used the obvious estimate ||@1]] = 1 together

L2(p) < ||<p1HL2(u)
with (x) to get the first inequality).
The key observation about the space reduction is that

(71,K 52) = / / kg (21, 22)F1 (21)Fa(2) dp(er ) da(2)

— [ by 22181 (0B dutar (o) = B, Ky Bo)

where
O := max{0O, B, B, 1.

We still have © Lipschitz and satisfying ©’ > ® + A, but now also ©' >
6max{<I>Dl,‘I>D2}, and therefore we only need to make the functions @;

good to apply property (2) of perfect hair and to finish the story. This is
exactly what the frequency reduction does. Like above, we can write

(1, K, ¥2) = (o1, K, 92) — <(§51)bad,K@, Pa) — (1, K, (#2)bad)

and thereby

(1, Ko un)| > f5N5 = 11K | > 15N

13



(ere we used the estimate [[45l], < 18], + 1@onll 2, < 2

together with (%) to get the first inequality).

Now, according to property (2) of perfect hair, the left hand part does
not exceed 4N and we get N, < 10N. It remains only to prove that ()
holds with probability close to 1.

Note that for any given point € C, we have P{z € S} < 43, and
therefore,

Ellgil}, , <48, i=1L2

Hence, ) 1
P{lIgill o,y = A7} <487 =12,

Now we would like to say that the norms of the functions (@;)paq are
small as well. Unfortunately, as constructed, each of them depends on
both D; and Ds. So it seems that we can only apply the obvious estimate
H(Szj)badHLz(#) < 2||((p'j)||L2(M) < 2, which is clearly useless.

Note, nevertheless, that

(@5)bad = (#5)bad — (¥)bad-

The norm of (¢’;)bada does not exceed 2||<p;-HL2( As to (¢;)bad, We can

Ny
apply the estimate for sure functions to ¢;, which yields

]EH(%)badHQLQ(M) <40

So finally we conclude that with probability at least 1 — 8ﬂ% — 863 > % all
the norms in the left hand part of (x) are bounded by 243 + 83 < -

VI Lyric deviation: Hausdorff measure and
analytic capacity

We will start with a couple of definitions.

The 1-dimensional Hausdorff measure
Let € > 0. For every set £ C C define

Hg(E) = inf{er : E C UB(‘rj7Tj)7 ‘rj € (C’ rj < E}
J J

(the infimum is taken over all (countable) coverings of F by open disks
B(z;,7;) with radii r; < ¢).

14



It is clear that H. is an outer measure and that if &’ < €”, then H./ (F) >
He (E) for every E C C. Since every monotone function has a limit (maybe,
infinite), we can define

H(E) := lim H.(F) = sup He(F).
e—0 e>0
It is a trivial exercise to show that H is an outer measure. However, it is
much better than just that, namely, H is a Borel measure. The proof of
this remarkable theorem can be found in any (good) textbook on measure
theory. We can only regret that it is not included in the Leningrad (or
Michigan) State University analysis course.

Analytic capacity

Let FF C C be a compact set. We will say that F' has positive analytic
capacity if there exists a bounded analytic function f : C\ F — C, which
is not identically 0 and such that f(z) — 0 as z — oc.

Assume now that we have a compact set F' of positive analytic capacity
and such that H(F') < +o00. Let f be the corresponding bounded analytic
function.

VII Cauchy integral representation

We devote this section to a well-known representation of bounded analytic
function outside of a compact of finite length. Since F' is compact, we can
consider only finite coverings in the definition of H.(F'). Now for every
positive integer n, construct a covering

N(n)

j=1

(n) 1 (n) 1 (n) .(n)
such that all v < =, 37, r)" < H(F) + o and B(z;",r;"") N F #  for

every j. Let 2, = C\ clos|J; B(x§"),r§”)) and let I, := 09,,. Note that
I',, is a good contour (consisting of finitely many arcs) and that I',, C C\ F'.
Therefore for every point x € €,,, we can write the standard Cauchy formula

1 flydy :/ dvn(y)
C

2mi Jp, x—y z—y’

fla) = -

where v, is a complex-valued measure defined (on Borel sets, say) by
1

vn(E) = “omi . f(y) dy.

15



Note that the variations of the complex-valued measures v,, are uniformly
bounded (by [|f]|,~ (H(F) + 1), say), and therefore (passing to a subse-
quence, if needed) we may assume that v,, weakly converge to a complex-
valued Borel measure v (over the space Cy(C) of all compactly supported

complex-valued continuous functions on C). Note now that §2,, contains

all points z € C for which dist(z, ') > 1. Therefore for any n € Co(C)

satisfying supp ¢ C C\ F, we have

/ndu: lim [ ndy, =0,
C

n—oo C

i.e., suppv C F. Now passing to the limit in the Cauchy formula above, we
see that for every x € C\ F,

fla) = [ 240,

Our next step will be to show that for every Borel set E C C we have
W[(E) < [If]l . HE(E),
where HF(E) :=H(ENF).
Recall that every finite Borel measure p is regular in the sense that for
every Borel set E one can find an open set G D E such that u(G \ E) is as
small as one wants. Therefore it is enough to prove this inequality for open

sets only.
Recall also that for an open set G,

1) = sun{| [ av] + n e Co@),suppn < Gl <1},

Therefore we need only to show that for every such 7,

)/C”d’/‘ <IfIl~ HF(G).

But we have

and for every n,

| [nae] <1~ >

3B i) nsupp 0
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Now notice that if % < dist(suppn, 0G), then the disks B(ajg-n)mj(-n)) that
intersect supp 1 cannot participate in the covering of F'\ G. Therefore,

N(n)
(n) (n) (n)
) i< Yo - > rj
j:B(xE."),'r';"))ﬁsupp n#0 J=1 j:B(afgn),r;"))ﬁF\G;é@
1
<H(F)+g —H%(F\G) —H(F)—-H(F\G)=H(FNG)=HF(G)
as n — 00, proving the claim.

Applying the Radon-Nykodim theorem, we conclude that there exists a
Borel measurable function h satisfying ||k, . < || f||,~ and such that

h(y)
flx)= / ——dHF(y
@)= [ ;)
for every C \ F (there is no problem with convergence here, because, as
we remember, the integral is actually taken over F'). Note also that since
f(x) # 0 for at least one z € C, we should have HF{y € C : h(y) # 0} > 0.
As a trivial consequence, we observe that H(F) > 0.

VIII The Ahlfors radius R(x)

Now take some large M > 1. We will call a disk B(z,r) (z € C,r > 0)
non-Ahlfors, if
HF(B(x,r)) > Mr.

For every point « € C define its Ahlfors radius R(z) by
R(x) :=sup{r > 0 : B(z,r) is non-Ahlfors }.

Since f is bounded on C\ F, so is the Cauchy integral f(c Z(Ty;dHF(y). We
are going to show that, in a sense, this integral stays bounded on F' as well
(where f, generally speaking, does not exist). Namely, for every z € C

[ M ntrg)| < i

\B(z,e) * — Y

sup
e>R(z)

Proof: Note first of all, that the condition H(F') < +o0 implies that the
2-dimensional Lebesgue measure m(F) = 0. Indeed, for every covering
U; B(zj,7;) D F, we have

m(F) < WZT? < ﬁ(mjaxrj)er.
J J
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Therefore
m(F) < neHe(F) < meH(F)

for every € > 0, and we are done.
h(y)

Now compare fC\B(I =

1 f(z)dm(z) = f(z)dm(2),

2 2
me” JB(2,5) " JB(x,5)\F

which is clearly bounded by [|f||, . < M|/f]|,~. Using the Cauchy integral
representation for f, we see that the difference equals

_ Wigz /B @,g)( /B . %dﬂF(y))dm(zH

1 4 d
+ / h(y)( -2 m(z))dHF(y) =T +1"
C\B(z,e) rT—Y TE JB(z,5) # Y

The integral I’ allows the rough estimate

4 dm(z)
' < — m/ / dHF (y).
< [ (L )W

Since the inner integral does not exceed we for every y € C, we get

11| < e f | e HE (B(z,€)) < 4M|f| o

provided that € > R(z).
To estimate I, note that

1 4 d 4 —
S m(Z)’:j‘/ k. S| P
rT—Yy T JB5) %Y TE B(w,%)(x_y)(z_y) |z —y|

because |z — x| < § and 2|z — y| > |z — y| for every y € C\ B(z,¢),
z € B(x, §).

Thus

£
2

’ £
u4<wmm/ & aHE().

C\B(z,e) |z —yl?

To estimate the last integral, we need the following obvious lemma, which
we will frequently use in the future.

Comparison Lemma: Let S C C. Assume that we have a measure
satisfying

p{x € C : dist(z,S) <r} < Mr for every r > Ry

18



and a nonnegative continuous decreasing function U(t) (¢ > 0).
Then for every R > Ry

+oo

U (dist(y, S))dpu(y) gM(RU(R)—ir / U(t)dt).

/{r:dist(r,s))R} R

Note also that the quantity in parentheses can be viewed as the integral
over the whole ray [0,00) of min{U(¢), U(R)} and therefore is a decreasing
function in R. So, we can replace R on the right hand side by any lesser
number if we want to.

The Comparison Lemma (with S = {z}, Ry = R(z), R=c and U(t) =
) yields

£
2

€ T e
—— —dHF(y) <M 1+/ —dt) = 2M,
/(C\B(:b,e) ‘LL' _y|2 ( € t2 )

and thereby |I"”| < 2M|[f]|, ~ . It remains only to add the estimates to get
the desired inequality.

The additional assumption € > R(x) in the formulation of the last state-
ment seems quite unpleasant. We would prefer to have a result that is valid
for every € > 0. This can be achieved if we replace the kernel w% by the
suppressed kernel k, with a Lipschitz function ® satisfying ®(z) > dR(x)
for every = € C.

Lemma: For every z € C

supl [ kg ) H)HE )] < (11 +87 )M
e>0"JC\B(z,¢)

Proof: Recall that the kernel k is given by

Ty
[z —y|> + (x)P(y)

k@ (l‘, y) =

Put r := ®(z), R := 6 '®(x) (> R(x)) and, at last, R’ := max{e, R}.
Write

/ kq)(x,y)h(y)dHF(y) = / +/ NR— (e (
C\B(z,¢) C\B(z,R") B(z,R)\B(z,e)

(R in the second integral is not a misprint: we need this second term only
for R > ¢ when R’ = R).

Recall that |k (z,y)| < @(17;) =7r~!forally € C.
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Thus
1| < |[fIl jwor ™" HF(B(z,R)) < |[f|l oot " MR = 6" M||f]| -

As to I’, let us compare it to I := fC\B(I R) 7 yy dHF(y), which is bounded

by TM|f|| - , because R’ > R(x). The difference does not exceed

11, |
1 JevB@.r)

1 _ r—y
z—y |z —y?+ 2()2(y)

dHEF(y).

Representing Ii as > and observing that for every two numbers ¢, s >

Ir y\
0, one has
1 1 S s
e - < o
t t+s tt+s) " t?
we get
‘ I T—y ‘< P(x)e(y) _ rlr+ |z —yl)
z—y |r—yP+e@)2y) " |z-y? |z —yl?

Applying the Comparison Lemma again, we see that
~ r(r+r) Foo (r —|— t)
1= FeM e [P [ T ] = p ) <M

(here, in order to simplify calculations, we used the possibility to replace R’
by the lesser number 7).

Now it remains only to bring all the estimates together to get the con-
clusion of the lemma.

IX The exceptional set H

The demand ®(z) > 6R(x) is much less restrictive than it seems at first
glance. Let us show that if M is sufficiently large, then R(z) = 0 for most
x. Indeed, for every non-Ahlfors point z € C, one can find a disk B(z,r)
such that HF(B(x,r)) > Mr. Using the Vitali covering theorem, we can
construct a countable family of pairwise disjoint non-Ahlfors disks B(xz;,r;)
such that every non-Ahlfors disk B(z, ) is contained in the union

H := UB(&L‘j, 57"j).

J
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Note that r; < W and therefore

ZT' - HF(C)
— "/ M

j
Observing that every term in the sum is not greater than the whole sum,

we conclude that 5HF(C)
H ypirie) (H) < M
M

and thereby,

HE(C\H) = HENH) > Hoppo (F\H) 2 Hoppic) () = Hoepe, (H)
> H%(F) - %(C) — H(F) = HF(C)

as M — +4o00. Thus HF(H) = HF(C) —HF(C\ H) — 0 as M — +o0,
proving the claim.
Now define _
R(x) := dist(z,C\ H).
Clearly Risa Lipschitz function. Since every non-Ahlfors disk is contained

in H, we have R(z) > R(z). At last HF{z € C : R(z) > 0} = HF(H) can
be made as small as one wants by choosing the constant M large enough.

X Localization

Let z¢ be any L2-Lebesgue point of h with respect to the measure HF
satisfying h(xzg) # 0. Recall that it means

HF(B(xg,7)) >0 for every r > 0;

-
HEF(B(xg,71))

Since the measure HF is finite, HF-almost every point x € C is a Lebesgue
point of a bounded function h (actually this statement is true for any
L2(HF)-function h). On the other hand, as we have seen above, HF{x €
C : h(z) # 0} > 0. So, the needed point x( really exists.

Now choose 0 < p < % so small that

/ Ih(z) — h(zo)2dHF(z) — 0 asr — 0.
B(zo,r)

1

HF (B(wo,p)) z) = o) |? z (o).
FEB 7T} oy 1)~ M) () < 5
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Choose M > 1 so large that for the corresponding exceptional set H, we
have

5
HF(H) < §HF(B(a:0,p)).
Now let p’ < p be so close to p that
)
HE(B(xo,p) \ B(zo,p')) < gHF(B($07P))~
Let _ _
®(z) := max{R(z), |r — xo| — p'}.

Note that ®(z) is a nonnegative Lipschitz function majorizing the Ahlfors
radius R(z) and that

HE{e € Blro,p) = B(x) > 0} < X HF(B(xo,p)).

Define the Borel measure p by
p(E) == HF(E N B(xo,p)).

Note that for every Lipschitz function © > § ® and for every x € C we have

= s \ [ kol dut)|
a>0 C\B(z,¢)

(A1 +67H)M + 67 (p— )T HE(C)]|If]l jo =2 Blh(wo)l-

Indeed, if we replace du(y) by dHF(y), we will have the bound (11 +
“Y)M]||f||,~ for the supremum. The difference between the corresponding
integrals does not exceed

[ el )| drF() <
C\B(zo,p)

dHE(y)

HF(C)
< oo -~/ N
171 /C\B(xo,p) O(y)

<Ml 55—y

and we are done.

Now it is time to bring all the information together. Having started
with a compact set F' of finite Hausdorff measure and positive analytic
capacity, we have constructed a bounded Borel measurable function h, a
point zg € C for which h(xg) # 0, a measure y (which is just HF restricted
to some small disk centered at x), a large constant M, an open set H, a
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Lipschitz function ® and a (large) constant B (they are listed in the order
one can choose them) such that the following properties hold:

1) Every non-Ahlfors disk is contained in H, in particular,
w(B(z,r)) > Mr = B(xz,r) C H (recall that u(B(x,r)) < HF(B(x,r)));

2) h(z) = h(zo) + g(z) with [, |g|*dp < 6*p(C);
3) ®(z) > dist(z, C\ H),  p{z€C: &(z) >0} < Lu(C)

4) For every Lipschitz function © > §® and for every point x € C, one
has Kéh(m) < B|h(zo)].

We recommend the reader to reread this list of objects and their prop-
erties attentively several times. They are all completely natural, but a little
too many to grasp at first glance.

XI Construction of perfect hair

Given 6, M, B, h, H and ® as above, let us construct perfect hair. In order
not to drag zo and h(xzg) along all the time, assume that zy = 0 and
h(zg) = 1. Clearly, the problem is shift-invariant, and we specially wrote
all the above conditions in such a way that division of f and h by the same
constant would change nothing in them.

First we should construct a perfect dyadic lattice D. Our construction
will be surprisingly simple (compared to Guy David’s decomposition, say):
we will just take the standard dyadic lattice and consider its random shifts.

Pick any point w € [—1, 1)? and take the square Q°(w) := w+[—1, 1)? as
the “starting” square of the dyadic lattice D = D(w). Recall that supp p C
B(0, %) and therefore supp p C Q°(w) for every such w.

We are going to assign equal probability to every w; so our probability
P will be just 4 times the Lebesgue measure restricted to [—1, 1)2.

Once we have fixed the starting square Q°, we have no choice of how to
position the smaller squares of D: we just split Q° into four equal subsquares
(of the same kind [a, b) X [c, d) ), then split each new square etc. Nevertheless,
we still have the freedom of how far down to go at every point. Now we are
going to use this freedom.

We will call a square terminal in the following two cases: 1) Q C H; or

2) fQ lg|? dp > 6%u(Q). Note that in particular, (2) holds if u(Q) = 0. If a

square is not terminal, we will call it transit.
Now start the construction of D with the square Q°, which is always
transit. It has size (side length) I(QY) = 27° = 1. Split it into four equal
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subsquares. Some of them may be terminal and we will not touch those
any more. But we will further split each transit square of size 27! into four
subsquares of size 272 and so on.

XII Projections A and Ag

Let D be one of the dyadic lattices constructed above. For a function
v € L'(u) and for a square Q C C, denote by <¢>Q the average value of 1
over () with respect to the measure p, i.e.,

1
W = gy [ v

(of course, (¥) . makes sense only for squares @ with u(Q) > 0).

Put

Q

Clearly, Ap € L?(p) for all p € L?(u), and A? = A, i.e., A is a projection.
Note also, that actually A does not depend on the lattice D, because the
average is taken over the whole support of the measure p regardless of the
position of the square Q.

From now on, we will always denote by @; (j = 1,2,3,4) the four
subsquares of a square () enumerated in some “natural order” (to be chosen
by the reader). In particular, that means that we will have to give up our
idea to denote the squares in two copies Dy and Dy of the same random
dyadic lattice D by @1 and @2, respectively. This is okay, because while
above it was important to emphasize the symmetry between D; and Do,
below we will start almost every claim with “Assume (for definiteness) that
Q) <I(R)..”.

For every square ) € D" define A 0¥ by

(0o, P
l <h>Q1 - Eh;Q h, if Q; is transit;
AQ@’C\Q =0, AQ('D|QJ- = Qi <;2>
¥ - WQh, if Q; is terminal
Q

(j =1,2,3,4). Observe that for every transit square @), we have p(Q) >0

and
Mo =1+g: Nl < \/IsP)g <4,
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so our definition makes sense: no zero can appear in the denominator.

Easy properties of A Q¥
For every ¢ € L?(u1) and Q € D",

1) Agp € L2(p) ;

2) fc Angdu =0;

3) A, is a projection, i.c., Ag) =A
4) DA = AN, = 0;

5) If Re D' and R # Q, then ApA,=0.

Q'

To check these properties is left to the reader as an exercise.
Lemma: For every ¢ € L?(;1) we have

p=Ap+ Y Ayp,
QG’DM“

the series converges in L?(x) and, moreover,

27 Mol < Apl?2. + A oll2. <2el?. .
Il < IS0 + 3 Mgl <26l

Proof: Note first of all that if one understands the sum 5 pe as lim

n—oo
Z , then for p-almost every z € C, one has
QEDt:(Q)>2—n

p(a) = Ap(x) + Y Ayp().
QeDtr

Indeed, the claim is obvious if the point x lies in some terminal square.
Suppose now that it is not the case. Observe that

Ap(@)+ Y. Ayel) = o ),
QED:(Q)>2—" )

where Q" is the dyadic square of size 27", containing x. Therefore, the
claim is true if

<§0>Qn — p(x) and <h>Qn — h(x) as n — 0o

25



(since for every transit square @ the average (h) o Is close to 1, we surely
have h(z) # 0 for such ). But the exceptional set for any of these conditions
has p-measure 0.

Now let us compare Ay and A _ ¢ to the corresponding terms in the

Q
standard martingale decomposition, i.e., to
AQO = <¢>Q0
and
x B x B (gp)Qj — (gp)Q, if @; is transit;
0®l =0, 0¥l = U .
c\Q Qj ©— (@)Q, if @; is terminal

(j =1,2,3,4). It is well-known (and easy to prove) that

Apl?, + Aol =lel?,
1Al s Q;;TII @z, = 1912,

A direct computation yields

Aol2 _ 2,000 Aoll2 _
IRel, ) = )gelPu(@), IAG?,

ie.,

Agl2, =<
1861, = T

We are going to show that the ratio

write
(hP) g
() P
Now note that

>1— >1— 2y >
(ol = 1= gl o > 1= [gP)s > 16,

while the numerator is not less than 0 (Cauchy inequality) and not greater
than <|g|2>QO < 2. Therefore the whole ratio lies between 0 and 62(1 —

§)~2 < 6. So, we finally get

A 2 < 2 < N 2 .
IRel2,, <lael?, < O+alRel,
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As to the terms AQ% we will represent each of them as the difference

()
’ Q
@ — -——h_, where
Q¥ Ty, @
(@o.
| —0 A | - Q<]h> L, i Q; is transit
QSD (C\Q o Q¥ Qo Q;
¢ —(p)q, if Q; is terminal
and
(Mg, —
R Q; is transit;
’ =0, h = <h>Q
Qlevg Qlg, i

h — <h>Q, if Q; is terminal

(j =1,2,3,4). Note that A’y = Ay on C\ Q and on every terminal square
Q;. Also, if Q); is a transit subsquare of @), then

/Q|£Q¢|2du</ \A o2dp < (1+5)/Q |KQ<p|2du

(the reasoning is exactly the same as we had for Ay and 1~\<p) Using the
elementary inequality

2 3
slal® =2 <la—b]” < Sla* + 3 (a,b€C),

we get
— 2 3
el — 20 < UM, + 3 1800, | <30 +0lel,  +30,
QG'D“
where
() !? 1+5 ~
Q 2 2
o= Y T lhg 2 5 > o) PIA Ll
o [P v S 2 oo Plal 1808z,
<2 Z (@)l NBgal2.
erfr

1 — §; the same reasoning as we used when comparing
<(1+0)|A,n|?2

because |(h >Q | >

Aéggp to AQ<p, allows us to conclude that ||k
and, at last, AQh = AQg

2
Q2 < L3 ()’
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Now let us remind the reader of the celebrated

Dyadic Carleson Imbedding Theorem: Assume that we have a dyadic
lattice D as above and a family of nonnegative numbers {a Suppose

also that for every square R € D, we have

Z ag < Ap(R).

QeD:QCR

Q}QED'

Then for every function ¢ € L?(11) we have
2 2
> apllelol <adlel?, .
QED:p(Q)#0
Now observe that for every transit square R € D, we have

A 2 A 2 2
2 NBgel = 2 IR, <loxglls,
QED!:QCR QEDI™:QCR

= [ laPdn < # ().

Thus, applying the Dyadic Carleson Imbedding Theorem to

o 2 . . X o . . .
ag = ||AQg||L2(#), if @) is transit, and ag = 0, if @ is terminal, we get

< 862 .
o <80°Mfl 2,

To finish the proof of the lemma, it remains only to note that

2 , 1 3 )

I > = — < 2.

3 166 >3 and 2(1+5)+246 <2
XIITI Functions ®

D

Recall that we already have the Lipschitz function ® and that ®(z) >
dist(z,C\ H). In particular it follows that

®(z) > dist(z, 0Q) for all x € Q,

if Q € D™ and Q C H.
We would like to extend this property to all terminal squares in D. So,
let us define

o, (z) = sup{®(z), dist(z,C\ Q) : Q € D™, /Q lg|2dp = 6% u(Q)}.
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Clearly, @, is Lipschitz, &, > P, and ®,(z) > dist(x,0Q) whenever
x €QeDem.
Now note that

preC: o (x) >0} <pf{reC: d(x) >0} + Z w(Q).
QEDtCTm7
Jq 19172621(Q)

The list in the end of Section X shows p{z € C : ®(z) > 0} < 2(C). On
the other hand, the squares in D*"™™ are pairwise disjoint. Therefore the
second sum does not exceed 62 [ |g|*dp < 621(C), and we finally get

p{r € C: @ (x) >0} < (2—35 +6%)u(C) < 6p(C).

XIV Action on good functions

Now let D; and D5 be two dyadic lattices of the above kind. We need to
show that for every two good functions ¢, € L?(u) (they play the roles of
the functions ;1 and @9 in the definition of perfect hair, respectively) and
for every Lipschitz function © > 5max{<I>D17Q>D2} satisfying infc © > 0,
one has

[ Kt} < Nl o 162,

The reader may be surprised by the fact that we are talking about good
functions without defining the bad squares first. Actually, to tell the truth,
the bad squares are those with which we do not know what to do. Almost
all the statements below are very hard or even impossible to prove directly
for arbitrary squares @@ € Dy, R € D,. But they become next to trivial, if
we introduce some additional assumptions. All we need to do is to show
that all our auxiliary assumptions hold with probability close to 1, and this
can be postponed to the very end.

Note first of all, that it is enough to prove the desired inequality for
functions ¢ and % such that Ay = Ay = 0.

Indeed, for any ¢ € L?(u), we have

) go! |

KA =— 9 |K_h <— [[Kgh ’
1Ko A@ll 2, |<h>Q0|H ol S T5 1) ol - 1Ko Al e, VI(QY)

<2Bl(g) o Vi@ < 2Bligll .,

Taking into account that (o, Kg9) = —(Kgp,) for all ¢,9 € L*(u), we
get

(o, Kg) = —(KgAp, ) + (o — Ap, Kg AY) + (p — Ap, K (v — AY)).
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The first two terms do not exceed 2B||<,0||L2(M)Hw||L2(M) and 4B||<p||L2( )
||¢||L2(N), correspondingly (because |¢ — Ag0||L2(M) < 2H<p||L2(H)). Mean-

while, the functions ¢’ = ¢ — Ap and ' = 9 — Ay clearly satisfy the
condition Ay = Ay = 0 and their L?(u)-norms are bounded by 2Hcp|\L2(#)

and 2||<,0||L2(M)7 respectively. So, if we prove the desired inequality for all

good ¢ and 1 satisfying Ay = A = 0 with some constant Ny, then we will
get it for two arbitrary good functions with the constant N = 4N; + 6B.
We would like to write

(o Koy = > (Bop KgApd).

QeDI", ReDL"

The question arises of why this series converges in any reasonable sense. But
let us observe that, since infc © > 0, the operator K is bounded in L?(p)
and therefore we can restrict ourselves to the good functions ¢ and ¢ that
have only finitely many non-zero terms in their decompositions (clearly, if
© is good, then any partial sum of the series Ay + ZQGDl Ang is good as
well). This not only removes any questions about the convergence, but also
allows us to rearrange and to group the terms in the sum in any way we
want.

Due to this observation and due to the (anti)symmetry, it is enough to
estimate the sum over Q € Di" and R € DY, for which [(Q) < I(R). For
the sake of notational simplicity, everywhere below instead of

> :

QE'D;’", Q is good,
ReDIT,
1(Q)<I(R), other conditions

>

Q,R: other conditions

Also we will always reduce Z to Z

QeDiT; Q@ :other conditions
Q is good, other conditions

and Z to Z

ReDL" : other conditions R :other conditions

we will write

Note, that (unless otherwise specified) we will always think that the sum-
mation over @) goes only over good squares Q € DI", while the summation
over R goes over all R € DY
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Of course, formally it doesn’t matter, because, since the functions ¢ and
1 are good, it is merely a business of adding or omitting several zeros. But
it will allow us (and the reader) to see clearly where and what property is
used. As the reader might have already guessed, for the sum over pairs @, R
with {(Q) > I(R), this point of view should be changed to the opposite.
Pick some large positive integer m and write

E:@%ﬂ%KéAR¢>: E: + E: =

QR QR:UQ)227UR)  Q,R:U(Q)<2~™I(R)

SRS D SRS »

Q,R:U(Q)=22""I(R), Q,RUQ)227™I(R), Q,R:U(Q)<27™U(R),
QNR=

dist(Q,R)<I(R) dist(Q,R)>I(R) =
+ Z =:01+ 02+ 03.
Q,R:I(Q)<2™™I(R),
QNRAD

Recall that the kernel k‘@ satisfies the estimates

1 4
k,(z,y)] < and Vikg(z,y) < —.
ke (e 9)l S ol 6(0).0W)) Veko (#:9) S TR

The second inequality implies that

16|z — /|

!
— <
|k®($,y) k@(x?y)|\ ‘.’ﬂ*y|2 ’

provided that |z — 2’| < 1|z —y|. Actually, we do not need the kernel to be
that smooth. We will see that the estimate

Alx — a'|f

!
|k@($,y)—’k@($,y)|<‘E;:zﬂfig

with some (fixed) 0 < e < 1and 0 < A < 400 is sufficient for all our tricks.
The reader may ask: “Why introduce a special notation for the parameter,
which is actually equal to 1; isn’t it merely a generalization for the sake of
generalization?” Well, first of all, we want to show that there is nothing
very special about the Cauchy kernel m%y; it can be replaced by any other
(antisymmetric) Calderén-Zygmund kernel. And secondly, it will allow the
reader to check that our proof works not because of some “magic” numerical
identities like % — % + % = 0, but because we really have found a good way
to go around the main drawback of the Haar system: the impossibility to
make good estimates near jumps. And once this main drawback is removed,
the old-fashioned Haar system becomes quite elegant and powerful.
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XV Estimation of o,

Recall that the sum o5 is taken over pairs @, R such that Q " R = (). If
1(Q) = 27™I(R), then the squares not only do not intersect, but are well-
separated: dist(Q, R) > I(R). We would like to extend this property onto
the case [(Q) < 27™I(R). Though we cannot achieve exactly the same
separation by the length of the larger square, we can get as close to it as we
want. Namely, for any a > 0 and for any @ € D, the probability

Pp, {there exists R € Dy : I(R) > 2™1(Q),RNQ = 0

and dist(Q, R) < 1(Q)*I(R)*~*}

allows an estimate that does not depend on () and tends to 0 as m — oo.
We shall need this result for o = (1 v (3 in the case of the Cauchy
kernel). We will postpone the proof of this claim to the end of the paper, as
we said before; and now let us observe that if we declare the corresponding
squares ) bad and if ¢ is good, then for every pair @, R, participating in
o2, we have dist(Q, R) > 1(Q)*I(R)'~
Define the long distance D(Q, R) between the squares @) and R by

D(Q,R) =1(Q) + I(R) + dist(Q, R).

Far Interaction Lemma: Suppose that Q and R are two squares on the
complex plane C, such that I[(Q) < I(R). Let o Vg € L2(p). Assume

that P vanishes outside @, ¢, vanishes outside R; fc Yo = 0 and, at last,

dist(Q, supp ¥ ,) = 1(Q)“I(R)'~
Then

(g Ke¥g)l < 31+8A \/ QVuB) eyl .

Q R 1+5 ||¢R||Lz

L2 ()

Remark: Note, that we require only that the support of the function
¥ lies far from @; the squares @) and R themselves may intersect! We will
really have such a situation when estimating os.

Proof: Let T be the center of the square (). Note that for all z € Q,
Yy € supp v, we have
0Q) 3(Q)

|$Q -yl = 5 +diSt(QaSUpp¢R) Z o > \/il(Q) 22z *xQ|'
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Therefore,
(g KUl = | [ koo 0oq @) ) dute) dutw)

— | [1ha ) ~ kg (g g (a1 ) dute) dit)

Q)
dist(Q, supp wR)HE HQPQ HLl(u) Vs HLI(M)'

There are two possible cases:

Case 1: dist(Q,supp ) > I(R)
Then

D(Q, R) = Q) +I(R) + dist(Q, R) < 3dist(Q.supp ¢ ;)
and therefore

QF e UQF i HQEUR)
dist(Q, supp ¥, )1+ D(Q,R)'*e ~ D(Q,R)* =

Case 2: 1(Q)*I(R)'~ < dist(Q, supp ¥ ,) < I(R)
Then D(Q, R) < 3I(R) and we get

QF @y UQII(R)?
R

st supp )T~ WQ TR T~ 1R
g QU

D(Q’ R)1+a '

Now, to finish the proof of the lemma, it remains only to note that
< V@ legla, and gl < ViRl -

Applying this lemma to Po = AQgp and 1, = A9, we obtain

e |

LY (p) L' ()

£

o] < 31+6AZ HE\W VB8l o 1l o (55)

We are going to show that the matrix TQ r defined by

(Q
Tyni= SDUD i @VAE) Qe DY ReDYUQUR)

generates a bounded operator in [2.
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Lemma: For any two “sequences” {a and {b of non-
Yy q { Q}QGD? { R}REDET

negative numbers, one has
31+5(3—|—671)M 9
2 Tont S 51 > a) [Zb}
Q

Remark: Note that T o.r Are defined for all @, R with [(Q) < I(R)

and that the condition dlst(Q R) > 1(Q)*I(R)!= (or even the condition
@ N R =) no longer appears in the summation!

Nl=

0, otherwise

Proof: Let us “slice” the matrix TQ according to the ratio 12% Namely,
let . -
T(n) _ {TQ,R’ if I(Q) =27"U(R);
Q.R

(n=0,1,2,...). To prove the lemma, it is enough to show that for every
n >0,

Nl

1

(n) 9—5§nglte -1 2 212
> Tihaghy <2723 M S a2 |7 (S0
QR Q R
The matrix {Té";{} has a “block” structure: the variables b, corresponding
to the squares R € DI, for which I(R) = 27, can interact only with variables
a, corresponding to the squares Q € D", for which [(Q) = 2/~™. Thus,
to get the desired inequality, it is enough to estimate each block separately,
i.e., to demonstrate that

(1)
Q 2% bR <
QR:1(Q)=27—"I(R)=2]

corigrgrey] Y ) ¥ el

Q:(Q)=2i—n R:l(R)=27
Let us introduce the functions
a b
F = g Q X and G := E BE__y
Q R
Q:1(@mai—n VH@) Rim— VIME)

Note that the squares of a given size in one dyadic lattice do not intersect,
and therefore at each point z € C, at most one term in the sum can be
non-zero. Also observe that

1Py = 3 “é]% and (Gl = [ 3 bzf'

Q:l(Q)=2i—n R:l(R)=27
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Then the estimate we need can be rewritten as

[ Bt F@6w) dute) auty) <

< —5nqlte -1
<273 @ e )MIF] L 1G]
where

1(Q)Zl(R)3

HQIUR)E | (o n(v):

k];n(-ray) = D(Q,R)1+E Q

Q.R:1(Q)=2i—n I(R)=27

Again, for every pair of points x,y € C, only one term in the sum can be
nonzero. Since |z — y| + I(R) < 3D(Q, R) for any z € Q, y € R, we obtain

—en MR —§nal 27
k'n 9 - 2 " < 2 n +e "
Js ((I/. y) 2 D(Q, R)1+6 2"3 [27 + ‘Jj _ y”l—‘r&

=:278"31 ¢k (2, y).

So, it is enough to check that

J[ B F@6) du) dut) < 6+ 11F] 1G]

According to the Schur test, it would suffice to prove that for every y € C,
one has the estimate [, k;(z,y)du(z) < (34 e )M and vice versa (i.e.,
for every z € C, one has [, k;(z,y) du(y) < (3+¢e~)M). Then the norm
of the integral operator with kernel k; in L?(p) would be bounded by the
same constant (3 +e~1)M, and the story would be over.

If we assumed a priori that R(y) < 2/*!, then the needed estimate would
be next to trivial: we could write

[renie=[ e[ ke

C\B(y,29+1)

) . 2J€
<2792 ) + [ 2w
C\B(y,2i+1) |7 — y['*e
+oo 2]'5 .
SM(2+1+/2]_ th):(iﬂ—a )M

(we applied Comparison Lemma to estimate the integral over C\ B(y, 29+1),
and again we used the possibility to switch from the radius 29*! to the
smaller number 27)
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The problem is that we cannot guarantee that R(y) < 277! for every
y € C. So, generally speaking, we are unable to show that the integral
operator with kernel k;(z,y) acts in L?(u). But we do not need that much!
We only need to check that the corresponding bilinear form is bounded on
two given functions F' and G. So, we are not interested in the points y € C
for which G(y) = 0 (or in the points x € C, for which F'(z) = 0). But, by
definition, G’ can be non-zero on transit squares in Dy of size 2/ only. Now
let us notice that if R € DY, then R(y) < 2l(R) for every y € R. Indeed,
otherwise there exists a non-Ahlfors disk B(y,r) of radius r > 2/(R). But
then R C B(y,r) C H, which is impossible for a transit square!

The same reasoning shows that R(z) <2/ 7" <271 whenever F(z)#0),
and we are done with |og|.

Now, we hope, the reader will agree that the decision to declare the
squares contained in H terminal was a good one: not only does the fact
that the measure p is not Ahlfors not put us in any real trouble, but we
just hardly have a chance to notice this fact at all. Also, it is clear why the
squares with large average of |g|? have been declared terminal: this allowed
us to treat h like an accretive function all the time.

But it still remains unexplained why we were so eager to suppress the
Cauchy kernel on every terminal square. The answer is in the next two
sections.

XVI Estimation of o3

Recall that the sum o3 is taken over the pairs @, R, for which I(Q) <
27™(R) and Q N R # 0. We would like to improve this condition to
the demand that @ lie “deep inside” one of the four subsquares R; (j =
1,2,3,4).

Define the skeleton R of the square R by

4
skR := | J OR;.

=1

We will declare a square @@ € D; bad if there exists a square R € Dy such
that [(R) > 2™I(Q) and dist(Q,skR) < 81(Q)®I(R)!~. Note that any
square bad in the sense of the previous section is bad in this new sense as
well.

Now, for every good square () € Dy, the conditions I(Q) < 27™I(R) and
QN R # () together imply that @ lies inside one of the four subsquares R;.
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We will denote this subsquare by RQ. The sum o3 can now be split into

o = > (g, Ko Apt)
Q,R:QCR,1(Q)<2™™I(R),

Rq is terminal

and
ol = Z <AQ@,K®ARZZJ>.

Q,R:QCR, I(Q)<2”™I(R),
Rq is transit

XVII Estimation of ok

First of all, write (recall that R; denote the children of R):

4

ot =" Yoo (Aue KgAgy).

7=l Q,R:1(Q)<2 ™I(R),
QCR;eDL™

Clearly, it is enough to estimate the inner sum for every fixed j. Let us do
it for j = 1. We have

Z <AQ(‘0’K®AR’¢)> = Z Z <AQ<PaK@AR’(/}>'
Q.R:UQ)<2~™I(R), R:R1€DY™ Q:1(Q)<2~™IU(R),
QCR.€DE™ QCRy

Roughly speaking, our main idea here is the following. If R; € D™ then
for all z € Ry, one has

O(x) > 6%, (x) = ddist(z,ORy).
For the points = that lie in the “central part” of Ry, the right hand side is

at least @. Assume that it is so for every point € Ry. Then
1 8
k < < — for all Ry, C.
@(1’73/) o) S 3(R) orall x € R,y €
Hence SIA o
KA ()] < ’E(R;l(“) for all =€ Ry,

and therefore

p(1)
L'(w)  §(R)

SM
<
185002, < 518002

I, * Ko ptll 2, < SIA LY

8u(R)

S SR)
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because M(R1> < M(R)7 ||ARw||L1(H) S M(R)HAanLQ(M)v and :U(R) <
MI(R) (otherwise the disk of radius I(R), centered at the same point as R,
would be non-Ahlfors, and we would have R C H, which is impossible).

Now, recalling the remark from Section II, and taking into account that
AQp = 0 outside @, we get

S e Kedpt)l = 3 [(Ageixg, - Koldyw)l <

Q:QCRy Q:QCR1
1
2 2
<V, - KoBgtlg, | 2 1841, ]
Q:QCRy
16M 9 3
< — .
<18l [ 2 Iagel?, ]
Q:QCRy
So, we obtain
S Y e Kol <
R: R1€D{™™ Q: QCRy
16 M ) 3
<
S X 18l [ X 18gel2, ]
R: RieDi™™ Q:QCR1
16M 3 3
S DI - N D DI DI LV N
) . L*(w) . _ L*(p)
R: RieDier™ R: Ri€DL™ Q:QCR:

But the terminal squares in D do not intersect! Therefore every A ¢ can
appear at most once in the last double sum, and we get the bound

Do D Age KgAp)| <

R: R €DY™™ Q: QCRy

<M IS e, PS80, ]
R Q

L () L ()

32M
<= )
N

The problem is that we cannot guarantee the estimate O(z) > @
for every point x € R;. So, the kernel kg can grow near the boundary.
Nevertheless, due to our definition of good squares, we need only to consider
the squares @ C Ry, for which dist(Q,0R;) > 81(Q)*I(R)!~*. So, if such a
square @ lies close to the boundary of Ry, the size I(Q) has to be very small

and the corresponding function A 0% should oscillate very fast. We may
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hope that this fast oscillation will compensate for the growth of the kernel.
To show that it is really the case, we need one more standard technical tool.

XVIII Whitney decomposition

Let S° be an arbitrary square on the complex plane C. Consider the stan-
dard dyadic lattice starting with the square S°, and denote by W (S°) the
family of all maximal subsquares S in this lattice, for which dist(S, 9S°) >
I(S) (see Picture 2). The Whitney decomposition W (S°) has the following
remarkable properties:

1) The squares S € W(S®) are pairwise disjoint and cover the interior
of S°;

2) dist(S,08°) = 1(S) for every S € W(S);

3) The expanded squares S = 25 (S € W(S°)) still lie “deep inside”
S, namely, dist(§7 059 = @ = @, and every point x € C belongs to at

most 6 squares S.

Denote again the center of a square @ by Lo For S € W(R;) put

wR,S = Xy Apy and QZR,S =X AR

R\S
We have

Yoo (Bpe KAy = Y > (ALe EgALy)
Q:1(Q)<2™™I(R), SEW(R1) Q:1(Q)<2~™I(R),

QCR: QCRi1,z,€8

= Z Z (Bop Ko¥p s)

SEW(R1) Q:1(Q)<2~™I(R),

QCRy,z,€S
YN (Bge Kyl
SEW(R1) Q:1(Q)<2~™I(R),

QCRy,z,€S

Note now that for every good @ C R; such that =z, € S € W(R;), one has

Q
81(Q) < 8I(Q)*I(R) ~* < dist(Q, OR,) < dist(z,, OR1) < 21(9),

and therefore

1(5) - 1Q) _ I9)

dist(Q, supp U ) > dist(Q, 05) > =5 == > == > UQ)™I(R)' .
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Now the Far Interaction Lemma yields
(Do Koy s)l <

1+e (Q
<34 QRHE\/ DV BNAGEl 2 1 12

Taking into account that HJR,S’”LZ(N) < ARl and summing over

L% ()
all R € DY, we arrive at the same sum as in the long term interaction of

Section XV (actually, we arrive at the part of that sum which has not been
used yet, but has already been estimated there).
So, it remains to find a good upper bound for

Z Z <AQ¢’K®wR,S>'

SeEW(R1) Q:1(Q)<2~™I(R),
QCRl, T’Q c

Observe once more that the conditions Q € DY, Q is good, 1(Q) < 27™I(R),
@ C Ry and Ty € S together imply @ C S (as we have seen above, they

even imply that @ lies deep inside §) So, it is enough to estimate the sum

S Y A Kety gl

SeEW (R1) Q:Qcé,xQ €s

Note now that for every x € S , we have

O(z) > ddist(z,0Ry) > @

Recall that the “naive” reasoning from Section XVII could not be used for
the whole R;. But it can be used for S. Repeating our “naive” reasoning
from Section XVII for the square S instead of the whole Rq, we obtain

Yoo HAge Koty o)l <
Q:QCS,z,€8

1

2 2
< Kolpslag | 2 185902, ]

Q:QCS,z,€8

4M(§) 2 3
55 nslag | X I8gela, "

Q: QCg,a:Q es
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We would like to say again that u(S) < MI(S). If not, then, of course, we
can conclude that ScH , but this does not yield a contradiction immedi-
ately, because S is not a transit square in Do (actually, it is not in Dy at
alll). Note, nevertheless, that if we have at least one good square ) € D"
such that Q C § (otherwise the sum is 0, and we have nothing to worry
about), then we can extend the above chain of inclusions to @ C ScH ,
which is a contradiction! So, as before, despite the fact that we cannot use
the Ahlfors condition whenever we want to, we can use it whenever we need
to.
Thus, we get

Yo D A Ketp o)l <

SEW(R1) @:qQC§,

xQES
aM , 1%
<$F Y Waslpg| 2 18600, ]
SEW (R1) Q:QCS,
mQES
aM 3 3
= 1D S LN b 1D RN DU "
SEW (R1) SEW(Ry) Q:QCR1,z4H€S

(we relaxed the condition @ C S in the last sum to @ C Ry; it causes no
harm now). But

2 = ALp)Pd
> sl = X [1Agua

SeW (R1) SEW (R1)

< 6/C|ARw|2du:6HARw||2

L2 ()

(because every point lies in not more than 6 squares S ).
Meanwhile,

2 _ 2
> D e D DI LU (e
SEW(R1) Q:QCRi.z,€S Q:QCRy
Hence, summing over all R € Di", for which Ry € D™ we get

S D Age Kty )l <

R: RleDg‘frm SEW (R1) Q: ch')
xQES

46 M 9
D DN -V OO D D -9

R: Ry €DLe™ Q:QCRy

(SIS

<
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-

10M : .
<5 X HARwHiZm)}[ 2 D lIngeln,

R: Ry €D4m™™ R: R1€D™™ Q: QCRy

10M 1 1
< [0, [% 180l 2,

< 20M

< 20l e 1912

finishing the story with o4,

XIX Estimation of o}
Recall that

ot = > (Age Ko Apt).

Q.R:QCR,1(Q)<2""I(R),
Rq is transit

Split every term in the sum as
(B Kot = (B Kok, Agth)+(8g0 Ko (g At
Observe that since @ is good, @ C R and I(Q) < 27™I(R), we have
dist(Q, supp Xp\R,, Ap) = dist(Q,skR) > H{Q)¥I(R) .

Using the Far Interaction Lemma and taking into account that the norm

||XR\R A does not exceed || A L 9| we conclude that the sum
@

L2 () L ()’

Q.R:QCR,|(Q)<2™™I(R),
Rq is transit

can be estimated by the sum (x*) from Section XV.
Thus, our task is to find a good bound for the sum

> (Bo# Ko (X Agt)):

Q,R:QCR,I(Q)<2™™I(R),
Rq is transit

Recalling the definition of A ¢ and recalling that RQ is a transit square,
we get
A Y =c h,
XR,, rY = Cro Xr,,
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where

is a constant. So, our sum can be rewritten as

Z CR,Q<AQ¢aK@(XRQh)>'

Q,R:QCR, (Q)<2™™I(R),
Rq is transit

Our next aim will be to extend the function x, h to the whole function

Q
h in every term (which is exactly the opposite of the idea of the previous
section, where, in a similar situation, we tried to “shrink” the function A rY

to vy 5)-
Let us observe that

<AQ90aK@ (XC\RQ h)) = /C\R ke (%y)Ang(x)h(y) du(z) du(y)

Note again that for every x € Q, y € C\ RQ7 we have

1(Q . 3(Q
g o> P aisi@.c\ By > Y 2 vaQ) > 20 - )
Therefore
Alz —z, |7 Al(Q)=
km €T,y 71{._. TH,Y g Q g 9
| O( ) o( Q )| |$Q —y|ite |xQ —y[ite
and

c |h(y)| dp(y)
JAY K < A (? A -
(Bge, @(XC\Rth\ HQFNAGN v, /c\RQ |z, —yltte

Now let us consider the sequence of squares RU) € Dy, beginning with
RO = R, and gradually ascending (RU) ¢ RUHTD |(RUHD) = 21(RWY))

to the starting square R? = RWY) of the lattice Dy. Clearly, all the squares
RY) are transit.
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‘We have

/ \h()| duly) _ / |h(y)| di(y)
o\Rr, [T =y Jrovg, lTg —yl'*e
N

N N = zf

= RG\RG-D |13

Note now that, since @ is good and 1(Q) < 27™I(R) < 2-™I(RY)) for all
j=1,...,N, we have

dist(Q, RV \ RV™Y) > dist(Q, RY) > U(Q)“U(RW)'~

Hence

1
I; < . h| du.
J [Z(Q)QZ(R(]))ka]us /R(j) |h| dp
1
Recalling that a:ﬁ, we see that the first factor equals

HQ)F (RO

Since RU) is transit, we have

/ |h|du</ (14 gD dp < (1 +8)u(RY) < (14 6)MI(RY).
R®) R®)

Thus,
I < (15+ 5)M _ _9-G-13 (1+ 5)ME .
T UQ) SRS HQ)zl(R)?

Summing over j > 1, we get

@)l dply) =, _ (L+OM 1
[, =S < 2

— 1+
o lTg =yl o

o

Now let us note that, since R, € DL, we have

> 2
18002, > [ 18012

Q

~legal® [ s

> leg a0, n(Fg) > (1= 0)leq o FulRy)

So,
| | < 1 ||AR¢||L2
c
QR! ™ 1 _
1=0 Ju(R,)
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Combining this estimate with the Cauchy inequality

<
<Val@IBg#l e,

180911,

we finally obtain

\<AQ%K@(><C\RQ h))|
(1+0)M
< 100 _279) HAQWIILQ AP 2

Z ‘CR,Q| ' |<AQ(’O’K@(X(C\RQ h)>|

Q,R:QCR, I(Q)<2”™I(R),
Rq is transit

(1+6MA < Q)12
ST o, 2 [()]

=1 Q,R:QCR;

wQ)
\/ TRJ_)HAQs@IILz(H) AR 2 -

So, it is enough to demonstrate that, say, the matrix {TQ R} defined by

Tor= F(Q)} |9 (Q C Ry),

and

I(R) 1(Ra)

13

generates a bounded operator in (% in the sense that for every two “se-

0, otherwise

quences” {aQ }QeDi’" and {bR}ReD;’“ of nonnegative numbers, one has
T b« — : b
Z QRQR\l 25{2 }[Z}
Q,R:QCR:
Again let us “slice” the matrix TQ according to the ratio % Namely,
let
w  [Tom HQCRL UQ) =2 "UR);
Tor=

(n=1,2,...). Tt is enough to show that for every n > 0,
1
(n) —£n 212
St <2 (S a] [S0]
QR
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The matrix {Tg%} has a very good “block” structure: every a , can interact
with only one variable b,. So, it is enough to estimate each block separately,
i.e., to show that for every fixed R € D",

> o iyt <2 (2] e

Q:QCRy, I(Q)=2""I(R)

But, reducing both parts by the non-essential factor 27 32"b R+ We see that
this estimate is equivalent to the trivial estimate

Q)
Z W(Ry) @ <

Q:QCR1,1(Q)=2""1(R)

<[ i) () <[zl

(since squares ) € D of fixed size do not intersect, Z w(Q)< u(Ry)).

Q:QCRy,
HQ)=2""I(R)
So, the extension of y I to the whole h does not cause much harm,
Q

and we get the sum

> Cp (B Koh)
Q,R:QCR,(Q)<2™™I(R),
Rq is transit
to estimate. Note that the inner product <AQ<p, Kgh) does not depend on
R at all, so it seems to be a good idea to sum over R for fixed @ first.
Recalling that

and that Ay = 0 < <1/)>R0 = 0, we conclude that for every Q € DI" that
really appears in the above sum,

R:RDOQ,I(R)>2"1(Q), <h>R(Q)

Rq is transit

where R(Q) is the smallest transit square R € Dy containing @ and such
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that I(R) > 2™I(Q). So, we obtain the sum

> %)WMQ%K@m

Q:1(Q)<2—™I(R) { >Pi(Q)

to take care of.

Actually, the range of summation should be Q € DI, Q is good (default);
there exists a square R € DY such that [(Q) < 2 ™I(R), @ C R and R,
is transit, so the last sum we wrote includes some extra terms compared
to the original one, namely, the terms corresponding to the squares @, for
which R(Q) = R°. But first, we remember that <w>RO = 0, and second,
now (but not before!) we are going to put the absolute value bars around
each term, so we may add as many terms as we want; the point is not to
lose any of them. In this respect everything is obviously fine.

Clearly, the squares with ||A Q@”LQ(H) = 0 do not contribute anything

to the sum. Also, since R(Q) is transit, |<h>R(Q)| > 1—4. So, we can write
()
Q:U(Q)<2=mUR) | VT R(Q)
e SR (I L LSRN
S1-9 RQ A e
Q:1(Q)<2~™I(R), I QwuLz(u) g
18g ¢l 2, >0
) B0 Ko Lo
<— _ A .
- [ Y Wl A e Dolagel?,
Q:UQ)<2™™U(R), QUL () Q

18g¢l 2, >0

The last factor does not exceed v/2|¢| So, it is sufficient to show that

2

L ()
the middle factor squared is bounded by some constant times ||?]|

L2 (n)
Switching to the summation over R, we see that the middle factor squared
equals

(A e, Kgh)l?
DRl D R = D agl)sl
o o TBgul2, .
(1)

where

F(R) :={Q: R(Q) =R, [Agyell ., >0}

So, in order to finish the story with o&", it is enough to show that the
numbers a , satisfy the Carleson condition. Note that for every @ € F(R),

L2 ()
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one has @ C R and that the families F(R) are pairwise disjoint (one could
say much more, but these two trivial observations are the only ones that
will matter). Now, for every S € Dy, we have

< |<AQ<p,K®h>|2 - |<AQ§07XS 'K@h>‘2
2. S X Ao T X AP
R: RCS Q:QCS, QT2 Q:QCS QT2
HAQWHL2(“)>O HAQLPHLQ( )>0
<2l Kohl?, = [ 1Koh? du < 2B2(S)
L*(p) S
(because © > 5<I>D2 > (5<T>), and we are through.
XX Estimation of o4
Recall that
o = Z (App. KgApi).

Q,R:1(Q)=2""I(R),
dist(Q,R)I(R)

We are going to put the absolute value signs around every term and to
restore the symmetry between @ and R (so, we will add the corresponding
part from the sum over pairs @, R, for which I(Q) > I[(R)). Thus, we have
to estimate the sum

ol = > (A g, Ko o)
QeD!™ , ReDY:
Q,R are good,

- ! 3
g-m U@ com

dist(Q,R)<max{1(Q),I(R)}

(now all the conditions for the range of summation are written explicitly).

The key observation about this sum is that every square ) can interact
with not more than 22™(4-2™ +1)2(2m + 1) squares R and vice versa (the
estimate is quite rough, of course, and is obtained as follows: one has 2m+1
possible values for I(R); once the size I(R) € [27™1(Q),2™1(Q)] is fixed, the
corresponding squares R are contained in the square of size (4-2™ 4+ 1)I(Q),
centered at the same point as @), are pairwise disjoint, and the area of each
of them is not less than 272™[(Q)?). Therefore, it is enough to show that
for some large constant U > 0, not depending on ¢, ¥ and O, one has

(Ag# Ko D) SUIAGel o 1880

provided that Q € Di", R € DY, Q, R are good, 27™ < é%) < 2™ and
dist(@, R) < max{1(Q), I(R)).

Z
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XXI Negligible contours

Let G be a contour on the complex plane C. Let M be some large positive
number. We will call G negligible (the full name should be M-negligible
with respect to the measure p), if for every r > 0,

p{z € C : dist(z,G) < r} < Mr.
Lemma: Let G be a negligible contour splitting the complex plane C

into two (open) regions Q; and Q5. Then for any two functions 7,72 €
L?(p) such that n; vanishes outside Q; U G, one has

<4AM .
[, Kgnz)| < AMlmll 2 0l 2

Proof: Note that the condition that G is negligible immediately implies
that 4(G) = 0. So, we may assume that 7; vanishes outside Q;. We have

[(n1, Kgne)| < / kg (@1, 22)| - [m(21)] - [n2(22)| dp(z1) dp(z2).

Clearly, the integrand can be non-zero only if x1 € € and xo € Q5. Ac-
cording to the Schur test (full L2-version), it is enough to find a function
A:C\ G — (0,400), such that

/ kg (w1, m2)[A(z1) dp(1) < AM(z2) for every zo € Qg,
1951
and vice versa, i.e.,
/ kg (w1, 22)[A(z2) dp(w2) < AM\(z1) for every z1 € Q4.
Q2

We will check that these properties hold for
1

Vdist(z, G)

Indeed, for 1 € Q1 and x5 € Q9, we have

Az) =

1 1
< < : . .
|z1 — 22| — max{dist(zy,G),dist(z2,G)}

|k® (.’L’l,ZCQ)l
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Thus, according to the Comparison lemma,

[ g2 Aen) diar) <
Q1
1 1
o, max{dist(z1, G),dist(z2, G)} |/dist(z;, G)
i L,
o max{t,dist(z2,G)} V1 Vdist(za, G)

Now observe that

dp(@1)

4
(Dop KoApt) =D (oh) Kgvd),
i,j=1

() .= () .—
where Py XQiAQ‘p’ and 1/)R : XR,-ARw' N
Assume that the boundaries of all the subsquares @; and R; are M-
negligible contours. Then it makes sense to write

(08, Kov?)) =
B <XQ1‘\RJ ‘908),[(@1/1%)) + <XQMR1 '3"8)’1{@ (XRj\Qi 'wg)»
+ <XQij : @g)’ K (XQij .¢g))>.

In the first two terms the supports of the functions are separated by neg-
ligible contours (OR; and 0Q);, respectively). So, the corresponding inner
products are bounded by

AN a0 19902y < ADTNAGEN o 1A R0 -

L?(p)
As to the inner product <XQ-mR,- -908), Kg (XQ-mR,- -’L/Jg)», there are two

possibilities:

Case 1: one of the squares (say, @Q);) is terminal
Then we have the estimate
1
0 max{dist(x, 0Q;), dist(y, 0Q;)}
for all z,y € Q; N R; and, repeating our above reasoning with the Schur
test, we obtain

ko (2,9)| <

|<XQiﬂRj : @8)7K@(XQZ.QRJ. ' ¢g))>| <

AM | , AM
< —||l® (7) < —A A .
5 e 2 1Ry < —5 18N 2 IARV 2,
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Case 2: both squares (); and R; are transit
Then both functions x QinR, ~g08) and y QinR, w}g) are constant multiples
of the same function n := XQinR, h. But the kernel kg is antisymmetric,
i J
and therefore (n, Kgn) = 0.

What if the boundary of some square @; (or R;) is not negligible? We
do not know how to get a good estimate in this case; instead, we will try
to rule it out by declaring the corresponding squares bad. But we should
be very careful here: the temptation to declare a square Q € D! bad if 9Q
is not negligible should be severely suppressed, because, as we remember,
“badness” of the square @ should depend rather on D5, than on @ itself.
So, we are going to use a little bit less straightforward definition.

Namely, we will call a transit square () € Dy bad if there exists a transit
square R € Dy such that 27™(Q) < I(R) < 2™I(Q), dist(R, Q) < 2™I(Q)
and for at least one j = 1,2,3,4, the boundary OR; is not M -negligible (we
do not care about the terminal squares, so let them all be “good by the
definition”). Then for every pair of squares @, R appearing in the sum o/,
the assumption that @ is good allows to conclude that all the four subsquares
R; of the square R are negligible and vice versa!l Now it remains only to
show that we can choose m and M (in this order) so that P, {Q is bad} <0

for every Q € Di".

XXII Estimation of probability
Let Q € Di". Consider the “extended lattice”

ﬁgiﬁg(w):{w+[i m) X [in, k;l) :j,k,nGZ,n>1}.

Clearly, .52 contains every square R € Dy of size % or less. Note that when
w runs over [—i, %) X [—%, i), the lattice Ds runs over its whole period.
Starting now, we will declare a square @ € DY bad if either

1) there exists a square R € Dy such that dist(Q, dR) < 161(Q)*I(R)*~
and [(R) > 2"1(Q),

or

2) there exists a square R € Dy such that R C (4-2™ +1)Q, I(R) >
2-mAD(Q) and R is not M-negligible.

We leave it to the reader to check that every square  bad in the sense
of Section XV, XVI or XXI is bad according to this new definition as well.
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Choice of m

Fix k > m. Let us estimate the probability that there exists a square
R € Dy of size I(R) = 2*1(Q) such that dist(Q,0R) < 161(Q)*I(R)'~.
Since the lattice 152 runs over its whole period, we can find this probability
exactly: it equals to the ratio of the area of the dashed rim on Picture 3 to
the area of the whole square with side 2¥1(Q) (just look at where the center
T should lie with respect to the lattice D2). Observing that

161(Q)1(R) ™ + "L < 171(Q)*I(R) =,

[

we conclude that this ratio is less than 68 %—Rg = 68 - 2 ke,

Therefore the probability that the square @ is bad according to the first
part of our definition does not exceed

> 68.2"ma  §
68 o7he — 2 % <
Z 1 _ 2704 3
k=m

provided that m is taken large enough.

Choice of M

Now let us look at how large the probability that @ is bad according to
the second part of our definition may be. Recall that OR is M-negligible if
p{z € C : dist(x,0R) < r} < Mr for all » > 0. Note first of all, that we
do not have any trouble with r > [(Q). Indeed, since R C (4-2™ 4+ 1)Q, we
have

{zeC: dist(z,0R) < r}CB(xQ, (4-2m+1I(Q)+ 7"))CB(acQ7 (4-2™+2)r).

But u(B(xQ, (4-2™+2)r) < (4-2™+2)Mr, because @ is a transit square,
r > 1(Q) and therefore R(xQ) <UQ) <r < (4-2™+2)r. So, everything is

okay with such r, provided that M > (4-2™+2)M.
Now observe that for r < [(Q) we have

{z € C : dist(z,0R) < r} C B(xQ, (4-2" +2)I(Q) ).

So, the part of the measure p that lies outside the disk B(QTQ, (4-2m+2)1(Q))
does not matter and we can replace the whole measure p by its restriction
1 to this disk, defined as

A(E) == p(E N Blag, (42" + 2)1(Q))).
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Though we do not know much about pi, there is one thing we can say for
certain:

i(C) < (4-2" +2)MIU(Q);

and this will be enough for us.

Consider the grid £ = L(w) consisting of all vertical lines serving as
boundaries of squares in D, of size 2-(mM+D1(Q). We are going to show that
it M is sufficiently large, then, with probability 1 — % or more, this entire

grid is %—negligible with respect to the measure . Of course (together with
the same estimate for horizontal lines), this will imply that the probability
that the square @ is bad according to the second part of our definition does
not exceed 2—3‘5, finishing the story.

Note that the grid £ runs (several times) over its whole period when
w runs over [*%’ i) X [—i, i) So, we can change the random parameter
w to another random parameter 7 € [0,27("*+1(Q)) (which is just the
real part of w mod 2~ +DI(Q), of course) and reformulate our problem
as the following: we should demonstrate that the one-dimensional Lebesgue
measure of such 7 € [0,27(™+1D](Q)) that the grid £(7) consisting of all

vertical lines intersecting the real axis at the points of the kind 7 + Qm%,

k € Z, is not %—negligible with respect to the measure i, does not exceed
Ba-(m Q).

Consider the 2_(m+1)l(Q)—periodic sweeping v of the measure i, i.e. the
measure defined on Borel subsets E of the real line R by

V(E) = ﬁ(U (k- 2" 1Q) + E) x R).
kEZ

Note that £(7) is not &L-negligible if and only if Mv(r) > where

o
2
Mu(7) = sup —V([T —nT )

r>0 2r

is the Hardy-Littlewood maximal function. But the standard estimate for
the maximal function of a periodic measure yields

mfr € 0,277 DIQ)) s Mu(r) > T} < 4”([0’2(;”“@)))
_4C) A2 )My o
MoS |

So, if M >126~1(4-2™ 4 2)M, we are okay.
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XXIII Quantitative pulling ourselves up by
the hair

We are going to present the succession of “fancy” Tb theorems in the non-
homogeneous setting.

The first one is the least “fancy” because b will be accretive in it, but it
solves a problem of P. Mattila about an analytic characterization of Besi-
covitch rectifiable sets.

The middle one is the theorem proved in the previous sections; it gives an
alternative proof of the result of Guy David [D1], thus solving the analytic
part of Vitushkin’s conjecture.

The last one—and the most difficult—gives a quantitative information
in the solution of Vitushkin’s conjecture. Namely, given a set E of positive
analytic capacity v and length M, this last theorem allows us to say quan-
titatively what portion of the length is rectifiable, and “how” rectifiable it
is.

In what follows g is a positive measure on C satisfying the following
non-uniform linear growth condition:

p(B(z,7))

lim sup < oo for paex.

r—0

The truncated Cauchy integral is

o= [ . 4,

The maximal Cauchy integral is

(CLd)(C) = sup [(CED)(O)] -

e>0

Recall that for any 1-Lipschitz function ® on C the following Calderén-
Zygmund kernel was introduced

T—y
z —y[? + ¢(2)2(y)

k@(‘ray) = |
and let K¢ be the canonical Calderén-Zygmund operator with this anti-
symmetric kernel. Recall that

ko(z,y) < min[ﬁ, %] .
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Consider another truncation of the Cauchy integral:
b(z)dpu(z
) = | PEdpE),
s-cza)  C T2

As usual M; denotes the following maximal function

(Myf)(C) = sup - / FE)duz).
B(¢,r)

r>0 T

Lemma 1:
(Ko f)(z) — (Ca f)(z)] < A(M1f)(z).

Proof: Fix x and consider the absolute value of the difference of the kernels.

For y € B(x, ®(x)) it is at most ﬁ. For y such that |y — z| > ®(x) it is

(@(z)®(y)|z — 9
Sl =yl + @(2)@(y)]|z -y

Splitting {y : |y — z| = ®(x)} into annuli {y : 28T ®(x) > |y — 2| = 2F®(x)}
finishes the proof.

B(r)d(y) _ B(2)
w—ol2 STo—yl

5 < |ka|

Recall that we have assumption of non-uniform linear growth on .
Let us also normalize p and think (if otherwise not stated) that ||u|| = 1.
Recall that M-non-Ahlfors disc is a B(x, R) such that

w(B(z,R)) > MR, © € supp 4.

In this case the point z is called an M-non-Ahlfors point.

Lemma 2: There exists ¢ = e(M), e — 0 if M — oo, such that the
union of all M-non-Ahlfors discs has pu-measure at most ¢.

Proof: It follows from non-uniform linear growth condition that

B
,u{gc€suppu:supM >VM} =6M)— 0, when M — oo.
T r

Denote this set by Gps. For « € supp u \ Gy we choose the maximal
M-non-Ahlfors disc centered at x (if any). Their union will be called O. By
Vitali’s lemma, O is covered by UB(z;, 5r;), where x; € supp u \ G, and
B(xj,rj) are disjoint and M-non-Ahlfors. Thus,

1 1
Yr; < MZM(B(a:i,ri)) < Y
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On the other hand, pu(B(z;,5r;)) < 5V M r;. Thus,
5
vV M

M-non-Ahlfors points can be only in O U G ;. So we see that

w(0) < T p(B(xj,5r5)) < 5VMSr; <

p#(M-non-Ahlfors points) — 0, when M — oo

But we want a bit more —the smallness of measure of the union of all M-
non-Ahlfors discs. To get this, consider points in G, and consider maximal
M-non-Ahlfors disc centered at each of them. Call their union G. The set
G is covered by U;B(y;,5R;), where B(y;, R;) are disjoint M-non-Ahlfors
discs. Consider y € B(y;,5R;). Then “(B(l%ll;z(jRj)) > H(Bl(g}{fj)) > %. In
our notations this means that y € Gpr/100. Thus, G C Gary100- So u(G) is
small if M is large. The lemma is proved.

Lemma 3: Let ||u|| = 1, let & be a positive measure with non-uniform
linear growth, and let H = Hj; be the union of all M-non-Ahlfors discs.
Let ® be a 1-Lipschitz function such that ®(x) > dist(x,C\ H). Then Kg
and Cg are bounded or unbounded simultaneously on L2 ().

Proof: In Lemma 1 we saw that |(Ke —Co)(f)(z)| < A(M1f)(z). Actually,
the proof says more, namely

(Ka — Ca)(F)()] < A(Myof)(x) = A sup ~ / £ @) di(y).-
B(z,r)

rz>®(z) T

But for r > ®(z) we have u(B(x,r)) < Mr. Therefore,

(Mi,0f)(x) < M sup |f(W)ldpu(y).

o .
/L(B(Iv T)) B(x,r)
It is well-known that this maximal operator is bounded in L2(x). Lemma
is proved.

Now we are ready to present several conditions for K¢ (® is a 1-Lipschitz
function) to be bounded on L?(;). While doing that we are interested in
such ®’s that Fp := {& € C : ®(z) = 0} has positive measure (or, if
circumstances permit, even measure close to 1). This interest is easy to
explain: for such ® we have

for f,g supported on Fg. And after all, we are interested in estimates of
the Cauchy operator C.
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Theorem 1: Let p be a measure with non-uniform linear growth, let
Hy; be the union of all M-non-Ahlfors discs,

®(x) > dist(z,C\ Hyr)

and let ® be a 1-Lipschitz function. Consider (Ko f)(z) := flyfzz:\>a ko (z,y)
f(y) du(y). If there exists a constant B such that

(K31)(z) :==sup |(Ksl)(x)| < B< oo for pa. e x
e>0

then
| KallL2(u)—r2(0) < ABM .

An assumption on the mazimal singular function (K%1) can be conve-
niently modified. Let us consider the following assumption of a.e. finiteness
of the mazimal singular function:

(K31)(z) <oo for pae. x.

Fix a large M and L > 100M. Fix a bounded measurable function b.
If  is such that (K3b)(x) > L, then there exists a maximal ¢(z) such
that [(Ko,0)(x)| = L (the function & — (Ko.,b)(z) is right continuous).
Consider
G1(b) := Uzecsupp uB(2,2e0(2)) .

Lemma 4: Let us assume the a.e. finiteness of the maximal singular
function. Then p(Gr(b) \ Hy) — 0if L — oo.

Remind that Calderén-Zygmund constants of kernel kg are bounded
by C.

Proof: Let y € B(z,2¢¢(z). Let us prove first that
Kil(y) > L — ACM

for an absolute constant A. In fact, let us consider two cases: a) ®(z) >

teo(z), b) ®(z) < teo(x). In the first case let € = 209 (). Then

K5 (y) — K™ ()] < / ks (y, 2) — ko(z, 2)| du(z)

zi|z—y|>e

+ / ko (2, 2)| dia(2) -
z:|z—y| <209 (x)
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The first integral can be estimated as usual using the Calderén-Zygmund
property of the kernel ke and the fact that all “large” disks centered at y
are contained in discs centered at x of “almost” the same radii. These radii
will be larger than ®(z), and, hence, they will be M-Ahlfors. The second
integral is bounded by AM because kg (z,z) < ﬁ and p(B(y,209(z)) <
w(B(z,40®(z)) < 40M ®(x) (the first inequality holds because we are in the
first case).

Let us consider case b) now. Put ¢ = 4eq(x). Then

Kily) - K30 < [ o 2 (02) ~ Ra(@ )l du)

+f ol 2)| du(2).
zi|z—y|<deo(x)

The first integral can be estimated exactly as in the case a). The second
integral is bounded by TC(;) w(B(x,6e0(x))), where C is the constant from

Calderén-Zygmund properties of our kernel. The disc B(x,6eq(z)) is M-
Ahlfors because we are in case b). Thus the second integral is also bounded
by ACM.

Now it is clear that the assumption
K3;1(z) < oo for pae x
implies that
w(Gr(1)) = 0 when L — oo.
Lemma 4 is proved.

Recall that for a given M, Hj; denotes the union of all M-non-Ahlfors
disks.

Theorem 1a: Let p satisfy the non-uniform linear growth condition, let
® be a 1-Lipschitz function such that ®(z) > dist(z, C\ Hys), and assume
the a.e. finiteness of the maximal singular function (Kj1)(x). Let ¥ be a
1-Lipschitz function such that ¥(z) > max[dist(z, C\ (GL(1)), ®(z)]. Then
1) (Kj1)(x) < AC(L 4+ M) uniformly, and
2) ||K‘I’||L2(H)‘>L2(M) < AC(L + M)M

Remark: In the first claim of Theorem la one can replace 1 by any
bounded function b, ||b]|s < 1.

Proof: The second claim of the Theorem follows from the first claim and
from Theorem 1. The first claim is a simple calculation using Lemma 1.
Let us do it for the sake of completeness.
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Let O3 f (@) = [,y af>maxie,w (e K@ ¥) dp(y).

Step 1. For any 1-Lipschitz ¥ > ® and any ¢,
|[Kgl(z) — Cgl(x)| < AM; wl(z) < AM; ¢1(z) < AM .

In fact, if ¢ < ¥(x), then

|K§1(z) — C31(z)| g/ dp(y)

e<ly—al<v(z) Y(2)

V()W (y)|z -y
- /y:w_xpm) (7 — P + U(2)¥(y))z — g

The first term is bounded by W <M.

The second term can be estimated precisely as in Lemma 1 if we use
that ¥ > &. So it is also bounded by AM. If now & > ¥(z), then only the
second term will appear. We are done with the first step.

Step 2. Recall that eo(z) = max{e : |[K51(z)| < L}. Fix zo and let
e < go(zo). Then ¥(zg) > 2e9(xg) > €. Then |K51(zo)| < fs<\y sl<2e0

|k (x0,y) du(y) + |Ka*1(x0)|. The first term is bounded by % <

u(B(@o,¥(z0))
U (zo0)

the second term to the estimate of |Co°1(x0)| (with the error bounded by
AM). Let us now use the fact that ¥(xzg) > 2e(zg), U(xg) = P(x¢). This
means that Cé,sgl(xo) = C’;I: (xO)l(xo). By another application of Step 1 we
can see that the last quantity is within AM of K q\f (%)l(xo). The absolute
value of this expression is bounded by L by the definition of €y and the fact
that U(zg) > 2g¢. In particular, our second term is bounded by L + AM.
Step 3. eo(wo) < e < U(xp). Then |K§1(zo) — K51(z0)| < fag‘y7$0|<\p(wo)
|k\p($0,y)| dﬂ(y +| f5<|y 20| < (z0) k<1>($0a y) dp( H‘fy ly—ao| > (o) ‘k@(ﬂ;‘o,y)
—ky(x0,y)| du(y). The first term is bounded by w < M. The sec-
ond term is bounded by |K51(zo)| + |K§(x°)l(xo)| < 2L, because go(zg) <
e < ¥(x), just by the definition of £yg. The third term can be estimated
precisely as in Lemma 1 if we notice that the integrand is bounded by
|k (0, y) — k(xo, y)| + [k(z0,y) — kw(x0,y)| < Frtd. The integral then is
bounded by AM.

Step 4. € > W(xg). We use the first step to write |[K§1(zo) —C% (z0)| < AM

and also |K§1(zg) — Cy(zo)| < AM. Therefore, we are left to estimate
|C51(x0) —C5 (x0)|. But this quantity vanishes because € > ¥(xg) > ®(zp).

< M since ¥ > ®. Using Step 1 we can reduce the estimate of
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The first claim of Theorem 1la is completely proved. We have already made
a remark that the second claim follows from the first one combined with
Theorem 1.

Before proving Theorem 1, we would like to present its beautiful appli-
cation found by Xavier Tolsa [XT2].

Recall that R(x,y,z) denotes the radius of the circle passing through
z,y,z € C. We will call a measure u > 0 on C Besicovitch-Melnikov-
Verdera rectifiable if p = Y7 p|En, E,,n = 1,2,3,... are compact sets,
and

() Ey) = / / [ R eys) dite) dnw) du(e) < .
' n=1,23,...;u(Ey) =0.

The curvature c?(u) was widely used by Melnikov and Verdera (see, for
example [MV]). The name is natural because if 4 = H*|E, E being a com-
pact set, then u turns out to be a Besicovitch-Melnikov-Verdera rectifiable
measure if and only if F is a Besicovitch rectifiable set. This is a difficult
geometric result proved by G. David and J.-C. Léger. This result becomes
especially difficult because of the inhomogeneity of the measure p, namely
because lim inf,_,g M may a priori easily become 0.

In his paper [XT2] Xavier Tolsa gave the following application of Theo-
rem la. We use the notations of Theorem 1.

Theorem (Xavier Tolsa): If u satisfies non-uniform linear growth
condition and if for any M the assumption of a.e. finiteness of the max-
imal singular function (K}1)(x) holds for ®(x) := dist(x,C \ Hys), then
w is Besicovitch-Melnikov-Verdera rectifiable. If in addition for u a.e. z,
lim sup,._,q wB@r) - 0, then supp p is Besicovitch rectifiable. If F is a
compact set such that H!(E) < oo, then E is Besicovitch rectifiable if and
only if the principal value of the Cauchy integral Cy1 p(z) exists for H' a.e.
re k.

The last claim completely solves the conjecture of Mattila [M]. Mattila
proved this result with the extra assumption of “non-uniform homogeneity”:

H (B(z,1))

lim inf >0 for H' ae. z € E.

r—0

Proof: We will prove the first assertion. The rest is not difficult to deduce.
We choose L, M so large that

N =

/.L(GL(l) U HM) <
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Theorem la says that with ¥(z) := dist(z,C \ (Gr(1) U Hyps)) the
operator Ky is bounded on L?(x) with norm at most ALM. Consider
Grm:=GrL(1)UHy, f=1c\g,.,,- Then (*) implies

c2<u|«:\GL,M>>:/ |01C\GL,M)\2du:/ Ko f2dp< ALM .
C C

GLJ\{) G(L,M)

The first equality is the famous formula of Melnikov-Verdera from [MV].
Notice that u(C\ Grar) > 4. But choosing larger L, M we can make
#(C\ G ) as close to 1 as we wish (recall that our convention is that
lle|l = 1). So we can scoop the measure p by pieces with finite curvature
c2. This proves the first claim of the Theorem.

The other claims now follow easily. For example, the a.e. existence of the
principal value of the Cauchy integral Cy1| () implies the a.e. finiteness of
the maximal singular integral p(x). This and the non-uniform linear
growth of H' (it always has this property) imply that a.e. finiteness of
the maximal singular integral (K31)(z) holds for ®(z) := dist(z,C\ Hu)
and any M (see Section VIII). Then p = H!|E is a Besicovitch-Melnikov-
Verdera rectifiable measure (by the first claim). The result of David and
Léger now shows that E is Besicovitch rectifiable.

To prove Theorems 1 (and, so, to prove the second claim of Theorem 1a)
we need to use our decomposition into good and bad functions. Recall that
we used the probability space (€2, P) of pairs of random dyadic lattices,
w = (w1,w2), here w; “enumerates” the i-th (i = 1,2) dyadic lattice D;.
These lattices D1, Dy are independent. We used also the notion of “good”
and “bad” squares in D; and D>. We also used the decomposition of sure
functions f,g € L?(x) to random functions

[ = fgood + foads 9 = 9good + Gbad ,

Joad = XQeD,,Q is badAQS, Gvad = LReDy,R is badARY -
The proof of Theorem 1 (and, so, of 1a) is based on the following lemma.

Lemma 5: Let u be a measure with non-uniform linear growth, let H
be the union of all M-non-Ahlfors discs, let

O(x) > dist(z,C\ Hyy),

and let @ is a 1-Lipschitz function. Consider (K¢ . f)(z) := f|y_$‘>€ ko (x,y)
f(y)dpu(y). Let B be a finite constant such that

(K31)(z) :==sup|(Ks.l)(x)] < B for pa. e. .
e>0
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Then
|(Ka fgoods Ggooa)| < ABM || f][l|g]l,

|(Kaf, 9)| < ABM[f]ll|g]l + [ Ko || R(w, f, 9),

where the expectation of the remainder R(w, f, g) has the following estimate:
ER(w, f.9) < 3l /gl

The inequalities of the lemma imply immediately Theorem 1. In its
turn, the last inequality follows from the first one and the fact proved in
the previous sections:

EHfbadH2 < 457239”.]0”23

E||gsaal® < 457*|g]1*.

The proof of the first inequality of the lemma takes a good part of
previous sections. So, Theorem 1 and la are proved.

What if we replace the function 1 by a complex valued function b (even,
say, real valued but not always positive) in one of our main assumptions:

(K3b)(z) :=sup|(Kob)(z)] < B<oo for pae x?
e>0
This is equivalent to still having the function 1 but having compler measure
1. We prefer to denote by p only positive measures, and to use the symbol
v for bd p. So now b is an L (u)-function of norm 1, and we assume that

(C*b)(z) := 21;15 [(Cb)(x)] < o0 for p a. e. .

We do not write the subscript p because it will be always the same p.

We still assume everywhere below that p has the non-uniform linear
growth condition ( unless it is stated otherwise).

Now we are in the framework of the T'b theorem rather than the 71
theorem. The main problem we encounter is that our b will not be accretive.
The second problem (we always have it in this paper) is that p has no
doubling property.

We start again by considering the set Hy; of all M-non-Ahlfors discs for
p. Again we can see that our assumption on (C*b)(x) implies (see Lemma 1)
the a.e finiteness of the mazimal singular operator:

(K3b)(z) < oo for pa. e x

for every 1-Lipschitz ® such that ®(z) > dist(x, C\ Hys)). Exactly as before
we can introduce the sets G, = G, (b) = the union of B(x,2¢¢(x)), where &g
is the maximal radius for which |(Kg ,0)(z)| > L, and Gp v = G U Hy.
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Lemma 6: Let (K3b)(x) < oo for p a. e.  hold. Then u(Gr) — 0
when L — oo.

Let U(x) = dist(z, C\Gp ar). Theset Fy = {z € supp p : ¥(x) = 0} has
measure close to the full measure of p. Unfortunately, unlike in Theorem 1a,
we cannot say that Kg is bounded on L?(y). The place where the proof
will break down is Lemma 5. The estimate for good functions will not work.
This is because Ag f is now adapted to the function b. On squares where
accretivity of b becomes very bad (or non-existent) the pieces Ag f will blow
up because the accretivity constant lives in their denominators. This was
impossible for b = 1 —it is accretive in any scale. To deal with this problem
of non-accretivity of b we need even more randomness: first let us assume
that for a certain positive 1 the union of squares (“non-accretive squares”)
@ € D1 such that

I/deu <nu(Q)

has total measure less than d, and this is uniformly true for every random
lattice D1 ( so for Dy also).

Let T; be the family of “non-accretive” squares of D;, ¢ = 1,2, in the
above sense. Let w € Q. Let 7, = Uger, Q.

We have the (strange) assumption that

w(TPUT¥) <o forallwe Q. (**)

Lemma 7: Consider any 1-Lipschitz function ®, such that ®,(z) >
dist(z:, C \ (GL,M U ’le U 7“2w)) Then

(K, fgood: ggooa)| < ALM n~2[|fl]lg]! -

This lemma is the result of our previous sections. Using the last inequality
we can obviously write

(Ko, f,9)| < ALM 07| fllllg]l + | Ko, | R(w, £, 9)

with R(w, f, g) having small average (exactly as in Lemma 5). But now it
is not clear what to do with the random norm || Kg_||. We can consider a
sure function ® = sup ®,,. It is again 1-Lipschitz and again

(Ko f.9)l < ALM 72| fIlllgll + | Kol R(w, f,9)

with small ER(w, f,g). So the bound for the norm of ||Kg| will follow by
averaging the previous inequality.
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But this is useless because our “nice” set
Fg ={z:®(x) =0} =Ny, Fp, = Nu{z: D,(z) =0}

and these random sets could easily have empty intersection.
We have, however, an extra “strange” assumption (**): pu(73¥ U 73”) <
0 for all w € Q. Then for sufficiently large L, M we have

(G UTY UTS) < 26 for all w e Q.

Notice that this means (by Fubini’s theorem and Chebyshev’s inequality)
that

u{m:P{w:xEGLMUTl”U’];"}S@}}l—m.

We can now consider the expectation of ®, rather than maximum. More-
over, as we have done in Section IV, let us now consider the truncated
mathematical expectation:

U(z) := inf{E(®, () 1s(w)) : S € Q, P(S) =1—V26}.
Now we have the good estimate for the zero set Fy:
w(Fg)>1-V26.

On the other hand, Lemma 7 can leads us to

Theorem 2: Let p have a non-uniform linear growth condition. Assume
the a.e. finiteness of maximal singular operator, namely:

(C*b)(z) := sup |(Cb)(z)| < 0 for p a. e. x

e>0

We also assume that p has the non-uniform linear growth condition. Assume
also (**). Let ®,(z) = dist(z,C\ (Gp,m U T UT5)), and let ¥ be the
truncated mathematical expectation of @, defined above. Then

)
(Kuf,g)| < ALMn=2| fllllgll + (153 + AM) R(w, f,9)

where ER(w, f,g) < Ad| fllg]-
2) In particular, | Ky|lr2()—r2() < ALMn~2.

Automatically, for the set Fiy (whose measure pu(Fg) > 1 — v/20) we have

ICN| 2 (g ) L2(Fy ) < ALMn 2.
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This theorem was proved by all the previous sections. However, the
second part of the theorem requires the estimate of || K} || via || Ky||. This is
done in [NTV2] for Ahlfors measures (i.e. measures having a uniform linear
growth condition). Completely similar reasoning for non-uniformly Ahlfors
measures (i.e. measures having a non-uniform linear growth condition) can
be found in Section XXV of the present paper.

Theorem 2 gives the analytic part of Vitushkin’s conjecture but without
the estimate of how large the rectifiable part of Vitushkin’s compact is, and
how rectifiable it is. This is because the assumption (**) does not happen
very often. In fact, why should an arbitrary non-zero complex function
b (and in applications we usually do not know anything else about b) be
accretive except for a small set? In our previous sections we achieve (**) by
localizing our considerations to an unspecified small disc around a Lebesgue
point z¢ of b, where b(zg) # 0. Clearly, this way will not lead us to the
proof of quantitative version of Vitushkin’s conjecture.

However, there is one piece of information which is usually available
about b, and which has not been used so far. Namely, we have the accretivity
of b in one —the highest— scale:

1blloc = 1, I/deu|=v>0- ()

This brings us to the quantitative version of T theorem, where b has
accretivity only at the highest scale. We do not assume (**), but we assume
(7). As always ||p|| = 1.

Theorem 3: Assume the a.e. finiteness of the maximal singular oper-
ator:
(C*b)(z) :=sup |(Cb)(z)| < oo for p a. e. x.
e>0
Also assume that g has the non-uniform linear growth condition. Assume

also (). Then there exists a set F', u(F) > %, such that

ICl L2 (Fap)— 12 (Foap) < AL(Y)M(v)y~

where M (y) = inf{M : u(Hp) < 35} and L(y) = inf{L : p(Gr\ Har(+))) <
)

The next theorem is the promised quantitative version of Vitushkin’s
conjecture. We will obtain it (easily) as a corollary of Theorem 3.

Theorem 4 (quantitative version of Vitushkin’s conjecture): Let
E C C be a compact set such that its length H1(E) = M < oo and its
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analytic capacity v(E) = v > 0. Then there exists a set F, H!(F) > =

such that diamE. M
) () EHA(F).

A(HYF) < A
(H*|F) (7 S

Proof of Theorem 3: Consider T; = maximal squares from D; such that

[ v
Q

Put 7; = Uger, @, i = 1,2. For brevity, let E = supp p. Using () we have

[ van =1 [ vdul+1 [ banl-
E T E\Ty

5
:|EQ€T1/ bdu|+|/ bdpu| < §EQGEH(Q)+N(E\71)
Q B\T:

N2

Q).

< S +nE\T).

Therefore,

WENTE), f(E\T) > 3.

We wrote the superscript w to emphasize that these are random sets. We
want to show that for some detectable (=not very small) set of z € E the
probability p(z) := P{w : ¢ € E\ (7{* U7Z3Y)} is not too small. Denote
pi(xz) == P{w : € E\ 7T¥}. Notice that the sets E \ T{¥, E'\ 73° are
independent and that E\ (7* UTZ3)} = (E\ T¥) N (E '\ 73°). Therefore,
p(x) = p1(x)?. Also

[ @ an=¢ [ 1oz dn=Bu(E\T) > .
E

Now let us split £ = S UL, where S := {z € E : pi(z)
L:={xz € E:p(x) > 3} Then we have u(L) > 7. For z €
2

p?(x) > '1’—;. For the sake of brevity we denote § = Jz. So
,u{er:P{w:er\(Tf”UTQ‘”)}>ﬁ}>%.

Now let us choose M = M(v),k = L(v) to be smallest numbers such

that - ~
Hy) € 5=, Hy) < —.
w(Hnar) 3 w(Gr \ Hur) 39
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Consider O% := Gy UT¥ UTS. Put @, (x) := dist(z,C\ O¥). Thus,
3y
p{rz € E: P{w: ®,(z) =0} > 5} > 6"

Let us introduce sure 1-Lipschitz function

Bo(z) =  inf o (2).
0(@) = o lBl)_;5up Pu(@)

Let us also fix a small positive number 7 and put
D(x) := Po(x) + 7.

All estimates in the future will not depend on 7.
We know that the zero set F' := Fg, has detectable measure:
37

u(F)>1—6.

We will need a small modification of Lemma 7 of this section.
Lemma 7a: Consider any 1-Lipschitz function ®,, such that @, (z) >

dist(z, C\ (Gp,m UT¥ UT)). Fix a small positive number e. Then we can
decompose f = fgood + fvads 9 = Ggood + gbad 0 such a way that

Ell foaall < el £1l, Ellgbaall < ellgll

and
(K., fgood> Ggood)| < ALMC(e) =2 f|llgll, where C(e) < Ae™®.

All the previous sections were devoted to the proof of such a statement
(called Lemma 7 in this section) with a fixed small absolute constant e (it
has been chosen to be 45-239). But the same proof gives Lemma 7a because
in our calculations in Section XXII we can choose a very large m and a
very large M in accordance with the smallness of e. They can be chosen
to achieve our first inequality of Lemma 7a. Then the second inequality of
Lemma 7a follows from the bookkeeping of the estimate of the bilinear form
of the operator K¢, on good functions.

Main Lemma: Operator Cg is bounded on L?(p) by AL(y)M (y)y~%°
(and the bound does not depend on 7).

Proof: Fix ¢ = ay?. Here a is a small positive absolute constant. Recall
that the splitting into good and bad functions can be made dependent on
a number . Then

Ell feaall < llF1l; Ellfoaall < ellfIl-
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Lemma 7a (with 7 = 7/2) then states the following:
|(Kava,, fgood Ggood)| < ALMC(e)y™2, with C(e) < Ae™®.
We used the notations ® V ®,, = max(®, ®,,). We use now Lemma 1.
|(Keve, f,9)| < [(Keva,, fgoods Ggood)| + [(Caova, frad, 9good)|

+ [(Cova,, fgood, Gvad)| + [(Cava, foad, gvad) + Al M1, fl|lg]l -

Notice that ®(z) > dist(z, C\ G ). Using Lemma 3 we make an estimate
in the last term:
[Myof[| < AM|f]].-

The estimate of |(Caova, foad, gooa)| + - - - involves an important lemma
and several notations. Let k, (z,y) denote the kernel of Kgvo,,. Let ¢, (x,y)
denote the kernel of Ceva,, .

Notice that

Po(,y) = |k (2, y) — co(z,y)

is a “Poisson” type kernel. In particular,

/ Pl D) dinly) < A(My o f)(2)

Consider the averaging of the kernels: k = Ek,,, ¢ = Ec,, p = Ep,. The
same “Poisson” property holds then for the average p = Ep,,):

/ P )| f @) dinly) < A (M o f)(z).

Let us also introduce operators c*, k* as follows:

(€ f)(x) := sup| c(z,y)f(y) duy)l, (" f)(x)

r>0 J|y—z|>r

:= sup | k(z,y)f(y)du(y)l.

r>0 Jl|y—z|>r

The same “Poisson” property holds then for the comparison of £* and c*
(notice that k, ¢ are defined in such a way that |k(x,y)|, |c(z, y)| < ﬁ:

(€ f)(x) < (K" f)(@) + (Myef)(x) .
We are ready to formulate the main inequalities:

(Caf)(@)] < %((c*fxx) + (Myof) (@), ()
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(Cova D) < S Na) + (10 0). ()
Let us use (MI) to estimate

[(Cova,, foads Ggood)| + [(Cava,, fgood, Gbad)| + [(Caova, foad, Gbad)] -

After that we will prove (MI). By (MI), Lemma 1 and the Poisson property
for the comparison of k* and ¢*: |(Cova,, foad, 9go0d)| < %(H(c*fbad)ﬂ llgll +

1My )9l < Z (k" fraa) gl + 2| Mre flllg]l. We continue:

A, A
|(Cava,, foads Igood)| < ??IIk A IHlgll + ?Mllfllllgll-

Collecting our estimates for the good and bad function together, we get
—2_-8 A * A
|(Kavae, f, )| SALM~y~e~%| fllllgll + ?el\k ||||f||||g||+¥M||fH||g||-

We already fixed ¢ = a?. Thus (with very small absolute a)
(Kavae, f,9)] < ALM~~ | fllllgll + Aall || Fllg]l + AM~2[|fllllg]l -

Recall that k& denotes the average of the kernel of K¢v,. Averaging the
previous inequality we get

. . A
Ik £Il < ALMA~ || fI| + Aall K[ £]] + M (kT)

In Theorem 7.1 of [NTV2] it is proved that [|k*f|] < AiC|f||+

AxC K[| £l where C stands for the Calderén-Zygmund constant of the ker-
nel. Theorem 7.1 of [NTV2] is valid for operators with Calderén-Zygmund
kernels. This is the case here because the averaging k of the Calderén-
Zygmund kernels k,, is still a Calderén-Zygmund kernel.
However, there is a difference between the citation in [NTV2] and the situa-
tion here. In [NTV2] one assumed that the measure p has a uniform linear
growth condition. Our p, however, has only the non-uniform linear growth
condition (we call such measures non-uniformly Ahlfors measures). We are
going to formulate now an analog of Theorem 7.1 from [NTV2] that is valid
for non-uniformly Ahlfors measures. First, recall that given a Calderén-
Zygmund kernel and a measure p we say that the operator 7" with kernel
k (see [NTV3]) is a Calderén-Zygmund operator if it is bounded on L2(p).
Also recall that

Mpgg(z) = sup m (/BW) Ig(y)ﬁdu(y)> :
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When 3 = 1 we write Mg(z) instead of M, g(x).

Theorem 5: Let y be a non-uniformly Ahlfors measure. Fix a positive
number M, and let R(z) := sup{r > 0 : u(B(z,r)) > Mr}. Let k(x,y)
be a Calderén-Zygmund kernel having Calderén-Zygmund constant C' and
such that

1 L]
R(z)" R(y)
Let T be a Calderén-Zygmund operator with kernel k. Fix 8 € (1,2). Then
the following Cotlar type inequality holds:

[k, y)| < min|

(T f)(x) <
< AlC[MTf](a:) + AQCMMBf(JI) + A3C||T||LQ(N)HL2(M)Mﬁf(x) . (CI)

The proof follows exactly the lines of the proof of Theorem 7.1 of [NTV2].
But for the sake of completness we give a full proof in Section XXV.

Combining this result with inequality (kI), we get
& FIl < ALMy™| £ + Aallk* | 1| + AM]| f] -

Finally, using the fact that a is very small we get the estimate for the
maximal singular operator:

IK* fIl < 2ALM~~'®||f]].

Now let us use again the “Poisson” property for the comparison of k£* and
¢ (e f)(@) < (k" f)(2) + (Myef)(z) to get

le* fIl < ALMAY| ]
Let us use the first part of the main inequality (MI) to conclude now that
ICa fIl < ALMA™*°| f]].

The main Lemma is proved.

We are left to prove (MI).

The proof of (MI) is based on two ingredients—the calculation of the kernel
c(x,y) (average of ¢, (z,y)) and on the following lemma.

As usual, given R > 0, we denote by (Myrf)(z) = sup,.p+ fB(zm)

|f ()] dp(y)-
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Blanket Lemma: Let b(z,y) be kernel such that |b(x,y)| <

\w yl*
Then we have a well-defined (b* f)(z) := sup,¢ | fly z\>r b(x,y)f(y)du(y)l|-
Let R > 0 and let ¢ be a decreasing function on [0,00), 0 < ¢ < 1. Consider
(b)) = | bz y)(lw — y)f W)dp(y)| -
ly—z|>R
Then

(b5 ) (x) < 2 (" f)(x) + 2 (Mi,rf)(2).

Proof: Consider annuli Ag(z) = {y:2¥"'R < |y — | < 2¥R}. Then
@) ~ iz [ W a)on s )ty

where ¢y, are some values (say, left end point values) of ¢(t) for t€[2*1 R, 2¥ R],
k=1,2,.... More precisely (¢o :=0)

(5@ = Sisa(6n - 6u0) | b(a ) () d (y) + Discrepancy .
ly—z|>2F-1R
Thus, the monotonicity of ¢ implies

|The first term| < ¢ | bz, y)f(y) d p(y)|

ly—z|>2R

+ Zpso(Pr—1 — o)l b(x,y) f(y)du(y)| < 2" f)(z)supo.

ly—=z|>2F~'R

On the other hand, let us use the symbol Ji to denote the jump (the oscil-
lation) of the monotone function ¢ on the interval [a, ag41]. Then

1
|Discrepancy| < Xp>1Jp 77— / |fW)ldply) -
2k-1R (,2F R)

We continue the previous estimate as follows:
|Discrepancy| < 2 (M1 g f)(2)Zk>1Jk -

But ¢ was assumed to be monotone and 0 < ¢ < 1, so the sum of the jumps
is bounded by 1. The lemma is proved.

We continue the proof of (MI). Let ¢ > ®(x). Then

v(t) == P{w: ®V &, (x) <t} >~%/16.
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It is obvious that for |z — y| < ®(x) we have v(|x — y|) = 0. Now let us
compute the kernel ¢(x,y) = Ec,(x,y). Clearly,

(
v|T — XC\B(z,®(z v(|x—y|)
ez, y) = LE=YD) _ XO\B@a) .
r—y r—y
Put 3 :=+2/16. To obtain (MI) we can apply the Blanket Lemma with
R(z) = ®(x) or R(z) =V ®y(x), with b(z,y) = <% and ¢(t) = 5.
Theorem 3 is completely proved.

XXIV The proof of Theorem 4. The quan-
titative version of Vitushkin’s conjec-
ture

Now let I' be a compact on C whose H! measure is £ and whose analytic
capacity is 7. We can think that I' consists of finitely many circle arcs.
Consider z € T" such that there exists R(x) > 0 such that

HY(B(z, R)NT) _ 1607L
> .
R Y
The union of such B(z, R(x)) is covered by UB(x;,5R;) and

SHYOB(x;,5R;)) < 116

Let G be the boundary of the complement of U;B(x;,5R;) UT'. Let F =
I'NG. It is now clear that

| "
HAG\F) < 1.

It is easy to check that there is no 1000 £/-non-Ahlfors disc for G. On
the other hand, there exists a function b on G such that its Cauchy inte-

gral is bounded by 1 outside of G (its Cauchy integral vanishes inside all
B(z;,5R;)), such that ||b||oc < 1, and such that

|/ bdH'| =7.
G

As b we can take just the Ahlfors function of I' outside of UB(x;,5R;) and
zero inside. In particular,

2£2£+%2H1(G)2%
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and c
(C*bdH")(x) < A; for H' aez € G.

Let us consider the normalized measure p := H!/H!(G) restricted on
G. Then we are under the assumptions of Theorem 3, where we can put

L = %,M = %,7 = % and get a set Fy C E with
w(Fp) = 8’H+(G)’ that is with H'(Fy) > 3, such that ||C|| L2(ky p)—12(F,0) <

2 .
Ariay;) (HY(G)/7)?. That is

12501200, < Al i) (G

Consider F* := Fy N F. Then H'(Fy) > ¥ and H'(G\ F) < & imply
that -
HYF*) > — .
(F7) 16
The advantage of F'* is that it is contained in the original set I because F
is. Also we have

1120110y < Al (i) LGV

just because F* C Fy. Use that 2L >> HY(G) > v (see above) to write
€l )2 0) < AZ(£/1)*
The last relationship and the formula of Melnikov-Verdera shows
(M F™) < (AyHL /)PP HUE) = Ay (L)) 1 (F7).

We tacitly assumed diamI' = 1. Thus, we have in general

diamI’

(M F™) < A (L)) R (F).

Theorem 4 is proved.

XXV The proof of Theorem 5. Cotlar’s in-
equality for non-uniformly Ahlfors mea-
sures

We start the proof by fixing r > 0, z € supp p, and putting # = max[r, R(x)].

Consider (T7f)(z) = fy:|y_m|2r k(z,v)f(y)du(y). Put r; = 37, pu; =
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pw(B(z,7;)). Let k be the smallest index such that 41 < 36p,—1. It exists,
because otherwise, for every k, u(B(x,7)) < 36 Fuar < 2M 36~ %1y, This is
because our radii are greater than R(x) := sup{r > 0 : u(B(z,r)) > Mr}.
We continue with u(B(x,7)) < 2M36~%32k# = 2M2~2F¢. This contradicts
the assumption = € supp p.

Let R := rp_1. We estimate |(T"f)(z) — (T3 f)(z)| < fB($7f)\B(w7,.)
[k(x, y)| | f(y)] duly) + Z§=1 fB(w,rj)\B(w,rj,l) .... The first term vanishes if
7 > R(x). Otherwise it is bounded by

L 1
R(z) /BW) [f ()l duly) = = /B . |f ()| dps(y)
= iu(B(x, 37) /B(M)lf(y)ldu(y).

And this is less than AM Mf(x) Similarly

/ k()| 1 £ ()] dpaly) <
B(z,rj)\B(z,rj-1)

Hj+1 d _
< /B L Wl

But we know that r;_1 = 37FF~lp iy < 36(36) 2 . Hence

ﬁ?—*ll < 36 - 3k’j+16’k+j’;—: < AM27%*3_ Therefore,
o )

k
k d
g /B e KD () <
k
. 1
AM Y 27— du(y) -
SAMY /B L Wl

j=1
The last sum is obviously bounded by AM M f (). We finally get
(T7 f)(x) = (T3F f)(2)| < AM M f(x).

Now we need to estimate (T3%f)(z). Consider the average Vg(z) :=

m JB(a.ry T dp First,

1(B(z,3R))

By M) < 36MITf](x).

[Vr(2)] <
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Second,

/ 1

Vi) — (TR )(x) = / 76— iy ot 4ol d

C\B(z,3R)
1

- T XBesmldu =T+ 11
W(B(o ) /B@,R) Xpean)]

Here T' denotes the operator with kernel k(y, ).

Estimate of I. Put n = 6, — mXB(LR) dp. All radii greater than

3R are M-Ahlfors for p. This and the fact that n(C) = 0 allows us to use
the Calderén-Zygmund property of k(y,z) to prove as usual (see [NTV2]

for example) that I < AM ||n]| Mf(x) < AM Mf(x)
Estimate of II. Fix 5 € (1,2). Let 1/a+ 5 =1.

1
|11 < WHXB(I,R) o 1T (fX B3R L5 ()

(fB(m’;gR) |f|ﬁ dﬂ)ﬁ

<|ITls
p(B(a, R)
Here we abbreviate ||| := ||T'[| ()15 (u)- We can continue
L~
w(B(z,9R))7 (Mpf)(x)
[T < |Tls ’

B R
< 367l (Mo f)(@) < AITl5(Ms ) ().

To estimate ||T'||g via || T]|2 we need first

Estimate of weak type via ||T||2.
Lemma (G. David): For any measurable set F' and any point = €

Supp K, _
T*xr(z) < AiM[Txr](x) + AoM + As||T||2 .

Proof: Fix z € supppu,r > 0. Put # = max|r, R(z)], where R(z) :=
sup{r > 0 : p(B(z,r)) > Mr}. Consider r; = 3/7. Put u; := u(B(z,r;)).
Let k£ be the smallest index such that pp < 6uk—1. It exists. Otherwise,
for every k, u(B(z,7)) < 6 %up < 2M6=Fr,. This is because our radii
are greater than R(x) := sup{r > 0 : u(B(z,r)) > Mr}. We continue
with u(B(z,7)) < 2M67%3k# = 2M27%7. This contradicts the assump-
tion x € suppu. Put R = rp_;. We estimate |(T" f)(z) — (T3Ef)(z)| <

(0]



k
fB(xf)\B(gg,r) k()| Ixr @) duly) + 2254 fB(x,rj)\B(x,rj,l) o The first
term vanishes if # > R(z). Otherwise it is bounded by

R0y, Wl = £ [ el duty) <2
Similarly

terton, oy D XE )] duy) < o
But we know that r;_; = 378 ~1p, ;< 6(6)"F* ;. Hence - <

6 - 3k—J+16—k+Jl:_: < AM?2~%+i_ Therefore,

k k
3 / ( 9)] [ () dpy) < AMS 2754 < AM.
j=17B@ri)\B(z,rj-1) j=1

We finally get
(T7 f)(@) = (T*Ff)(2)] < AM .

Now we need to estimate (T3fxr)(z). Consider the average Vgz(x) :=

m fB(m,R) Tx r dp Firstly, by the choice of R, we have

u(B(z,3R))

mM[TXF](x) < 6M([Txr)(x).

[Vr(z)| <
Second,

Vr(z) — (T3Rf)($) = / T [6: — 7R)XB(1,R) dp)xr du

C\B(x,3R) w(B(z,
1
R T vamldy =T +11.
w(B(z, R) /B(I,R) rnpamldp =1+

Here T" denotes the operator with kernel k(y, ).

Estimate of I. Put n = 6, — mxjg(mﬂ) dp. All radii greater than

3R are M-Ahlfors for p. This and the fact that n(C) = 0 allows us to use
the Calderén-Zygmund property of k(y,z) to prove as usual (see [NTV2]

for example) that I < A|n[| sup,>r M < AM.

Estimate of II.

1
[11] < W(B(z, R) IXB(e,r) L2 () 1T (X PrB(2,3R)) | 22 (1)
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(fB(g;,g,R) |XF|2 dﬂ)%

= B m)?

We can continue

wB(z,3R 3
1) < |7 2B 3R

n(B(z, R))?

The lemma is completely proved.

< 6%|T||2 < A||T]2 -

Now we are ready to repeat the considerations of Theorem 5.1 of [NTV2]
(with small modifications due to the fact that p is a non-uniformly Ahlfors
measure).

We are going to prove now that

1T L (-0 < A1CM + ASCT||2, (W)

where C' depend only on Calderén-Zygmund constants of the kernel of T'.
Let v € M(C) be a finite linear combination of unit point masses with

positive coefficients, i.e.,
N
V= g 0y, .
i=1

Theorem 6:

ITv| < (A1OM + A0 T2) vl -

LY ()

Here there is no problem with the definition of Tw: it is just the finite
sum
Zi]il a; K (z,x;), which makes sense everywhere except at finitely many
points.

Proof: In this proof B(x, p) denotes closed ball, B’ (z, p) denotes open ball.
Without loss of generality, we may assume that ||v| = > . a; = 1 (this is

just a matter of normalization). Thus we have to prove that ||TV||L1 (1) <
2 (n

Ay. Fix some ¢t > 0 and suppose first that u(C) > 1. Let B(z1,p1) be
the smallest (closed) ball such that u(B(x1,p1)) = % (since the function
p — w(B(x1,p)) is increasing and continuous from the right, tends to 0 as
p — 0, and is greater than % = % for sufficiently large p > 0, such p;

exists and is strictly positive).

7



Note that for the corresponding open ball B'(z1,p1) := {y € C
. . a
dist(z1,y) < p1}, we have u(B'(z1,p1)) = limy_p, —o p(B(21,p)) < ?1

Since the measure p is o-finite and non-atomic, one can choose a Borel set
FE; satisfying
a
B,(l‘l,pl) C F| C B(Il,pl) and IUJ(El) = ?1
Let B(xza, p2) be the smallest ball such that u(B(ze,p2) \ E1) = % (since
u(C) > %, the measure of the remaining part C\ E; is still greater than
1-— a1 (6]
— =)
(B (z2,p2) \ E1) < %, and therefore there exists a Borel set o satisfying

. Again for the corresponding open ball B’(xs, p2), we have

Q
B'(22,p2) \ By C Ey C B(x2,p2) \ By and 1(Es) = 72

In general, for i = 3,4,..., N, let B(x;, p;) be the smallest ball such that

i—1

a;

0 >

u(B(gc“pz)\ UEe) Z

=1
and let E; be a Borel set satisfying

i—1 i—1 o
B is Pi E, C E; C B(xi, p; E d EZ:J
(« p)\gﬁU1 ; (« p)\gﬁU1 eoand (B =~

Put E :=J, E;. Clearly

1
UB'(ﬂ%Pz‘) CEC UB(ZL’i,Pi) and n(E) = 7
Now let us compare Tv to t ), Xe\B(2s.201) TXEi =: to outside E. We
have
Tv —to = Z Vi
where
i = aiT(SZi - tX(C\B(wi,Qpi) ) TXEL .

Note now that
/ lpildp < / \T[aiéxi —tXp, d,u]|d,u
C\E C\B(z:,2pi)

—|—/ ;| T0y,|dpu =: I + o, 11 .
B(xi,2p:)\B'(zi,p:)
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To estimate I, notice that it has the form f(C\B(z,Zp) |Tn| dp with the measure
7 supported by B(z, p) and n(C) = 0. To estimate such an integral we put
7 := max[2p, R(z)] and split fC\B(w,Qp) |Tn| du = fB(z,f)\B(zgp) |Tn| du +
fC\B(LF) |Tnldp =: I + I>. The integral I5 is estimated exactly as in
Lemma 3.4 of [NTV2] because our measure is 2M-Ahlfors for disks centered
at ¢ with radii larger than #. Hence I, < ACM|n|| < ACMa;. On the
other hand using the properties of the kernel of T" we see that

1 1
I, < C'min|

2’ %]#(B(wvf))llnll < ACMa;.

Hence I < ACM«;.
To estimate II we notice that it has the form fB(z 2p)\B(2p) |T0,| dp.

This is almost the same as ;. Namely, [T < AC min[1 %}M(B(x, 2p)) <

P’
ACu (ﬁgﬁ%?j)x [plf‘(z)’p L. This is bounded by ACM because our measure is

2M-Ahlfors for disks centered at x with radii larger than R(z). Finally
Finally we conclude that

/ Ty — to|ldp < ACM Y~ a; = ACM,
C\E f

and thereby |Tv — to| < ACMt everywhere on C\ E, except, maybe, a set

of measure % To accomplish the proof of the theorem, we will show that

for sufficiently large B = B(C, M, ||T||2),
2
.

Then, combining all the above estimates, we shall get

plo| > B} <

u{x eC: |Tv(z)| > (BJrAC’M)t} <

|

We will apply the standard Stein-Weiss duality trick. Assume that the

inverse inequality p{|o| > B} > 2 holds. Then either u{c > B} > 1, or

p{o < —B} > 1. Assume for definiteness that the first case takes place and
choose some set F' C C of measure exactly % such that o > B everywhere

on F. Then, clearly,
B
/JXqu > e
C

On the other hand, this integral can be computed as

Z /C[TXEi] X\ B(as,200) W= Z/(;XEi T XF\B(wi,Qpi)] dys.
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Fix a point a: € E; C B(z;,p;). We will use again the property that
K (@,)] < 7.

T X o s 2o @) = T X\ ey @) <
</ K (y, )] du(y) < 2B maxlon o)) oy
B(z:,2p:)\B(z,p:) max|p;, R(x)]

because all disks centered at x and of radii greater than R(x) are 2M-
Ahlfors, and therefore for every x € F; Nsupp p,

rad X 5(ar 2o (8] < (T')ixp(x) + ACM < 2- AMT . (z) + ACM

according to Guy David’s lemma. Hence
/Ude,u ACMu(E )+2-A/XE-MT/Xqu.
C C

while the second one does not exceed

But the first term equals ACM

2.

2-3" ”XEH HMT XF||L2( ) <

L (u) m)—L?(p H HL ()= L (n)

Recalling that ||T” we see that one can take

= ||T
L2 (1) —L? (1) I ||L2(u)—>L2(u)’

B ACM+2 3“ ||M|| Lz( )H ||L2(;L)*>L2(,U«)

to get a contradiction. Since the norm HM I is bounded by some

L2 () —L* ()
absolute constant (the constant in the Marcinkiewicz interpolation theo-

rem), we are done.

XXVI1 Further developments

Let us recall the definitions of the Cauchy capacities. The first is the complex
Cauchy capacity (not a very good name because it is a non-negative set
function). We define it for v € M (K ):= complex measures supported on
K.

Ye(K) :={sup [v(K)| : |C¥(2)| < 1Vz € C\ K, v € M.(K)}.

The second is the positive Cauchy capacity or just the Cauchy capacity:

Y+ (K) :={supu(K) : |C*(2)| <1Vz2 € C\ K, v € M, (K)}.
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Here M, (K) is a set of all positive measures supported on K. Obviously,

Y+ (K) < 7e(K) <~(K).

We actually prove in this paper that if 7.(K) = 0 then v, (K) = 0. Also a
certain quantitative claim of this statement has been proved in Theorem 3.
It was the estimate from below for ~.(K) via y=(K) and the ratio total
variation of measure v that (almost) gives the supremum in the definition
of 7. and its absolute value v(K). This ratio (it can be uncontrollably big,
but it is always finite) can be considered as a certain concealed parameter.
To prove equivalence of 7. and v4 one would need to get rid of this concealed
parameter.

Recently Xavier Tolsa [XT3] used (INV) and a very clever “induction on
scales” that appeared in the preprint by J. Mateu, X. Tolsa and J. Verdera
[MTV], in which it is shown that the condition conjectured by Mattila
characterizes the Cantor sets of vanishing analytic capacity, to prove:

Ye 2 A’7+ :

This solves an old open problem. Actually, this implies the positive answer
to Vitushkin’s question whether the analytic capacity is semi-additive (with
absolute constant). In fact, it is relatively easy to prove that v, is semi-
additive (see [NTV2],[NTV3]). The uniform comparability of 7. and ~y4
implies uniform comparability of v and 74 (indeed, this is just an easy
approximation argument using the fact that for any compact set which is a
finite union of rectifiable curves, . coincides with ;). Thus, one gets in
[XT3] the semiadditivity of analytic capacity as a consequence of equivalence
of vy and ..

The proof in [XT3] consists of
a) a very interesting approximation of K,

b) construction of special positive measure on this approximation (call it
F) and a bounded complex function b satisfying conditions of the type
of Theorem 3 from Section XXIII above,

c¢) finally applies a variant of Theorem 3 (quantitative version of nonhomo-
geneous, nonaccretive T theorem) to p from a). The construction of
Tolsa is such that the total variation of v;= bdu becomes comparable
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v(K), with absolute constants of comparability!. So our concealed pa-
rameter is just an absolute constant, so it is irrelevant, and so equivalence
of . and 4 follows:

Ay (F) > 7 (K).

But F is sufficiently close to K and Avy;(K) > ~.(K) follows with
different but absolute constant A.

Higher dimensions.

In R™, n > 2, one should consider a set K say lying in the ball By =
B(0,1) and functions harmonic in B\ K, B := 4By. We consider all Lips-
chitz functions of that sort, meaning now all function harmonic in B\ K,
whose gradient in B\ K is bounded by 1. Call such a class LH(K,1). Then
one can introduce Lipschitz harmonic capacity (actually it has been intro-
duced by Paramonov, see e. g. [P], [MP]). Let S(0,2) denote the sphere
centered at the origin and of radius 2.

Ju
K):= sup/ —ds|,
Y(K) l 502 I !

where supremum is taken over the class LH(K,1).
One introduces also

Ou
Y4+ (K) :=sup —ds
+( ) ‘ 5(0,2) on

)

where supremum is taken over functions from LH (K, 1) subharmonic in B.

This are direct analogues of analytic capacity and positive capacity. For
example 4 (K) immediately relates to positive measures p on K such that
its Riesz potential &+ is bounded by 1in B \ K. And v(K) immediately
relates to complex measures (actually to distributions) v on K such that its
Riesz potential 7 # v is bounded by 1 in B \ K.

One can prove the following result.
Theorem 8: In R A, v, (K) > ~v(K).

The proof requires the modification of [XT3] as in this paper the au-
thor used the notion of curvature in an essential way, and this notion is
unavailable in R™, n > 2.
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