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Abstract

We keep track of periodic wave trains for some classes of one di-
mensional nonlinear reaction—diffusion partial differential equations.
This periodic wave trains can be seen as limit cycles of some planar
differential systems. We use standard techniques within the multiple
Hopf bifurcation framework.
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1 Introduction

In this paper we study the existence of periodic travelling wave solutions for
some non-degenerate one dimensional reaction—diffusion equations of the
form

% - % [D(u)gﬂ + flu,uy), (1)
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where the diffusion function is such that D(u) > 0, for all « > 0. This type
of equation arises in many mathematical models for the study of biological
and chemical systems, as well as in heat transfer (see [12, 17, 24, 30], and
[34] and references therein for example).

A travelling wave of equation (1) is a solution of the form wu(x,t) =
o(x — ct). A periodic wave train (PW'T, from now on) is a travelling wave
which corresponds to a periodic function ¢. The existence of these type of
solutions can be determined by studying the main features of a system of
ordinary differential equations called travelling wave system. This system
is obtained as follows: Set w(z,t) = ¢(€) (where & = x — ct), by direct
substitution of this expression in equation (1), we obtain

D(¢)¢+cd+ D'(9)(9)* + f(¢,6) =0,
where {} := d/d¢. Taking v := ¢, we have

¢ = v?
{D(fb)i) = —cv — f(¢,v) — D'(9)”.

After the time reparametrization given by d¢/dr = D(¢), we have

¢/ = D(¢) U, (2)
v = —cv— f(¢,v) — D'(¢p)v%.
where {'} :=d/dr.

In the case that a singular point of system (2) is a centre (i.e. there is a
neighbourhood of the singular point (called the period annulus) foliated of
periodic orbits) there is a continuum of periodic wave trains unfolding the
homogeneous steady-state solution which corresponds to this singular point.
On the other hand, the presence of limit cycles (that is, isolated periodic
orbits) in system (2), leads to the existence of isolated periodic travelling
waves or isolated periodic wave trains (IPWT, from now on).

Therefore, the main idea of the paper is the following: by keeping track
of the periodic orbits that can appear in the travelling wave system, we
are able to find conditions for the existence of periodic wave train solutions
of equation (1). The bifurcation of PWT for two dimensional reaction—
diffusion equations via generic Hopf bifurcation have been deeply studied
previously (see [12, 13, 16, 17, 11] or [24] and references therein). However
in this paper we mainly focus on the bifurcation of small amplitude isolated
periodic wave trains (SATPWT), via multiple Hopf bifurcation.

All the results of the paper rely on known theoretical developments of
planar ordinary differential equations. Except on the ones concerning the



worked example in Section 4.1.1, no new results concerning planar differ-
ential systems are presented. Our contribution consists in the intensive use
of this results in the context of the search of PWT for one dimensional
reaction—diffusion PDE. Our aim is also to point out that the use of the
main techniques for the study of limit cycles of planar differential system
can contribute to the theory of travelling waves.

The paper is structured as follows: In Section 3 a generic Hopf bifur-
cation (AH bifurcation, from now on) of SAIPWT result is presented for
equations of type (1) under some additional conditions (which are inspired
in the ones studied by Sdnchez—Gardufio and Maini in [30, 31, 32] and [33])
that lead to the existence of a singular point of weak focus type for system
(2).
Section 4 is devoted to study the Hopf bifurcation of SATIPWT for PDE
of type (1) with constant diffusion and cubic reaction term. This solutions
can be seen as limit cycles of a Kukles’ system, which constitutes a well
studied family of differential systems.

In Section 5, we use the Corduneanu’s idea ([7]), to we present a multiple
Hopf bifurcation result for PDE of type u; = [D(u)ug]. + f(u,uy), where
fu,uz) = h(uw)uy + g(u). These PWT can be seen as limit cycles of a
Liénard’s system. We also make review on the known results on limit cycles
in Liénard’s equations that give rise to IPWT (not necessarily coming from
Hopf bifurcation) for this class of reaction—diffusion equations.

For the sake of completeness we present a brief description of the AH
limit cycles’ bifurcation framework, and the Lyapunov—Poincaré centre prob-
lem in Section 2.

Acknowledgement: I wish to thank Prof. Armengol Gasull for introduc-
ing me to this topic and addressing me to the works of Sanchez-Garduno &
Maini, and Dr. Joan Torregrosa for let me use his Maple codes for the com-
putation of the Lyapunov constants of Lemma 5. I also want to acknowledge
Dr. Christopher for helpful information concerning Kukles systems. I also
appreciate the valuable help of Maria Julia.

2 Lyapunov—Poincaré centre problem and the
multiple Hopf Bifurcation

An isolated singular point of a non—linear planar analytic differential system
is said a weak focus, if it has a pair of purely imaginary eigenvalues. When



the singular point is at the origin the system may be written as

T Z—y—FP(J?,y), (3)
y =T+ Q(gj, y)a
where P and @ are analytic in a neighbourhood of the origin and with terms
of order at least 2. In this case, the origin can be either a centre or a focus.
The problem of distinguishing between these two types of singular points
is known as the Lyapunov—Poincaré centre problem, and it is still an open
problem in the sense that, we only know the characterization of the centres
for few families of planar differential systems.

For such a system we consider the Poincaré’s first return map, which is
analytic in a neighbourhood of the origin, given by II : [0, ) — R, where
the intervals. At any point (z,0) € R?, 0 < 2 < «, this map gives the first
return (II(z),0) to the semi-axis OX* of the orbit passing through (z,0).
Obviously IT1(0) = 0. The Taylor series of the return map is given by II(z) =
T+ Y, (M (0)/n!) z™. 1t is well-known (see [1]; Chapter IX) that the
first non-vanishing nonlinear term appearing in the return map, if there is
one, will have odd degree. The constant Va1 = II2*+1(0)/(2k +1)!, is
called the k-th Lyapunov constant.

The role of the Lyapunov constants in the centre problem is the follow-
ing: if for some k > 1 we have Vg3 = V5 = ... = V51 = 0 and Vo417 # 0
then the origin is a weak focus of multiplicity k, while if all the Lyapunov
constants are zero then the first return map is the identity map and the
origin is a centre. If system (3) is represented by a parametric family, then
it can be proved that the Lyapunov constants are polynomials in the coef-
ficients of P and ). One can therefore obtain necessary conditions for the
origin to be a centre by imposing the vanishing of the Lyapunov constants
on these coefficients. This means that if P and @ are polynomials of a fixed
degree, by the Hilbert’s basis Theorem it is only necessary to compute a
finite number of Lyapunov constants to obtain the characterization of the
family. However, in general, one does not know how to determine if a large
enough number of constants have been computed to guarantee that the sys-
tem has a centre at the origin. There is not known algorithmic approach to
answer this question.

The Lyapunov constants also play a role in the study the bifurcation of
periodic orbits from a weak focus, the so called small amplitude limit cycles
(this phenomenon is the very well known Hopf bifurcation). The mechanism
of the Hopf bifurcation is the following: Given a parametric family of planar
differential systems

(4)

T :PAo(xay)7
y :QAo(xay)7



where Ay € R™ is a parameter’s vector, and such that V; := exp (% + 88%)

(0,0)=1,V; =0forj=2,...,2k, and Vor11 # 0, if we take A close enough
to Ag and such that

[Vor—1| << |Var4a], and Vg - Vayqq <0,

for I =1,...,k. At each step, the origin reverses stability and a limit cycle
bifurcates in a small region of the singular point. Hence we have bifur-
cate exactly k small amplitude limit cycles. This mechanism is illustrated
constructively in the proof of Theorem 4 of Section 4.1.1.

Using the Hopf bifurcation theory we can obtain “at most type” exis-
tence results for SAIPWT. Of course, this type of results can be reinter-
preted as “at least type” existence results for IPWT.

3 Bifurcation of SAIPWT from steady states

System (2) defines a one-parameter family of rotated vector fields with pa-

rameter c. Recall that a one-parameter family of planar differential system
given by

r = P(x,y,c

{ (2,y,¢), (5)

y = Q(%y,c),

is said to define a one-parameter family of rotated vector fields (or it is a
rotated system)

X(2,0.6) = Pl o) 5 + Qo) 5 (©

if the singular points of system (5) are isolated, fixed for ¢, and for all the
regular points we have that

P Q. > 0, (7)

(respectively < 0). Observe that if we set © := arctan(Q, P), condition (7)
implies that the vector field (6) rotates in positive (respectively negative)
sense as ¢ increases.

The singular points of system (2) are isolated, and setting P(¢,v,c) :=
D(¢)v and Q(¢,v,c) := —cv — f(é,v) — D'(¢)v?, we have that

P Q
PC QC

I

= —D(¢)v? <0.




Hence system (2) defines a one-parameter family of rotated vector fields.

Duff, in [6], proved that for a rotated system of the form x = A(c)x +
F(x,c), such that F € C? in a neighbourhood of the origin, starting with
terms of order at least two, and such that for ¢ = ¢, Spec(A(cy)) € iR,
and the origin is not a centre; the origin absorbs or generates exactly one
limit cycle at the bifurcation value ¢ = c¢,. Therefore we have the following
bifurcation result.

Proposition 1. Ifc = c., Py, (¢+,0) is a weak focus of system (2) and it is
not a centre, then a unique SAIPWT is absorbed or generated by the steady
state u(x,t) = « at the bifurcation value ¢ = cy.

Example: In [30, 31, 32] and [33], Sdnchez—Garduno and Maini have inten-
sively studied the existence of travelling wave solutions of front, pulse and
sharp type, as well as the existence of continuum of PWT (in the hamilto-
nian) case for PDE of the form

ou 0 [ D(w) ou

5|+ ot )

ot ox
In particular, Sdnchez-Gardufio and Maini in [33], studied the existence of

travelling wave solutions of the mentioned type for PDE of the form (8),
under the following assumptions

Assumptions (SGM):

(a) ¢g(0) = g(1) =0, and g(a) = 0 for a number o € (0,1), and g(u) # 0
otherwise.

(b) g(u) € C2([0,1]). ¢’(0) <0, ¢’(a) > 0, and ¢'(1) < 0.

(c) D € C%([0,1]); D(0) =0, D(¢) > 0 for all ¢ € (0,1]. D'(u) > 0 for all
¢ € [0,1], and D"(0) > 0.

Conditions (SGMa) and (SGMb) give rise to the existence of the homoge-
neous steady state solution of (8) u(x,t) = «, corresponds to the singular
point P,(a,0) of the associated travelling wave system (2). If ¢ = ¢, := 0,
then P, is a Hamiltonian centre of system (2) (giving rise to a continuum
of PWT), if ¢ # 0 and ¢ < D(a)g’(«), then P, is a robust focus of the
planar travelling wave differential system, hence no IPWT bifurcates from
this steady state for ¢ = 0.
Consider now the equation

ou_ o
ot Oz

D3|+ o0+ ha ) )

satisfying Assumptions (A):



(a) g(0) = g(1) =0, and g(a) = 0 for a number o € (0,1), and g(u) # 0
otherwise.

(b) g(u) € C3([0,1]). ¢’(0) <0, ¢’(a) > 0, and ¢'(1) < 0.
(¢) D ec2([0,1]); D(¢) > 0 for all ¢ € (0, 1].

(d) There exists p > 0 such that h(u,u;) € C*(D,(P,)), h(u,0) = 0,
vh(u,v) > 0in D,(Py) \ Pa, and hy(a,0) = 0.

Using Duff’s Theorem we will see that for ¢ < 0, a unique SAIPWT bifur-
cates from the steady state u(x,t) = a. Indeed, the associated travelling—
wave system is

¢’ =D()v,
{v' = —cv—g(8) — h(d,0) — DB 1)
Easy computations show that
¢ [eY
V(o) = 5 (D@0 + [ Dlslgle)ds = [ Dsas) ds

has a local minimum at P,. Hence we can use it as Lyapunov Function, to
determine the stability of P, (this functions was introduced in [30] and [33]
as a hamiltonian for the travelling wave system associated to the PDE (8)
for ¢ = 0). The orbital derivative of V (¢, v) under the flow of system (10)
is iV
o = D(e) (D'(6)vd+ D(9)b) + D(@)g(¢)d = -

= —cD?*(¢)v* — D(¢)vh(¢,v).

Using conditions (A) we have that (dV/dr)(¢,v) < 0 for all (¢,v) € D,(P,)
if ¢ > 0, hence P, is an asymptotically stable weak focus for ¢ = ¢, =
—hy(a,0) = 0. On the other hand P, is a robust stable (respectively unsta-
ble) focus if ¢ > ¢, (respectively if ¢ < ¢,). Duff’s theorem implies that P,
generates a unique limit cycle which grows monotonically when ¢ decreases.
This limit cycle corresponds to an IPWT of equation (9) bifurcating from
u(z,t) = a. d

Consider now that equation (1), satisfying Assumptions (B):

(a) f(0,0) = f(1,0) = 0, and f(c,0) = 0 for a number o € (0,1), and
f(u,0) # 0 otherwise.

(b) f(¢,v) € C¥(R?). f4(0,0) <0, fs(r,0) >0, and f,(1,0) < 0.



(¢) D(u) € C*(R); D(u) > 0 for all u > 0.

Under assumptions (B) (inspired in those of [33]), the steady state
u(z,t) = « can be associated to a weak focus of the travelling wave system,
which is a possible source of SAIPWT.

Assumptions (Ba) and (Bc), imply that Py(0,0), Pi(1,0) and P,(«,0)
(where a € (0, 1)) are the unique singular points of system (2), which corre-
spond to steady—state solutions of equation (1). First part of Assumptions
(Bb) and (Bc) have the following motivation: if both D(u) and f(u,us)
are analytic functions, then system (2) has analytic right-hand sides, hence
if P, is a weak focus, it can be either a centre or a focus, excluding the
possibility of this singular points to be an accumulation of isolated periodic
orbits. This is a consequence of the results of finiteness of limit cycles of
Ecalle and II"Yashenko (see [14] for instance).

Let DX (¢, 0) denote the differential matrix associated to the singular
point (¢,0). Then

Spec (DX (6,,0)) = {W}

where VYoo = _(C+fv(¢*7 0))7 and A(Iﬁ* = (c+fv(¢*7 0)2 _4D(¢*)f¢'(¢*’ 0)
Taking into account conditions (Bb) and (Bc), is easy to see that Py and
Py are hyperbolic saddles of system (2). Also observe that if A, > 0, then
P, is anode, and if A, < 0 and v, # 0 then P, is a focus. In both cases the
stability of P, is given by sign(vy,). If 74 = 0 (that is, when ¢ = — f,,(«,0))
then A, < 0, so Spec (DX (P,)) € iR. In this case P(«) is a weak focus.

Consider equation (1) together with assumptions (B). Set D(u) =
Yisodiut and f(u,uy) = D1 fijulul. An straightforward computa-
tion shows that P, is a weak focus of system (2), if and only if

¢ = ¢ = —fp(a,0).

The singular point P, is a (robust) stable focus if ¢ — ¢, > 0 (respectively
unstable ¢ — ¢, < 0).

Tedious computations, not reproduced here, show that after the trans-
lation of P, to the origin, and the scaling and reparametrization, given by:
é=¢—a, p=¢/a, and dr/ds = b, where

a=—=D(a)/\/D(@)fs(,0), and  b=1//D(a)fs(e,0),



system (2), is transformed into system

d

& 3 Spt,

38 k20 (11)
v ,

75— o + 3 et + Y et
S k+j>1 k>0

where

5k = bak71 Z dn (Z) Oznik

n>k

n\ .
Vej = —ba” Z fn.j <k>a" F

n>k

. —1
i = —ba® Z nd, (n i )a"_k_l

n>k

Observe that system (11) is a system of type (3), since 69 = —1, and
1,0 = 1. From the result in [1], p. 252, the first Lyapunov constant of this
system is

v
V3 = v (—370,3 — V2,1 + Hov1,1 + Y0,271,1 + Y2,071,1) (12)

Hence we obtain the following result:

Proposition 2 (Generic Hopf bifurcation). Consider equation (1) sat-
isfying assumptions (B). At most one SAIPWT can bifurcate from the steady
state solution u(x,t) = a, when ¢ = ¢, and Vi # 0. One SAIPWT bifurcates
from the steady state for a small enough perturbation of the coefficients such
that (¢ — ci) - V3 > 0.

Example: One SATPWT bifurcates from the steady state solution u(z,t) =
1/3, of equation

0
up = 5o [(9u® — 6u +2) uy| — u+uy +4u® — 3u® + v’u, +ud,  (13)
x
for ¢ < —10/9.
Using the above computations it is easy to see that the travelling wave
system associated to equation (13) has a weak focus at P; /3 if and only if



¢ = ¢, := —10/9. In this case the particular form of the associated system

(11) is

d

dio _ 227¢2v

di (14)
- - 3‘/_<p + v — 247<p3 3‘/_<p v+ 2702 — \éﬁvs.

3
From the expression (12), we have V5 = —gﬂ'\/g, hence a generic Hopf bi-

furcation of a limit cycle . occurs when ¢ < —10/9. O

We want to remark that in [8], the expressions for the Lyapunov con-
stants V3, V5 and V7, for a general system of type (3) are given. Thus
in principle, we are able to present a more general result on multiple bi-
furcations of SAIPWT. At this stage we have decided not to translate its
expression into the coefficients of the travelling wave system because they
are extremely large. In summary, to make progress we must consider par-
ticular cases of equation (1). This is done in the following sections.

4 PWT in equations with constant diffusion
and cubic reaction term

The aim of this Section is to show some results for a more concrete family
of PDE than the one presented in Section 3. We are interested in charac-
terizing the existence of periodic wave trains solutions of the particular case
of equation (1) with constant diffusion D(¢) := d and cubic reaction term

flu,ug):

(?;: = + Z fijutud (15)
1+j=1

Equation (15) obviously satisfies equation (Bc), the particular form of
assumptions (Ba) and (Bb) are the following: (Ba) fsg = fio/a, fao =
—fio(a +1)/a, and (Bb) f1p < 0.

After some changes of variables an a time scaling, the associated travel-
ling wave system can be turned into a special kind of cubic planar differen-
tial systems known as Kukles systems. This systems are the class of planar
differential systems of the form

x - yu
16
{29 = —x + a17% 4 aszy + azy® + asx® + asx’y + asry® + ary’, (16)

10



and have been intensively studied in the last years.
The particular form of system (2) for equation (15) (which is:

¢ =dv,
{v’ = —cv — f(¢,v). (a7)

where {'} := d/dr) can be transformed into a Kukles system.

Indeed, assumptions (Ba) and (Bc) imply that P;(1,0) and P,(«,0)
(where o € (0,1)) are the only singular points of system (17). Assumption
(ADb) implies that f,(0,0) <0, fy(e,0) > 0, and f4(1,0) < 0. Hence we are
under the framework of Section 3. Therefore Py(0,0) and P; are hyperbolic
saddles of system (17).

Let DX (P,) denote the differential matrix associated to the singular

point P,.
« =+ Aoz
Spec (DX (P,)) = {72”}
where 7, 1= —(c+ fo1 + fiia + fa1a?), and

Aa = 02 =+ 2Cf01 + 20f110£ + 26f210[2 + fgl + 2f01f1101 + 2f01f210[2
+ /102 + 2f11 fa10® + fFa* — ddfipa + 4Adfyo.

If A, >0, P, is anode. If A, < 0 and 7, # 0 then P, is a focus.
In both cases the stability of P, is given by sign(v,). The eigenvalues of
DX (P,) are pure imaginary numbers when v, = 0. Indeed, 7, = 0 if and
only if ¢, := —(fo1 + fiia + fa102). In this case A, = —4d fio(a — 1) < 0.

Hence
Spec (DX, (Pa)) = {iz’\/d(a - 1)f10} .

We translate P, to the origin, and perform the scaling and reparametriza-
tion given by: ¢ = ¢ — a, ¢ = ¢/a, and dr/ds = b, where

a=d/+\/d fiop(a—1), and b=1/vd fio(a—1),

obtaining that system (17) is transformed into a Kukles’ system of the form:

r =Y,
{y =~z + a12® + azwy + azy? + asx® + a5y + asry® + ary’,

11



where

= d(2a—1)n a __Qfaa+ fin)
YT a=1Da T frola—1)
d
az == n(fiza + fo2), as:= " Fola—1)2a’ as)
as = ﬂﬁ g = — J21d
"~ fiole=1)7 © fio(a=1)

a7 = fo3m. where n:=—1/+/d fiop(a —1) .

4.1 SAIPWT for equation (15)

In [20] Lloyd and Pearson, and in [28] Sadovskii, proved that under some
appropriate conditions, the origin of a Kukles system of type (6) can be a
weak focus of order six, and six limit cycles can bifurcate from the origin.
Hence there are PDE of type (15) with at least six IPWT. On the other hand
Christopher and Lloyd (in [3]; Theorem 3.3 and Corollary 3.5), proved that
in the case that a; = 0 (that is fo3 = 0) the origin of system (16) cannot be
a weak focus of order greater than five. They also characterized when the
origin of (16) is a weak focus of order five, and obtained a system of five
small amplitude limit cycles. Hence we have the following corollary of their
results:

Proposition 3. Consider equation (15) satisfying fi0 < 0, fso = fio/c,
and f20 = 7‘](.10(0[ + 1)/0[

(i) At least six SAIPWT can bifurcate from the steady state u(z,t) = «,
for some particular cases of PDE of this type.

(i) Assume fo3 = 0. At most five SAIPWT can bifurcate from the steady
state u(z,t) = a. Furthermore there are PDE of this type with at least
five IPWT.

4.1.1 Worked example: a 5—parametric travelling wave system
In the following we present the following example of 4-parametric equation

of type (15), to illustrate the mechanism of bifurcation of SATIPWT:

Uy = dum—%u+f01uz+%u2+f11uum+ui7u3 19)
19
+ foru? ug + uul + ul,

12



The set of parameters of the PDE is {d, fo1, f11, f21}- We want to stress
that this reaction term is a generalization of the reaction term f(u) =
u(1 — u)(u — 1/2), presented in some examples in [33].

For this equation there are three unique steady state solutions given by
u(z,t) = k, where k € {0,1/2,1}.

Set ¢y := —fo1 — %fll - %fzh fi = % + %f21(2d— 3), and

1 243 + 24d — 576d? £ /(243 + 24d— 576d2)2 — 128d%(756d — 63)

f21 (d) = 2 )
64d

for all d such that (243 + 24d — 576d%)? — 128d?(756d — 63) > 0 (that is

d ¢ I := (di,dy) where d; ~ 0.5120160849, and dy ~ 0.9830783266). And

finally let d, be the only positive root of

P(d) =24772608d° — 5603328d" + 9289728d° — 5462016d° — 77153280d*
+ 33258448d° + 40557018d% — 5960187d — 4516155,

(d« =~ 0.4117675). The main result of this section is the following:

Theorem 4. Consider equation (19) satisfying fi0 < 0, fso = fi0/c, and
fo0 = —fro(a+1)/a. The following statements hold:

(a) At most one SAIPWT can bifurcate from the steady state u(xz,t) =
1/2, when ¢ = ¢, and fi11 # fi;. Furthermore, in this case, one
SAIPWT bifurcates from u(x,t) = 1/2, for a small enough perturba-
tion of the parameters such that (f11 — fi7)(c — cx) > 0.

(b) At most two SAIPWT can bifurcate from u(z,t) = 1/2, when ¢ = ¢y,
fi1 = fi1, and 32d? f3 + (576d? — 24d — 243) fo1 +756d — 63 # 0, (that
is fo1 # fzji (d)). Furthermore, in this case, two SAIPWT bifurcate
from u(xz,t) = 1/2, for a small enough perturbation of the parameters
such that either:

(Z) C > Cy, f11 > fl*l and f21 € (fi(d),f;i(d)), or
(ii) ¢ < e, fu1 < fiy and far ¢ (f51(d), f21(d)).

(c) At most three SAIPWT can bifurcate from u(x,t) = 1/2, when ¢ = ¢,
fi1 = fi, fa = fgil(d), and d # d,. Moreover, in this situation at
least three SAIPWT bifurcate from u(x,t) = 1/2, for a small enough
perturbation of the parameters such that either:

(i) ¢ < cx, f11 < fi1, for < fo1(d) with d € (dx,+00) \ 14, or

(ii) ¢ < cy, f11 < f11, and far > f;l(d), or

13



(i4) ¢ > cv, f11 > fi1, f21 € (fo1(d), £51(d)) and d € (0,d..).

(d) At most four SAIPWT can bifurcate from u(x,t) =1/2 when ¢ = c,,
fir = fi1, faa = fx1(d), and d = d.. Furthermore four SAIPWT
bifurcate from u(x,t) = 1/2, for a small enough perturbation of the
parameters such that ¢ < cx, fi11 < fi1, fo1 < fo1(d), and d > d..

(e) There is not a choice of the parameters such that there is a continuum
of periodic wave train solutions of equation (19) unfolding the steady
state solution u(x,t) = 1/2.

The SAIPWT bifurcating from the steady state solution w(z,t) = 1/2,
can be seen as small amplitude limit cycles arising from the singular point
Py /5 of the associated travelling-wave system, which is the following 5-
parameter system:

é =dw, (20)
b = 50— (for + )v— 3¢°— fugpv— 02+ ¢® = ford’v— v — V7.

It is easy to see that Ay o = (c+ for + %fu + %f21)2 —d, and vy /5 =
—c— fo1 — %fll — ile. Hence P/, is a singular point of weak focus type
for system (20), if and only if ¢ = ¢, := —fo1 — %fu — %fgl, (in this case

Spec (DXC* (Pl/g)) = {:I:z@}) On the other hand P, /; is a stable focus if
¢>c, and d > (¢ — ¢,)?, (unstable if ¢ < ¢, and d > (¢ — ¢4)?).
At this point, the main steps of the proof are the following

(1) Transform system (20) into the canonical form (3).

(2) Compute the Lyapunov constants of the origin of the transformed
system.

(3) Characterize all the kind of weak focus that appear in the family and
determine its order.

(4) Starting with each type of weak focus, find a sequence of perturbations
such that each of them reverses the stability of the origin.

After the translation and the reparametrization given by b =0d¢—aq,
© = —2V/d, and dr/ds = 2v/d/d, system (20) is written in canonical form:

¢ =
Vo= + @ Wd(fi1 + far)pv — 30 — 16dV/dp® (21)

— ford@?v + 4/ dpv? — 21}3} .
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To compute the Lyapunov constants of the origin of (21), we have computed
the first four constants for a general cubic system. The computations of the
Lyapunov constants have been done using an implementation on MAPLE
V release 4, of the algorithm developed by A. Gasull and J. Torregrosa (see
[10]). The total time of CPU was 38.2s on a Pentium III 846MHz. The
result obtained is summarized in the following result (Step (2) of the proof
of Theorem 4):

Lemma 5. the first Lyapunov constants of system (21) are given by
(i) V3 = %77§ (6f11 +6f21 —3 —4fad).

(ii) Vs = 27¥2 (32d2 f3, + (576d% — 24d — 243) for + 756d — 63).

(iii) Vi = 25w ¥ (1536d" for + 26082 for — 1701 fo1 — T8 ford — 441
+6102d + 28842).
(iv) Vo is a positive constant whose value is Vy ~ 28582.24584.

The previous result leads to the following one, which characterizes the
weak focus and gives its stability and order, (Step (3) of the proof of The-
orem 4).

Proposition 6. The following statements hold.

(a) Pyjy is a stable weak focus of order 1 of system (20), if ¢ = c., and
f11 < ffy (respectively unstable if f11 > f17).

(b) Pyjs is a stable weak focus of order 2 of system (20), if ¢ = c«, f11 =
fi1, and

32d? 2, + (576d* — 24d — 243) fo1 + 756d — 63 < 0,

in other words if and only if fo1 € (for(d), fo(d)). (respectively un-
stable if fa1 ¢ (f51(d), f31(d)))-

(c) Pijs is a stable weak focus of order &8 of system (20), if ¢ = c., f11 =
fi1 and either fay = f3i(d) (with d ¢ 1), or for = f5r(d) for d €
(ds, +00) \ Iy (respectively unstable if fo1 = f31(d) for d € (0,d.)).

(d) Pyjy is an unstable weak focus of order 4 of system (20), if ¢ = cx,
fin=fi1, far = f51(d) and d = d,.

15



Proof. (a) Trivial from Lemma 5 (i).
(b) Set f11 = f17, thus V3 = 0. From Lemma 5 (ii) we have that

sign(Vs) = sign (32d° f3, + (576d> — 24d — 243) fa1 + 756d — 63) ,

and V5 = 0 if and only if fo; := fZil(d). It is easy to check that V5 < 0 if and
only if fa1 € (f3;(d), f5;(d)), and conversely Vs > 0 if for & (f5;(d), f51(d))

(c) Set ¢ = c., f11 = ff; and for = f5i(d) (thus V3 = V5 = 0). Some
tedious computations shows that V7|{C:C*7f11:f1*1’f21:f2+1(d)} <0, forallde
R\ I,

On the other hand a large computation shows that

_ (V ) +1 if and only if d € (0,d,),
s1gn T femcn fiqm F*  for—f = ) )
[fe=ew fu=/iv fa=Fan (@) —1 if and only if d € (ds, +00) \ 14,

where d, is the only positive root of

P(d) =24772608d° — 5603328d" + 928972845 — 5462016d° — 77153280d*
4 33258448d° 4- 40557018d* — 5960187d — 4516155.

(d) Trivial from Lemma 5 (iv). [ |

By the classical multiple Hopf bifurcation theory at most k limit cycles
bifurcate from a weak focus of order k, hence to end the proof we only have
to proof that the proposed perturbations of the coefficients give rise to the
prescribed bifurcation of limit cycles (Step (4) of the proof of Theorem 4).

We will proof that the proposed perturbations stated in Theorem 4 (a)
and (d) produce a bifurcation of one and four small amplitude limit cycles
respectively. The proof of statements (b) and (c) are analogous.

Proof of Theorem 4. (a) If ¢ = c. and f11 # fi], then V3 # 0, hence P, /; is
a weak focus of order 1. Assume that fi1 < f{}, so P/, is stable. Taking
a small enough perturbation of ¢ such that ¢ < ci, Pj/p turns to be an
unstable focus. Hence an Hopf bifurcation of a stable limit cycle occurs.
Conversely if fi1 > fi7 and c is taken so that ¢ > c,, a bifurcation of an
unstable limit cycle takes place.

(d) Step i: If ¢ = c., f11 = fi1, fa1 = f55(d), and d = d,, then V3 =
Vs = V7 =0 and Vo > 0, hence P/, is an unstable focus of order 4.

Step ii: Taking d > d. (d ¢ 1), we obtain V7 < 0 and then P;/, turns
to be a stable focus so that an Hopf bifurcation of an unstable limit cycle
takes place.

16



Step iii: If we take fa1 < f5;(d), we have that V5 > 0, the singular point
turns to be an unstable focus and a new bifurcation of a (stable) limit cycle
takes place. By continuity the unstable limit cycle persists.

Step iv: If we now consider f1; < fi;, then V3 < 0. Therefore a new
unstable limit cycle has bifurcated from P ;.

Step v: Finally, taking ¢ < c. (f11 > fiy, fo1 < fo1(d), and d € (0,d.)),
we produce a new stable limit cycle bifurcating from the singular point. [

4.1.2 General double Hopf bifurcation for equations of type (15)

The expressions of the Lyapunov constants for a general system of type (16)
are extremely large, hence it is not worth to present a result showing the
explicit conditions for multiple bifurcations of SAIPWT. With the aim of
illustrating this, we present the following result which gives explicitly the
first conditions for a double bifurcation of SATPWT. Set

7T 1
4froa(a—1)2\ dfio(a—1)
(=3afos fio + 6a° fos fio — ferda + 2 fi1ad — friafor + fi1a® fiz
— fud— 2f21043f12 + 2f210é3f02 + 3f21012d — 2f2102f02
+2fo10” fia — f11 frze® + f110° foo — 3043f03f10)7

V3 =

and

™
- 24df3 (e — 1)5a3y/dfro(a — 1)
(T2df310° fi1 fr2 + T2df310° f11 for — 264d0® f31 fos fro0
+ 88da’ £31 fos fio — 168d°a° f31 f11 — 88da” fo1 fi1 fos fio
+120d%a° 31 fir — 88da’ f31 fos fro + T2d°0” f3, — 22da® f1 fos fro
+66d°0° 1 fa1 + 387 fr00” frafia fi1 + 129 froa” fis fu
— 258 f100” fia f21 — 129 f10a® fia fi1 + 264da’ fa1 f11 fos fro
— 264da” fo1 f11 fos fro + 48d°a” 3, fi1 + 264da” f31 fos fio
+ 66da’ fi1 fos fro — 66da’ 1 fos fro — 96d°a’ 71 fa1 + 30d°a” 7 fa1
+22da’ f1) fos fro + 387 fr0a® fia for fi1 + TT4f100° f12 f3a fo1
+ 258 f100” fi2 foa f21 + 129 froa” fia foa f11 — TTA 100" fi2 f3a for
+ 57 f100° f12d” f11 + 86 froa 0fia fa1 + 21 frod’a” fi1 + 76 f100” fr2d” f11
+ 774 f100" fia fo2 f21 + 235 froa® fia foadfin — 64 froa” fradfin
+ 258 f10a” fia fo1 — 258 froa” fi2 foa for — 129 froa® f12 foo f11
— 591 f100” f12 foedfi1 + 477 froa” fiz fordfi1 — 258 froa® fia foz fo1

Vs =
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—129f100° fia fo2 fi1 + 86 fr0Q” foa fo1 + 43 fr0a° fon f11 — 258 f100° £z fo1
— 129 f100° fon f11 — 86 fr0a” fia fa1 — 43 f100° fia fi1 — 86 froa” fia for
—43f100° fi fr1 — 1T frod®afin — 14f10d°a® fir + 121 froa” fradfia

— 285 froa’ foadfin — 94 f100° food” fi1 + 5 fr0d” f11 — 121 fr0@” fr2 fozdf11
— 9f10aford® fi1 — 57 fr00” fladfi1 + 114 f100° foadfi1 + 56 froa” foad® f11
+ 47 froa” foad® fi1 — 306 f10a® fladf11 + 249 froa” fradfin

+ 258 froa” fia foz for + 129 fr0a® fia foz f11 — 119 froa” fi2d® f11

— 387 f10a° fra foa fi1 — TTAf100° fia fo2 fo1 — 387 froa” fia fo2 fi1

+ 43 f100° fia fi1 + 258 f100° fia for — 96d°a° f3y + 12d° fiya* + 24d°a’ f3,
+36dfT10° fo1 for + 6d° f10” — T2df{10° for for + 36df710° for fro

— 144df3,0° f11 for — 144df3,0” f11 fr2 + 153" f1od” fos — 11a” frod® for
+8a° frod® for — 72dft10° fo1 frz + 48df31 0 for — 5010’ fio fa ford

— 2580 1o f12 foz fos + 3960 fio fiz fo2 fard — 1290° f1o f1a fos
+2050° f10 2 f21d + 103207 f1o f12 foz fos + 36dffia’ fa1 for + 48df3a° fiz
+ 72df310" fi1 fo2 + 36dfTia’ fa1 frz + T2df310° fi1 fia + 103a° fio fi2d” for
—2090° f10 f12d” f21 — 5580° fio fradfos — 168a° f1od? fos + 81a” fiod fos
—120” fiod’ fo1 + Bafiod’ f21 — 15 f70d” fos + 516a° 7 f2 fos
+387a° fio fio f21d — 91a® fio f1a ford — 1290° 1, 12 fos — 12907 f1o f3a fos
+5160° [0 foz fos + 1910 fr0 fiz fa1d — 4590 fro foz fard — TT4a” fio f2 fos
+516a° fiy fi2 fos + 127" fio fr2d? fo1 + 3120 f7, fr2dfos

—9600° f10 f12 foz fa1d — 1680 fio foad® for — 154805 f1, f12 fo2 fos
+10320° f1o f12 foz fos + 732a° fio fi2 foo ford — 168a” fio f12 foo ford

— 2580 1) f12 foz fos — T740° o fa fos + 5160 fio foa fos
+3450" fio foa ford — TT0° fr0 o2 ford — 1290° fio fi2 fos — 51a° fiod” fos
+6dfi10° f1a — 140° f10 foad? for — 600 f1o fozdfos

— 120a° {5 foadfos + 420a° 1o foadfos + 86a° fio ford? for

— 5400 15 fordfos + 96° fio food” for — 18d° fiya® — 12df}1a° fia

— 12df}y 0" for + 6dfira frz — 96df5a® f12 — 96df3h a” foz

+48df310" 1z + 6dfi1a” for + 48df51a° for + 6dff1a” foo

— 210 fio f12d? f21 — 63a° i frzdfos — 1230 1o fradfos
+432a° f1, fi2dfos + 3000 15 fordfos — 14 f100” fi2d” f11
+129f100" foo f11 + 228f100” fGzdf11 + 88da’ a1 f11 fos fio).-
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We have the following result:

Proposition 7. Consider equation (15), satisfying fio < 0, fzo = fio/a,
and fao = — fro(a + 1)/a. The following statements hold:

(a) At most one SAIPWT can bifurcate from the steady state u(x,t) = a,
when ¢ = ¢, and V3 # 0. Furthermore, in this case one SAIPWT
bifurcates from this steady state for a small enough perturbation of the
parameters such that (¢ —cy) - Va3 > 0, and |c — .| << |V3].

(b) At most two SAIPWT can bifurcate from u(x,t) = a, when ¢ = ¢y,
V3 =0, and V5 # 0. In this case two SAIPWT bifurcate from the
steady state for a small enough perturbation of the parameters such
that (¢ —ci) - V3 >0 and Vs - V5 <0, and |c — c.| << |V3] << |V5].

Proof. Directly from [8], we have that the first Lyapunov constants for the
origin of system (18) are V3 and Vj given above. The result follows as a
direct application of the Hopf bifurcation theory. [ |

Example: Using the above result, it is easy to see that two SAIPWT
bifurcate from the steady state u(x,t) = 1/3 of the equation

Up = Uy — U+ 4u® — Buuy, — 3u® + 9u’uy, + fogui, (22)

for ¢ 2 0 and fo3 < —9/4.
Indeed, it is easy to see that for ¢ = c. := 0, Py/3 is a weak focus. An
straightforward computation shows that

3
Vs = —3—277%6(9 + 4f03).
Hence if fo3 = —9/4 then V3 = 0 and

1215
5 256 \/_ <0,

and therefore P 3 is a weak focus of order two. Taking a small enough
perturbation of f3g such that fo3 < —9/10 we obtain that V3 = 0. Propo-
sition 7 assures that taking ¢ 2 0 we produce a double Hopf bifurcation
giving rise to two SAIPWT. O

4.2 Continuum of periodic wave trains for equation (15)

Necessary and sufficient conditions for the origin of a Kukles’ system to
be a centre have been intensively studied. See [18, 15, 3, 25] and [29];
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The following result (which is an immediate corollary of Pearson, Lloyd
and Christopher’s Theorems 3.1 and 3.2 of [25]) gives sufficient conditions
for equation (16) to have a continuum of PWT unfolding the steady state
u(z,t) = «, for the PDE (15).

Theorem 8. Assume that f10 <0, fso = fio/a, and fag = —fro(a+1)/a.
Set

ay = d(2a — 1)77 4 = — (2for100+ f11)
(a—1a ™ ' fro(a—1) 7
az = n(fiza + foz), ag = —m,
o J21d e e J21d
5 - f10<a_1)7]7 6 - fl()(a_1>7
a7 = fo3n. where 1 := —1/y/d fio(a — 1) .

If one of the following conditions (i)—(v) hold, there is a continuum of PWT
surrounding the steady state solution u(x,t) = « of equation (15), with
constant speed ¢ = c, := —(fo1 + fi1a + fa102).

(Z) a7:a5:a2:O.
(i) a7 = a5 = a3 = a; = 0.

(i1i) az =0, ag = az(a1 + a3), as = —az(a1 + as),
ag(ar + 2a3) = —a3(a; + as).

(iv) aras + a5+ p =0, aga3 + asp = 0, (3arp + p? + aga3)as — arp?
—agadpu =0, 9aga3 + 2a3 + 27azp + 9 = 0, where p == 3ay + azas.

(v) 8la3as — 2(18ax¥ — 4as — 27a3a? — 81af) = 0, 99ay + 36a29 + 8aj +
90a3a? + 243a} = 0, das — 27a1V + aza;(2a3 + 9a3) = 0, 8laZagd +
2a2(144a39 + 243039 — 32a3 — 270a3a? — 567atas) = 0. 3dar +27a;9+
az(azd + 14ada; + 72a3) = 0, where 16292 := (243 + 9a3)® and § =
16a3 + 81a? # 0.

Example: Using Statement (ii) of the Theorem 8, it can be checked that
for d > 0, @ < 0 and for all values of the parameters 3,7, d € R, there exists
a continuum of PWT surrounding the steady state solution u(z,t) = 1/2 of
the equation

g = dugy + ou + Buy — 3ou? + yuuy + (5ug25 + 2au® — 20uu,.

All the PWT of the continuum evolve with constant speed ¢ = ¢,

—(B+7/2).

o
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5 PWT for equation of type (1) arising from
Liénard’s limit cycles

Corduneanu, in [7], gave a characterization of a class of PDE of the form

Ut = Ugy + f(u7um)7
where f(u,u,) = h(u)u, + g(u)

having a unique IPWT. The main idea was to realize that the associated
travelling wave system has the form of the well known Liénard ordinary
differential equation. Inspired by his paper, in this section we deal with the
reaction diffusion PDE

ou 0 ou
9 on {D(U)ax} + flu, ug),

where f(u,u;) = h(u)uy + g(u), and D(u) # 0, for allu.

(23)

We can also keep track of IPWT for equations of type (23), using
a Liénard’s—coordinates associated system. Indeed, an easy computation
shows that taking u = ¢(§) (where £ = x — ct), the associated travelling
wave second order equation has the form

D(¢)p + D'()(8)* + [c + h(9)] & + g(¢) = 0. (24)
Set .
H(¢) := h(s)ds.
(@)= [ his)ds
Taking the new variable w = D(d))% + c¢ + H(¢), equation (24) is
transformed into
do
D((b)d_f = —co+w— H(e),
dw (25)
dif =—9(9).

After the time reparametrization given by d¢/dr = D(¢), we obtain the
classical Liénard system

{QS/ — fcqﬁ +w — H(¢)7 (26)

w' ==D(¢)g(9)-
where {'} :=d/dr.
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Next result on bifurcation of SAIPWT, is a straightforward application
of the result of Blows, Lloyd and Zuppa (see [2] and [36]).

Theorem 9. Assume that D(u) and g(u) are functions such that D(u)g(u)=
Gru, with G1 > 0, and that h(u) = Y, hxu" is an analytic function such
that h2 = h4 === hgm,Q =0 and hg:n 7é 0, then

(i) At most m SAIPWT can bifurcate from the steady state u(t,z) =0 of
equation (23), when ¢ = 0. Furthermore m SAIPWT bifurcate from it
for a small enough perturbation of the parameters such that chy < 0
and hgjh2j+2 <0 fOT’j =1,...,m—1.

(ii) There is a continuum of stationary PWT unfolding u(x,t) =0 if and
only if hop, =0 for all k > 1.

Proof. An straightforward computation shows that the origin of system (24)
(which corresponds to the homogeneous steady state solution u(z,t) = 0,
of (23)) is a weak focus if and only if ¢ = 0 and G; > 0. Also, if ¢ # 0 and
c? — 4G < 0, the origin is a focus with stability given by sign(—c).

Taking the change of variables given by ¢ = a¢ and dr/ds = b, where
a = —+/G1, and b = \/G;/G1. We transform system (26) into a system of
the form (3):

de
ds
dw

ds

=—Stp—wt+H(p/a) = —w+ 3,5, Hiy!, 27)

=

o 1))

Consider ¢ = 0, so that the origin of system (27) is a weak focus. Following
the result in [2] and [36] (see also [5]), we have that if hy = hy = -+ =
ham—2 = 0 and hg,, # 0, then the Lyapunov constants associated to the
origin satisfy

where

‘/3:‘/5:...:‘/27”71:0,

(2m -1 1\ h
(2m+2)” ™ *Gl 2m;
where k!l := k(k —2)...1 (or k!l := k(k —2)...2) if k is odd (or k is even

respectively). Hence, under the hypothesis of statement (i) of Theorem 9,
the origin of system (27) is a weak focus of order m, and the result follows.

and

‘/Qm-&-l = -
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If hop, = 0 for all k£ > 1, system is invariant under the change (p,w,t) —
(—p,w, —t). Tt is well known that a system of type (3) satisfying this prop-
erty has a reversible centre at the origin, hence (ii) is proved. [ |

Example: Using Statement (i) of Theorem 9 we will see that there exists
three SAIPWT unfolding the steady state u(x,t) = 0, of equation

0 Uy
Up = —
P70z |1+ w2

] + (eu? + du + pub)uy + u(l + u?), (28)

for ¢,e,0, and p small enough and such that ce < 0, ed < 0 and dp < 0.
For the particular equation (28), the associated Liénard system (27),

writes

(29)

dw _
as ¥

{‘fl—f = —cp—w+ 57 — Lp° — £y,
If ¢ € (—2,2) \ {0} the origin of system (29) is robust focus which stability
is given by sign(—c).

Ifc=e=6=0,and pu # 0, by Theorem 9 (i) the origin of system (29) is
a weak focus of order three, which stability is given by sign(V7) = sign(—p).
If we take ¢ small enough and such that ou < 0, and since sign(Vs) =
sign(—0d), the origin of system (29) turns to be a weak focus of order two,
and its stability have been reversed. Hence an Hopf bifurcation occurs.
Taking € and ¢ small enough such that ce < 0 and €d < 0 we complete the
sequence of multiple AH bifurcation of three limit cycles giving rise to the
three SAIPWT.

In Figure 1, it is shown (by numerical integration using MATLAB) the
three limit cycles associated to system (29) obtained by multiple Hopf bi-
furcation, and the corresponding SATPWT for equation (28), for the values
¢ = —0.05, e =15, 6 = —250 and pu = 700. O

Example: As a direct consequence of Statement (ii) of Theorem 9, for all
values of hog41, kK > 0, we have that

0 Uy
= — h 2k+1 1 2 ,
ur = oo {1‘*‘“2] +k§>0 21U Uy + u(l 4+ u’)

has a continuum of stationary PWT unfolding the steady state u(x,t) = 0.
O
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Figure 1: SAIPWT obtained by multiple Hopf bifurcation for Equation
(28), for ¢ = —0.05, e = 15, § = —250 and g = 700.

Since the early paper of Liénard in 1928, a deep research have been done
in order to determine conditions for the existence of periodic solutions of
Liénard’s systems, and to determine the number of limit cycles. A review
on the known results can also be found in [23, 27] or [35]. Also in the last
years a lot of research have been done in order to determine the maximum
number of limit cycles that can appear in a Liénard equation of the type
(26), when both H(u) and D(u)g(u) are polynomials (see [2, 4, 19, 22, 23]
and [9], for example). The maximum number of small amplitude limit cycles
for a system of type (26), in the polynomial case is known only for some
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cases shown in Table 1 below (reproduced from [23]). Of course it gives the
maximum number of SATPWT for equations of type (23).

1 2 3 4 5 6 7 & 9 10 11 12 13 --- 48 49 50 =n
10 1 1 2 2 3 3 4 4 5 5 6 6 --- 24 24 —
2/1 1 2 3 3 455 6 7 7 8 9 - 32 33 o
3/1 2 2 4 4 6 6 6 8 8 8 10 10 --- 36 38 38
412 3 4 4 6 7 8 9 9

5/2 3 4 6 6

6|3 4 6 7

713 5 6 8

8|4 5 6 9

9|4 6 8 9

105 7 8

115 7 8

126 8 10

136 9 10

48 |24 32 36

49 | 24 33 38

50 L 1 38

m

Table 1: Maximum number of SATPWT for equation (23) when h(u)
and D(u)g(u) are polynomials of degree n and m respectively (repro-
duced from [23]).

Just as an example of the type of results concerning (global) IPWT
that can be obtained using this approach, we rewrite the classical results of
Liénard and Zhang in terms of solutions of the PDE (23) (see [27] or [35],
to obtain more information about other criteria of existence of limit cycles
in Liénard equations).

Theorem 10 (Liénard—Corduneanu). Suppose that

(i) Both ¢+ H(u) and D(u)g(u) are odd functions and uwD(u) g(u) > 0
for all uw # 0.

(ii) h(u) and D(u)g(u) are continuous for all u, and D(u)g(u) satisfies
Lipschitz condition for all u.

(i1i) ¢ + H(u) has a single positive zero at u = a > 0, and cu + H(u)
increases monotonically to infinity for u > a as u — +o0.

Then equation (23) has a unique IPWT with speed c.
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Example: As a direct application of the above result we have that there
exist a unique IPWT for each speed ¢ < 1 for both equations

(1) ue = [(1+vH)ug)s +u — up + 3uu,.

o[ w
Or |1+ u?

" _ 3 2
t — - Yz -
(ii) u }—Fu Uy +u” + 3uu O

Theorem 11. Assume that a < 0 < b, and

(i) Both H(u) and D(u)g(u) are C*(a,b) functions and u D(u) g(u) > 0
for all u # 0.

(ii) If a = —oc, then lim [ D(s)g(s)ds = oo, and if b= oo, then

u—a 0

hmbe(s)g(s) ds = oo,
u— 0

(i1i) h(u)/(D(u)g(u)) increases monotonically on (a,0)U (0,b), and is not
constant in a neighbourhood of 0.

Then equation (23) has at most one IPWT of the form u(x,t) = ¢(x — ct),
where ¢ is a periodic function such that ¢(x — ct) € (a,b).

6 Final consideration

In Section 3, we have seen that system (2) generates a one-parameter fam-
ily of rotated systems. By virtue of Perko’s Planar Termination Principle
([26] and [27]), and since the rotated family of systems (2) is defined for
¢ € (—00,0), any family of limit cycles T'. of (2), is either unbounded, or
terminates on a graphic of system, or terminates on a singular point of (2).
As limit cycles of rotated systems expands or contracts monotonically with
the rotation parameter, a limit cycle family I'. arising from a singular point
of system (2), is either unbounded or terminates in a graphic. This last case
has very significative implications for the study of other type of travelling
waves solutions for equation (1), since the presence of the heteroclinic or ho-
moclinic connections of the graphic correspond to the presence of travelling
wave solutions of front or pulse type for the corresponding boundary value
problem. For example, if we consider equation (1) under assumptions (A),
the SATPWT corresponding to a limit cycle generated at ¢ = ¢, evolves (as
c varies) from the steady state solution u(z,t) = a to some of the follow-
ing types of travelling wave solutions of equation (1) that only occur for a
unique value of ¢ = ¢:
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(a) If T, terminates in a heteroclinic graphic connecting Py and P;, then

the family of IPWT bifurcates at ¢ = ¢ into two travelling wave solu-
tions of equation (1) of front type (see [30, 31] and [33] for example,
for a definition and more details).

(b) If T, terminates in a homoclinic connection of Py, or a homoclinic

connection of P, then the family of IPWT bifurcates at ¢ = ¢ into a
travelling wave solutions of pulse type.

Further research must be done in order to determine an classify the

exact terminal behaviour of the families of IPW'T, an their possible terminal
bifurcation into a pulse or front type travelling wave solution.
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