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Notation:

A/K: an abelian variety defined over a global
field.

L/K: a Zg-extension, unramified outside a fi-
nite set of places of K.

X1 the Pontryagin dual of Sel,<(A/L).
M= Gal(L/K), N\r = Zp[[T']].
Question I: Is X finitely generated over A7

We view A as a sheaf of the flat topology of
K and let A[p™] denote the kernel of the mul-
tiplication by p™ on them.

On the other hand, we use A[p"], n=1,..., 00,
to denote the usual groups of torsion points.



For a finite extension F' of K, Sel,m(F") is de-
fined to be the kernel of the composition

HY(F, Alp™]) — HY(F, A) — P HI(F, A),

Selpo(A/F) = lim Selym(A/F),

m

and

Sel,o(A/L) = lim Sel,m(A/F).
F

S: the set of all ramified places (for L/K).
A local necessary and sufficient condi-
tion:

Theorem. 1 Thelwasawa module Xy, is finitely
generated over Nr if and only if at each place
v € S, the local cohomology group HY(y, A(Ly))
is cofinitely generated over Zy.



Fact: If K is a number field, then this lo-
cal condition always holds (Tate’s local dual-
ity Theorem+4Mattuck's theorem that the p-
completion of A(Ky) is finite over Zjy).

Fact: If K is a function field, then verification
of the condition can be found in various cases
(by Bandini, Longhi, Ochiai, Trihan,-,...).

Fact: If K is a function field, then the p-
completion of A(Ky) is of (countably) infinite
rank over Zy (Voloch, “Diaphantine approxi-
mation on abelian varieties in characteristic p”,
American J. of Math. 117(1995), 1089-1095).

If A has good reduction at a given place v, let
A denote the associated formal group. Write

Hl(Kva A) — Hl(Gal([_{v/KU)a A(O[_(v))-



Theorem. 2 Suppose char.(K) = p and A has
supersingular reduction at a place v that is
ramified over L/K. Then the natural maps

Hi(My, A(O,)) — HY(Ky, A) — HI(Ky, A)p

are isomorphisms. In particular, the cohomol-
ogy group HI(Iy, A(Ly)), is of (countably) in-
finite corank over Zy.

The proof of
HY(My, A(OL,)) = HY (Ko, A)

IS based on a modification of the theory of “deeply
ramified extension” (Coates-Greenberg, “"Kum-
mer theory for Abelian varieties over local fields”
Invent. math. 124(1996), 129-174).



Hl(r’UaA\(OLv)) L) Hl(K’UaA\) l) HI(K’U)A)]?‘

T he exact sequence
0 — A(Og,) — A(Ky) — A(Fy) — 0
induces the long exact sequence

A(Ky) —» A(Fv) Hl(FvaA)p
| T

HI(K,, A) — HI(Ky, A)p
and proves

Hl(KU7 A\) L) Hl(K’Ua A)p

Similarly, we also have

Hl(rva A(OLU)) — Hl(rv, A(Lv))-

The last statement follows from the theorem
of VVoloch as well as Tate’'s local duality theo-
rem.



The proof of Theorem 1 is standard.

First, we use Nakayama’'s Lemma to show that
“Xy is finitely generated over A if and only if
Sel,0o(A/L)' is confinitely generated over Zp" .

Then we use the Hochschild-Serre spectral se-
quence to show the restriction map

HI(K, A[p™]) — HI(L.A[p>])"

has cofinitely generated (over Z;) kernel and
cokernel.

In the function field case, due to VVoloch's the-
orem, we would need to make sure if the cok-
ernel of the localization map

HY(K, A[p™]) — P HI (Kv, A)p
vES

is confinitely generated over Zy.



Fortunately, the affirmative answer has been
provided by Gonzalez-Avilés and Tan (“A gen-
eralization of the Cassels-Tate dual exact se-
quence”, Math. Res. Lett. 14 (2007), no.2,
295-302).

From now on, we assume that K is a func-
tion field of characteristic p and A has good
ordinary reduction at each place in S.

Then Xy is known to be finitely generated over
Ar (“A Generalized Mazur’'s Theorem and its
applications’, to appear in Trans. AMS).

Let xr(X;) denote the characteristic ideal.

Question II: Functional equation? The auto-
morphism ¢ : T — I, v — ~~1, induced the

ring automorphism v« : A — Ap. DO we have

Le(xr (X)) = xr(Xp)7?



Suppose L'/K is an intermediate Zd~1 exten-
sion of L/K with I'" = Gal(L//K). Let

RL/L/ : /\r — /\r/

be the ring homomorphism induce from the
restriction of Galois action I — .

Question III: What is the relation between
RL/L/(XI‘(XL)) and xr(Xg/)7?

Write Gal(L/L") = W.

For each v, let [, be the residue field and let
1, denote the group formed by the connected
components of the closed fiber (over F,) of the
Néron model of A/K, and let m, denote the

order of the Sylow p-subgroup of I‘ISal(F”/F”).

Let ¢g = dim A. Suppose that A has good or-
dinary reduction A at v. Then eigenvalues of



the Frobenius endomorphism F, : A — A over
F, are, counted with multiplicities,

A1,y eeey Ogy Qu/ L, -y Qu/ Otg

where ajq,...,aq are eigenvalues of the (twist)
matrix u of the action on the Tate module of
A[p™>] by the Frobenius substitution Frob, that
topologically generates Gal(Fy,/Fy).

Suppose L'/ K is unramified at v with the Frobe-
nius element [v]/ € I'. Then put

g g
fo= 11 (Wlp/k—a) x 1] ([U]L’/K_az'_l) € Npr.
i=1 i=1



Theorem. 3 We have
Ry (xr(Xp)) = ][00 - xr(Xp).
v

Here v runs through all places of K,and ifv & S,
then

7T'U/\|_/, If \UU # O,
191} — .
A2 otherwise;

ifvelS, then

9. — ) fo\r, i is unramified over L'/ K;
o N, otherwise.

The above theorem holds for the cases where
d > 2.

Ifd=1, then L' = K and " = 0. In this case,
put Ag = Zp, p*°Zp = (0) and set

xo(Xg) =p"Zp C No,
if

XK = ®iLp/p""Lp, ni € ZU{cc}, n=7) n;.



Theorem. 4

x0(Xx) =0,

it and only if

Rr/xk(xr(Xg)) =0.
The theorem holds for any d.

Suppose €2 C I is an open subgroup and

W1y ey Wn & [

iS a set of representative of the cosets of /2.
Write

Nq = Zpl[2]] C Ar.

For an © € A, write

n
©=) w- -9 ©cq,
i=1



and set

pri@) = ] (3 o(w)-9y).

per/Q =1

Fact: If XI_(XL) = @/\r, then

xQ(Xr) = pr/(©)Aq.

For a continuous character
¢o: I — Hpoo,
let
px : N — Qp
be the induced ring homomorphism so that

¢« (v) = ¢(v), veT.

Corollary. 5 Suppose F/K is a finite interme-
diate extension of L/K with Gal(L/F) = <.
Then Sely<(A/F) is infinity, if and only if

o« (xr (X)) =0, for some ¢ € I’//\Q.



Let Sel,oo(A/F)? denote the p-divisible part of
Sel,o(A/F), let

Selpoo(A/L)° = lim Sel oo (A/F)°.
F

and let X¥ denote the Pontryagin dual of
Se|poo(A/L>o

Then xr(X?) divides xr(Xp).

For ye M\ IP, ¢ € pyoo, let
fo o = 11 (v —7¢) € Ar.
c€Gal(Qp(¢)/Qp)

Then f, - is irreducible. The ideal generated
by an element of this type is called a flat ideal.

Theorem. 6 An irreducible factor of xr(Xy)
divides Xr(Xg), if and only if it is a flat ideal.



The proof of the theorem is based on the fol-
lowing theorem of Monsky (“On p-adic power
series’, Math. Ann. 255(1981), 217-227).

Let W = HOmcont(r,,upoo).

T C W is called a Zjy-flat, if there exists {eq, ..., €}
expandable to a basis of I" (over Zp) and (1, ..., €
ppoo SO that

T={¢ | ¢(¢) =¢;i=1,...,k}.

Theorem. 7 If © € A, then

{peW | ¢«(©) =0}

is a finite union of Zy-flat.



A Dbrief sketch of the proof of
T heorem 3:

A finitely generated Ar-module M uniquely de-
termines a Ar-module

Mo = &P Ar/(ug), (1)
k=1

where each u; is a power of an irreducible el-
ement, as well as a pseudo-isomorphism

i:M0—>M.

¢ Is actually injective, since Mg contains no
non-trivial pseudo-null submodule.

Denote by N the co-kernel of 7z, and apply the
multiplication by ¢ — 1 to the exact sequence

0 — Mg —+M— N —0



to get the exact sequence
My = MV — NV

l
N/(p—1) « M/(p—1) «— Mo/(¢p—1),

Lemma. 8 (Greenberg) There exist a Z, sub-
module ' of T mapped isomorphically onto I’
under the projection ' — I’ such that N is a
finitely generated torsion module over Ar,.

From the exact sequence
U P—1
O—N"— N—N—N/(yy—-1) — 0,

we see that xr,(NVY) = xr,(N/(¢ — 1)), and
hence

xr(NY) = xr(N/ (4 — 1).

Consequently,

xr(M/ (4 = 1)) = Ry (er (M) - xpr(MY).



xr(Xp/( — 1)) = Ry, 1 (xr (X)) - xr(XT).

Main points:

T If Xg, X7 are the Pontryagin dual of the ker-
nel and cokernel of

Selyoo(A/L) — Selyc(A/L)Y,

then Xg is pseudo-null (over Ar/), while

X1 ~ (@ [[ HX (W, A(Lw))).

Vow|v

For this, we need to show
HY(L, Ap™]) — HI(L, APV

has finite cokernel.



xr(XL/(¥ — 1)) = R (xr (X)) - xp(X7).

I X}'f IS pseudo-null: Because, up to a finite
group,

Selp,o(A/L) = (¢ — 1) Selyo(A/L).

0y = xr ((JTT H* (W, A(Lw))) ).

wlv



