POTENTIAL MODULARITY AND MODULARITY
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JEAN-PIERRE WINTENBERGER

These notes are preliminary. I apologize for obscurites and possible mis-
takes. (7) are points to be precised.

1)Introduction.

- Galois representations attached to automorphic forms

- Modularity and potential modularity of Galois representations

2) Potential modularity theorem

- Statement

- Plan of the proof

- existence of abelian varieties

- end of the proof.

3) Modularity lifting theorem

- Automorphic representations for definite quaternion algebras. Mor-
phism R — T

- Auxiliary primes ; freeness of space of modular forms

- Galois cohomology

- Patching argument

1. INTRODUCTION

The references for the introduction are [2], [7], [3], [4] and [8].

Let F be a number field (finite extension of Q). Let Q be an algebraic clo-
sure of F' and let G be the Galois group Gal(Q/F). For p a prime number.
a p-adic Galois representation p is a continuous morphism Gp — GLn(@p).
It is not difficult to prove that the continuity of p implies that p has image
in GL,,(F) for a finite extension E of Q, (Breuil Mezard ”Multiplicité mod-
ulaires...” Duke 115). For this course, we will be interested in (absolutely)
irreducible p.

Cuspidal automorphic representations that satisfy a condition of alge-
braicity should give rise to irreducible p-adic Galois representations. More
precisely, the picture is that if 7 is an algebraic cuspidal automorphic rep-
resentation, there is a finite extension E of Q (the field of coefficients) , and
for every embedding A : E — Q, for p a prime number, there exists an
irreducible p-adic Galois representation p, ) associated to m and A. The link
between p and 7 is given by the local Langlands correspondence.

An important question in the subject is the characterisation of the ir-
reducible p-adic Galois representations p arising from such w. There are
conditions. They come from the conjectured fact that p should come from
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algebraic geometry, more precisely should be a subrepresentation of a quo-
tient of the Galois representation given by the étale p-adic cohomology of a
smooth projective variety defined over F' ([4]). The representation p then
has to be ”geometric” i.e.

- unramified outside a finite set of primes of F' : outside the primes the
bad reduction and the primes above p ;

- for v a place of F' above p, its restriction to the decomposititon group
D, should satisfy the Fontaine’s condition to be potentially semi-stable ([3]).
This is a condition on the restriction of p to the inertia subgroup I,.

A conjecture of Fontaine and Mazur states that an irreducible p-adic Ga-
lois representation that is geometric comes from algebraic geometry. It is
conjectured these properties characterise the Galois irreducible representa-
tions that arise from a .

A justification to the fact that Galois representations that come from
algebraic geometry should come from a 7 are the (conjectured) converse
theorems : roughly L functions which has convenient functional equations
comes form a 7.

The picture is proved for n = 1 ([7]) and almost proved for if n = 2 and
F = Q and p odd (it corresponds to modular forms of weight k > 1 for I'y (V)
; for k > 2 they appear in the cohomology of varieties that are symmetric
fibre product of the universal generalised elliptic curve over modular curves.
For even Galois representations which should correspond to Maass forms
one know nothing. For k = 1 it is geometric as it has finite image !

1.1. Algebraic automorphic cuspidal representations and their Ga-
lois representations. We will be very below the ambition of the title ! We
will not give a systematic survey on automorphic representation. We will
give some facts and based on examples : n =1 and £ = Q, n = 2. For more
details see Taylor’s ICM paper [8].

Let G = GL, and F' a number field, A := Ap the adeles of F' and
GL,(AF) the linear adelic group. Cuspidal automorphic representations
7w are adelic tensor product of representations m, for v place of F. The
local representation 7, is for v finite a representation of GL, (F,). For v
infinite, m, is a representation of gl,, x O,. So we may view a cuspidal
automorphic representation 7 as a collection of m,. What links the m, is
that 7 and define the cuspidal automorphic representations is that they
are realised as irreducible factor of representations on smooth functions f :
GL,(F)\GL,(Ar) — C. Smoothness means C* on GL,(A) and locally
constant on GLy,(Ay).

Local Langlands correspondence for v non archimedian establishes a bi-
jection of the isomorphism classes of smooth irreducible representations of
GL,,(F,) in a C-vector space with isomorphism classes of ¢ semisimple rep-
resentations of the Weil-Deligne groupe WD,. (smooth means that the
stabiliser of every vector v is open ; smooth are admissible that means that
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for U open compact subgroup of GL,(F,), VY is finite dimensional)(it has
be proved by Harris-Taylor).

Let v be a non archimedian prime. The Weil group Wg, noted W, is the
group of elements of D, whose image in D, /I, belongs to the subgroup of
Gal(k,/k,) generated by Frob, (Frob,(z) = x% for = € k,, where g, is the
number of elements of k,). We have an exact sequence :

1—-I, - W, - Z — 1.

The map W, — Z is designed by || ||. Let K be any field. We call
a representation r of the Weil-Deligne WD,, group in GL(V), V a finite
dimensional vector space a pair (r, N) of a representation r of W, which
is trivial on an open subgroup of I, and a nilpotent element N € End(V')
satisfying p(w)Np(w)~! = ¢!*ll N, where ¢ is the cardinality of the residue
field k,.

The notion of Weil-Deligne group representations is justified by a theorem
of Grothendieck :

Theorem 1.1. Let v be of characteristic # p. There is an equivalence of
categories between continuous representations of D, in GL,(Q,) and repre-
sentations of WD, that are such that r(¢) is a p-adic unit for every ¢ lifting
the Frobenius.

Proof. Let us sketch a proof. There exists a finite extension F of F, such
that the restriction of p to Gp; is tame. Let Aj be the Galois group of
the maximal tamely ramified extension of F). Let ¢’ and ¢’ be elements of
A! that generates the inertia subgroup and project to the Frobenius respec-
tively. One has ¢/o’¢/ " = o ¢ where ¢ is the number of elements of the
residue field of F),. From this relation one deduces that the eigenvalues of
p(c’) are roots of unity (they form a multiset that is invariant by raising to
the ¢’ power). We enlarge F}, so that p(c’) is unipotent. Let ¢, be the projec-
tion of I, — Z,(1) to its p-part. We choose a generator of Z,(1). We define
the restriction of r to I, by the formula : r(7) = p(7) exp(—t,(7)N) with
N the nilpotent such that p(o’) = exp(t,(c’)N). This defines a representa-
tion of I, as p(I,) commutes with N. We extend r to W, by the formula
r(¢) = p(¢) where ¢ € D, lifts the Frobenius. It defines a representation.
We have the formula :

p(¢"o) =r(¢"c) exp(tp(o)N)
where n € Z and o € I,.
O

Remark The Frobenius simplication of r consists to replace r(¢) by its
semisimple part.

For almost all nonarchimedian v, 7, is not ramified (is an uramified princi-
pal series). That means that m,(GL,(Z,)) = {1}.Then, by local Langlands,
it corresponds to an admissible unramified representation of WD,,. The rep-
resentation r is unramified if r is trivial on the inertia I, and N = 0 (it is
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compatible with the theorem of Grothendieck). They correspond to the date
of the image of Frobenius which a semisimple conjugacy class in GL,,(C)
FEzample The Steinberg representation is the quotient of the space of
smooth functions on G/B by the constant functions. Local Langlands asso-
ciate to it the Weil-Deligne representation which is trivial on I, and sends

. (pr O (01
Frobenius to : (0 1>8und]\7to. <0 0

is isomorphic to the Galois representation on the Tate module of a Tate
elliptic curve.
If v is above p, and if D,, — GL,(Q,) is potentially semistable, it defines
a representation of the Weil-Deligne group WD,, (L. Berger’s course).
There is also a Weil group for archimedian prime. Let v an archimedian
prime. If F,, is isomorphic to reals, the Weil group Wg is isomorphic to the
non-trivial extension given by the quaternions :

1—-C"— Wg — Gal(C/R) — 1

It is generated by C* and 7 such that 72 = —1 and 7A7~! = \. If F, is
isomorphic to the complex numbers, W¢ is isomorphic to C*.

We are interested by complex representations of these Weil groups in
GL, (C) whose images are of semisimple matrices.

The characters of C* can be described by the data of p and ¢ € C with
the condition p — ¢ € Z (if z = re? , 6 given modulo 277Z, zPz? is well
defined if p—q € Z). The irreducible complex representations of W¢ are the
characters z — 2zPz9. The irreducible complex representations of Wy are :

- of dimension 1 and factors through Wr — R* (sending A to its norm
N(X) and 7 to —1 € R*) We note | . | the compositum of Wg — R* with
the abolute value. The representation of dimension 1 are | . |P sign® with
p € C and a = 0,1 and where sign is the non trivial morphism R* — +1 ;

- of dimension 2 with parameter (p,q) with p # q.

To the first one with associate (p,p) and to the second one the pair
(p,q)(q,p). So to a semisimple representation of Wx of dimension n we
associate a multiset pi,...,pn.

For every archimedian prime v of F' we get a multiset H, (p1,,--.,Pnuv)-
This date H, is equivalent to the data of the infinitesimal character of .
The ”algebraicity 7 condition is that the elements of the H, are integers.

Let Qc QcC.

Conjecture 1.2. Let m be an algebraic cuspidal automorphic representa-
tion of GL,(Ar). Then, there is a finite extension E(r) of Q, E(n) C Q,
such r(my) can be defined over E(m) for every non archimedian v ( r(my) is
the representation of the Weil-Deligne group WD, associated by local Lang-
lands correspondence to m, ; defined over E(m) means that it comes from
a morphism WD, — GL,(E(m)) that we still denote by r(m,)). For ev-
ery p and every embedding \ : E(m) — Q,, there is a p-adic representation
p(m)x : Gp — GL,(Qp) that is irreducible and such that for every non
archimedian prime v, 7(py) (pv is the restriction of p to the decomposition

> The Galois representation
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group D, ) coincide up to Frobenius simplification (and to isomorphism) with
Xor(my). Furthermore, the Hodge-Tate weights of p(m)x. for v above p are
given in a precise way by the H, for v archimedian.

Remarks.

As p(m)y is supposed to be irreducible it is determined by the traces of
the image of Frob, for v outside a finite set of primes which contains the
primes where 7, is ramified.

We describe how the H,,, v archimedian, determine the Hodge-Tate weights
(cf Buzzard and Gee ” The conjectural connections between automorphic rep-
resentations and Galois representations” available at the web page of Kevin
Buzzard). Let v, be a p-adic place of F. Let us give ourself an embedding
of Q in @p that induces v,. It gives a bijection between p-adic and complex
embeddings of Q. Let \. We extend it to a p-adic embedding, it gives a
complex embedding of Q, hence a non archimedian place v4, of F. Then
HT(p(m)x0,) is Hy,-

- The m,, v real place, determines the conjugacy class of p(c,), ¢, the
complex conjugation (cf Buzzard Gee above).

- What do we know ?

We know nothing if F' is not CM. We have to suppose hypotheses of the
type ; RAESDC (regular,algebraic, essentially self dual cuspidal) + addi-
tional technical hypothese. The regularity condition say that the elements
of H are distinct. Essentially self dual means that 7V ~ 7 @ n for a char-
acter 1. These conditions follows from the construction of the p, as the
method implies that they appear in the cohomology of an Shimura variety
(Clozel,...). The additional condition are the existence of a place v where
7, is square integral (p, indecomposable). The progresses in trace formula
allows to remove this last condition. The condition of regularity can some-
times be ruled out : n = 2 weight 1 (Deligne Serre uses congruences).
Irredeucibility of Galois representations is not known in general (?)).

Ezamples.n = 1. We choose as above embeddings of Q in C and @p)

The automorphic representations are continuous characters ¥ of ideles
(Ap)* that are trivials on F™*. We get Grossencharacters. The condition
of algebraicity is the only one : it is that the grossencharacter is of type
AY. That means that the restriction of ¥ to (F ® R)*° comes from an
algebraic character y (° is the connected component). More precisely, let
Tr be the torus obtained from Gy, by scalar restriction from F' to Q. For
every Q-algebra F', one has Tr(A) = (A ®q F)*. In particular, Tp(R) =
(F ® R)*. We can identify x to a character of Tr defined over Q. We have
the decomposition ¥ : [, ¥,, v describing the places of F. For v outside
a finite number of primes, ¥, is unramified. The condition of algebraicity
implies that if 2 € F*, ¥,(z) € Q", hence ¥,, have images in (Q)* for v non
archimedian. For every place w of (9, we denote V¥,, the product of the ¥,
for v above w. We denote by x,, the morphism Tr(Q,) — (Q,)* defined
by x. In particular, we see that xo, and ¥, coincide on (F ® R)*?. We



6 J-P. WINTENBERGER

see that Uyl has image in (Q)*, hence Uy !x, has image in (Q,)*. It is
continuous and is trivial on F*. Hence it defines a Galois representation.

-n=2F = Q. We obtain up to twist the modular forms of weight
kE>2((p,q) = (0,k—1)., the forms of weight 1 (p = ¢ = 0 a; # a2) and
the Maass forms (p = ¢ = 0 a1 = a2(?)). In the last two cases, the Galois
representations should arise from a motive of weight 0 and should have finite
image (see a paper of Kisin and Wortmann). In the case of forms of weight
1, one have significative results of Buzzard and Taylor ; in the case of Maass
forms no.

Remark.

The character x has to be trivial on an open subgroup of the unite Er. It
implies that it has to verify the condition of Serre (if F is real it is a power
of the norm. ; if x = > n,7, 7 describing the embeddings of E in C with
n, € Z, we must have n, + n., = w does not depend on 7).

For abelian p-adic representations of a p-adic field, the condition to be
crystalline is the algebraicity condition (via Class Field Theory).

Case n = 2, I' = Q. The 7y is either irreducible of dimention 2 of
type (p,q)(q,p) with p # ¢ integers. One obtains up to cyclotomic twist
modular forms of weight | p — ¢ | +1. If 7 is the sum of two irreducible
representations of dimension 1 parametrized by (p1,a1) (p2,a2) we must
have by cuspidality p1 = p2 (7). Up to twist we obtain either a form of
weight 1 (a; and ag distinct) or a Maass form if a; = ag).

In the case of Maass form one does not know how to construct Galois
representations.

Let f a modular form of weight £ > 1 and level N > 1 for I'o(N).

Let N be an interger > 1. Let I'o(V) :

a b .
<C d)ESLg(Z),c:OmodN

and 'y (N) :

( (Z Z > € SLa(Z),c =0mod Na =1 bmodN.

Let k be an integer > 1. Let Si(I'1(NN)) be the C vector space of parabolic
forms for T'1 (V) of weight k£ (among the references : [?], [?]) . An element
f of Sp(I'1(N)) is an holomorphic function on the Poincaré half plane H
im(z) > 0. It must satisfy the functional equations :

az+b
cz+d

I ) = (cz +d)* f(2)

for ( Z Z ) € I'i(N). It must satisfy a condition of growth at each

cusp. More precisely, for every v € SLao(Z), let (f | [v]x)(z) = (cz +
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d)7FF(y(2)), v(2) = Zzzig One asks that (f | [y]x)(z) have a Fourier ex-

pansion ) -, ang™'", ¢ = exp(2miz/h), < >, v € SLa(Z) (h

divides N and is 1 for the cusp oo i.e. if v € I'1(N)). When we speak of the
g-expansion without more precision we mean the g-expansion at co. The
quotient I'g(N)/T'1 (V) is isomorphic to (Z/NZ)* by v +— d mod N. Then
Sk(I'1(N)) carrries an action of (Z/NZ)*. that is noted f — ((d)) (f). One
has a the decomposition Si(I'1(N)) = 3, Sk(I'o(N),n) into eigenspaces, 7
describing the characters of (Z/NZ)*. It is trivial if n(—1) # (—1)* as the
functional equation shows (with v = —id).

The vector space Si(I'1(NN)) is finite dimensional. In fact, we have the
projective smooth modular curve X;(N), which for N > 5 classify couples
(E, P), E generalised elliptic curves, P point of order N, and coherent
sheaves w such that the elements of Sy,(I'y(N)) are sections in I'(X1 (), w¥)
that vanish at the cusps. For every n prime to N, let T,, be the Hecke
operator acting on Si(I'1(IV)) (and Sg(To(N))). The T;, and {((d)) commute
and generate the Hecke algebra (ring) T;(N). The T,, are semi-simple (they
are normal linear transformation relatively to the Petersson scalar product).
Ti(N) is a Z-module of finite type. It is because, if Si(I'1(N))z is the Z-
module of forms whose g-expansion is in Z,

Sk(T(N)) = C® Sk(I'1(N))z.

For that a theory of X;(N) over Z is needed (or one can also use the action
of T1(V) on the singular cohomology of X;(N)).

Let d and M be such that dM divides N. Then f(z) — f(dz) defines an
injection of S(I't(M)) in Si(I'1(IV)). Let Spe¥(I'1(INV)) be the orthogonal,
for Petersson product, of the sum of the images of Si(I'1(M)). Then, by
Atkin-Lehner, SpV(I'1(N)) has a basis f; that are eigenvectors for Ti(N),
each one appearing with multiplicity one. In fact, they are eigenforms for
all Hecke operators T,,. If A, is the eigenvalue, one has a,(f;) = Ana1(f;).
It follows that a;(f;) # 0, and one can normalize f; such that a;(f;) = 1.
The f; are the primitive forms. If f is primitive, a,(f) = A, generates over
Q a number field Ey, the coefficient field. The a,(f) are integers. For n
prime to N this is because T(N) is finitely generated as Z-module. For p
dividing n, we have formulas for a, (th. 1.27 of [1]).

Let f be a primitive form. Let p be a prime number. Let ¢, : Ey —
Qp. Deligne if ¥ > 1, and Deligne-Serre if ¥ = 1, constructed a Galois
representation py, : Gg — GL2(Qp). It is unramified at £ if £ is prime to
pN and is characterized by that for all £ prime to p/N,

tr(p(Frobe)) = tp(ar), det(p(0)) = n(o)xp(0),

for all o € G, where we identify Gal(Q(uy)/Q) with (Z/NZ)*. For k >
2, the representation is part of the p-adic etale cohomology of an algebraic
variety over Q. If k = 1, the construction of Deligne-Serre use congruences
with Galois representations of weight > 2. When k = 1, the image is finite.
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Taylor constructed Galois representations attached to Hilbert modular
forms for F' totally real and n = 2 by congruence method. The algebraicity
condition is that the different weights k,, v non archimedian, have the same
parity (exercise : use the determinant).

1.2. Modularity and potential modularity of (alois representa-
tions. Geometric Galois representation give rise to 7, for each v that are
unramified for almost every v hence to ®m,.

Conjecture 1.3. Let p: Ggp — GL,(Q,) be a geometric irreducible Galois
representation. Then ®m, is an automorphic representation .

Known n=1,or F=Q n =2 and p is odd in many cases (Kisin)

1.3. Properties of automorphic Galois representations ; potential
automorphy. Automorphic Galois representations satisfy :

- The L-function of the Galois representation can be extended to C holo-
morphic function (Godement-Jacquet). (with the exception to holomorphy :
(p-function has a pole at s = 1) with the functional equation with constants
given by the m,.

- Often p is proved to come from geometry. More precisely, there exists a
smooth projective variety X defined over F' such that p appears in the etale
cohomology of an algebraic variety. In all known cases (other that weight
1 modular forms) these varieties are essentially Shimura varieties. When
it is the case it implies Ramanujan. More precisely, one has an integer w
such that the eigenvalues of p(Frob,) are (algebraic) Weil numbers of weight
wlky @ Fpl. (if one takes geometric Frobenius). An algebraic number « is
a Weil number if for every embedding 7 of Q in C one has | 7(a) |*= pv.
(One has w = p + q for all (p,q)).

Remark Even for Hilbert modula forms one does not know in all cases
Ramanujan (oe does not know when some of the weights are 1 ; for weights
> 2 one knows that the symmetric square comes from algebraic dimension
hence Ramanujan (7).

Potential automorphy is that there exists F’/F finite such that PGy 18
automorphic. We will consider it for Hilbert modular forms and F” real. The
two above properties of automorphic Galois representations remain valid for
potential automorphic except the holomorphy. But it suffices for Sato-Tate,
putting a p in compatible system, ....

2. POTENTIAL MODULARITY THEOREM

2.1. Statement. Let p > 2. Let I, C D, the inertia and decomposition
subgroups.

Let k be an integer with 2 < k < p+ 1. Let p: Gg — GLa(F,). Recall
that p has Serre’s weight k :
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- if k < p, either p has a quotient with trivial action of I, by a line with
action of I, by wF=1 or the action of I,, is by the two fundamental characters
of level 2 w;“'_l and wg(k_l) ;

-ifk=p+1, 9 mod I, s a very ramified extension of 1 dimensional trivial
representation by a 1-dimensional representation with action w.

In Khare W proof of Serre conjecture, the following theorem was used.

Theorem 2.1. Let p: Gg — GLa(F,) be an odd mod p Galois representa-
tion. One supposes that the weight k of p satisfy 2 < k < p+ 1 and that the
restriction of p to Goyy,) s irreducible. Then there is a totally real number
field F and a cuspidal automorphic representation © of GLa(Ar) and an
embedding X of E(r) in Q, such that Py and p(m)x have isomorphic re-
ductions. Furthermore one can impose to 7 to satisfy each of the conditions
(alpha) or () below :

- () Ty is unramified at all places v of F above p and of weight k at all
the infinite places of F ;

- (B) my is of weight 2 at infinite places and at all places v above p,
is of conductor dividing v and Weil-Deligne parameter restricted to inertia
(WF2®1,0) if 2< k <p and (id,N) if k=p+ 1.

Remark

In fact, we can impose :

- F is unramified at p and totally decomposed at p if pp, is irreducible
orif k=p+1.

- Fis linearly disjoint from a given finite extension of Q (in particular, we
will need this property for the field L(1,) where L is the field cut by ker(p)
in the next theorem).

We have the modularity lifting theorem :

Theorem 2.2. Let p, F' and m and k as in the theorem and the remark,
Consider ageometric lift pp of pja, such that at all places v of F above
p, the py satisfy simultaneously one of the conditions (A), (B), (C) below.
Then pr is modular.

The condition (A), (B) and (C) for p, for v a place of F' above p :

(A) crystalline of weight k, (we have 2 < k < p+1), with the case k = p+1
considered only when F' is split at p and k(p) =p+1 ;

(B) crystalline of weight 2 over Q" (11,) of Weil-Deligne parameter (w;;_z@
1,0) for a fixed k ;

(C) In the case k = p+ 1, semistable, non-crystalline of weight 2 so of the

form
YoXp X
0 mw /)’

where Y, is the p-adic cyclotomic character, and ~, is an unramified char-
acter.

Remark We need («) in case (A) and (3) in cases (B) and (C).

Putting the two theorems together, we get :
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Theorem 2.3. Letp > 2. Let p: Gg — GL2(Qp) be an odd 2 dimensional
geometric representation satisfying one of the conditions (A), (B) or (C) for
ak with2 <k <p+1 (and when k = p+1 we suppose k(p) = p+1).Suppose
that the restriction of p to the Galois group of Q) is absolutely irreducible.
Then there is a totally real field F' such that the restriction of p to G is
modular.

Remark To prove Serre’s conjecture we need also Lifting Modularity The-
orems of Kisin for representations p that are potentially crystalline of weight
2.

It implies that the L function of p can be extended to a meromorphic
function on the complex plane satisfying the functional equation with correct
constant terms (use Brauer theorem). It does not imply holomorphy. It
also implies that the eigenvalues of the Frobenius Frob, at primes of good
reduction and different from p are Weil numbers of weight [k, : k](k — 1).

2.2. Plan of the proof. We will have to consider Hilbert-Blumenthal abelian
varieties (HBAV). Let M be a totally real number field. An M-HBAV over
a perfect field K is an abelian variety A of dimension [M : Q] with an
embedding i : Oy — End(A) and a data of polarisation j.

Let p: Gg — GL2(F,). We will prove modularity of P|Gy,- We consider
the case p|p, is reducible.

After replacing if necessary Q by an unramified at p real quadratic exten-
sion and a twist, we can suppose that det(p) = Xp. We call F' this quadratic
extension or Q (in fact Taylor starts from a p : Gp — GLa(F,)).

The strategy of the proof is to find a totally real extension F’ of F' and
an M-HBAV defined over F’ and a prime number ¢ # p such that

- 1) ¢ and p are unramified in F’

- 2) there is a prime \ of M over p such that A[A] is isomorphic to the
restriction of p to G

- 3) A has good ordinary reduction at primes of F’ above ¢

- 4) there is a prime [ of M above ¢ such that A[l] is isomorphic to the
restriction of Indgf (0) to Gpr, with L a totally imaginary extension of F,
places w of F' above £ are split in L, w = wiws, and 8 some character of G,
such that € is unramified at w; but not ¢(#).

This implies that Vi(A) is ordinary, the restriction of Indgf (0) to Gpr is
irreducible and distinguished. A theorem of Skinner Wiles then implies the
modularity of Vi(A), hence of V)(A), hence of pg,, .

Then one has to find = that verify (a) and a 7 that verify (3).

How we find F’ and A? Let X be the Shimura variety that classifies M-
HBAYV with A level structure p and [ level structure IndgiT (0). It is defined
over I’ and absolutely irreducible. We apply to it a theorem of Moret-Bailly.

Theorem 2.4. Let F' be a number field and Sy, So disjoint finite set of places
of F. Let L be a finite extension of F. Let X/F be a smooth geometrically
connected variety. Let given for v € S1 be a non empty open subset €, C
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X (Fy,) and for v € Sy be a non empty open Gal(EF™/F) invariant subset
of X(FY). Then, there exist a finite Galois extension F'/F and a point
€ X(F') such that :

- F'/F and L/F are linearly disjoint ;

- every places v € Sy splits completely in F' and if w is a place of F’
above v then P € Q,, ;

- every finite place of Sy is unramified in F' and if w is a prime of F’
above v, P € Q.

So it will suffises to find points of X in F, for v above p, [ and v archi-
median.

We precise the data of polarisation in the definition of an M-HBAV
(A,i,7). An M-HBAV (A,4,j) over K is

By an ordered invertible Oj;-module we mean an invertible Oj;-module
an a choice of a connected component X of (X ® M,) — {0} for each
infinite place x of M. The ordered invertible module O]J\% is Oy where
we choose for every x the connected component containing 1. The ordered
invertible module P(A4, 1) is the Op/-module of symmetric homomorphisms
f:(Ai) — (AY,iV) where we choose the set of components that contain a
polarization. The data j is an isomorphism OL ~ P(A,1i)

Lemma 2.5. For each place v of F above p, we can find an M-HBAV
(Ay, iy, Jv) over F, such that :

- A, either has potentially good reduction or potentially multiplicative re-
duction

- the action of D, on Ay[)] is isomorphic to p|p,

- the action of D, on A,[l] is isomorphic to ¥y, @'[Evf; v1 place of L above
V.

We have to say how we choose M, L and and 1.
We define x, : D, — k* (k* such that p has image in GLa(k))
XpXo©
0 Xu

2.2.1. Choice of Weil numbers. We choose N a CM field and lifts of image
of Frobenius that are Weil numbers. M will be the maximal real subfield of
N.

For v a place of F above p, we let F2" the maximal abelian tamely
ramified extension of F. We choose a lift ¢, of Frobenius in Gal(F2"/F,)
and denote by F, the field fixed by é,.

Let ¢ denotes a primitive root of unity of order | £* | and Ny = Q(¢, /1 — 4p).
We assume that k is large enough such that Ny is ramified over its max-
imal real subfield. Let Ay be a prime of Ny over p and an isomorphism
On, /Mo ~ k. For v a prime of F' above p set :

By = ¢ (1 + /1 — dp)/2) k)
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where we choose b, such that 3, = x,(¢,)modAg for ¢, € G P a lift of

Frobenius. Here F, is the smallest totally tamely ramified extension of F,
over which y, becomes unramified. (3, is a Weil number of weight [k, : Fp].

We will treat the case where x2 is not 1. If x? = 1, Taylor use M-HBAV
with multiplicative reduction. We let x, the character of Wg, with values
on NS’ A, Which takes ¢, to 0, and on inertia is the Teichmuller lift of y,,.

Choose ¢ a prime which does not divide 6p. such that :

- £ is split in F

- for all place w of F' above ¢, p is unramified and p(Frob,,) has distinct
eigenvalues. This is possible as p has been supposed with non solvable image
(otherwise we know modularity) and a non solvable subgroup of GLa(k)
contains an element with distinct eigenvalues.

- £ splits completely in the Hilbert class field of Ng.

- ¢ is coprime to (3, — 5 for all places v of F' above p.

Choose a prime [y of Ny above £. For each place w of F' above £ choose
al, € Z[(1+ /1 —4p)/2] with norm ¢ (this is possible because ¢ splits com-
pletely in the Hilbert class field of Q[(1 + /1 —4p)/2]). Set

Qo = Caw Oé:vu

with a,, chosen so that ay, is congruent modulo Ay to an eigenvalue of
p(Froby,).

2.2.2. Choice of L and 1. We choose a CM quadratic extension L/F and a
continuous character ¢ : G — (N§{ )" such that :

- L is not contained in F'(uy)

- each place v of F' above p splits as v; and v{ in L and w|WLU1 = Xy in
(On,/10)? (this will imply the correct action of D, on the level structure at
0.

: - each place w of F' above ¢ splits as wy w{ in L and ¢|Gw1 is unramified
and takes arithmetic Frobenius to a lift of the image of au, in Oy, /lp.

- det(IndG" ) = ye.

This is an exercise of Class Field Theory to prove the existence of 1.

Let 1) the reduction of 1 modulo lp. As 3, — ¢(f3,) is coprime to ¢ we
have that v is # c(1), hence Indgf 1 is absolutely irreducible. It is D,
distinguished for places of F' above { as V|G, 18 unramified and ViGy, 18

ramified as det(Indgf 1) = x¢ and F is unramified at £. Hence we can apply
the theorem of Skinner-Wiles.

2.2.3. Choice of M and N. Let My the maximal totally real subfield of Ny.
We choose N a CM extension of Ny of maximal totally real subfield M, such
that :

- primes above p splits in N/Np;

- primes above ¢ are unramified in N/Ny

- there is a prime [ of N above [y such that the image of 9 is contained

in On/I1
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- primes of M that ramifiy in Ny are unramified in N/Ny. As there are
such primes (choice of Weil numbers), this implies that the norm map from
the class group of N to the strict class group of M is surjective.

2.2.4. Choosing the reduction of (A,i,7). We define Ay to be an ordinary
abelian variety defined by Honda-Tate from the Weil number 3,. More pre-
cisely there is an abelian variety over k, of dimension [Q(/3,) : Q] with an em-
bedding of Oggs,) in End(Ag/ky) with Ag[p](k,) isomorphic to Ogg,)/(55)
with action of Frobenius (3,. We define A, to be Ag R0g(s,) Opn with the
natural embedding of Oy in the endomorphisms. To get j start from a
polarisation and use the surjectivity of the class group of Oy to the strict
class group of Ojy.

2.2.5. Constructing A over on Of . Recall that F, is the field fixed by ¢,.
get X, : Dy — O*ng) ~ 07\4,1; the unramified character which takes ¢, to
.

Serre-Tate theorem says that to give a lift (A1, i1, j1) of (Ao, 0, Jjo) to O,
is the same as to give a p-divisible group that is extensions of M,/O »(X5)
by ppee @ Onp((X,)™") hence z € H' (G , Onrp(xp(X;) ). One defines
(Az, iz, Jz) to be obtained from (Ay,i1, 1) by ON®0gs,)-

2.2.6. Descent to F,. As the commutator of Oy in End(A;) is Oy, a mor-
phism f of A; lift to a morphism of (A, iy, jz) to (Ay, iy, Jy) ifitisay € Oy
such that yy¢ = 1 and y?z = y. Thus a data of descent to F}, is the same as a
character ¢ : Gal(F,/F,) — pyo(N) and an z € Hl(Gﬁv, Onp(xp(X5)72)))
such that o(z) = ¢(0)%z for all o € Gal(F,/F,).

It is the same as to give X' : D, — 07\/[,]3 that extends the restriction of y,,

to F, and an = € H'(D,, Onp(Xp(x')~2). One takes X' = X,. One takes x
such that its A component maps to the class of p|p, in HY(Dy, Opr /A(Xpxa 2)-
This is possible as H2(D., Onx(XpXy 2)) as X2 is not trivial in D,

One still have to prove that A is ordinary at places above ¢ (follows that
it has good reduction after a extension of ramification degree at most 3 at
places w above ¢ and the reduction mod ¢ is ordinary). One also have to
check that A has good ordinary reduction over F”(u,) with correct restriction
of Weil Deligne parameter to inertia . One has 7 of weight 2 and correct
Weil Deligne parameter. (One also have to check it is y,-good : Taylor does
it when k # p). One can obtain 7 of weight k£ by Hida theory and unramified
at primes above p.

In the case of pp, is irreducible, Taylor uses reduction of CM abelian
varieties to get A over F’ that is split at p. But the Weil-Deligne paameter
at places above p is w§ —p-l @wgkfp ~1 and weight 2. Then one has to adjust
the weight and Weil-Deligne parameter , using the fact that the F” is split
at p (Conrad Diamond Taylor technics).
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3. MODULARITY LIFTING THEOREM

We sketch the proof the following theorem which is an extension of a
theorem of Wiles Taylor-Wiles ; we use improvements of the method by
Diamond, Fujiwara, Kisin,. :

Theorem 3.1. Let p > 2. Let p: Gg — GL2(Q,) be an odd Galois repre-
sentation. One supposes that :

- the restriction to Ggy,,) of “the reduction” p is irreducible (hence p is
irreducible) ;

- p is modular ;

- p is unramified outside a finite set of primes ;

- p|p, 18 crystalline of weight k (Hodge-Tate weights (0,k — 1)) with 2 <
k<p+1.

Then p is modular.

Remark The case k = p + 1 and the restriction of p to D, is irreducible
(hence p is of weight 2 is due to Kisin). In other case one has that k(p) = k(p)
and, p arises from a modular form of weight k by the theorem that the weak
form of the Serre’s conjecture implies the strong one (for &k = p + 1 use the
Hasse invariant).

3.1. Automorphic representations for definite quaternion algebras.
Morphism R — T. We introduce a solvable totally real field F'. We prove
that pg, is modular, i.e. arises from a cuspidal automorphic representa-
tion of (D ® Ap)*, D a suitable quaternion algebra of center F. Then,
by Langlands base change and Jacquet-Langlands, we will know that p is
modular.

One advantage of considering F' is that we can suppose that pg,. is un-
ramified outside primes V), over p and primes in a finite set ¥ where at
v € X, the Weil-Deligne parameter of pp, is trivial on I, and N # 0 (the
representation p7, is tame and its image is unipotent). Furthermore, D is
ramified exactly at infinity and primes in X (one imposes that [F' : Q] and
the cardinality of ¥ are even). One supposes that F' is unramified above p.
One supposes that PGy arises from 7, that is discrete series of weight k at
infinity, unramified outside ¥ and unramified twist of Steinberg at primes
in X. These latter conditions might imply to do level lowering or raising.

More precisely, let ¥ the set of primes where p is potentially Steinberg.
By Skinner-Wiles there is a solvable F', unramified at p such that pig, lift
to a p’ which comes from a 7 which is unramified outside . By replacing
F by a solvable extension, we may suppose that the degree of F' is even and
also the cardinality of 3. One can impose that F' is linearly disjoint from
ker(p) so that Gp(,,)

One advantage to consider indefinite D is that spaces of modular forms
with action of Hecke operators has combinatorial description. Let (D ®p
A%P)* be the finite adeles. We fix a maximal order Op of D. Let U, = (Op)}
and U =[], U,. Let E be an extension of Q, which is sufficiently large and
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O be its ring of integers. Let W := @ p_, pSym* 20 with the natural action
of U through its quotient Hvevp U, (V, are the primes above p). Let ¢ be

the character det(p)x, I where Xp is the p-adic cyclotomic character. As 1
is even, we can see 1 as a character of the finite ideles (A%)*. We define the
space of modular forms Sy, ,,(U) with coefficients in O with central character
1 to be the space of functions
f:D\(D®pAR) - W

such that:

flgu) =u"" f(g)

flgz) =¥(2)f(9)
for all g € (D ®@p AR)*, ue U,z e (AP)".

For each finite place v of F' we fix a uniformizer m, of F,,. We consider the
left action of g € (D ®p AY)" by right translation on the W-valued functions
fon (D ® A%)* and denote this action by g.f or gf. This induces an action
of the double cosets U 78’ 7? U and U< 78’ (1) ) U on Sy ,(U) for

v
v ¢ S (S is the set of places Voo UV, UX). We denote these operators by
Sy (which is simply multiplication by v (m,)) and T, respectively. They do
not depend on the choice of 7,. We call T}, ,,(U) the Hecke algebra acting
on Sy (U) generated over O by the Hecke operators T, and S, at primes
végs.

By Jacquet-Langlands, Sy (U) with its action of Hecke operators is (es-
sentially) isomorphic of automorphic forms for GLy(F') which are of weight
k, unramifed outside X, at v € ¥ it is unramified twist of Steinberg, and of
central character .

The automorphic representaton m defines a morphism 7}, ,(U) — O. By
reduction it defines a maximal ideal m of T} (U). Let Ty (U)m be the

completion. By Deligne and Carayol, we get a Galois representation : Gp —
GL2(Ty(U)m) that lifts p.

Let Rlsb be the ring representing deformations of p|g,. that have determi-
nant vy, and satisfies the following properties for v € S = Vo UV, UX

: odd, crystalline of weight k& and for v € ¥ of the form ( TXp j; ) with

0
7 =1 B
We get a surjective map R? — Ty (U)m. To get our theorem, we prove
that this map is bijective after inverting p.

3.2. Galois cohomology. The existence of Rg as a complete noetherian
local noetherian (CNLO) with residue field the residue field F of O is as
follows. Let G = G'r,g. One can first consider the functor of continuous lifts
in G — GLgy(A), for A in CNLO. It is representable by a CNLO-algebra.
It is almost obvious, but there is the continuity condition. One can use
a representability theorem of Grothendieck which is a particular case of
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Schessinger criteria. One has to use that for any open subgroup G’ of G,
there are only finitely many continuous morphisms from G’ to Z/pZ. The
relative tangent space is the F-vector space of 1-cocyles Z1(G, Ad) where
Ad is the adjoint representation of p.

A deformation of p is an equivalence set of lifts, two lifts being equivalent
if they are conjugate by a matrix of the kernel GLy(A); of the morphism
GL2(A) — GLa(F). As pissupposed to be irreducible the action of PGL(A);
has no fixed points and Schlessinger criteria easily implies the representabil-
ity. The relative tangent space is the F-vector space H'(G, Ad).

Fixing the determinant is clearly a closed condition (for tangent spaces, as
p # 2, replace Ad by trace 0 matrices Ad"). The condition to be crystalline
is closed. At least when k < p — 1, it is because one can define a crystalline
representation of weight (0,5 — 1) with coefficients in a CNLO artinian
algebra and the category is stable by direct sums, subobjects and quotients.
For v € ¥, we impose that the action is tame, the action of inertia is
unipotent and the characteristic polynomial of a lift of Frobenius.

We want to prove that R is not to big and that T is not too small. In
fact we have to do it allowing ramification at a finite set of auxiliary primes
@, disjoint of §' is allowed.

Let @, be a finite set of primes disjoint of S. We suppose :

- AUX1 p(Frob,) has distinct eigenvalues a,, and (3, and N(v) = 1mod p™.

For v € @, let A, the maximal p-quotient of k so by classfield theory it
identifies to the maximal p-quotient of tame inertia at v. It is not difficult to
see that the restriction to I, of the universal representation in GLQ(Rqun)
factors through A, : the action of D, is o, ®7g, With 74, having unramified
reduction with the image of Frobenius «,, idem for 73, and the restriction
Yo, and g, to I, are inverse. Let A, := HveQn A,. We have an action

of A,, hence of A, on Rléucgn (by multiplication by 74, (c) where o is a
generator of tame inertia at v). The quotient of Rqun by the augmentation
ideal is ﬁﬁ.

We have a compatible action on Hecke-algebras. The space Sj . (Ug,)

is defined in the same way as Sy, (U) but for v € @, one replaces U, =
(Op)i ~ GLy(O) by :

Vo, =10 € GLa(Or) 9= ((§ 1 )mod(m).ad 1€ A,),
The natural action of g € A,, denoted by (g), arises from the double coset
g 0
where g is a lift of g to (Op);. One also needs Iy level.

*

(UC%)@ ={g € GL2(Op,) : g = < 0 : > mod.(m,)}.
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We have corresponding modules of modular forms and Hecke-algebras and
maximal ideals m

We have the following proposition (at least for p > 3, otherwise more
technical) :

Proposition 3.2. Sy ,(Ug, )m is a free O[Ay]-module of rank equal to the
rank OfSk,w(Ugn)m as an O-module. Sk7¢(Ugn)m is isomorphic to Sk (U)m.

For the proof one uses the combinatorial description of spaces of modular
forms. For U one of the open subgroups defined above, if (D ®p AY)* is the
disjoint union of D*t;U(A%)*, i € I for a finite set I and with ¢; € (DRAF)*,
then S (U) can be identified with

(1) Die W UBF) Nt Dt /P

via f — (f(t:))s-

If p > 3, the groups appearing as exponent are of order prime to p (trivi-
ality of isotropy groups : one uses F' unramified at p). The first part of the
proposition follows. At least it follows that, for 7 a character of A,,, the rank
of the part of S (Ug, )m on which the A, acts with character n does not
depend on 7. This is because by replacing O by its residue field F one gets
a space of modular form with coefficients in F which does not depend on 7
and which is the reduction of the spaces of modular forms with coefficients
in O for the various 7. This essentially gives a theorem of Carayol.

The fact that Skﬂl)(Ugn) ~ Sy ¢(U) relies that there is no new at p modu-
lar forms for T'y(p) that reduces to p as the eigenvalues of Frob, are distinct
and N(v) = Imod p and an Thara lemma to get an isomorphism over O.

As the action of D, in p is not necessarily irreducible, we consider for
v € S, the ring RUD ¥ that represents lifts of p|p, with the current condition.
We define RE’¢ (resp. REL’J%n) the ring that represents deformations of p
of determinant v x, that locally at v € S satisfy the current conditions, are
unramified outside S (resp. S U @y) and for v € S a choice of the basis B,
of the underlying space. Two such datas are isomorphic if (p|p,, By) define

isomorphic lifts. It is almost clear that REW (resp. RE@%,) is a power series
algebra over wa (resp. Rqun) with 4s — 1 variables (s is the cardinality of
S).

We let R = Rg", Ry = Rgly, M = R @y Spy(U)m, My =
Ry @pw  Sky(Ug,)m- We have to prove that R[1/p] acts faithfully on

SUQn

M{1/pl. )

We write RE’IOCW (or B) the completed tensor product @ycsRyY . The

rings R and R, are naturally an RE’loc’zp—algebra. We have structure of

Ollyis- -, Ygn+4s—1]]-algebra on R,, and an action of Ol[y1, ..., yq,+4s—1]] on



18 J-P. WINTENBERGER

M, that are compatible. The coinvariants by (y1,...,%s,) are R and M re-
spectively. The module M), is finite free over the image of O[[y1, . . ., Yg, +4s—1]]
in Endo(M,,).

We now have to bound the number of generators of R, as a RE’IOC’w—
module.

We write h* for the dimension over F of H*. For v € S U @,,, we choose

L, ¢ HYD,,ad") and H{lLU}(S U Qn,ad’) are the elements of H'(S U

Qn,ad?) that at v € S U Q, localizes to an element of L,. We choose
L,=0forveSand L, =H(D,, ado) for v € Q. The following lemma is
easy :

Lemma 3.3. The minimal number of generators of RE@%R as a REJOC”‘/)—

algebra is h*l{LU}(S UQn,ad”) + 3, cg h%(Dy, ad) — 1.

We have Wiles formula (we will use it with V = Q)

Hipy(SUVAD) %GR, Ad) Mk
H], L (SUV(A) ()] [HOGE, (A) ()] gy HO(Dy, Ad))

We will be able to impose to (), the properties :

AUX2 : gn = hy; (S, (ad®)*(1)) and H{,14(SUQn, (ad®)*(1)) = 0.

We write ¢, = q. ’ :

In the Wiles formula, the terms h°(Gr) are trivial, the contribution of
v e Sis —h%(D,,ad’) and the term for v € Q,, is 1. Finally, we have proved

that

Lemma 3.4. The minimal number of generators of RE&% as a Rg’loc’w—

algebra is g+ s — 1.

For the rings RUD’w and B := Rg’loc’w, we have :

° RUD Y is flat over O,

e The relative to O dimension of each component of RUD Y s
-3ifl#p;
-3+ [Fy:Qpliflb=p;
- 2 if v is an infinite place.

. RUD#’[%] is regular.

It follows that the completed tensor product RE’loc’w is flat over O, with

each component of relative dimension 3|S|, and Rg’loc’w[%] is regular.

3.3. Patching argument. Furthermore, one can reduce to the case B is a
domain : this follows from the fact that & is small. For k£ big, the number
of connected component is controlled by a conjecture of Breuil-Mezard that
Kisin proves in a lot of cases (and prove the Fontaine-Mazur conjecture).
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For example, if £ = p and p is unramified at p and D, acts by two dis-
tinct unramified characters, one has to enlarge F' so that the two characters
become equal to reduce to the case B is a domain.

By a diagonal process, we form projective limits Ry and My, of suf-
ficiently deep quotients of the R, and the M, so that we have : R =
Roo/(yla s ayq) and M = Moo/(yla s 7yq)'

As3s+(qg+s—1)=q+4s—1 and M is finite free of rank > 0 over

Ollyi, - -, Yqt+4s—1]], and B is a domain, the morphism B[z1, ..., Tq1s—1]] —
R is an isomorphism (otherwise Ro, would have dimension < g + 4s — 1
and My, could not be free over O[[y1, ..., Ygt+4s—1]])-

As My [1/p] is finite free over Ol[y1,...,Yg+as—1]][1/p], it has a regular
sequence of length ¢ 4+ 4s — 1, hence by Auslander-Buchsbaum, as R [1/p]
is regular, M[1/p] is finite free over Roo[1/p]. It follows that M[1/p] is
finite free over R[1/p]. The argument was given by Diamond and Fujiwara
independently.

We still have to prove the existence of auxiliary primes.

Let [c] be a non zero class € H%LL}(S UQpn,ad’(1)) = 0. We have to find
a prime ¢ of F such that ’

(1) ¢ = 1mod p"

(2) g ¢ S so pis unramified at ¢ and p(Frob,) has distinct eigenvalues

(3) The image of [c] in H'(F,ad’ps(1)) is non trivial.

Here we use that H2(Dy,ad") is 1-dimensional.

By Chebotarev, it suffices to find ¢ € G such that

(1) 717,y =1

(2) p(o) has distinct eigenvalues

(3) c(0) ¢ (o — 1)(ad").

Let F,, be the extension of F'(u,») cur out by ad’. It suffices to prove
that :

- H(Gal(F,/F), ad"(1)) = (0)

- for any non trivial irreducible Gal(F,,/F)-submodule V of ad’ we can
find o € Gal(F,/F(uyn)) such that ad’(c) has an eigenvalue other that 1
but ¢ has eigenvalue 1 on V.

Indeed, if we have that, by the first condition, ¢(Gp,) is non trivial.
Let V. € ad’ be the F-vector space generated by ¢(Gp,). Let V C V.
be irreducible non trivial and let o as in the second condition. We can
suppose that p(o) is semi-simple. If ¢(o) ¢ (0 — 1)(ad®), we are done. If
c(o) € (6 —1)(ad®), let us decompose ad® as the direct sum of V &V’ stable
by p(o) and V = Vi @ V] stable by p(o) with V3 the fixed points of p(o) in V.
There exists ¢’ € G, such that the projection of ¢(¢’) to V; is non trivial.
We have c(o’) ¢ (0 — 1)(ad” — 1). This implies c(o’0) = c(0’) + c(o) ¢
(o —1)(ad® — 1).

It remains to prove the existence of o. If V' is of dimension 3, it suffices to
choose o such that p(o) has distinct eigenvalues. If V' is of dimension 1 or
2, p is induced from a character of a quadratic extension E of F (as ad’ is
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auto dual p stabilizes a line which is generated by a semisimple matrix and
the eigenspaces of this matrix are permuted by Gp). If V is of dimension
1, if ¢ is the character of Gg and X’ the conjugate character, we can choose
o € Gp(u,n) such that x(o) # x'(c). This is possible as the restriction of
p to G Fuyn) 18 irreducible. If V' is of dimension 2, we choose o such that
o ¢ G (this is possible as E' is not a subfield of F'(pupn)).
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