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SupposeR andS are local rings and(R,m) → (S,n) is a flat local homomor-
phism of commutative local rings. Given a finitely generatedS-moduleN, we
sayN is extended (from R) provided there is anR-moduleM such thatS⊗R M is
isomorphic toN as anR-module. If such a moduleM exists, it is unique up to
isomorphism, and it is necessarily finitely generated.

Them-adic completionR → R̂ and the HenselizationR → Rh are particularly
important examples. One reason is that the Krull-Remak-Schmidt uniqueness
theorem holds for direct-sum decompositions of finitely generated modules over
a Henselian local ring. Indeed, failure of uniqueness for general local rings stems
directly from the fact that some modules over the Henselization (or completion)
are not extended. Understanding whichRh-modules are extended is the key to
unraveling the direct-sum behavior ofR-modules.

In this talk, I will survey criteria for anS-module to be extended, as well as
criteria for a given module to be a direct summand of an extended module. This
latter property is useful in questions concerning finite representation type.


